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CONVERGENCE ANALYSIS OF FIXED STRESS SPLIT ITERATIVE
SCHEME FOR SMALL STRAIN ANISOTROPIC
POROELASTOPLASTICITY: A PRIMER

SAUMIK DANA AND MARY F. WHEELER

Abstract. We perform a convergence analysis of the fixed stress split iterative scheme for
the Biot system modeling coupled single phase flow and small strain deformation in an anisotropic
poroelastoplastic medium. The fixed stress split iterative scheme solves the flow subproblem with
stress tensor fixed using a multipoint flux mixed finite element method, followed by the poromechanics
subproblem using a conforming Galerkin method in every coupling iteration at each time step. The
coupling iterations are repeated until convergence and Backward Euler is employed for time marching.
The convergence analysis is based on studying the equations satisfied by the difference of iterates to
show that the iterative scheme is contractive.

1. Introduction. This report serves as a primer to our efforts in arriving at
theoretical convergence estimates for the fixed stress split iterative scheme for small
strain anisotropic poroelastoplasticity coupled with single phase flow. This work fol-
lows up on our previous work [5], where we arrived at a contraction map for the case
of anisotropic poroelasticity with tensor Biot parameter.

1.1. Preliminaries. Given a bounded convex domain ) C R3, we use P;(f2) to
represent the restriction of the space of polynomials of degree less that or equal to k
to  and Q1(€2) to denote the space of trilinears on Q2. For the sake of convenience,
we discard the differential in the integration of any scalar field x over 2 as follows

[x0= [xwar  xea)

Q Q

Sobolev spaces are based on the space of square integrable functions on €2 given by
L) = {0: 6] = / 62 < +oo),
Q

The inner product of two second order tensors S and T is given by (see [8])
(’L,j = 1,2,3) S: T:S”Tm

A fourth order tensor is a linear transformation of a second order tensor to a second
order tensor in the following manner (see [8])

(iuj?kal: ]-7273> IFDS:T_)IP’ijlSkl :le
The dyadic product ® of two second order tensors S and T is given by (see [8])
P=S®T — Pijr; = Si;Th

2. Model equations.

2.1. Flow model. Let the boundary 02 = I‘fD U F{V where I‘fD is the Dirichlet

boundary and F{V is the Neumann boundary. The fluid mass conservation equation
(2.1) in the presence of deformable and anisotropic porous medium with the Darcy

1
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2 S. DANA, AND M. F. WHEELER

— | New time step

:

New coupling iteration |<—

Solve flow with stress tensor fixed

Solve poromechanics

Fi1c. 1. Fized stress split iterative scheme for anisotropic poroelastoplasticity with tensor Biot
parameter

law (2.2) and linear pressure dependence of density (2.3) with boundary conditions
(2.4) and initial conditions (2.5) is

(2.1) % +V.z=gq

(2.2) z= *%(Vp = pog) = —K(Vp = pog)

(2.3) p=po(l+c(p—po))

(2.4) p:gonféx(O,T],z-nzOonI‘{Vx(O,T]
p(X, 0) = pO(X), p(X,O) - pO(X)v ¢(Xa O) = ¢0(X)

(2.5) (vx € Q)

where p : Q x (0,7] — R is the fluid pressure, z : Q x (0,7] — R? is the fluid flux, ¢ is
the increment in fluid content!, n is the unit outward normal on F{v, q is the source
or sink term, K is the uniformly symmetric positive definite absolute permeability
tensor, p is the fluid viscosity, pg is a reference density, ¢ is the porosity, kK = % isa
measure of the hydraulic conductivity of the pore fluid, ¢ is the fluid compressibility

and T > 0 is the time interval.
2.2. Poromechanics model. Let the boundary 9 = I'}, UT'}, where I'?, is the

Dirichlet boundary and I'}; is the Neumann boundary. Linear momentum balance for
the anisotropic porous solid in the quasi-static limit of interest (2.6) with small strain

