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Abstract

We present a diffuse interface method for coupling free and porous-medium-type flows mod-
eled by the Navier-Stokes and Darcy equations. Its essential component is a diffuse geometry
model generated from the phase-field solution of a separate initial boundary value problem
that is based on the Allen-Cahn equation. Phase-field approximations of the interface and
its gradient are then employed to transfer all interface terms in the coupled variational
flow formulation into volumetric terms. This eliminates the need for an explicit interface
parametrization between the two flow regimes. We illustrate accuracy and convergence for a
series of benchmark examples, using standard low-order stabilized finite element discretiza-
tions. Our diffuse interface method is particularly attractive for coupled flow analysis on
imaging data with complex implicit interfaces, where procedures for deriving explicit surface
parametrizations constitute a significant bottleneck. We demonstrate the potential of our
method to establish seamless imaging-through-analysis workflows by computing a perfusion
profile for a full-scale 3D human liver based on MRI scans.
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1. Introduction

Flow simulations based on the coupling of incompressible free flow and porous-medium-
type flow play an important role in many fields. Examples include earth sciences (interaction
of rivers with groundwater, oil pockets in petroleum reservoirs), medicine (filtration of blood
through arterial walls) or industrial processes (air and oil filters). The motion of the free
fluid in one region and the filtration process in another region can be modeled by the
incompressible Navier-Stokes equations and the Darcy equations, respectively. Modeling
the interaction between the two flow regimes can be based on a set of physically motivated
coupling conditions first studied by Beavers and Joseph [1] that describe fluid flow across
and along the interface. There exists a large body of literature that covers the derivation
of interface conditions [2–4], the numerical analysis of the coupled problem [5–8], and its
numerical and algorithmic treatment [9–12]. An overview is provided in the review article
by Discacciati and Quarteroni [13].

Established discretization methods such as the finite element method require an explicit
surface parametrization of the interface between the two domains as well as a volumetric
mesh that conforms to the interface parametrization. For complex geometries, the associated
geometry and meshing operations are hard to automate, error-prone, time-intensive, and
often require the intervention of a specially trained analyst. This is particularly true for
implicit geometric models based on imaging data, which are ubiquitous in patient-specific
biomedical simulations. Over the last decade, significant research efforts have been invested
in developing discretization methods that are able to naturally deal with complex geometric
models. Examples in the context of finite elements include isogeometric methods [14, 15],
level-set methods [16–18], extended [19–21], composite [22, 23], and immersed finite element
methods [24–27], or the finite cell method [28–30]. Most of these approaches can be classified
as sharp interface methods in the sense that they require a parameterization of the interface,
specifying its geometry and location exactly. In this context, the importance of accurate
geometry operations, in particular geometrically faithful surface and volume quadrature,
have been recently highlighted in a series of papers [31–36].

Diffuse interface methods [37–40], also known as diffuse domain or phase-field methods,
offer an alternative approach for solving boundary value problems on very complex domains.
Their essential idea is to abandon the concept of sharply defined interfaces and instead
approximate the domain implicitly by a phase-field function, which smoothly transitions
from one inside the domain to zero in the exterior. The diffusiveness of the geometry
approximation, i.e. the local slope of the phase-field at the interface, is controlled by a
characteristic length-scale parameter ε. The phase-field approximation of the interface and
its gradient are then employed to reformulate the boundary value problem on an extended
regular domain. In particular, boundary and interface conditions originally formulated via
surface terms are transferred into additional volumetric source terms, which completely
eliminates the need for explicit interface parametrizations. Various instantiations have been
published in the literature, e.g., for advection-diffusion problems [41, 42], multi-phase flow
[43, 44], the evolution of complex crack patterns [45–48], fluid vessel networks [49, 50] and
phase transition and segregation processes [51–53]. We note that a number of conceptually
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similar approaches exist, and we particularly mention the immersed boundary method with
interface forcing functions based on Dirac distributions [54, 55], the fictitious domain method
with a spread interface [56, 57], the fat boundary method [58, 59] and coupling the Navier-
Stokes equations with the Cahn-Hilliard equation for the analysis of multiphase flow [52, 60–
62].

In this paper, we apply the diffuse interface concept to the coupled Navier-Stokes/Darcy
equations. Our method is based on a diffuse geometry model that is generated from the
phase-field solution of the transient Allen-Cahn equation with a double-well potential [63,
64]. The corresponding initial boundary value problem is discretized in space with standard
finite elements and in time with a second-order semi-implicit scheme [65], where we use the
characteristic Heaviside function of the Navier-Stokes domain as the initial value. We employ
the resulting phase-field approximation of the geometry to transfer the variational form of
the coupled Navier-Stokes/Darcy equations into a diffuse interface format, eliminating all
surface terms defined at the sharp coupling interface. In contrast to existing diffuse domain
multi-physics methods, the Navier-Stokes and Darcy flow solutions are represented here by
independent solution fields based on independent state variables. The solution fields are
coupled by enforcing conservation of mass and balance of forces across the diffuse interface
width. Diffuse coupling conditions result in a conceptually different problem than the diffuse
imposition of known boundary conditions, which has been the focus of much prior work [38–
44]. In particular the mass conservation of the global system becomes a point of interest,
and is studied in this work. We discretize the variational diffuse interface form with the
finite element method, employing stabilized linear elements for the Navier-Stokes part [66].
We compare accuracy and convergence with the sharp interface formulation and highlight
the crucial role of local mesh refinement in diffuse interface methods.

The strength of our method is its ability to integrate implicit geometric models of very
complex vessel networks typically described by imaging data and the simulation of the
interaction between Darcy-type and free flow. In this case, the geometric complexity of
the interfaces between the two flow regimes often prevents the derivation of an explicit
surface parameterization with feasible effort. Our method directly operates on the original
imaging data, thus enabling automated coupled flow analysis. The diffuse approximation of
interfaces correlates with the finite resolution of the images, where the characteristic length-
scale ε naturally emerges from the smallest pixel size. We illustrate these advantages by
an imaging-through-analysis workflow that computes a patient-specific perfusion profile of a
human liver based on magnetic resonance imaging (MRI) scans. In particular, we highlight
the seamless interaction between medical imaging data, unsupervised image processing and
coupled diffuse interface flow simulation.

This article is organized as follows: In Section 2, we briefly review the coupled Navier-
Stokes/Darcy formulation in its sharp interface form. In Section 3, it is transferred into a
diffuse interface formulation, where the domain is approximated by an implicit phase-field
function. Section 4 describes a methodology for obtaining a suitable phase-field description
of the geometry via solving an Allen-Cahn problem. Section 5 presents a series of numerical
experiments that illustrate accuracy and convergence of the diffuse formulation. Section 6
illustrates the strength of the diffuse interface method in the context of imaging based
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coupled flow analysis of the liver. Section 7 summarizes key aspects and draws conclusions.

2. The coupled Navier-Stokes/Darcy equations

To fix notation, we briefly summarize the coupled Navier-Stokes/Darcy problem in strong
and weak form. We consider a computational domain that consists of a Navier-Stokes region
ΩN filled with an incompressible free fluid that can filtrate through a porous medium in the
adjacent Darcy region ΩD (see Fig. 1). For the moment, the two regions are separated by a
sharply defined interface Γ. In the following, we mark quantities in the Navier-Stokes and
Darcy regions by subscript { }N and { }D, respectively.

Figure 1: Generic sketch of the computational domain.

2.1. The incompressible Navier-Stokes equations

The Navier-Stokes equations for the steady-state motion of an incompressible fluid read

(uN · ∇)uN −∇ · σ(uN , pN) = f on ΩN (1)

∇ · uN = 0 on ΩN (2)

where uN is the velocity vector, f is the body force per unit mass of fluid, pN is the
kinematic pressure (pressure normalized by the fluid density ρ), and ν = µ/ρ is the fluid
kinematic viscosity [66]. We note that in view of our application example, we neglect any
time dependent terms in (1), as we expect the cardiac pulsatility in the liver vessels to be
small. The corresponding velocity and traction boundary conditions read

uN = û at ∂ΩN,1 (3)

σ(uN , pN)nN = t̂ at ∂ΩN,2 (4)

where û and t̂ are given velocity and traction data at ∂ΩN,1 and ∂ΩN,2, which denote sharply
defined Dirichlet and Neumann boundaries of ΩN , respectively. nN is the outer unit normal
vector on the boundary of ΩN . We note that the stress tensor for a Newtonian fluid is given
by Stokes’ law as σ = −pNI + 2ν∇SuN , where ∇S = 1

2

(
∇+∇T

)
.
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A weighted residual form can be obtained by multiplying the strong form (1) and (2)
with test functions wN and qN , respectively, and integrating over ΩN . Using integration by
parts, we obtain the final variational form∫

ΩN

(uN · ∇)uN ·wN dΩN + 2ν

∫
ΩN

∇SuN : ∇SwN dΩN −
∫

ΩN

pN(∇ ·wN) dΩN

−
∫

ΩN

f ·wN dΩN −
∫

∂ΩN,2

t̂ ·wN dΓ−
∫
Γ

nN · σ(uN , pN)wN dΓ = 0 (5)

∫
ΩN

qN(∇ · uN) dΩN = 0 (6)

where the traction on the coupling interface Γ remains unspecified for now. For further
details, e.g., requirements on the function spaces involved, we refer to [66].

2.2. The Darcy equations

The motion of an incompressible fluid through a saturated porous medium can be de-
scribed by the following equations

uD = −K∇ϕD on ΩD (7)

∇ · uD = 0 on ΩD (8)

where uD is the averaged Darcy velocity and K is the hydraulic conductivity that describes
the ease with which the fluid can move through the pore space. The piezometric head ϕD
is a measure of kinematic fluid pressure pD (normalized by fluid density ρ) and reads

ϕD = z +
pD
g

(9)

where z represent a reference elevation and accounts for the potential energy per unit weight
of fluid and g is acceleration due to gravity. We maintain the standard formulation in terms
of ϕD here, which is reminiscent of its original use for modeling subsurface flow, although
in the liver context the influence of z is often neglected (see e.g [67]).

Inserting (7) into (8), we find the alternative representation of the Darcy equations as

−∇ · (K∇ϕD) = 0 on ΩD (10)

The advantage of the form (10) compared to (7) and (8) is the elimination of the velocity as
an unknown field and hence the stability issues regarding the LBB condition that occur due
to the incompressibility constraint in equal-order finite element discretizations. We note that
velocities uD computed through (10) and (7) in general do not guarantee mass conservation
[68], which can be alleviated to some extent by proper postprocessing [69, 70].

