
ICES REPORT 17-02

February 2017

Volumetric Truncated Hierarchical Spline Construction
on Unstructured Hexahedral Meshes for Isogeometric

Analysis Applications
by

Xiaodong Wei, Yongjie Jessica Zhang, and Thomas J.R. Hughes

The Institute for Computational Engineering and Sciences
The University of Texas at Austin
Austin, Texas 78712

Reference: Xiaodong Wei, Yongjie Jessica Zhang, and Thomas J.R. Hughes, "Volumetric Truncated Hierarchical
Spline Construction on Unstructured Hexahedral Meshes for Isogeometric Analysis Applications," ICES
REPORT 17-02, The Institute for Computational Engineering and Sciences, The University of Texas at Austin,
February 2017.



Volumetric Truncated Hierarchical Spline Construction on Unstructured
Hexahedral Meshes for Isogeometric Analysis Applications

Xiaodong Weia, Yongjie Jessica Zhanga,∗, Thomas J.R. Hughesb

aDepartment of Mechanical Engineering, Carnegie Mellon University, Pittsburgh, PA 15213, USA
bInstitute for Computational Engineering and Sciences, The University of Texas at Austin, Austin, TX 78712, USA

Abstract

We present a new method for volumetric truncated hierarchical spline (TH-spline3D) construction to
enable adaptive isogeometric analysis on unstructured hexahedral meshes. Taking the input unstructured
hexahedral mesh as the control mesh, we first develop blending functions with the aid of trivariate Bernstein
polynomials. This development is a generalization of defining bivariate Bernstein polynomial blending
functions over quadrilateral meshes. We further build the hierarchical structure and apply the truncation
mechanism to the developed blending functions for highly localized refinement. During the refinement of
TH-spline3D, high-level blending functions are added in the solution space, whereas certain low-level ones
are discarded or truncated depending on the high-level subdomain. The geometry of TH-spline3D is always
represented using the first-level blending functions, whereas the solution space is spanned by multilevel
ones. In this manner, TH-spline3D employs the same geometry during all levels of refinement. The blending
functions are piecewise polynomials that form a partition of unity. Their support overlapping is also reduced
due to the truncation mechanism, resulting in sparser stiffness matrices compared to the classical hierarchical
refinement. TH-spline3D supports Bézier extraction such that it can be easily incorporated into existing
finite element frameworks. Several examples are used to demonstrate the analysis suitability and efficiency
of the proposed method.

Keywords: Volumetric Splines, Truncation Mechanism, Hierarchical Refinement, Isogeometric Analysis

1. Introduction

Isogeoemtric analysis (IGA) was introduced to bridge the gap between computer-aided design (CAD)
and finite element analysis (FEA) by using smooth splines as the basis in analysis [13, 6]. Volumetric
parameterization and local refinement have been two challenging problems that have attained extensive
research interest since IGA emerged. Unstructured polygonal (tetrahedral or hexahedral) meshes have been
used broadly in FEA. However, polygonal meshes need to be converted to spline-based representations
before they can be used in IGA. Several techniques have been developed for different types of meshes.
In this paper, we are particularly interested in unstructured hexahedral meshes. Bernstein polynomials
were previously used to define blending functions on an unstructured quadrilateral mesh [28, 16], but this
method has not been studied in 3D for hexahedral meshes. A template-based method was developed
to convert arbitrary unstructured quadrilateral/hexahedral meshes to T-splines, handling the surrounding
region of every extraordinary point to obtain gap-free geometries [34, 33]. Isogeometric spline forests treat
quadrilateral/hexahedral elements around extraordinary points/edges1 in a multi-patch manner [29], and
thus excessive local refinements are usually needed for a general unstructured mesh with many extraordinary
points/edges.

∗Corresponding author: Yongjie Zhang. Tel: (412) 268-5332; Fax: (412) 268-3348; Email: jessicaz@andrew.cmu.edu.
1In an unstructured quadrilateral mesh, an extraordinary point is an interior point shared by other than four quadrilaterals.

In an unstructured hexahedral mesh, an extraordinary edge is an interior edge shared by other than four hexahedra.
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The initial development of IGA was based on NURBS (Non-Uniform Rational B-Spline), the current
industrial standard, which possesses a global tensor-product structure and thus does not support local
refinement. Various spline techniques have been revisited or developed over the last decade to address the
local refinement issue, such as hierarchical B-splines (HB-splines) [10, 17, 32, 3], T-splines [31, 30, 2] and
locally refinable splines (LR-splines) [8, 14]. Several techniques were then developed based on hierarchical
refinement of HB-splines, such as polynomial splines over hierarchical T-meshes [7, 18], truncated hierarchical
B-splines (THB-splines) [11, 12], hierarchical analysis-suitable T-splines [9], isogeometric spline forests [29]
and truncated hierarchical Catmull-Clark subdivision [35, 36]. On the other hand, techniques were also
developed using T-spline refinement, such as analysis-suitable T-splines [27, 19, 24], modified T-splines
[15], weighted T-splines [22, 21] and truncated T-splines [37]. However, many times the T-spline refinement
requires extensive mesh manipulation to satisfy mesh constraints for analysis suitability [27, 37]. Particularly
in volumetric T-splines, it becomes extremely cumbersome to perform local refinement, even starting from
a simple tensor-product mesh [24], whereas the hierarchical structure is a much more convenient alternative
for implementation in 3D.