1[1] defines the increment in fluid content as the measure of the amount of fluid which has flowed
in and out of a given element attached to the solid frame

This manuscript is for review purposes only.
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assumption (2.8) with boundary conditions (2.9) and initial condition (2.10) is

(2.6) V.o+f=0

(2.7) f=pig+p(l-0)g

(2.8) €(u) = %(Vu + (Vu)®)

(2.9) u-n; =0onT% x[0,7], 6'ny =t on I'Y x [0,7]
(2.10) u(x,0)=0 Vx € Q)

where u : Q x [0,7] — R3 is the solid displacement, p, is the rock density, f is the
body force per unit volume, n; is the unit outward normal to I'}), ny is the unit
outward normal to I'Y;, t is the traction specified on '}, € is the strain tensor, o is
the Cauchy stress tensor given by the generalized Hooke’s law

2.11 o =De® — ap =DPe - o
(2.11) p P

where D is the fourth order anisotropic elasticity tensor, ¢ is the Biot tensor and D°P
is the elastoplastic tangent operator given in (A.l). The inverse of the generalized
Hooke’s law (2.11) is given by

(212) e=D" (o +ap) =D o+ %Bp

where C(> 0) is a generalized Hooke’s law constant and B is a generalization of the
Skempton pore pressure coefficient B (see [9]) for anisotropic poroelastoplasticity, and
is given by

(2.13) B=

2.3. Increment in fluid content. The increment in fluid content ( is given by
(see [3])

1 1
—p+a:ee+¢pEC’p+§C’B:a+¢p

(2.14) (=7

where M (> 0) is a generalization of the Biot modulus (see [2]) for anisotropic poroe-
lasticity and ¢P is a plastic porosity (see [3]).

3. Statement of contraction of the fixed stress split scheme for small
strain anisotropic poroelastoplasticity with Biot tensor. We use the notations

()"t for any quantity (-) evaluated at time level n + 1, (-)™"*! for any quantity

th

-) evaluated at the m'® coupling iteration at time level n + 1, 5™ () for the change
g f g

in the quantity (-) during the flow solve over the (m -+ 1)** coupling iteration at any
time level and 6™ (-) for the change in the quantity (-) over the (m + 1) coupling
iteration at any time level. Let .9}, be finite element partition of € consisting of
distorted hexahedral elements E where h = max diam(E). The details of the finite

element mapping are given in [4]. The discrete Variational statements in terms of
coupling iteration differences is : find §m) pn € Wy, 5(Mz, € V}, and §(Mu,, € U,
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4 S. DANA, AND M. F. WHEELER

such that
(3.1)
C(6™pp,0h)a + AUV - 6™z, 0)q + (™ P, 0)q =
(3.2)
(k716 zy, v = (6 pn, V- vi)a
(3.3)
(™o : e(qn))a =0
where the finite dimensional spaces W}, Vj, and Uy, are
Wy, = {0, : 0| € Po(E) VE € %,}
Vi, ={vi:vilp & V| e V(E)VE € F, vi, - n=0o0nT}}
U, = {qh = (u,v,w)|g € Q1(E) VE € Z,, q, =0 on F’[’)}

C

*g(B 0" Ve, 6))0

where P, represents the space of constants, (1 represents the space of trilinears and
the details of V(E) are given in [4]. The equations (3.1), (3.2) and (3.3) are the
discrete variational statements (in terms of coupling iteration differences) of (2.1),
(2.2) and (2.6) respectively. The details of (3.1) and (3.2) are given in Appendix B
whereas the details of (3.3) are given in Appendix C.