Multiplication with a test function qD, integration over the domain ΩD and integration
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by parts yields the following variational form∫
ΩD

∇qD ·K∇ϕD dΩD +

∫
∂ΩD,2

ĥ qD dΓ +

∫
Γ

−K∇ϕD · nD qD dΓ = 0 (11)

where the flux −K∇ϕD ·nD is prescribed by a boundary velocity ĥ on the Neumann bound-
ary ∂ΩD,2 and remains unspecified for now on the coupling interface Γ.

2.3. Interface conditions to couple Navier-Stokes and Darcy flow

The Navier-Stokes equations in ΩN and the Darcy equation in ΩD are coupled along
their shared boundary Γ (see Fig.1) by appropriate interface conditions that govern the
interaction between free and porous-medium flow. We note that the unit normal vector nN
on Γ points into the Darcy region. For ease of notation, we agree on n = nN = −nD. Based
on n, we can find a pair of orthogonal tangent vectors τ j, j = {1, 2} at each interface point.

The first coupling condition ensures mass conservation across the permeable interface,
requiring the continuity of the normal velocity component as

uN · n = uD · n at Γ (12)

The second coupling condition ensures equilibrium of normal forces across the interface.

−n · σ(uN , pN)n = gϕD at Γ (13)

Due to the viscosity of the free fluid in ΩN , a constraint on its tangential velocity must
be given. The corresponding condition evolved from the work of Beavers and Joseph [1, 9]
and states that the slip velocity along Γ is proportional to the shear stress along Γ. It reads

α√
K

(uN − uD) · τ j + τ j · σ(uN , pN)n = 0, j = {1, 2} at Γ (14)

As the velocity in the porous medium is much smaller than the velocity in the free fluid, the
component of uD tangent to the interface is commonly assumed to be zero. The resulting
modification of (14) is known as the Beavers-Joseph-Saffman law, which has received con-
siderable attention in the literature [1, 2, 4, 9, 71, 72]. Its friction parameter α/

√
K arises

from dimensional analysis and is determined experimentally.
To incorporate the interface conditions in the variational forms, we first consider the

unspecified flux term on Γ in the Darcy part (11). Using mass conservation across the
interface (12) along with uD = −K∇ϕD and n = −nD, we find∫

Γ

−K∇ϕD · nD qD dΓ = −
∫
Γ

qD(uN · n) dΓ (15)

We then consider the unspecified traction term on Γ in the Navier-Stokes part (5) that we
first split into the normal component and the two tangential components. The two terms
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Figure 2: Phase-field c with characteristic length-scale ε for a 1D domain.

can then be directly associated with the equilibrium and Beavers-Joseph-Saffman conditions
(13) and (14) and we find

−
∫
Γ

n · σ(uN , pN)wN dΓ =

∫
Γ

gϕD(wN · n) dΓ +

∫
Γ

2∑
j=1

α√
K

(uN · τ j) (wN · τ j) dΓ (16)

The interface conditions (12), (13) and (14) now consistently couple the variational equations
(5) and (11) of the Navier-Stokes and Darcy systems.

3. Coupled flow analysis with the diffuse Navier-Stokes/Darcy model

In this section, we derive the diffuse Navier-Stokes/Darcy problem from a geometric
point of view. To this end, we first describe the replacement of integrals over sharply
defined volumes and surfaces by diffuse integrals formulated in terms of a scalar phase-field
function. We discuss requirements of the phase-field such that it consistently describes the
geometry for the coupled Navier-Stokes/Darcy formulations. Finally, we show consistency
of the diffuse model with the strong form of the coupled Navier-Stokes/Darcy problem if the
interface width is infinitely small.

3.1. Phase-field approximation of volume and surface integrals

The reformulation of the Navier-Stokes/Darcy model is based on diffuse representations
of the Navier-Stokes and Darcy regions ΩN and ΩD in terms of a phase-field function c
and its complement ( 1 − c ), respectively. The phase-field function can be perceived as a
regularized approximation of the Heaviside function H:

H (x) =

{
1.0 ∀x ∈ ΩN

0.0 ∀x ∈ ΩD

(17)

Figure 2 illustrates this concept in 1D, showing a Heaviside function with a sharp interface
and diffuse phase-field approximations of different characteristic length scale ε.
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Figure 3: Absolute value of the gradient of the phase-field functions shown in Fig. 2 for different
length-scales ε.

We first consider a general volume integral, for which we can write∫
ΩN

Q dΩ =

∫
Ω

QH dΩ ≈
∫

Ω

Qc dΩ (18)

where Q is a function to be integrated and Ω denotes an arbitrary embedding domain that
contains both Navier-Stokes and Darcy domains ΩN and ΩD. We note that for integrating
a function Q over ΩD, the phase-field c can be simply replaced by its complement 1− c.

We then consider the diffuse representation of a surface integral∫
Γ

h dΓ =

∫
Ω

h δΓ dΩ ≈
∫

Ω

h |∇c| dΩ (19)

where the absolute value of the phase-field gradient approximates a Dirac δ distribution at
the interface Γ, that is

δΓ ≈ |∇c| (20)

Figure 3 plots the absolute value of the gradient of the phase-field functions shown in Fig. 2.
We observe that a decrease in the diffuse interface width leads to a contraction of the
gradient spike, which centers at the interface location Γ. To ensure consistent integration
of the boundary function h, the absolute value of all phase-field gradient functions must
reproduce the key property of a Dirac δ distribution, that is, their integrals across the
interface width are equal to 1. This requirement can be expressed concisely as

s2∫
s1

δΓ ds =

s2∫
s1

∣∣∣∣ d

ds
c

∣∣∣∣ ds = 1 (21)

where s is an abritrary straight line with starting and end points s1 and s2 that crosses
the diffuse interface region. In fact, one can easily verify that this property holds for any
function that monotonically increases from 0 to 1 (or monotonically decreases from 1 to 0).

Many of the surface integrals that need to be evaluated for the coupled Navier-Stokes
problem require a normal vector. As the surface of the interface will no longer be pa-
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rameterized explicitly, the normal vector is directly obtained from the implicit phase-field
representation as

n ≈ − ∇c
|∇c|

(22)

where n denotes the outward unit normal of ΩN . This approximation that makes use of the
steepest descent property of the gradient allows us to rewrite surface integrals that involve
a normal in the following form∫

Γ

t · n dΓ =

∫
Ω

t · n δΓ dΩ ≈ −
∫

Ω

t · ∇c dΩ (23)

The reformulation of the coupled Navier-Stokes/Darcy problem derived in the following
will make use of relations (18), (19) and (23). These relations are valid for any phase-field
function that satisfies the following four requirements:

1. The phase-field is a monotonically decreasing function from 1 in the Navier-Stokes
domain to 0 in the Darcy domain.

2. With decreasing length scale parameter ε, the phase-field converges to the Heaviside
function described in (17).

3. With decreasing length scale parameter ε and given sufficient smoothness of Γ, the
negative normalized gradient of the phase-field converges to the normal of the interface.

4. The diffuse interface, that is, the spike of the gradient function, centers at the sharp
interface.

In Section 4, we will discuss that the phase-field solution obtained from a correctly initialized
Allen-Cahn problem satisfies all of these requirements.

3.2. Variational formulation of the diffuse Navier-Stokes/Darcy problem

Assuming that we have phase-field approximations of the interface Γ and the associ-
ated Dirac δΓ distribution, we can replace the variational surface integrals of the interface
conditions between the Navier-Stokes and Darcy regions by volume integrals. The use of
diffuse boundary conditions in the context of advection-diffusion type equations including
the Navier-Stokes equations has been presented in [41–44]. In the following, we extend the
diffuse interface method to couple different fields along a diffuse interface region, with an
emphasis on the Navier-Stokes/Darcy model presented in Section 2. Based on (23), we can
rewrite the condition for mass conservation (12) as

−
∫

Γ

qD (uN · n) dΓ = −
∫

Ω

qD (uN · n) δΓ dΩ ≈
∫

Ω

qD (uN · ∇c) dΩ (24)

and the condition of equilibrium in normal direction (13) as∫
Γ

gϕD (wN · n) dΓ =

∫
Ω

gϕD (wN · n) δΓ dΩ ≈ −
∫

Ω

gϕD (wN · ∇c) dΩ (25)
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With (19), we can rewrite the constraint on the tangential velocity (14) as∫
Γ

2∑
j=1

α√
K

(uN · τ j)(wN · τ j) dΓ =

∫
Ω

2∑
j=1

α√
K

(uN · τ j)(wN · τ j) δΓ dΩ ≈

∫
Ω

2∑
j=1

α√
K

(uN · τ̃ j)(wN · τ̃ j) |∇c| dΩ (26)

The tangent vectors τ̃ j, being functions of the phase-field c(x), are obtained directly from
the diffuse phase-field in analogy to (22), using the algorithm described in [73]. In the
general 3D case, we first obtain the normal as n ≈ −∇c/ |∇c|. Second, we construct the
first tangent vector as follows

τ̃ 1 =

{
(ny,−nx, 0) if |nx| > |ny| and |nx| > |nz|
(0, nz,−ny) otherwise

(27)

We then obtain the second tangent vector by taking the cross product of the normal vector
and the first tangent vector. Finally we normalize both tangent vectors.

Using the phase-field approximation of the Heaviside function (18) in all volume terms,
we can reformulate the sharp interface variational forms (5) and (11) into the variational
form of the diffuse Navier-Stokes/Darcy problem, which reads∫

Ω

(
(uN · ∇)uN ·wN

)
c dΩ + 2ν

∫
Ω

(
∇SuN : ∇SwN

)
c dΩ−

∫
Ω

pN(∇ ·wN) c dΩ

−
∫

Ω

(f ·wN) c dΩ−
∫
∂ΩN,2

t̂ ·wN dΓ

−
∫

Ω

gϕD (wN · ∇c) dΩ +

∫
Ω

2∑
j=1

α√
K

(uN · τ̃ j)(wN · τ̃ j) |∇c| dΩ = 0 (28a)∫
Ω

qN(∇ · uN) c dΩ = 0 (28b)∫
Ω

∇qD ·K∇ϕD (1− c) dΩ +

∫
∂ΩD,2

ĥ qD dΓ +

∫
Ω

qD (uN · ∇c) dΩ = 0 (28c)

This system of equations only contains integrals over the complete domain Ω and over outer
Neumann boundaries ∂ΩN,2 and ∂ΩD,2 of the Navier-Stokes and Darcy regions. The interior
interface Γ has been completely eliminated by approximate expressions in terms of the diffuse
phase-field representation c of the interface.

