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CONVERGENCE ANALYSIS OF FIXED STRESS SPLIT ITERATIVE1

SCHEME FOR SMALL STRAIN ANISOTROPIC2

POROELASTOPLASTICITY: A PRIMER3

SAUMIK DANA AND MARY F. WHEELER4

Abstract. We perform a convergence analysis of the fixed stress split iterative scheme for5
the Biot system modeling coupled single phase flow and small strain deformation in an anisotropic6
poroelastoplastic medium. The fixed stress split iterative scheme solves the flow subproblem with7
stress tensor fixed using a multipoint flux mixed finite element method, followed by the poromechanics8
subproblem using a conforming Galerkin method in every coupling iteration at each time step. The9
coupling iterations are repeated until convergence and Backward Euler is employed for time marching.10
The convergence analysis is based on studying the equations satisfied by the difference of iterates to11
show that the iterative scheme is contractive.12

1. Introduction. This report serves as a primer to our efforts in arriving at13

theoretical convergence estimates for the fixed stress split iterative scheme for small14

strain anisotropic poroelastoplasticity coupled with single phase flow. This work fol-15

lows up on our previous work [5], where we arrived at a contraction map for the case16

of anisotropic poroelasticity with tensor Biot parameter.17

1.1. Preliminaries. Given a bounded convex domain Ω ⊂ R3, we use Pk(Ω) to18

represent the restriction of the space of polynomials of degree less that or equal to k19

to Ω and Q1(Ω) to denote the space of trilinears on Ω. For the sake of convenience,20

we discard the differential in the integration of any scalar field χ over Ω as follows21 ∫
Ω

χ(x) ≡
∫
Ω

χ(x) dV (∀x ∈ Ω)22

23

Sobolev spaces are based on the space of square integrable functions on Ω given by24

L2(Ω) ≡
{
θ : ‖θ‖2Ω :=

∫
Ω

|θ|2 < +∞
}
,25

26

The inner product of two second order tensors S and T is given by (see [8])27

S : T = SijTij(i, j = 1, 2, 3)2829

A fourth order tensor is a linear transformation of a second order tensor to a second30

order tensor in the following manner (see [8])31

PS = T→ PijklSkl = Tij(i, j, k, l = 1, 2, 3)3233

The dyadic product ⊗ of two second order tensors S and T is given by (see [8])34

P = S⊗T→ Pijkl = SijTkl3536

2. Model equations.37

2.1. Flow model. Let the boundary ∂Ω = ΓfD ∪ ΓfN where ΓfD is the Dirichlet38

boundary and ΓfN is the Neumann boundary. The fluid mass conservation equation39

(2.1) in the presence of deformable and anisotropic porous medium with the Darcy40

1
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yes no

New time step

New coupling iteration

Solve poromechanics

converged?

Solve flow with stress tensor fixed

Fig. 1. Fixed stress split iterative scheme for anisotropic poroelastoplasticity with tensor Biot
parameter

law (2.2) and linear pressure dependence of density (2.3) with boundary conditions41

(2.4) and initial conditions (2.5) is42

∂ζ

∂t
+∇ · z = q(2.1)43

z = −K

µ
(∇p− ρ0g) = −κ(∇p− ρ0g)(2.2)44

ρ = ρ0(1 + c (p− p0))(2.3)45

p = g on ΓfD × (0, T ], z · n = 0 on ΓfN × (0, T ](2.4)46

p(x, 0) = p0(x), ρ(x, 0) = ρ0(x), φ(x, 0) = φ0(x)47

(∀x ∈ Ω)(2.5)4849

where p : Ω× (0, T ]→ R is the fluid pressure, z : Ω× (0, T ]→ R3 is the fluid flux, ζ is50

the increment in fluid content1, n is the unit outward normal on ΓfN , q is the source51

or sink term, K is the uniformly symmetric positive definite absolute permeability52

tensor, µ is the fluid viscosity, ρ0 is a reference density, φ is the porosity, κ = K
µ is a53

measure of the hydraulic conductivity of the pore fluid, c is the fluid compressibility54

and T > 0 is the time interval.55

2.2. Poromechanics model. Let the boundary ∂Ω = ΓpD∪ΓpN where ΓpD is the56

Dirichlet boundary and ΓpN is the Neumann boundary. Linear momentum balance for57

the anisotropic porous solid in the quasi-static limit of interest (2.6) with small strain58