THEOREM 3.1. The fized stress split iterative coupling scheme for anisotropic
poroelasticity with Biot tensor in which the flow problem is solved first by freezing
all components of the stress tensor is a contraction given by

S

Proof. e Step 1: Flow equations
Testing (3.1) with 6, = 6(™)p;,, we get
Cll6™pp|g + ALY - 8z, 67 pp)g + (8T ¢P, 6 pr)g
C

(3.4) = —g(B 20 Na 6Mpg

Testing (3.2) with v;, = §(™z;,, we get

(3.5) 1260 g2, = (6 pp, V - 6™z )q

From (3.4) and (3.5), we get

(3.6)

Cl8 "l + At~ 25z [ + (60 6P, 60 pn)a = —%(B 100" Vo, 6 pp )

e Step 2: Poromechanics equations
Testing (3.3) with q;, = 6™y, we get

(3.7 (6o 6Me)g =0

We now invoke (2.12) to arrive at the expression for change in strain tensor over the
(m + 1)*" coupling iteration as follows

(3.8) §me =D*  §Mg 4 %Bé(m)ph
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Substituting (3.8) in (3.7), we get
(3.9) (Mg D §Mg)g + %(B :6Ma 5™ p g =0

e Step 3: Combining flow and poromechanics equations
Adding (3.6) and (3.9), we get

CH(;(m)th?2 + At||K—1/25(m)Zh||?2 + (5(m)¢p’ (g(m)ph)Q + (6(’”)0 . ]]];ezzfl(g(wz)o.)Q

(3.10)

C C
+5(B: Mg, 5Mp,)g = -5 (B: 5" Ve, 6 py)q

e Step 4: Variation in fluid content
In lieu of (2.14), the variation in fluid content in the (m + 1)** coupling iteration is

(3.11) §m¢ = Csmp, + %B Mg 4 §m gp
As a result, we can write
1 C C 1
—smen2 — Zygmg, 12 - = L 5m) o112 1 5(m) 4P )|12
20||<S 4} 5 104 pa |6y 18||B 10 al|g 20H5 Il
1 C

(312) = (0P, 6™ py)g — HGE §mea, 5 gP)g = 5 (B: §™ea, 5™ py)q
From (3.10) and (3.12), we get

— m m ep— m 1 m
OIS pn & + At 25z + (5o : P 5 ar)g + 516

C C 1 1
Chsmiy 2z _ g smignz — L ismigp2 _ L. 5mg. 50m 4w
10l SB 5o — S 1 1 (B 5, 6
C — m
(3.13) :—g(Bzé(m Ve, 6™ py)a

Adding and subtracting %HB :6(Ma||3 to the LHS of (3.13) results in
CiB:smal2 + L5y, 12 ~1/2(m)y 112 4 (507 g+ D 50
E”B ) 0’HQ+§||6 prlla + Atl|k™ 726"z || + (6o : D 6 o)q

1 c 1 1
52 — ZIB : 6Mall2 — —I5™ P12 — Z(B : 6™ a. 5™ P
+ G0 = SIB 5 a - S5 — 5B 6™, 5 )

(3.14)
C
=-3 (B: 5(”‘_1)0',(5(’”)ph)g

In lieu of (2.14) and the fixed stress constraint during the flow solve, the variation in
fluid content during the flow solve in the (m + 1) coupling iteration is given by

0
m m C m m
67"C = O8 " pr + 5B 1 5 + 6" ¢

Further, since the pore pressure is frozen during the poromechanical solve, we have
5;m)ph = 6(m)py,. As a result, we can write

(3.15) 3™ ¢ = Ca™py + 88 g

This manuscript is for review purposes only.
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6 S. DANA, AND M. F. WHEELER

Subtracting (3.15) from (3.11), we can write
m C .
§m¢ — 5; )C = §B Mg 4 §mgp — 5} )¢p
which implies that
Lystme _gmenz _ Lysmy g _ s0m) goy2
5”5 ¢ =9y <||Q*5||5 o =675