We note that boundary conditions along the domain boundary can also be transferred
into a diffuse boundary format [39]. For example, a diffuse no-flow Neumann condition that
controls fluid flow through the exterior boundary surface of the Darcy domain can be im-
posed by changing (28c) to the following
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∫
Ω

∇qD ·K∇ϕD cD dΩ +

∫
∂ΩD,2

ĥ qD dΓ +

∫
Ω

qD (uN · ∇c) dΩ = 0 (29)

The phase-field cD is slightly different from (c − 1) as it now also captures the exterior
boundary of the Darcy domain in a diffuse sense, shown in Fig. 4. Since no additional
term ∇cD is added to equation (29), it implicitly enforces a zero Neumann condition, i.e.,
−K∇ϕD ·nD = uD ·nD = 0. The coupling to the Navier-Stokes domain is still based on the
gradient term ∇c of the original phase-field, which is enforced at the Darcy/Navier-Stokes
interface.

3.3. Variational consistency of the diffuse interface formulation

The above derivation has been motivated from a geometric point of view. The surface
terms that couple the Navier-Stokes and Darcy domains are obtained from the weak for-
mulation prior to introducing the phase-field approximation. In the following we show that
the above derivation is equivalent to an alternative approach that introduces the Heaviside
function in the initial weak formulation, reinforcing the variational consistency of the diffuse
interface formulation (28).

Before the coupling conditions are introduced in (28), the integrals can be interpreted as
diffuse Neumann-type boundary conditions of the following form∫

Ω

(
(uN · ∇)uN ·wN

)
c dΩ

+

∫
Ω

(
2ν
(
∇SuN : ∇SwN

)
c− (pNI : ∇wN) c− (t̂ ·wN |∇c|)

)
dΩ

−
∫

Ω

(f ·wN) c dΩ−
∫
∂ΩN,2

t̂ ·wN dΓ = 0 (30a)∫
ΩN

qN(∇ · uN) c dΩ = 0 (30b)∫
Ω

(
∇qD ·K∇ϕD (1− c)− qD (K∇ϕD · ∇c)

)
dΩ +

∫
∂ΩD,2

ĥ qD dΓ = 0 (30c)

We recall again that the density normalized Cauchy stress tensor for an incompressible
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Figure 4: Phase-fields c and cD that represent interior interfaces Γ and the exterior boundaries with
no-flow boundary conditions.
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Newtonian fluid reads
σ = 2ν∇SuN − pNI (31)

The inner product of the stress tensor and the gradient of the test function multiplied by
the phase-field can be expanded as

σ : ∇(wN c) = σij
∂

∂xj
((wN)i c) = σij

∂(wN)i
∂xj

c+ σij
∂c

∂xj
(wN)i =

σ : ∇wN c+ σ∇c ·wN = σ : ∇wN c− σn ·wN |∇c| = σ : ∇wN c− t̂ ·wN |∇c| (32)

Substituting (31) into (32), we find that the result is equal to the argument in the second
integral in (30a), which then can be simplified to the following∫

Ω

(
(uN · ∇)uN ·wN

)
c dΩ +

∫
Ω

σ : ∇(wN c) dΩ

−
∫

Ω

(f ·wN) c dΩ−
∫
∂ΩN,2

t̂ ·wN dΓ = 0 (33)

In the next step, the inverse form of the divergence theorem is applied to remove the re-
maining surface integral, which reads as follows

−
∫

Ω

∇ · σ ·wN c dΩ =

∫
Ω

σ : ∇(wN c)dΩ−
∫
∂Ω

t̂ ·wN c dΓ =∫
Ω

σ : ∇(wN c)dΩ−
∫
∂ΩN,2

t̂ ·wN c dΓ (34)

This integration is carried out on a larger embedding domain Ω, which contains ΩN , in-
cluding the complete diffuse interface region. The surface term that occurs as a result of
the divergence theorem covers the complete outer boundary surface of ∂Ω. We differentiate
between two cases. If ∂Ω is away from the original Navier-Stokes domain ΩN , we assume
homogeneous Neumann conditions, so that the corresponding surface term becomes zero.
Alternatively, we could also assume that this part cancels due to c being zero outside ΩN

and sufficiently away from the diffuse region. If a portion of ∂Ω is located directly at the
boundary of the Navier-Stokes domain ΩN , it can be identified as a sharp Neumann bound-
ary term ∂ΩN,2 that potentially has a non-zero traction and therefore is retained in the
analysis.

Using the format (34) of the divergence theorem, we can further reduce (33) to the
following weak form ∫

Ω

(
(uN · ∇)uN − ∇ · σ − f

)
·wN c dΩ = 0 (35a)∫

Ω

qN(∇ · uN) c dΩ = 0 (35b)

13



where the Navier-Stokes domain is entirely represented by the phase-field. We note that
(35a) and (35b) do not contradict possible sharp exterior Dirichlet or Neumann boundaries,
where the phase-field assumes a value of 1 up to the sharp boundary.

In a similar fashion, the weak form of the Darcy equation based on a phase-field geometry
description can be obtained. We recall that the weak form of the Darcy equation before
introducing the coupling terms to the Navier-Stokes domain reads as follows∫

Ω

(∇qD ·K∇ϕD (1− c)− qDK∇ϕD · ∇c) dΩ +

∫
∂ΩD,2

ĥ qD dΓ = 0 (36)

The gradient of qD and c can be combined into the following single term∫
Ω

K∇ϕD · ∇ (qD (1− c)) dΩ +

∫
∂ΩD,2

ĥ qD dΓ = 0 (37)

Finally, the divergence theorem is used to remove the remaining surface term. Similar to
what has been shown above for the Navier-Stokes equation, the surface terms obtained in the
divergence theorem reduce to ∂ΩD,2 after multiplication with the Darcy phase-field. Thus,
(37) is equivalent to a weak form where the Darcy domain is given entirely by the phase-field
complement (1− c) as follows

−
∫

Ω

K∆ϕD qD (1− c) dΩ = 0 (38)

It is now easy to see that the strong form equations (1), (2) and (19) of the coupled diffuse
Navier-Stokes/Darcy problem can be recollected from (35) and (37), if we assume that the
length scale parameter ε → 0 reaches its limit. This also reinforces that the weak form of
the diffuse problem (28) is consistent with the strong form.

3.4. Discretization in space

We discretize the variational form (28a) of the coupled Navier-Stokes/Darcy problem
with low-order linear finite elements based on triangles in 2D and tetrahedra in 3D. In par-
ticular, we generate adaptive finite element meshes by employing a refinement strategy that
we have recently established in the context of the tetrahedral finite cell method [32, 33]. In a
first step, we identify a suitable embedding domain and employ a standard quadtree (in 2D)
or octree (in 3D) to specify regions of local refinement. The construction of the hierarchical
tree is directly driven by the original geometric model (e.g., the Heaviside function or a
segmentation mask derived from imaging data), which we use to identify cells to be further
refined by checking if the cell has nodes in both the Stokes and the Darcy domain. The final
quadtree or octree can be easily transferred into a measure of local mesh density by writing
out the position of the center of each octree cell and the associated edge length scaled with
the desired minimum mesh size that specifies the local element width h in its vicinity. In a
second step, we feed this cloud of points and the associated h-values into the open-source
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mesh generator Netgen [74, 75] (or any other standard meshing tool), which generates a
corresponding adaptive non-boundary-fitted triangular or tetrahedral mesh.

We impose Dirichlet boundary conditions on the sharp outer boundary surfaces of the
Navier-Stokes and Darcy domains strongly in the standard way. For Neumann boundary
conditions, we employ a diffuse boundary formulation [38, 39] as discussed above. In the
scope of this work, to account for the LBB condition in the Navier-Stokes or Stokes do-
mains, we use either the pressure-stabilizing/Petrov-Galerkin (PSPG) formulation or the
least-squares incompressibility constraint (LSIC) formulation with suitably chosen stabiliza-
tion parameters [76, 77]. The discretized set of coupled nonlinear equations is consistently
linearized and solved with a full Newton method, up to a relative norm of the residual of
10−4. We note that accuracy and convergence of the solution depends both on the mesh size
and on the diffuse interface width of the phase-field function controlled by the length scale
parameter ε.

In sharp interface methods, solution fields of the Navier-Stokes equations are defined in
ΩN and the solution field of the Darcy equations are defined in ΩD. In contrast to that, an
important property of the diffuse interface formulation is that all solution fields are defined
over the complete domain Ω. Following the strategy applied in the finite cell method [30],
one could remove all degrees of freedom that correspond to basis functions without support
in the physical domain nor its diffuse interface region. Since FEniCS1 does not provide
sufficient flexibility to implement such a procedure, we retain the full set of the degrees of
freedom in all domains instead. To prevent zero entries for basis functions that are com-
pletely outside of the physical domain, we replace the phase-field functions c and cD by the
following modifications

c→ (1− κ)c+ κ (39)

cD → (1− κ)cD + κ (40)

where κ is a small factor that we typically set to 10−4. This modification stabilizes the
discretization from a numerical point of view, but does not change the system behavior.
Extensive tests that support this hypothesis have been conducted in the context of the finite
cell method [30].

Remark 1: In the current implementation the same mesh is used to represent the solution
fields (uN , pN and ϕD) and the phase-field functions (c and cD). We would like to point
out that recent work has studied the imposition of diffused boundary conditions where a
separate mesh is used to represent the phase-field solution. The new phase-field mesh is
heavily refined towards the boundary while the mesh corresponding to the physical solution
fields is left relatively coarse. [78]. As such this strategy could be implemented to reduce
the number of degrees of freedom for the Navier-Stokes/Darcy computations. The downside
of this approach is that adaptive quadrature rules need to be implemented to ensure that
the phase-field gradient represented on the finer mesh is taken into account accurately for
the integration of the coarse discretization of the physical solution field.