1[1] defines the increment in fluid content as the measure of the amount of fluid which has flowed
in and out of a given element attached to the solid frame
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assumption (2.8) with boundary conditions (2.9) and initial condition (2.10) is59

∇ · σ + f = 0(2.6)60

f = ρφg + ρr(1− φ)g(2.7)61

ε(u) =
1

2
(∇u + (∇u)T )(2.8)62

u · n1 = 0 on ΓpD × [0, T ], σTn2 = t on ΓpN × [0, T ](2.9)63

u(x, 0) = 0 ∀x ∈ Ω(2.10)6465

where u : Ω × [0, T ] → R3 is the solid displacement, ρr is the rock density, f is the66

body force per unit volume, n1 is the unit outward normal to ΓpD, n2 is the unit67

outward normal to ΓpN , t is the traction specified on ΓpN , ε is the strain tensor, σ is68

the Cauchy stress tensor given by the generalized Hooke’s law69

σ = Dεe −αp ≡ Depε−αp(2.11)7071

where D is the fourth order anisotropic elasticity tensor, α is the Biot tensor and Dep72

is the elastoplastic tangent operator given in (A.1). The inverse of the generalized73

Hooke’s law (2.11) is given by74

ε = Dep
−1

(σ + αp) = Dep
−1

σ +
C

3
Bp(2.12)75

76

where C(> 0) is a generalized Hooke’s law constant and B is a generalization of the77

Skempton pore pressure coefficient B (see [9]) for anisotropic poroelastoplasticity, and78

is given by79

B ≡ 3

C
Dep

−1

α(2.13)80
81

2.3. Increment in fluid content. The increment in fluid content ζ is given by82

(see [3])83

ζ =
1

M
p+ α : εe + φp ≡ Cp+

1

3
CB : σ + φp(2.14)84

85

where M(> 0) is a generalization of the Biot modulus (see [2]) for anisotropic poroe-86

lasticity and φp is a plastic porosity (see [3]).87

3. Statement of contraction of the fixed stress split scheme for small88

strain anisotropic poroelastoplasticity with Biot tensor. We use the notations89

(·)n+1 for any quantity (·) evaluated at time level n + 1, (·)m,n+1 for any quantity90

(·) evaluated at the mth coupling iteration at time level n+ 1, δ
(m)
f (·) for the change91

in the quantity (·) during the flow solve over the (m+ 1)th coupling iteration at any92

time level and δ(m)(·) for the change in the quantity (·) over the (m + 1)th coupling93

iteration at any time level. Let Th be finite element partition of Ω consisting of94

distorted hexahedral elements E where h = max
E∈Th

diam(E). The details of the finite95

element mapping are given in [4]. The discrete variational statements in terms of96

coupling iteration differences is : find δ(m)ph ∈ Wh, δ(m)zh ∈ Vh and δ(m)uh ∈ Uh97
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4 S. DANA, AND M. F. WHEELER

such that98

C(δ(m)ph, θh)Ω + ∆t(∇ · δ(m)zh, θh)Ω + (δ(m)φp, θh)Ω = −C
3

(B : δ(m−1)σ, θh)Ω

(3.1)

99

(κ−1δ(m)zh,vh)Ω = (δ(m)ph,∇ · vh)Ω

(3.2)

100

(δ(m)σ : ε(qh))Ω = 0

(3.3)

101102

where the finite dimensional spaces Wh, Vh and Uh are103

Wh =
{
θh : θh| ∈ P0(E) ∀E ∈ Th

}
104

Vh =
{
vh : vh|E ↔ v̂|Ê ∈ V̂(Ê) ∀E ∈ Th, vh · n = 0 on ΓfN

}
105

Uh =
{
qh = (u, v, w)|E ∈ Q1(E) ∀E ∈ Th, qh = 0 on ΓpD

}
106107

where P0 represents the space of constants, Q1 represents the space of trilinears and108

the details of V̂(Ê) are given in [4]. The equations (3.1), (3.2) and (3.3) are the109

discrete variational statements (in terms of coupling iteration differences) of (2.1),110