1 m c m
(3.16) —3(B:6Ma, (5 5 e")a = IIB 6l

In lieu of (3.16), we can write (3.14) as

=0 >0
—_——~ >

c C —
1B 0| + 16T pallf + At 25 2n

>07 >0 >0

m ep~ ! o(m 1 m 1 m m
+ (e DT 6 M)+ 5 S [0 + 56 — 57

driven to zero by convergence criterion

SO = 8GR + S0 B + (B 5 6o, 676

(3.17) = 7%(]3 . 5(m71)675(m)ph)9

e Step 5: Invoking the Young’s inequality

Since the sum of the terms on the LHS of (3.17) is nonnegative, the RHS is also
nonnegative. We invoke the Young’s inequality (see [10]) for the RHS of (3.17) as
follows

c cr1 1
(318) =B 0" Ve, 0p)e < < (2|B 0 e f + 2||6<m>ph||é)

In lieu of (3.18), we write (3.17) as

>0 >0

c C —
G1B 0™ alf + 16" pnll + AT 20

>07 >0 >0

+ (8 D Mg+ ||6<m>cng+ ||6(m)¢p s\ |3

driven to zero by convergence criterion

]- m 1 m ]- m m
= | g8 = 67N + 5510 G + 5 (B 65 eM)e
< SJB st ol 0
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4. On the agenda.
e Use of the Sherman-Morrison formula to arrive at the estimates of the positive
definiteness of the elastoplastic compliance tensor
e Design of the convergence criterion

Appendix A. Mathematical theory of small strain elastoplasticity. The
important phenomenological aspects of small strain elastoplasticity are
e The existence of an elastic domain, i.e. a range of stresses within which
the behaviour of the material can be considered as purely elastic, without
evolution of permanent (plastic) strains. The elastic domain is delimited by
the so-called yield stress.
e If the material is further loaded at the yield stress, then plastic yielding (or
plastic flow), i.e. evolution of plastic strains, takes place.
e Accompanying the evolution of the plastic strain, an evolution of the yield
stress itself is also observed. This phenomenon is known as hardening.
The basic components of a general elastoplastic constitutive model are
the elastoplastic strain decomposition;
a yield criterion, stated with the use of a yield function;
a plastic flow rule defining the evolution of the plastic strain;
a hardening law, characterising the evolution of the yield limit; and
the elastoplastic tangent operator

A.1. Additive decomposition of the strain tensor. One of the chief hy-
potheses underlying the small strain theory of plasticity is the decomposition of the
total strain, €, into the sum of an elastic (or reversible) component €°, and a plastic
(or permanent) component, €P,

e=€“+¢€

A.2. The yield criterion and the yield surface. A scalar yield function
®(o, A) is introduced where o is the stress tensor and A is a set of thermodynamical
forces. The yield function defines the elastic domain as the set

E={o|®(c,A) <0}

of stresses for which plastic yielding is not possible. Any stress lying in the elastic
domain or on its boundary is said to be plastically admissible. We then define the set
of plastically admissible stresses (or plastically admissible domain) as

& ={o|®(o,A) <0}

The yield locus, i.e. the set of stresses for which plastic yielding may occur, is the
boundary of the elastic domain, where ®(o, A) = 0. The yield locus in this case is
represented by a hypersurface in the space of stresses. This hypersurface is termed
the yield surface and is defined as

Y ={o|®(c,A) =0}

For stress levels within the elastic domain, only elastic straining may occur, whereas
on its boundary (at the yield stress), either elastic unloading or plastic yielding (or
plastic loading) takes place. This yield criterion can be expressed by

fd<0 = =0

€P = 0, elastic unloading

fe=0 = { €P # 0, plastic loading

This manuscript is for review purposes only.
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A

—0q

F1c. 2. M-C yield surface on the left and D-P yield surface to the right; in principal stress space

A.2.1. The Drucker-Prager yield criterion. The Drucker-Prager yield cri-
terion has been proposed by [7] as a smooth approximation to the Mohr-Coulomb law,
which states that plastic yielding is the result of frictional sliding between material
particles. The M-C criterion is given as