1http://fenicsproject.org
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4. Diffuse geometry modeling with the Allen-Cahn equation

In the next step, we describe the construction of phase-field functions that are able to
implicitly parametrize interface geometries irrespective of their geometric complexity. We
first review the generation of the phase-field as the solution of an initial boundary value
Allen-Cahn problem. We then discuss that such a solution satisfies the requirements on
phase-field functions postulated in Section 3.1. Finally we outline the discretization of the
Allen-Cahn problem in time and space, and illustrate the method with a 2D example.

4.1. An initial boundary value problem based on the Allen-Cahn equation

For the diffuse representation of the interface Γ between domains ΩD and ΩN , we consider
the following initial boundary value problem based on the Allen-Cahn equation

∂c

∂t
= ε2∇2c− ∂F (c)

∂c
on Ω = ΩN ∪ ΩD × (0, T ) (41)

∇c · n = 0 at ∂Ω (42)

c(x) = H at t = 0 (43)

where c(x, t) represents the phase-field function and Ω is the union of the two sub-domains
(see Fig. 1). The function F (c) is chosen as a double-well potential with minima at c=0 and
c=1. Therefore, the phase-field solution c separates into two regions at values 0 and 1, while
the diffusion operator tends to smooth out the spatial discontinuity of c at the interface
between these two regions [64, 79]. In line with the double-well potential, we choose the
Heaviside function (17) as the initial condition, which characterizes the sharp geometry. We
refer again to Fig. 2 that illustrates the characteristic Heaviside function, which serves as
the initial condition, and diffuse phase-field solutions at different ε > 0 for a 1D domain
with an interface in the center. The Heaviside function is 0 in the Darcy domain ΩD and 1
in the Navier-Stokes domain ΩN , resolving the interface Γ sharply by a jump from 0 to 1.
It can be directly derived from implicit representations of the geometry, e.g., given by an
analytical expression or by imaging data. For its diffuse approximation in terms of a phase-
field solution c, the balance between double-well potential and the diffusion operator leads
to an interface region, whose width is controlled by the length-scale parameter ε.

Following Fenton et al. [63, 64], we employ the standard form of the double-well potential

F (c) = −(2c− 1)2

4
+

(2c− 1)4

8
= 2c2(c− 1)2 − 1

8
(44)

The latter representation in (44) clearly shows that the double well function effectively
consists of two paraboloids with minima at 0 and 1. With (44), the one-dimensional steady-
state phase-field solution of (41) in an infinite domain across the interface x = a is given by

c(x) =
1

2

(
1 + tanh

(
a− x
ε

))
(45)
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This exact solution is shown for different values of ε in Fig. 2. For this simple one-
dimensional case, the resulting phase-field satisfies all requirements postulated in Section
3.1. As shown in Fig. 2 the phase-field converges to the Heaviside function, when ε is
decreased. It is a monotonically decreasing function from 1 to 0, so that the integral of its
absolute value across the interface equals to 1, which can be easily verified as∫

Ω

|∇c| dΩ = −1

2

(
tanh

(
a− x
ε

))∣∣∣∣∞
−∞

= 1 (46)

Figure 3 plots the gradient of the phase-field for different length scales ε, which shows that
the maximum spike of the gradient centers at the exact interface location.

The dynamic behavior of the Allen-Cahn equation has been studied in [79]. The solution
passes through different phases, each characterized by a certain time scale, where the short-
term dynamics is governed by two phases. In the first phase, the forcing associated with
∂cF (c) dominates the solution behavior. As a result, the initial data at each point is driven to
the nearest minima of the potential (44). In the second phase, the effect of ∂cF (c) decreases,
as the phase-field approaches the two minima. At interface locations, the forcing starts to
compete with the effect of the diffusion term, which leads to diffuse interface regions (instead
of sharp interface jumps). The result is a phase-field solution that we adopt as our diffuse
geometry model.

It is shown in [79] that these short-term phase-field solutions, also called metastable
patterns, are extremely resilient and stable over a long period of time. They can therefore
be easily and efficiently computed by any time integration scheme. We note that on the long-
term time scale, however, the interfaces will eventually start to move and dissipate, leading
to the annihilation of all interfaces or to one single straight interface. While metastable
phase-field patterns are formed at a timescale of order ε−1, the time scale associated with
the start of the annihilation and coalescence of interfaces is at least of order el/ε, where l
is associated with the smallest distance separating two interfaces [80]. As such, the motion
of interfaces occurs at time intervals that are significantly larger than the formation of
metastable phase-field patterns. To ensure that the phase-field solution corresponds to a
metastable pattern and suitably approximates the interface, we monitor the time and do
not advance the solution in time beyond t ∼ ε−1.

We note that another possibility to arrive at a suitable phase-field is to seek solutions of
the Mumford-Shah functional of image segmentation, for example by considering approxi-
mations devised by Ambrosio and Tortorelli [81–84].

4.2. Discretization in space and time

We discretize the variational weak form of (41) in space with standard nodal finite ele-
ments based on linear triangles and tetrahedra and in time with a second-order semi-implicit
scheme based on backward differentiation formula (BDF) and Adam-Bashforth methods [65].
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The time-discretized variational form reads

1

2∆t

∫ (
3cn+1 − 4cn + cn−1

)
ψ dΩ +

ε2

∫
∇cn+1 · ∇ψ dΩ +

∫ (
2F ′(cn)− F ′(cn−1)

)
ψ dΩ = 0 (47)

where ∆t is the time step size, n denotes the current time step, and ψ is a test function.
The time integration scheme (47) is simple to implement, second-order accurate and energy-
stable for reasonably small time steps (see [65] for the stability criterion).

In practice, we integrate the discretized variational form (47) until a reasonably smooth
diffuse interface has been achieved, following the short-term dynamic behavior of the Allen-
Cahn equation discussed above. We assume that we have achieved the metastable pattern
when the 2-norm of the difference between the phase-field solutions at the previous and
current time steps falls below a specified fraction of the initial difference between the first
two time steps. In our benchmark computations, a value of 0.025 was used for this fraction.
At this point, the solution field has reached its metastable state, satisfying the phase-field
requirements formulated in Section 3.1.

The width of the diffuse interface is approximately 4 ε [64] and needs to be resolved
by a sufficiently fine mesh size in its vicinity. Therefore, the local mesh size h has to be
proportional to the length scale ε of the diffuse interface. Figure 5 illustrates the method for
a simple geometry with a straight interface. Adaptivity is driven by the criterion to achieve
a local mesh size of h = ε in the vicinity of the diffuse interface.

(a) Example mesh
(min h=0.05).

(b) Phase-field solu-
tion (ε=0.28).

(c) Fine phase-field
solution (ε=0.03).

Figure 5: Two domain example with straight interface. Phase-field solutions are computed for
different length-scale parameters ε on adaptive meshes with minimum local mesh size h = ε.
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5. Numerical experiments with diffuse interface flow models

In this section, we compare accuracy and numerical properties of the diffuse interface
formulation with the corresponding sharp interface method. The numerical experiments
that we will consider consist of the Taylor-Couette flow problem, a coupled Stokes/Darcy
system on a rectangular domain and a straight interface, and a free-flow channel intercepted
by a porous material. The latter test case is analyzed in both 2D and 3D. We note that we
implement all methods discussed in this work within FEniCS, an open-source finite element
tool for automated finite element based scientific computing that provides high-level capa-
bilities in near-mathematical notation. It offers access to high-performance linear algebra,
including an efficient parallelization based on MPI, supported through the incorporation of
best-in-class open-source libraries such as ParMETIS, PETSc and Trilinos [85].

5.1. Taylor-Couette flow on a quarter annulus

The first numerical test case focuses on diffuse Neumann boundary conditions. This
is of particular interest, since the coupling conditions that arise in the coupled Navier-
Stokes/Darcy equations all evolve from, and are in essence still, Neumann-type conditions.
For this purpose, we consider the Taylor-Couette problem that models flow between two
rotating cylindrical walls of a long conduit. For steady-state low-Reynolds-number flow in
an infinitely long cylindrical conduit, a 2D analytical solution exists [86]. We consider the
case when the outer wall is stationary and the inner wall moves with constant tangential
velocity U . The analytical expressions for velocity and pressure fields then read as follows

u =

[
uθ(r) sin(θ)
−uθ(r) cos(θ)

]
, where uθ(r) = U

[
1

1− δ2

rin
r
− δ2

1− δ2

r

rin

]
(48a)

∂p(r)

∂r
=
uθ(r)

2

r
, with

∫
Ω

p dΩ = 0 (48b)

Radius and angle {r, θ} define the position of each point in the circular section, and δ = rin
rout

represents the ratio of inner to outer radii. The exact stress tensor is obtained as

σ =

−4ν
B

r2
sin θ cos θ − p 2ν

B

r2
(cos2 θ − sin2 θ)

2ν
B

r2
(cos2 θ − sin2 θ) 4ν

B

r2
sin θ cos θ − p

 , where B = U
rin

1− δ2
(49)

For all computations, we choose rin = 1, rout = 2 and U = 1. To achieve a Reynolds
number Re = 500, we set ν = 1

500
. Due to the symmetry of the problem, it is sufficient to

model one quarter of the 2D cross section that we discretize with triangular finite elements
and low-order linear basis functions.On the diffuse inner circular boundary, we apply traction
boundary conditions using the following diffuse interface representation of the corresponding
variational term ∫

Γ

σn · vdΓ = −
∫

Ω

σ∇
(

lim
ε→0

c
)
· vdΩ (50)
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(a) Phase-field solution
with ε = 0.045

(b) Velocity magnitude in
the annulus region.

(c) Pressure distribution
in the annulus region.

Figure 6: Navier-Stokes flow solution for the Taylor-Couette problem obtained with diffuse traction
boundary conditions at the inner radius.

which is derived in the same way as the diffuse interface terms of the coupling conditions in
Sections 3.1 and 3.2. At the inflow and outflow as well as on the outer circular boundary, we
impose velocity boundary conditions weakly using Nitsche’s method [87, 88]. To satisfy the
LBB condition, we apply PSPG stabilization with a corresponding stabilization parameter
τPSPG = 1

1000
h2

4ν
. Fig. 6a plots the phase-field representation of the geometry as the solution

of the Allen-Cahn equation. The corresponding fields for pressure and velocity magnitude
are shown in Figs. 6b and 6c, respectively, where all parts outside are clipped away for better
visibility. We observe that already for this coarse mesh, these results are visually identical
to the exact solution.