(2.2) and (2.6) respectively. The details of (3.1) and (3.2) are given in Appendix B111

whereas the details of (3.3) are given in Appendix C.112

Theorem 3.1. The fixed stress split iterative coupling scheme for anisotropic113

poroelasticity with Biot tensor in which the flow problem is solved first by freezing114

all components of the stress tensor is a contraction given by115

s116117

Proof. • Step 1: Flow equations118

Testing (3.1) with θh ≡ δ(m)ph, we get119

C‖δ(m)ph‖2Ω + ∆t(∇ · δ(m)zh, δ
(m)ph)Ω + (δ(m)φp, δ(m)ph)Ω120

= −C
3

(B : δ(m−1)σ, δ(m)ph)Ω(3.4)121
122

Testing (3.2) with vh ≡ δ(m)zh, we get123

‖κ−1/2δ(m)zh‖2Ω = (δ(m)ph,∇ · δ(m)zh)Ω(3.5)124125

From (3.4) and (3.5), we get126

C‖δ(m)ph‖2Ω + ∆t‖κ−1/2δ(m)zh‖2Ω + (δ(m)φp, δ(m)ph)Ω = −C
3

(B : δ(m−1)σ, δ(m)ph)Ω

(3.6)

127
128

• Step 2: Poromechanics equations129

Testing (3.3) with qh ≡ δ(m)uh, we get130

(δ(m)σ : δ(m)ε)Ω = 0(3.7)131132

We now invoke (2.12) to arrive at the expression for change in strain tensor over the133

(m+ 1)th coupling iteration as follows134

δ(m)ε = Dep
−1

δ(m)σ +
C

3
Bδ(m)ph(3.8)135

136
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Substituting (3.8) in (3.7), we get137

(δ(m)σ : Dep
−1

δ(m)σ)Ω +
C

3
(B : δ(m)σ, δ(m)ph)Ω = 0(3.9)138

139

• Step 3: Combining flow and poromechanics equations140

Adding (3.6) and (3.9), we get141

C‖δ(m)ph‖2Ω + ∆t‖κ−1/2δ(m)zh‖2Ω + (δ(m)φp, δ(m)ph)Ω + (δ(m)σ : Dep
−1

δ(m)σ)Ω142

+
C

3
(B : δ(m)σ, δ(m)ph)Ω = −C

3
(B : δ(m−1)σ, δ(m)ph)Ω

(3.10)

143
144

• Step 4: Variation in fluid content145

In lieu of (2.14), the variation in fluid content in the (m+ 1)th coupling iteration is146

δ(m)ζ = Cδ(m)ph +
C

3
B : δ(m)σ + δ(m)φp(3.11)147

148

As a result, we can write149

1

2C
‖δ(m)ζ‖2Ω −

C

2
‖δ(m)ph‖2Ω −

C

18
‖B : δ(m)σ‖2Ω −

1

2C
‖δ(m)φp‖2Ω150

− (δ(m)φp, δ(m)ph)Ω −
1

3
(B : δ(m)σ, δ(m)φp)Ω =

C

3
(B : δ(m)σ, δ(m)ph)Ω(3.12)151

152

From (3.10) and (3.12), we get153

C‖δ(m)ph‖2Ω + ∆t‖κ−1/2δ(m)zh‖2Ω + (δ(m)σ : Dep
−1

δ(m)σ)Ω +
1

2C
‖δ(m)ζ‖2Ω154

− C

2
‖δ(m)ph‖2Ω −

C

18
‖B : δ(m)σ‖2Ω −

1

2C
‖δ(m)φp‖2Ω −

1

3
(B : δ(m)σ, δ(m)φp)Ω155

= −C
3

(B : δ(m−1)σ, δ(m)ph)Ω(3.13)156
157

Adding and subtracting C
6 ‖B : δ(m)σ‖2Ω to the LHS of (3.13) results in158

C

6
‖B : δ(m)σ‖2Ω +

C

2
‖δ(m)ph‖2Ω + ∆t‖κ−1/2δ(m)zh‖2Ω + (δ(m)σ : Dep

−1

δ(m)σ)Ω159

+
1

2C
‖δ(m)ζ‖2Ω −

C

9
‖B : δ(m)σ‖2Ω −

1

2C
‖δ(m)φp‖2Ω −

1

3
(B : δ(m)σ, δ(m)φp)Ω160

= −C
3

(B : δ(m−1)σ, δ(m)ph)Ω

(3.14)