1
® = (cost — gsinﬂ sing)\/ Jo + o™ sing — ¢ cosg

where ¢ is the angle of internal friction, c is the cohesion, ¢"¥? is the hydrostatic
stress given by

1
ol = gtr(o)

and 6 is the Lode angle given by

; . 1<3\/§J3)

0 = -sin _—
2.J3°

where Jo and J3 are stress deviator invariants given by

1
J2:§S:S
ngdets

and s is the stress deviator given by
L hyd
s:a—g(tra)I:a—a |

The D-P criterion is given as

O =+/Jy +no"d —¢c

where the parameters 7 and & are chosen according to the required approximation to
the M-C criterion.

This manuscript is for review purposes only.
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F1c. 3. Associative D-P flow vector at the cone surface and at the apex

A.3. Plastic flow rule. The plastic flow rule is given as
P = 4N
where * is the plastic multiplier and N is the flow vector.

A.3.1. Flow vector. It is often convenient to define the flow rule in terms of a
flow (or plastic) potential. The starting point of such an approach is to postulate the
existence of a flow potential with general form ¥ (o, A), from which the flow vector

is obtained as
ov
N=—
Jdo

A.3.2. The plastic multiplier. The plastic multiplier is non-negative
¥=0
and satisfies the complementarity condition,
Py =0

A.3.3. Associative and non-associative plasticity. A plasticity model is
classed as associative if the yield function ® is taken as the flow potential, i.e.

=9
The flow vector is then given by

:87@
" do

Any other choice of flow potential characterises a non-associative (or non-associated)
plasticity model. At points where ® is non-differentiable in o, the isosurfaces of ® in
the space of stresses contain a singularity (corner) where the normal direction is not
uniquely defined. A typical situation is schematically illustrated in Figure 4 where two
distinct normals, Ny and N», are assumed to exist. In this case, the subdifferential
of & with respect to o, denoted 9,P = g—f, is the set of vectors contained in the cone
defined by all linear combinations (with positive coefficients) of Ny and Nj.
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00—

Fi1G. 4. Plastic strain increment at corners

A.4. Hardening law. Hardening is characterised by a dependence of yield
stress level upon the history of plastic straining to which the body has been sub-
jected. Hardening is represented by changes in the hardening thermodynamical force,
A, during plastic yielding. These changes may, in general, affect the size, shape and
orientation of the yield surface, defined by ®(o, A) = 0.

A.4.1. Isotropic hardening. A plasticity model is said to be isotropic hard-
ening if the evolution of the yield surface is such that, at any state of hardening, it
corresponds to a uniform (isotropic) expansion of the initial yield surface, without
translation.

A.5. The elastoplastic tangent operator. The elastoplastic tangent operator
in (2.11) for the associated plasticity model is given by

1 o 09
Al DGPZD_— D D
(4. Hp+§fj:m>g§( 9o © aa)

where H,, is the hardening modulus. The reader is refered to [6] for a derivation of
the expression for the elastoplastic tangent operator.

Appendix B. Discrete variational statements for the flow subproblem
in terms of coupling iteration differences. Before arriving at the discrete
variational statement of the flow model, we impose the fixed stress constraint on the
strong form of the mass conservation equation (2.1). In lieu of (2.14), we write (2.1)
as

0 C

— ~“B: P ‘z =

at(c*p+3 o+ ") +V-z=¢q

op C_. o O¢P
B.1 - z2=0g— —B: —
(B.1) ot TV ETaT 3B

This manuscript is for review purposes only.
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Using backward Euler in time, the discrete in time form of (B.1) for the m!" coupling
iteration in the (n + 1) time step is written as