We generate different mesh sizes by applying uniform mesh refinement to the initial
adaptive mesh shown in Figs. 6b and 6c. The adaptive region around the diffuse inner
circular boundary is refined at a slightly higher rate than the interior, namely by a factor
of 0.5 per refinement step near the boundary versus 0.7 for the interior domain. We tested
different ratios of refinement factors and found these to give the best convergence results.
We illustrate accuracy and convergence of the diffuse interface method by plotting the error
in the L2 norm of the velocity and pressure fields in Figs. 7a and 7b. The error computation
takes into account results on the original annular region only. For comparison, we also
plot accuracy and convergence achieved with a boundary-fitted mesh, where traction and
velocity boundary conditions are imposed in the standard sharp boundary sense. We observe
that both the velocity and pressure fields of the diffuse interface method converge at the
same rate as the optimally converging sharp interface method. It is remarkable that for the
velocity field the diffuse interface method achieves nearly the same accuracy as the sharp
interface method. For the pressure, we observe a significantly increased error constant, which
is caused by an initial offset in the pressure field, rather than by an incorrect distribution or
pressure oscillations. With refinement the diffuse boundary becomes thinner which rapidly
decreases the error introduced by the diffuse imposition of the traction. We also tested the
behavior of the diffuse interface method for different characteristic length scales ε. In the
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convergence plots, we show results for ε = 0.75 and ε = 1.5 times the characteristic mesh
size h at the diffuse boundary. We observed that smaller ε tend to yield better accuracy for
coarse meshes.
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(b) Relative error in pressure.

Figure 7: Taylor-Couette problem: Convergence of the error in the L2 norm for velocity and pressure
obtained with diffuse and sharp interface methods, discretized by stabilized linear finite elements.

Remark 2: For diffuse interface solutions with thin under-resolved layers, integral error
norms tend to convey an overly pessimistic impression. The reason is that the error norms are
dominated by the layers, even though the solution can be very good outside neighborhoods
of the layers. Intuitively, it is clear why: The solution is smooth there and well resolved by
the mesh, as long as the method does not exhibit a pollution effect, in which the errors in the
region of the layers propagate away from it [89]. We looked at error measures defined over
different domains, including and excluding the diffuse interface region. We found that for
coarser meshes, the diffuse interface region is so thick that the remaining domain is small.
As a result, with error measures defined over a domain without the diffuse interface region,
coarse discretizations tend to yield lower errors than the subsequent finer discretizations
with a thinner diffuse boundary region. We therefore decided to include the diffuse domain
region in the convergence plots, but to complement them by error distribution plots that
highlight small errors, i.e., high accuracy, away from the diffuse boundary region.

5.2. Stokes/Darcy coupling along a straight interface

Next, we investigate the coupled Stokes/Darcy problem, for which an exact solution is
available for a rectangular domain with a straight interface, where the Stokes and Darcy
domains are ΩS = (0, π) × (1, 0) and ΩD = (0, π) × (−1, 0), and the coupling interface is
Γ = (0, π) × {0}. We note that the governing equations of Stokes flow are obtained by
simply dropping the advective term in (5) and (28a). With the manufactured body force in
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(a) x-component of the velocity field (b) y-component of the velocity field.

Figure 8: Velocity of the coupled Stokes/Darcy problem, computed with the diffuse interface method
on the mesh of Fig. 5a.

the Stokes domain [11, 90],

f =

[ [
−g

2
+ (νK − αg

2ν
)y
]

cos(x)[
αg
2ν
− 2νK − g

2
y +

(
νK
2
− αg

4ν

)
y2
]

sin(x)

]
(51)

the analytical solution fields of the Stokes velocity uS, Stokes pressure pS and Darcy piezo-
metric head ϕD follow as

uS =

[ du(y)
dy

cos(x)

u(y) sin(x)

]
, where u(y) = −K − gy

2ν
+

(
K

2
− αg

4ν2

)
y2 (52a)

pS(x, y) = p (52b)

ϕD(x, y) = ey sin(x) +
p

g
(52c)

We discretize the rectangular domain with a triangular mesh that is adaptively refined
around the interface. One of the unfitted meshes and the corresponding phase-field solution
obtained from the Allen-Cahn equation are given in Figs. 5a and 5b (rotated by 90◦ for
better visibility). We strongly impose the velocity along the outer boundary of the Stokes
domain and the piezometric head along the outer boundary of the Darcy domain, whereas
the diffuse interface formulation described in Section 3.2 accounts for the interface conditions
between the Stokes and the Darcy domains. We employ the following parameters: kinematic
viscosity ν = 1, hydraulic conductivity K = 1, friction parameter α = 1, kinematic pressure
p = 1 and gravitational acceleration g = 9.81. The parameter of the PSPG stabilization
in the Stokes domain are empirically chosen as τLSIC = 1

5
h2

4ν
. Figure 8 shows the x- and

y-components of the resulting velocity field computed on the mesh of Fig. 5a. In the Stokes
domain, we evaluate the field values directly from the solution, while in the Darcy domain,
we compute the velocities from the gradient of the scalar solution.

Figures 9a and 9b illustrate accuracy and convergence of the velocity in the Stokes domain
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(b) Relative H1 error of the velocity.

Figure 9: Coupled Stokes/Darcy problem: Convergence of the error in the L2 norm and the H1

semi-norm for the velocity in the Stokes domain.
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Figure 10: Coupled Stokes/Darcy problem: Convergence of the relative error in the L2 norm for the
pressure in the Stokes domain.

in terms of the error in the L2 norm and the H1 semi-norm. Figure 10 shows the error of
the pressure in the Stokes domain in the L2 norm, and Figs. 11a and 11b show accuracy and
convergence of the piezometric head in the Darcy domain in terms of the error in the L2

norm and the error in the H1 semi-norm (corresponding to the Darcy velocity). The diffuse
interface results are obtained by uniformly refining an initial mesh with adaptive refinement
around the interface, where the adaptive region around the diffuse interface is refined at a
slightly higher rate than the rest of the domain, again by a factor of 0.5 per refinement step
near the interface versus 0.7 for the rest of the domain.

All plots compare the diffuse interface results with corresponding results obtained from
standard boundary-fitted computations. We note that the latter are based on uniform
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Figure 11: Coupled Stokes/Darcy problem: Convergence of the relative error in the L2 norm and
the H1 semi-norm of the piezometric head ϕD in the Darcy domain.

meshes that resolve the interface by conforming triangular edges. We observe again that with
linear finite elements the diffuse interface method achieves the same rate as the optimally
converging sharp interface method. The corresponding error constants are increased due to
the additional degrees of freedom that emanate from the adaptively refined mesh around
the interface. We study the effect of different characteristic length scales, showing results for
ε = 1.0 and ε = 2.0 times the characteristic mesh size h at the diffuse interface. The plots
confirm that smaller ε tend to yield better accuracy for coarse meshes, while larger ε lead
to more accurate results towards the asymptotic limit. A similar observation can be made
for the convergence curves shown in Fig. 7b. We think that this could be a consequence
of the phase-field approximation of the surface normal. The diffuse interface region of the
phase-field with ε = h must be represented by fewer elements across the interface, so that
the gradient of the phase-field can slightly deviates from the correct normal direction. This
error, however, is small and becomes dominant only in later refinement steps.

Sensitivity studies have been performed to examine the effect of decreasing permeability
K and increasing surface roughness α on the velocity fields u and ∇ϕD in the Stokes and
the Darcy domains. For decreasing K, the relative errors in velocity fields are shown in Fig.
12. For decreasing α, the corresponding relative errors are plotted in Fig. 13. As a baseline,
these plots include the results for K = 1, α = 1 that were discussed above. We note that
we use a length-scale parameter of ε = 1h.

We observe that for increasing K and decreasing α, the error constant increases. This
is most notable in the velocity convergence in the Darcy domain. Figure 14 illustrates that
the increase in error constant can largely be attributed to a localized increase in error at
the interface. This localized error does not visibly affect on the flow solution some ε away
from the interface. Despite the significant increase in error constant the rate of convergence
remains unaffected.
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Figure 12: Coupled Stokes/Darcy problem: Convergence of the velocity with decreasing hydraulic
conductivity K (ε = 1h, all other parameters as initially stated).
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Figure 13: Coupled Stokes/Darcy problem: Convergence of the velocity with increasing friction
parameter α (ε = 1h, all other parameters as initially stated).

5.3. 2D channel flow intercepted by a porous medium

The final test case consist of a fluid channel that is surrounded and blocked by a porous
domain. Such a system arises for example in carbon fluid filters, where the fluid is guided
through a porous bed of activated carbon in order to remove impurities. We will design a
corresponding test case in both two and three dimensions.

Figure 15a illustrates geometry and parameters of the 2D problem. For the flow in the
channel, modeled with the Navier-Stokes equations, we prescribe a parabolic velocity inflow
boundary conditions at the lower end and an outflow zero-traction boundary conditions at
the upper end. The parabolic distribution is parametrized by a maximum value Umax at the
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Figure 14: Error distribution of the velocity field for α = 100 and K = 1 for the fifth data point in
the convergence curves of Fig. 13b.

center of the inflow boundary and minimum values 0 at a distance rin from the center. The
width rin should be chosen in such a way that no non-zero velocity components are imposed
within the phase-field interface width, since we found that any prescribed non-zero velocity
there also implies an artificial imposition of velocity in the Darcy domain. Beyond rin, the
flow is set to zero to ensure that the fluid flow cannot revert and leave the domain through
the diffuse width at the inflow boundary. At the outer boundary of the Darcy domain, a
zero-traction boundary conditions is imposed, so that no flow through this surface can oc-
cur. In this example, we use the following flow and material parameters: Umax = 10mm/s,
K = 5000mm/s, ν = 2.927mm2/s, and friction parameter α = 1.0.

(a) System and inflow boundary
conditions.

(b) Diffuse interface mesh and
phase-field.

(c) Sharp interface mesh, con-
forming edges at interface.

Figure 15: 2D channel flow intercepted by a porous medium.

Figure 15b plots one of the adaptively refined diffuse interface meshes and the correspond-
ing phase-field solution of the Allen-Cahn equation. To include the same diffuse mechanisms
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that will occur in the large-scale liver example later on, parts of the Darcy boundary are also
represented diffusely. For comparison, we again compute solutions on standard boundary-
fitted meshes with conforming edges at the interface, one of which is shown in Fig. 15c. We
use LSIC stabilization with a stabilization parameter τLSIC = Umax h

2
[77].