161
162

In lieu of (2.14) and the fixed stress constraint during the flow solve, the variation in163

fluid content during the flow solve in the (m+ 1)th coupling iteration is given by164

δ
(m)
f ζ = Cδ

(m)
f ph +

C

3
B :��

��*0
δ

(m)
f σ + δ

(m)
f φp165

166

Further, since the pore pressure is frozen during the poromechanical solve, we have167

δ
(m)
f ph = δ(m)ph. As a result, we can write168

δ
(m)
f ζ = Cδ(m)ph + δ

(m)
f φp(3.15)169

170
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Subtracting (3.15) from (3.11), we can write171

δ(m)ζ − δ(m)
f ζ =

C

3
B : δ(m)σ + δ(m)φp − δ(m)

f φp172
173

which implies that174

1

C
‖δ(m)ζ − δ(m)

f ζ‖2Ω −
1

C
‖δ(m)φp − δ(m)

f φp‖2Ω175

− 1

3
(B : δ(m)σ, (δ(m)φp − δ(m)

f φp))Ω =
C

9
‖B : δ(m)σ‖2Ω(3.16)176

177

In lieu of (3.16), we can write (3.14) as178

C

6
‖B : δ(m)σ‖2Ω +

≥0︷ ︸︸ ︷
C

2
‖δ(m)ph‖2Ω +

≥0︷ ︸︸ ︷
∆t‖κ−1/2δ(m)zh‖2Ω179

+

≥0?︷ ︸︸ ︷
(δ(m)σ : Dep

−1

δ(m)σ)Ω +

≥0︷ ︸︸ ︷
1

2C
‖δ(m)ζ‖2Ω +

≥0︷ ︸︸ ︷
1

C
‖δ(m)φp − δ(m)

f φp‖2Ω180

−
[ driven to zero by convergence criterion︷ ︸︸ ︷

1

C
‖δ(m)ζ − δ(m)

f ζ‖2Ω +
1

2C
‖δ(m)φp‖2Ω +

1

3
(B : δ(m)σ, δ

(m)
f φp)Ω

]
181

= −C
3

(B : δ(m−1)σ, δ(m)ph)Ω(3.17)182
183

184

• Step 5: Invoking the Young’s inequality185

Since the sum of the terms on the LHS of (3.17) is nonnegative, the RHS is also186

nonnegative. We invoke the Young’s inequality (see [10]) for the RHS of (3.17) as187

follows188

− C

3
(B : δ(m−1)σ, δ(m)ph)Ω ≤

C

3

(
1

2
‖B : δ(m−1)σ‖2Ω +

1

2
‖δ(m)ph‖2Ω

)
(3.18)189

190

In lieu of (3.18), we write (3.17) as191

C

6
‖B : δ(m)σ‖2Ω +

>0︷ ︸︸ ︷
C

2
‖δ(m)ph‖2Ω +

>0︷ ︸︸ ︷
∆t‖κ−1/2δ(m)zh‖2Ω192

+

≥0?︷ ︸︸ ︷
(δ(m)σ : Dep

−1

δ(m)σ)Ω +

>0︷ ︸︸ ︷
1

2C
‖δ(m)ζ‖2Ω +

≥0︷ ︸︸ ︷
1

C
‖δ(m)φp − δ(m)

f φp‖2Ω193

−
[ driven to zero by convergence criterion︷ ︸︸ ︷

1

C
‖δ(m)ζ − δ(m)

f ζ‖2Ω +
1

2C
‖δ(m)φp‖2Ω +

1

3
(B : δ(m)σ, δ

(m)
f φp)Ω

]
194

≤ C

6
‖B : δ(m−1)σ‖2Ω195

196
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4. On the agenda.197

• Use of the Sherman-Morrison formula to arrive at the estimates of the positive198