1
= (pymn+tl _  n L om,n+l
x5 P+ V -z
1 C 1 m,n—+1 n
:n+1_77B: mmn+1l _ _n\ __ = (.p P
1 INE A o) Al o)

where At is the time step and the source term as well as the terms evaluated at
the previous time level n do not depend on the coupling iteration count as they are
known quantities. The fixed stress constraint implies that ™" t! gets replaced by
o™ 1t je. the computation of p™ ™! and z"™"*! is based on the value of stress
updated after the poromechanics solve from the previous coupling iteration m — 1 at
the current time level n + 1. The modified equation is written as

m,n+1

C n
C(pm,n+1 _pn) + AtV - Zm,n+1 _ Atqn+1 _ 5B . (o_m,n+1 _ 0'") _ <¢p _ ¢p )

As a result, the discrete weak form of (2.1) is given by

m,n+1

CEM™ Y = p On)a + ALY - 2" ) + (¢ — " 0h)a

C
= At(qn+1,9h)g — §<B : ((J’mil’nJrl — O’n), Gh)g

Replacing m by m + 1 and subtracting the two equations, we get

C
CO™py, ) + AUV - 6™z, 01)q + (6™ P, 0))q = —g(B 160" Ve, 6)q

The weak form of the Darcy law (2.2) for the m*" coupling iteration in the (n 4 1)t*
time step is given by

(B.2) (k712" v)g = (V™" v)a + (pog, v)a ¥ v € V(Q)
where V(Q) is given by
V(Q) =H(div,Q)N{v:v-n=0on F{V}
and H(div, Q) is given by
H(div, Q) = {v:v e (L*(Q))*, V- veL* ()}
We use the divergence theorem to evaluate the first term on RHS of (B.2) as follows

(me,n-i-l’ V)Q _ (V,pm’n+1V)Q _ (pm,n-‘rl’ \va V)Q
_ (pm;rLJrl7 v - n){-)Q _ (pm,nJrl, V- V)Q

(B.3) =(g.v-m)p = (™" V Vo

where we invoke v-n =0 on F{v. In lieu of (B.2) and (B.3), we get

—1Zm,n+1

(K Vo =—(g,v 1)y + (p™ "tV - v)g + (pog, V)a

Replacing m by m + 1 and subtracting the two equations, we get

(nfld(m)zh,vh)g = (5(m)ph, V. Vh)Q

This manuscript is for review purposes only.



12 S. DANA, AND M. F. WHEELER

364

365 Appendix C. Discrete variational statement for the poromechanics sub-
366 problem in terms of coupling iteration differences. The weak form of the
367 linear momentum balance (2.6) is given by

38 (C.1) (V-o,9a+(f-qa=0 (VqeU())

370 where U(Q) is given by

373 U(Q)E{qz(u,v,w):u,v,wEHl(Q),qzoon Iy}
373 where H™(Q) is defined, in general, for any integer m > 0 as

374 H™(Q) = {w: D*w € L*(Q) V|a| < m},

376 where the derivatives are taken in the sense of distributions and given by

dlelw
377 D= —— |la=a;+ -+«
378 63}?1..6%%”7 ‘ | ™

379 We know from tensor calculus that

380 (C.2) (V-o,q)a=(V,0q)q — (0 :Vq)a

382  Further, using the divergence theorem and the symmetry of o, we arrive at
383 (C.3) (V,0q)q = (q,0n)s0

385 We decompose Vq into a symmetric part (Vq)s = %(Vq + (Vq)T) = €(q) and
386 skew-symmetric part (Vq)ss and note that the contraction between a symmetric and
387 skew-symmetric tensor is zero to obtain From (C.1), (C.2), (C.3) and (?7?), we get

388 (on,q)on — (o : €(q))a + (f,a)o =0

390 which, after invoking the traction boundary condition, results in the discrete weak
391 form for the m*" coupling iteration as

403 " an)ry, — (@™ e(an))a + (" an)a = 0

394  Replacing m by m + 1 and subtracting the two equations, we get

398 (8o : e(qn))a =0

397
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