The resulting velocity fields, computed with the diffuse and sharp interface methods on
the meshes shown above, are plotted in Figs. 16a and 16b. From a visual point of view, the
two flow fields look identical, both in terms of flow patterns and maximum/minimum values.
To enable a more rigorous view on the error in the velocity solution u of the diffuse interface
method, we construct a boundary-fitted overkill discretization that yields a reference velocity
solution uref . We can then compute the absolute and relative distributions of the error on
the problem domain as

eabs(x, y) = |u− uref | ; erel(x, y) =
|u− uref |
|uref |

(53)

where |·| denotes the 2-norm. Figures 17a and 17b plot eabs and erel for results obtained
with the diffuse interface method and two different mesh sizes. We observe that the peak
absolute and relative errors are located in the diffuse boundary region, where the interface
conditions are enforced in a diffuse sense by the gradient of the phase-field. We also see that
as we refine the mesh the error remains concentrated at the diffuse interface, but decreases
significantly both within the domain and at the interface.

(a) Diffused interface solution. (b) Sharp interface solution.

Figure 16: Velocity fields of the coupled Navier-Stokes/Darcy problem, computed with the meshes
shown in Fig. 15.
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(a) Element size h(x) (b) Element size h(x)/16

Figure 17: Relative error (left half of both sub-figures) and absolute error (right half of both sub-figures) of
the velocity field in the L2-norm, computed with the diffuse interface method for a coarse and a fine mesh.

5.4. 3D channel flow intercepted by a porous medium

The three-dimensional test case is generated by revolving the 2D test case shown in
Fig. 15a around its axis of symmetry. The inflow velocity is prescribed as an axisymmetric
parabolic distribution around the center of the circular channel cross section, with Umax =
10mm/s and rin = 8.5mm. The same material parameters and domain dimensions as in
the 2D case are used. We again employ LSIC stabilization with τLSIC = Umax h

2
. Beyond

rin, in particular through the diffuse interface width, we apply no-flow Dirichlet boundary
conditions to ensure that no back-flow through the diffuse interface width can occur.

Figure 18 illustrates the generation of the 3D diffuse geometry model. Based on a volu-
metric Heaviside function that exactly describes the domain, a tetrahedral mesh with local
refinement around the interfaces is generated. We then use the Allen-Cahn equation to de-
rive a phase-field representation of the geometry. In the next step, we compute the velocity
field with the diffuse interface formulation, which is shown in Fig. 19a. It is compared to
a corresponding velocity solution in Fig. 19b, computed with a standard boundary-fitted
discretization based on conforming tetrahedral faces at the interface. A first visual test con-
firms that the flow pattern and maximum values in the diffuse and sharp interface solutions
are equivalent.

Using the error measures (49), we assess the accuracy of diffuse interface solutions com-
puted on two different meshes with respect to a boundary-fitted overkill discretization. The
corresponding results are plotted in Fig. 20 (note the log scale on the color bar). In accor-
dance with the 2D results, the plots illustrate that the largest part of the error concentrates
at the diffuse interface. The error decreases within the Navier-Stokes and Darcy domains as
well as at the interface in the refined mesh, which confirms that the error can be effectively
controlled by mesh refinement.
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(a) Domain definition (b) Adaptive meshing. (c) Interface diffusion.

Figure 18: 3D channel flow intercepted by a porous medium.

In computational fluid dynamics, conservation of mass is a key requirement. Table 1 re-
ports the mass flux through a horizontal plane computed at three different heights of the
3D column for different mesh sizes and different characteristic length scales ε. The planes
are located at the bottom, halfway through the porous domain and at the top. Since all
simulations employ the same parabolic inflow, the exact total mass flux is identical in all
simulations, being 1133.2mm3/s. We cannot expect perfect mass conservation as Darcy
solutions computed through equation (10) are not inherently mass conservative [68] (see
also comments in Section 2.2). However, we observe from the results reported in the table
that for reasonable mesh sizes the relative total mass loss is in the range of one percent
and reduces further with mesh refinement. This seems acceptable for problems defined on
fuzzy imaging data, where we are interested in the overall flow pattern and behavior. It is
remarkable that the diffuse interface width controlled by ε does not influence the quality of
the simulation results in terms of mass conservation.

Table 1: Mass conservation for different mesh sizes and diffuse interface widths controlled by ε. The
relative error in percent refers to the exact inflow 1133.2mm3/s (plus sign indicates increase in mass).

Number of mesh nodes 59 ×103 59 ×103 59 ×103 130 ×103 350 ×103

Characteristic width [mm] ε = 1.5h ε = 0.25h ε = 0.75h ε = 0.75h ε = 0.75h

Inflow (z = 1) [mm3/s] 1105.2 1106.0 1106.3 1106.2 1123.2

Darcy flow (z = 50) +0.19% +0.20% +0.22% +0.11% +0.08%

Outflow (z = 99) +1.38% +1.32% +1.32% +1.03% +0.74%

To illustrate the computational cost of the diffuse interface method, we measure CPU
hours for two discretizations that use the diffuse and the sharp interface method at a com-
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(a) Diffuse interface. (b) Sharp interface.

Figure 19: Comparison of flow results in terms of velocity arrows and magnitude. The diffuse
interface method uses the mesh shown in Fig. 18b.

(a) 38 ×103 mesh nodes (b) 120 ×103 mesh nodes

Figure 20: Relative error of the diffuse interface method on two different mesh sizes with respect to
a reference solution, computed with an overkill discretization.
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parable overall mesh resolution. The results are reported in Table 2. We observe that the
diffuse model requires more mesh nodes than its sharp counterpart with an equivalent mesh
size due to the mesh refinement at the diffuse interface and the diffuse outer boundary of
the Darcy domain. As a consequence, diffuse interface computations can be expected to
require more computing time and more computational resources, e.g., in terms of memory.
It is interesting to note that the number of iterations in the Newton-Raphson algorithm
remains the same for both methods. We recall that we run all our examples in the software
framework FEniCS, where we also make use of its internal paralellization. As we do not
have control over the complete code and its parallelization, the results reported in Table 2
represent a simple report of what we observed and should not be perceived of as a stringent
comparison in terms of computing time.

Table 2: Computation time for a sharp interface and a diffuse interface model.

Sharp interface Diffuse interface

CPU hours 31.1 33.6

Newton iterations 5 5

Mesh size hΩN
in the Navier-Stokes domain 1.4 1.875

Mesh size hΩD
in the Darcy domain 2.1 3.75

Mesh size hΓ at the interface 1.4 0.75

Mesh size h∂ΩD,out
at Darcy boundary 2.1 1.125

Mesh nodes in total 112×103 204×103

6. Transferring complex imaging data into 3D flow profiles

The strength of the proposed diffuse interface method lies in the analysis of problems that
require the coupling of two different flow regimes at geometrically very complex interfaces.
The geometry of such systems is typically given in terms of imaging data. In this case, no
explicit parametrization of the interface exists, which is implicitly given by the variation of
color values in the images. Deriving an explicit parametrization of the interface surface from
imaging data constitutes a significant bottleneck in patient-specific simulation workflows, as
computationally advanced algorithms are required that are time-consuming, error-prone and
often need the intervention of a specially trained analyst. In this section, we demonstrate
the benefits of the diffuse interface approach, its ease of implementation, and its potential
for automating imaging-based simulation workflows. We make use of the example of the
human liver, for which a 3D perfusion profile based on an MRI scan is computed.

The analysis of liver perfusion is the foundation for future clinical and medical research
applications, e.g., preoperative planning of liver surgeries [91], analysis of drug delivery [92–
94], or estimation of hepatic metabolization capacity [67, 95]. This numerical test case could
constitute a first step towards an imaging-based simulation tool that enables fully automated
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Figure 21: Abdominal MRI scan, including the liver ( public.cancerimagingarchive.net).

patient-specific liver perfusion analysis. In the present example, we simplify the underlying
flow physics of the liver by modeling the flow in the macro-vessels by the Stokes equations
and micro-vessel flow by the porous-medium type Darcy equations.

We emphasize that our goal is not to propose a final liver model to be used in clinical
practice, but rather to present first steps towards developing a patient-specific model that
is able to resolve macro-scale flow in the liver, can potentially be generated automatically
from imaging data, and can serve as a basis for further development. In our mind, it is clear
that a number of steps need to be taken along the path to create better models, where the
first steps are critical.

6.1. Perfusion analysis of a human liver based on medical imaging data

The perfusion mechanisms in the liver can be briefly summarized as follows. Pollutant
and oxygen rich blood enters the liver from the lower side via the portal vein and hepatic
artery. Through a number of branches and smaller vessels, the blood is distributed to all
compartments of the liver. Once distributed, the blood is guided through micro-structures,
called the lobules, where most of the functions of the liver are performed, in particular the
filtration of toxins. The blood is then recollected via smaller vessels to larger branches of the
hepatic vein, which re-inserts the blood into the vascular system. From a geometric point of
view, a patient-specific liver model is typically based on imaging data obtained from non-
invasive medical imaging technologies. These techniques provide intensity data in the form
of 2D images, from which a 3D voxel model can be retrieved by stacking the 2D slices on top
of each other. A 2D magnetic resonance image (MRI) of a human liver is shown in Fig. 21.
The resolution of the complete MRI scan is 0.78×0.78mm within each image, with a spacing
of 3.5mm between each 2D image. We note that we prefer MRI over computed tomography
(CT) scans, because they provide better contrast to clearly distinguish the macro-scale vessel
structure from micro-scale liver regions modeled as porous regions.

The first step of the simulation workflow retrieves a segmentation mask from the medical
imaging data that separates the resolvable macro-vessels from the surrounding hepatic space.
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Using implementations from the open-source medical image processing library ITK2, we
combined a Canny edge detection filter [96] with a binary filling algorithm, followed by
growing and shrinking algorithms to remove noise and consolidate larger resolved vessel
sections (see Fig. 22). We note that this approach still requires some manual intervention,
in particular to guarantee that the inflow and outflow vessel networks are strictly separated.
The resulting mask consists of a bitwise voxel map that labels a voxel as 1 if inside a
macro-vessel, and 0 if outside, enabling a simple point-wise location query for the Stokes
and Darcy domains. Figure 23 shows the final 3D binary voxel maps of the liver and vessels
after segmentation.

(a) Segmented liver before filtering. (b) After Canny edge detection filtering.