definiteness of the elastoplastic compliance tensor199

• Design of the convergence criterion200

Appendix A. Mathematical theory of small strain elastoplasticity. The201

important phenomenological aspects of small strain elastoplasticity are202

• The existence of an elastic domain, i.e. a range of stresses within which203

the behaviour of the material can be considered as purely elastic, without204

evolution of permanent (plastic) strains. The elastic domain is delimited by205

the so-called yield stress.206

• If the material is further loaded at the yield stress, then plastic yielding (or207

plastic flow), i.e. evolution of plastic strains, takes place.208

• Accompanying the evolution of the plastic strain, an evolution of the yield209

stress itself is also observed. This phenomenon is known as hardening.210

The basic components of a general elastoplastic constitutive model are211

• the elastoplastic strain decomposition;212

• a yield criterion, stated with the use of a yield function;213

• a plastic flow rule defining the evolution of the plastic strain;214

• a hardening law, characterising the evolution of the yield limit; and215

• the elastoplastic tangent operator216

A.1. Additive decomposition of the strain tensor. One of the chief hy-217

potheses underlying the small strain theory of plasticity is the decomposition of the218

total strain, ε, into the sum of an elastic (or reversible) component εe, and a plastic219

(or permanent) component, εp,220

ε = εe + εp221222

A.2. The yield criterion and the yield surface. A scalar yield function223

Φ(σ,A) is introduced where σ is the stress tensor and A is a set of thermodynamical224

forces. The yield function defines the elastic domain as the set225

E = {σ|Φ(σ,A) < 0}226227

of stresses for which plastic yielding is not possible. Any stress lying in the elastic228

domain or on its boundary is said to be plastically admissible. We then define the set229

of plastically admissible stresses (or plastically admissible domain) as230

E = {σ|Φ(σ,A) ≤ 0}231232

The yield locus, i.e. the set of stresses for which plastic yielding may occur, is the233

boundary of the elastic domain, where Φ(σ,A) = 0. The yield locus in this case is234

represented by a hypersurface in the space of stresses. This hypersurface is termed235

the yield surface and is defined as236

Y = {σ|Φ(σ,A) = 0}237238

For stress levels within the elastic domain, only elastic straining may occur, whereas239

on its boundary (at the yield stress), either elastic unloading or plastic yielding (or240

plastic loading) takes place. This yield criterion can be expressed by241

If Φ < 0 =⇒ ε̇p = 0242

If Φ = 0 =⇒
{
ε̇p = 0, elastic unloading
ε̇p 6= 0, plastic loading

243
244
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σ1 = σ2 = σ3 σ1 = σ2 = σ3

−σ1

−σ2

−σ3

−σ1

−σ2

−σ3

Φ = 0
Φ = 0

Fig. 2. M-C yield surface on the left and D-P yield surface to the right; in principal stress space

A.2.1. The Drucker-Prager yield criterion. The Drucker-Prager yield cri-245

terion has been proposed by [7] as a smooth approximation to the Mohr-Coulomb law,246

which states that plastic yielding is the result of frictional sliding between material247

particles. The M-C criterion is given as248

Φ = (cosθ − 1

3
sinθ sinφ)

√
J2 + σhyd sinφ− c cosφ249

250

where φ is the angle of internal friction, c is the cohesion, σhyd is the hydrostatic251

stress given by252

σhyd =
1

3
tr(σ)253

254

and θ is the Lode angle given by255

θ =
1

3
sin−1

(
−3
√

3J3

2J
3/2
2

)
256

257

where J2 and J3 are stress deviator invariants given by258

J2 =
1

2
s : s259

J3 = det s260261

and s is the stress deviator given by262

s = σ − 1

3
(trσ)I = σ − σhydI263

264

The D-P criterion is given as265

Φ =
√
J2 + ησhyd − ξc266267

where the parameters η and ξ are chosen according to the required approximation to268

the M-C criterion.269
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σ1 = σ2 = σ3

−σ1

−σ2

−σ3
Φ = 0

associative D-P

_ǫ
p

@σΦ

Fig. 3. Associative D-P flow vector at the cone surface and at the apex

A.3. Plastic flow rule. The plastic flow rule is given as270

ε̇p = γ̇N271272

where γ̇ is the plastic multiplier and N is the flow vector.273

A.3.1. Flow vector. It is often convenient to define the flow rule in terms of a274

flow (or plastic) potential. The starting point of such an approach is to postulate the275

existence of a flow potential with general form Ψ(σ,A), from which the flow vector276

is obtained as277

N ≡ ∂Ψ

∂σ
278
279

A.3.2. The plastic multiplier. The plastic multiplier is non-negative280

γ̇ ≥ 0281282

and satisfies the complementarity condition,283

Φγ̇ = 0284285

A.3.3. Associative and non-associative plasticity. A plasticity model is286

classed as associative if the yield function Φ is taken as the flow potential, i.e.287

Ψ ≡ Φ288289

The flow vector is then given by290

N ≡ ∂Φ

∂σ
291
292

Any other choice of flow potential characterises a non-associative (or non-associated)293

plasticity model. At points where Φ is non-differentiable in σ, the isosurfaces of Φ in294

the space of stresses contain a singularity (corner) where the normal direction is not295

uniquely defined. A typical situation is schematically illustrated in Figure 4 where two296

distinct normals, N1 and N2, are assumed to exist. In this case, the subdifferential297

of Φ with respect to σ, denoted ∂σΦ ≡ ∂Φ
∂σ , is the set of vectors contained in the cone298

defined by all linear combinations (with positive coefficients) of N1 and N2.299
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@σΦ

N1

N2

_ǫ
p

Fig. 4. Plastic strain increment at corners

A.4. Hardening law. Hardening is characterised by a dependence of yield300

stress level upon the history of plastic straining to which the body has been sub-301

jected. Hardening is represented by changes in the hardening thermodynamical force,302

A, during plastic yielding. These changes may, in general, affect the size, shape and303

orientation of the yield surface, defined by Φ(σ,A) = 0.304

A.4.1. Isotropic hardening. A plasticity model is said to be isotropic hard-305

ening if the evolution of the yield surface is such that, at any state of hardening, it306

corresponds to a uniform (isotropic) expansion of the initial yield surface, without307

translation.308

A.5. The elastoplastic tangent operator. The elastoplastic tangent operator309

in (2.11) for the associated plasticity model is given by310

Dep = D− 1

Hp + ∂Φ
∂σ : D∂Φ

∂σ

(
D
∂Φ

∂σ
⊗ D

∂Φ

∂σ

)
(A.1)311

312

where Hp is the hardening modulus. The reader is refered to [6] for a derivation of313

the expression for the elastoplastic tangent operator.314

Appendix B. Discrete variational statements for the flow subproblem315

in terms of coupling iteration differences. Before arriving at the discrete316

variational statement of the flow model, we impose the fixed stress constraint on the317

strong form of the mass conservation equation (2.1). In lieu of (2.14), we write (2.1)318

as319

∂

∂t
(Cp+

C

3
B : σ + φp) +∇ · z = q320

C
∂p

∂t
+∇ · z = q − C

3
B :

∂σ

∂t
− ∂φp

∂t
(B.1)321

322
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Using backward Euler in time, the discrete in time form of (B.1) for the mth coupling323

iteration in the (n+ 1)th time step is written as324

C
1

∆t
(pm,n+1 − pn) +∇ · zm,n+1

325

= qn+1 − 1

∆t

C

3
B : (σm,n+1 − σn)− 1

∆t
(φp

m,n+1

− φp
n

)326
327

where ∆t is the time step and the source term as well as the terms evaluated at328

the previous time level n do not depend on the coupling iteration count as they are329

known quantities. The fixed stress constraint implies that σm,n+1 gets replaced by330