Figure 22: Segmented image slice before and after applying a Canny edge detection filter.

6.2. Voxel size, diffuse interface width and element size in the Allen-Cahn problem

In the next step, we derive phase-field representations of the geometry that emanate as
the solution of the Allen-Cahn initial boundary value problem (41), where the segmentation
masks are used as the initial condition. In the case of imaging based geometries, a natural
minimum value for ε can be motivated from the image resolution. To illustrate our rationale,
we consider a small voxel sample shown in Fig. 24a, on which we solve the Allen-Cahn prob-
lem with different values for ε. The resulting phase-field solutions are plotted in Figs. 24b
to 24c. On the one hand, the rasterization as an artificial by-product of the voxel geometry
must not be taken into account in the flow analysis, as it might cause unphysical flow phe-
nomena. On the other hand, the interface width should be as small as possible to prevent
unnecessary diffusion of the geometry, which causes larger flow errors at the interface. We
observe that if ε is chosen too small, the corresponding phase-field solution starts to pick
up the saw-tooth pattern of the voxel geometry. An optimal value for ε is one half of the
spatial voxel resolution, which completely smooths out the rasterization.

2Insight Segmentation and Registration Toolkit (ITK), https://itk.org/
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(a) Complete liver. (b) Internal vessel structure.

Figure 23: Binary voxel maps of the segmented liver and internal veins. Original MRI scan of size
320× 300× 50 voxels and a voxel spacing of (0.78, 0.78, 3.5) in mm. Subdivided and smoothed to a
spacing of (0.78, 0.78, 0.78) in mm.

(a) Voxel sample. (b) Phase-field
solution, ε = 0.25

(c) Phase-field so-
lution, ε = 0.33

(d) Phase-field
solution, ε = 0.5

Figure 24: Phase-field representation of a voxel sample geometry for different values of ε. We solve
the Allen-Cahn problem on a structured triangular mesh with h = 1

40 .

Based on the two segmentation masks shown in Fig. 23, we employ the octree-based
adaptive refinement strategy discussed in Section 3.4. We employ the adaptive mesh of lin-
ear tetrahedral finite elements shown in Fig. 25 to compute two phase-field representations
that parametrize the outer surface of the liver and the inner vessel structure. The corre-
sponding phase-field results are plotted in Fig. 26. For the Stokes/Darcy coupling interface
of the inner vessel structure, we choose ε = 0.39mm (half a voxel size) according to the
considerations above. As the external surface of the liver is less vital for the overall flow
accuracy, we choose ε=0.78mm (one voxel size), which allows for a larger element size at
the outer liver surface. According to the tests in Section 5, we relate the minimum mesh
size to the characteristic length scale by h = 4/3ε at each diffuse interface. This leads to
an element sizes of h = 0.5mm and h = 1.0mm at the vessel walls and at the liver exterior
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Figure 25: Cut-out of the liver mesh, indicating refinement along the boundaries.

Figure 26: Cut-out of the resulting phase-field solutions of the liver and the vessel network.
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surface, respectively. Within the Stokes and Darcy domains, maximum element sizes of
h = 2mm and h = 4mm are used. The resulting mesh consists of 1.1 million nodes, that
is, approximately 5 million degrees of freedom. The mesh and the two resulting phase-field
representations are shown in Figs. 25 and 26.

6.3. Diffuse interface simulations of the liver

In the final step, we use the coupled Stokes/Darcy model to compute the 3D flow profile
of the liver. We employ the kinematic viscosity ν = 2.93mm2/s of blood, a hydraulic conduc-
tivity K = 0.001mm/s, and a friction parameter α = 30, 000. The hydraulic conductivity
is several orders of magnitude larger than that of the porous liver lobules (3.6× 10−6mm/s
[97]). However, the current model does not take into account the micro-vessels, which are
scattered throughout what is currently considered the Darcy domain. Therefore, the micro-
vessels would, on a global scale, reduce the resistance of the porous material, so that a
higher hydraulic conductivity seems more appropriate. The parameter α as a measure of
the surface roughness penalizes the flow velocity near the vessel walls. A large value for α
will act much like the commonly used no-slip boundary condition.

(a) Spheres at inflow and outflow. (b) Inflow boundary.

Figure 27: Global mesh domains with embedded geometries and spherical boundaries with surfaces for
imposing inflow and outflow boundary conditions.

To reliably control both inflow and outflow boundary conditions, we introduce two
spheres that we leave unmeshed and therefore create a small explicit mesh surface at the
inflow and outflow vessel locations. Their position and size are illustrated in Fig. 27. The
surface of the blue sphere serves as a no-traction outflow for the hepatic vein. At the surface
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of the green sphere, we strongly prescribe an inflow Dirichlet boundary condition that im-
poses a constant inflow velocity magnitude of 350mm/s, equivalent to the physiological liver
throughput of 1.5 liter/min. As previously noted, it is important that back-flow through
the diffuse interface width is prevented. To this end, the inflow velocity is only prescribed
within the red circle illustrated in the close-up of Fig. 27b (the brown ring indicates the
location of the exterior surface of the liver). In addition, a zero-velocity Dirichlet boundary
condition is imposed on the remaining green section of the sphere, which ensures that no
fluid reverts and exits the model through the diffuse region of the phase-field.

The resulting perfusion profile of the liver based on the diffuse interface formulation of
the coupled Stokes/Darcy problem is illustrated in Figs. 28 and 29 in terms of a streamline
representation of the complete flow profile and a flow detail of the hepatic vein close to the
outflow. To combine Stokes and Darcy solutions into a single field, we multiply Stokes and
Darcy velocities by their phase-field representations

u = −K∇ϕD (1− c) + uS c (54)

To plot single flow fields of the Stokes domain, we mask the velocity solution defined on the
complete mesh with the binary voxel map or its continuous phase-field representation.

We observe that the Stokes solution reproduces regions of higher and lower flow velocities
as a consequence of local narrowing or widening of vessel cross sections. In the flow detail,
we can see that the flow profile reproduces the parabolic velocity distributions across vessel
cross sections. This can be expected as a result of the large value of α, which reduces

Figure 28: Streamlines and flow magnitudes throughout the entire liver.
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the tangential flow velocity at the interface already for low shear stress levels according to
equation (14). Another indicator for the quality of the flow solution is a very low relative
error in mass conservation, being again in the 10−3 range. We note that the implementation
of inflow and outflow boundary conditions at the vessels via spherical surfaces (see Fig. 27)
simplifies the computation of the error in mass flux.

The velocity magnitude in the vessels and in the porous domain differ significantly, since
the combined cross section of the vessels is much smaller than the total cross section of the
hepatic space, over which the flux at the inflow is distributed. To provide a quantitative idea
of both flow fields, the two flow regimes are separately plotted in Figs. 30a and 30b in the
Stokes and Darcy domains, respectively. The latter plot shows that the porous-medium-type
Darcy flow tries to evenly distribute over the complete hepatic space, with slightly increased
flux in regions, where vessels are very close, and distinct smaller fluxes close to the liver
boundaries that are far away from the vessels. The higher velocities at the vessel surfaces
in the Darcy flow can be attributed to the larger error at the diffuse interface.

Remark 3: The current model assumed a number of significant simplifications with respect
to the true liver physiology. For instance, the image resolution did not permit separation of
the portal vessel and the hepatic artery. These are two inflow vessels that are located in close
proximity. Our liver model also assumes a single large hepatic body instead of different liver
compartments, the liver lobes that exist in a real liver. Additionally, hy-draulic conductivity
is assumed to be isotropic and homogeneous over the complete hepatic domain. In reality,
different regions of the liver offer a varying degree of hy-draulic resistance to blood flow. As
a consequence, in our simulations, much of the blood enters and leaves the hepatic domain
close to the inflow and outflow regions of the fully resolved vessels, while in reality most of
the blood enters the hepatic space at the endpoints of the meso-scale vessel structure.

These simplifications call for improvements in and additions to the current liver mod-el.

Figure 29: Flow detail in the hepatic vein close to the outflow into the vena cava. The factors
indicate the velocity scaling of the warped cut-planes.
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(a) Flow magnitude in the vessels.

(b) Flow magnitude in the porous-medium-type domain.

Figure 30: Perfusion profiles, separated into vessel and porous-medium-type domains.
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For example, we anticipate that a significant improvement could be achieved by the use
of a local hydraulic conductivity tensor. This tensor could include the average ef-fect of
the orthotropic nature of the unresolved meso- and micro-scale vessels as well as the liver
lobules. By using a position dependent hydraulic conductivity tensor, the permeability of
the macro-scale vessels can be controlled, forcing most of the in- and out flow of blood to
occur towards endpoints of the fully resolved macro-scale vessels. The orthotropic nature of
the tensor can also be leveraged to implicitly enforce the dif-ferent liver lobes, for example
by increasing the resistance normal to their surface. The hydraulic conductivity tensor must
be suitably calibrated. A first approach would be to use perfusion profiles generated by
sequential CT scans with a suitable tracer fluid (CT perfusion scans). The use of a tracer
fluid can also help distinguish between the inflow from the portal vessel and the hepatic
artery. Despite the limitations of the cur-rent model, our simulations clearly illustrate the
flexibility, scalability and potential for further development of the proposed diffuse coupling
method.

7. Summary and conclusions

We presented a diffuse interface method for coupling free and porous-medium-type flows
modeled by the Navier-Stokes and Darcy equations. We started by reviewing the standard
sharp interface formulation, with particular emphasis on the interface conditions based on
mass conservation, equilibrium normal to the interface, and a relation between the slip ve-
locity and the shear stress along the interface that serves as a tangential boundary condition
for the Navier-Stokes equations. Following geometric arguments, we transferred the sharp
interface formulation into a diffuse interface formulation, where we assumed the existence
of a diffuse phase-field representation of the interface. In particular, we employed the ap-
proximation of the Dirac distribution based on the phase-field gradient to transfer surface
integrals at the interface into volumetric integrals. We argued that for consistency, the
phase-field approximation of the Dirac distribution needs to replicate the property that its
integration across the diffuse interface thickness needs to yield one. This motivated the use
of steady-state phase-field solutions of the transient Allen-Cahn equation, which satisfy this
property. Using an alternative approach based on the divergence theorem, we reconfirmed
the variational consistency of the diffuse interface formulation.