σm−1,n+1 i.e. the computation of pm,n+1 and zm,n+1 is based on the value of stress331

updated after the poromechanics solve from the previous coupling iteration m− 1 at332

the current time level n+ 1. The modified equation is written as333

C(pm,n+1 − pn) + ∆t∇ · zm,n+1 = ∆tqn+1 − C

3
B : (σm,n+1 − σn)− (φp

m,n+1

− φp
n

)334
335

As a result, the discrete weak form of (2.1) is given by336

C(pm,n+1
h − pnh, θh)Ω + ∆t(∇ · zm,n+1

h , θh)Ω + (φp
m,n+1

− φp
n

, θh)Ω337

= ∆t(qn+1, θh)Ω −
C

3
(B : (σm−1,n+1 − σn), θh)Ω338

339

Replacing m by m+ 1 and subtracting the two equations, we get340

C(δ(m)ph, θh)Ω + ∆t(∇ · δ(m)zh, θh)Ω + (δ(m)φp, θh)Ω = −C
3

(B : δ(m−1)σ, θh)Ω341
342

The weak form of the Darcy law (2.2) for the mth coupling iteration in the (n+ 1)th343

time step is given by344

(κ−1zm,n+1,v)Ω = −(∇pm,n+1,v)Ω + (ρ0g,v)Ω ∀ v ∈ V(Ω)(B.2)345346

where V(Ω) is given by347

V(Ω) ≡ H(div,Ω) ∩
{
v : v · n = 0 on ΓfN

}
348349

and H(div,Ω) is given by350

H(div,Ω) ≡
{
v : v ∈ (L2(Ω))3,∇ · v ∈ L2(Ω)

}
351352

We use the divergence theorem to evaluate the first term on RHS of (B.2) as follows353

(∇pm,n+1,v)Ω = (∇, pm,n+1v)Ω − (pm,n+1,∇ · v)Ω354

= (pm,n+1,v · n)∂Ω − (pm,n+1,∇ · v)Ω355

= (g,v · n)Γf
D
− (pm,n+1,∇ · v)Ω(B.3)356

357

where we invoke v · n = 0 on ΓfN . In lieu of (B.2) and (B.3), we get358

(κ−1zm,n+1,v)Ω = −(g,v · n)Γf
D

+ (pm,n+1,∇ · v)Ω + (ρ0g,v)Ω359
360

Replacing m by m+ 1 and subtracting the two equations, we get361

(κ−1δ(m)zh,vh)Ω = (δ(m)ph,∇ · vh)Ω362363
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364

Appendix C. Discrete variational statement for the poromechanics sub-365

problem in terms of coupling iteration differences. The weak form of the366

linear momentum balance (2.6) is given by367

(∇ · σ,q)Ω + (f · q)Ω = 0 (∀ q ∈ U(Ω))(C.1)368369

where U(Ω) is given by370

U(Ω) ≡
{
q = (u, v, w) : u, v, w ∈ H1(Ω),q = 0 on ΓpD

}
371372

where Hm(Ω) is defined, in general, for any integer m ≥ 0 as373

Hm(Ω) ≡
{
w : Dαw ∈ L2(Ω) ∀|α| ≤ m

}
,374375

where the derivatives are taken in the sense of distributions and given by376

Dαw =
∂|α|w

∂xα1
1 ..∂xαn

n
, |α| = α1 + · · ·+ αn,377

378

We know from tensor calculus that379

(∇ · σ,q)Ω ≡ (∇,σq)Ω − (σ : ∇q)Ω(C.2)380381

Further, using the divergence theorem and the symmetry of σ, we arrive at382

(∇,σq)Ω ≡ (q,σn)∂Ω(C.3)383384

We decompose ∇q into a symmetric part (∇q)s ≡ 1
2

(
∇q + (∇q)T

)
≡ ε(q) and385

skew-symmetric part (∇q)ss and note that the contraction between a symmetric and386

skew-symmetric tensor is zero to obtain From (C.1), (C.2), (C.3) and (??), we get387

(σn,q)∂Ω − (σ : ε(q))Ω + (f ,q)Ω = 0388389

which, after invoking the traction boundary condition, results in the discrete weak390

form for the mth coupling iteration as391

(tn+1,qh)Γp
N
− (σm,n+1 : ε(qh))Ω + (fn+1,qh)Ω = 0392

393

Replacing m by m+ 1 and subtracting the two equations, we get394

(δ(m)σ : ε(qh))Ω = 0395396

397
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