Based on discretizations with stabilized linear triangles and tetrahedra, we conducted
various numerical tests in 2D and 3D that confirmed accuracy and convergence of the dif-
fuse interface method for the coupled Navier-Stokes/Darcy problem. We showed that the
error is concentrated at the diffuse interfaces, but converges if both the mesh size and the
diffuse interface width controlled by the characteristic length scale ε are refined. It is re-
markable that, when low-order elements are used, the diffuse interface method achieves the
same rate of convergence as its sharp interface counterpart, for which linear elements yield
optimal convergence. The numerical tests also showed that the diffuse interface width seems
not to influence mass conservation. We found that when a diffuse interface intersects the
mesh boundary, it is important to prevent back-flow by locally enforcing no-flux boundary
conditions through the diffuse interface width.
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Sharp interface methods require the derivation of an explicit surface parametrization,
which constitutes a significant bottleneck, e.g., in patient-specific biomedical simulation
workflows. The diffuse interface method circumvents this bottleneck, which we demonstrated
by computing a perfusion profile of a patient-specific 3D human liver based on MRI scans.
To this end, we simplified the underlying flow physics of the liver by assuming free flow in
the macro-vessels and porous-medium flow in the surrounding hepatic space, coupled at the
vessel surfaces. We outlined effective image processing techniques to derive segmentation
masks for the complete liver and the interior macro-vessel structure that were then used as
initial condition in the Allen-Cahn equation. We discussed that in the case of imaging data,
the voxel size constitutes a natural lower bound for the choice of the characteristic length
scale ε that controls the diffuse interface width. We showed that length scales below half the
voxel size lead to phase-field solutions that pick up the unphysical rasterization of the voxel
geometry. The final result was a perfusion profile of the liver computed with the diffuse
interface method that reproduces key properties of the flow, such as regions of higher and
lower flow velocities as a consequence of local narrowing or widening of vessel cross sections.

We believe the present work is a first, but significant, step toward clinically relevant
patient-specific simulation capability of the complete human liver. We are fully aware that
the present model does not incorporate many key physiological features, such as the sep-
aration into lobes (liver compartments), orthotropic conductivity of the hepatic space due
to the directionality of the microscopic lobules, and the strongly varying permeability of
macro-vessel walls. Despite these omissions, the liver example presented demonstrates the
strength of the diffuse interface method for the analysis of problems that require the coupling
of free-flow and porous-medium flow at geometrically complex interfaces given in terms of
imaging data. We hope to improve and increase the fidelity of the model in future work.
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[37] A. Bueno-Orovio, V.M. Pérez-Garćıa, and F.H. Fenton. Spectral methods for partial differential equa-
tions in irregular domains: the spectral smoothed boundary method. SIAM Journal on Scientific
Computing, 28(3):886–900, 2006.

[38] A. Rätz and A. Voigt. PDE’s on surfaces—a diffuse interface approach. Communications in Mathe-
matical Sciences, 4(3):575–590, 2006.

[39] X. Li, J. Lowengrub, A. Rätz, and A. Voigt. Solving PDEs in complex geometries: a diffuse domain
approach. Communications in Mathematical Sciences, 7(1):81, 2009.

[40] K.Y. Lerv̊ag and J. Lowengrub. Analysis of the diffuse-domain method for solving PDEs in complex
geometries. arXiv preprint arXiv:1407.7480, 2014.

[41] K.E. Teigen, X. Li, J. Lowengrub, F. Wang, and A. Voigt. A diffuse-interface approach for model-
ing transport, diffusion and adsorption/desorption of material quantities on a deformable interface.
Communications in Mathematical Sciences, 4(7):1009, 2009.

[42] C.M. Elliott, B. Stinner, V. Styles, and R. Welford. Numerical computation of advection and diffusion
on evolving diffuse interfaces. IMA Journal of Numerical Analysis, 31(3):786–812, 2011.

[43] S. Aland, J. Lowengrub, and A. Voigt. Two-phase flow in complex geometries: A diffuse domain
approach. Computer Modeling in Engineering & Sciences, 57(1):77, 2010.

[44] K.E. Teigen, P. Song, J. Lowengrub, and A. Voigt. A diffuse-interface method for two-phase flows with

43



soluble surfactants. Journal of Computational Physics, 230(2):375–393, 2011.
[45] C. Miehe, M. Hofacker, and F. Welschinger. A phase field model for rate-independent crack propagation:

Robust algorithmic implementation based on operator splits. Computer Methods in Applied Mechanics
and Engineering, 199(45):2765–2778, 2010.

[46] M.J. Borden, C.V. Verhoosel, M.A. Scott, Hughes T.J.R., and C.M. Landis. A phase-field description
of dynamic brittle fracture. Computer Methods in Applied Mechanics and Engineering, 217–220:77–95,
2012.

[47] D. Schillinger, M.J. Borden, and H.K. Stolarski. Isogeometric collocation for phase-field fracture models.
Computer Methods in Applied Mechanics and Engineering, 284:583–610, 2015.

[48] A. Mikelic, M.F. Wheeler, and T. Wick. A phase-field method for propagating fluid-filled fractures
coupled to a surrounding porous medium. SIAM Multiscale Modeling & Simulation, 13(1):367–398,
2015.

[49] G. Vilanova, I. Colominas, and H. Gomez. Capillary networks in tumor angiogenesis: From discrete
endothelial cells to phase-field averaged descriptions via isogeometric analysis. International Journal
for Numerical Methods in Biomedical Engineering, 29(10):1015–1037, 2013.

[50] H. Gomez, L. Cueto-Felgueroso, and R. Juanes. Three-dimensional simulation of unstable gravity-
driven infiltration of water into a porous medium. Journal of Computational Physics, 238:217–239,
2013.

[51] D. Anders, C. Hesch, and K. Weinberg. Computational modeling of phase separation and coarsening
in solder alloys. International Journal of Solids and Structures, 49(13):1557–1572, 2012.

[52] J. Liu, C.M. Landis, H. Gomez, and T.J.R. Hughes. Liquid-vapor phase transition: Thermomechanical
theory, entropy stable numerical formulation, and boiling simulations. Computer Methods in Applied
Mechanics and Engineering, 297:476–553, 2015.

[53] Y. Zhao, P. Stein, and B.-X. Xu. Isogeometric analysis of mechanically coupled Cahn-Hilliard phase
segregation in hyperelastic electrodes of Li-ion batteries. Computer Methods in Applied Mechanics and
Engineering, 297:325–347, 2015.

[54] C. Peskin. The immersed boundary method. Acta Numerica, 11:479–517, 2002.
[55] B.E. Griffith and C.S. Peskin. On the order of accuracy of the immersed boundary method: Higher

order convergence rates for sufficiently smooth problems. Journal of Computational Physics, 208:75–
105, 2005.

[56] I. Ramière, P. Angot, and M. Belliard. A fictitious domain approach with spread interface for elliptic
problems with general boundary conditions. Computer Methods in Applied Mechanics and Engineering,
196:766–781, 2007.

[57] I. Ramière, P. Angot, and M. Belliard. A general fictitious domain method with immersed jumps and
multilevel nested structured meshes. Journal of Computational Physics, 225:1347–1387, 2007.

[58] Bertrand Maury. A fat boundary method for the Poisson problem in a domain with holes. Journal of
Scientific Computing, 16(3):319–339, 2001.

[59] S. Bertoluzza, M. Ismail, and B. Maury. Analysis of the fully discrete fat boundary method. Numerische
Mathematik, 118(1):49–77, 2011.

[60] F. Boyer. Mathematical study of multi-phase flow under shear through order parameter formulation.
Asymptotic Analysis, 20(2):175–212, 1999.

[61] F. Boyer. A theoretical and numerical model for the study of incompressible mixture flows. Computers
& Fluids, 31(1):41–68, 2002.

[62] F. Boyer, C. Lapuerta, S. Minjeaud, and B. Piar. A local adaptive refinement method with multigrid
preconditionning illustrated by multiphase flows simulations. In ESAIM: Proceedings, volume 27, pages
15–53, 2009.

[63] A. Karma and W.-J. Rappel. Quantitative phase-field modeling of dendritic growth in two and three
dimensions. Physical Review E, 57(4):4323, 1998.

[64] F.H. Fenton, E.M. Cherry, A. Karma, and W.-J. Rappel. Modeling wave propagation in realistic heart
geometries using the phase-field method. Chaos: An Interdisciplinary Journal of Nonlinear Science,
15(1):013502, 2005.

44



[65] J. Shen and X. Yang. Numerical approximations of Allen-Cahn and Cahn-Hilliard equations. Discrete
and Continuous Dynamical Systems, 28(4):1669–1691, 2010.

[66] J. Donea and A. Huerta. Finite Element Methods for Flow Problems. Wiley, 2003.
[67] L.O. Schwen, M. Krauss, C. Niederalt, F. Gremse, and F. Kiessling. Spatio-temporal simulation of first

pass drug perfusion in the liver. PLoS Computational Biology, 10(3):e1003499, 2014.
[68] A. Masud and T.J.R. Hughes. A stabilized mixed finite element method for darcy flow. Computer

Methods in Applied Mechanics and Engineering, 191(39):4341–4370, 2002.
[69] S.M.C. Malta, A.F.D. Loula, and E.L.M. Garcia. Numerical analysis of a stabilized finite element

method for tracer injection simulations. Computer Methods in Applied Mechanics and Engineering,
187(1):119–136, 2000.

[70] C. Michler, A.N. Cookson, R. Chabiniok, E. Hyde, J. Lee, M. Sinclair, T. Sochi, A. Goyal, G. Vigueras,
D.A. Nordsletten, and N.P. Smith. A computationally efficient framework for the simulation of car-
diac perfusion using a multi-compartment darcy porous-media flow model. International Journal for
Numerical Methods in Biomedical Engineering, 29(2):217–232, 2013.

[71] L.E. Payne and B. Straughan. Analysis of the boundary condition at the interface between a viscous
fluid and a porous medium and related modelling questions. Journal de Mathématiques Pures et
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[72] W. Jäger and A. Mikelić. On the roughness-induced effective boundary conditions for an incompressible
viscous flow. Journal of Differential Equations, 170(1):96–122, 2001.

[73] W. Martin, E. Cohen, R. Fish, and P. Shirley. Practical ray tracing of trimmed NURBS surfaces.
Journal of Graphics Tools, 5(1):27–52, 2000.

[74] Netgen Mesh Generator, developed by j. schoeberl, http://sourceforge.net/projects/netgen-mesher/,
2015.
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