In this paper, we present a new method for volumetric truncated hierarchical spline (TH-spline3D)
construction on unstructured hexahedral meshes, with the support of local refinement. We first define the
blending functions on unstructured meshes with the aid of Bernstein-Bézier splines, which naturally handle
extraordinary nodes and preserve sharp features by adjusting Bézier coefficients. TH-spline3D employs the
hierarchical structure together with the truncation mechanism to perform local refinement. Benefitting
from the truncation mechanism developed for THB-splines [11], the blending functions of TH-spline3D are
piecewise polynomials that form a non-negative partition of unity. Their support overlapping is also reduced
by truncation and thus the resulting stiffness matrices are sparser than the classic hierarchical refinement
without truncation. We further adopt a common geometric representation used in hierarchical splines [29, 9],
where the geometry is always represented by the first-level mesh and its associated blending functions. The
refinement procedure only involves the manipulation of blending functions, that is, discarding or truncating
some low-level blending functions while adding certain high-level ones. Additionally, TH-spline3D supports
Bézier extraction and thus can be conveniently incorporated into existing finite element frameworks [26].
Throughout this paper, we focus on tricubic splines, but the proposed method can be extended to other
degrees. In summary, there are two main contributions in this paper.

1. Blending functions on an unstructured hexahedral mesh are developed with the aid of tricubic Bernstein
polynomials, naturally handling extraordinary nodes and preserving sharp features without modifying
the given mesh; and

2. Hierarchical structure and the truncation mechanism are employed for highly localized refinement in
3D, which enables the application of unstructured hexahedral meshes in adaptive IGA.

The remainder of the paper is organized as follows. Section 2 reviews several related techniques. Section
3 presents how to define blending functions in different types of hexahedral elements. We then discuss the
construction procedure of TH-spline3D in Section 4. Several examples are studied in Section 5 to demonstrate
the analysis suitability and refinement efficiency of TH-spline3D. Section 6 draws the conclusion and suggests
future work.

2. Review of Related Work

In this section, we briefly review the three closely related techniques: defining bivariate blending functions
using Bernstein polynomials, THB-splines and Catmull-Clark subdivision for solids. One may refer to
[11, 1, 4, 28] for further details.

2.1. Defining Bivariate Blending Functions Using Bernstein Polynomials

We first review the blending functions defined on an unstructured quadrilateral mesh [28, 16]. Each edge
in the quadrilateral mesh is associated with a parametric value, called the knot interval, which is used to
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define the blending functions. Uniform knot intervals are assumed here for simplicity. Developments based
on non-uniform knot intervals can be found in [28]. In this paper we focus on tricubic splines only.

Various blending functions are defined on different types of elements. An interior element is irregular if it
contains an extraordinary point; otherwise it is regular. An element together with its one-ring neighborhood
forms a spline patch. Blending functions on a regular element are simply bicubic B-splines. Here we
only consider the blending functions on an irregular element. They are defined with the aid of the Bézier
transformation matrix M, which converts the spline patch to a Bézier patch. The conversion involves
calculation of 16 Bézier control points, as shown in Fig. 1(a). These 16 Bézier control points can be divided

into three groups: face points (Qf
i , i ∈ {5, 6, 9, 10}), edge points (Qe

i , i ∈ {1, 2, 4, 7, 8, 11, 13, 14}) and corner
points (Qc

i , i ∈ {0, 3, 12, 15}).

(a) (b) (c) (d)

Figure 1: Calculation of 16 Bézier control points from an irregular quadrilateral element. (a) Face, edge and corner points
of the Bézier patch; (b) face point calculation by a convex combination of four corners (Pe,0, . . . , Pe,3) of the element; and
(c, d) calculation of edge and corner points by averaging neighboring face points. n is the number of neighboring elements
surrounding an extraordinary point.

Given an irregular element Ωe (e ∈ N is the element index), each face point is computed as a convex
combination of its four corners, as shown in Fig. 1(b). Specifically, we have Qf

e = MfPe, where Qf
e =

[Qf
5 , Q

f
6 , Q

f
9 , Q

f
10]T and Pe = [Pe,0, Pe,1, Pe,2, Pe,3]T . The matrix Mf is used to calculate the four Bézier

face points from the four corners of a quadrilateral element. We have

Mf =


e f g f
f e f g
g f e f
f g f e

 , (1)

where e = 2
3 ×

2
3 = 4

9 , f = 2
3 ×

1
3 = 2

9 and g = 1
3 ×

1
3 = 1

9 . We can observe that these coefficients are a tensor
product of 1D coefficients { 2

3 ,
1
3}, which are obtained by the Bézier extraction of uniform cubic B-splines [25].

Face points are also computed for the one-ring neighborhood of Ωe, which are required in the computation of
edge and corner points. Since edge and corner points are shared by multiple elements, they are calculated by
averaging the face points of adjacent elements. We thus have Qe

i = 1
2 (Qf

i,0+Qf
i,1) (i ∈ {1, 2, 4, 7, 8, 11, 13, 14})

and Qc
i = 1

n

∑n−1
k=0 Q

f
i,k (i ∈ {0, 3, 12, 15}) for edge and corner points, respectively, as shown in Fig. 1(c, d),

where n is the number of elements sharing the extraordinary point. We call Qf
i,0 and Qf

i,1 the two nearest

face points of the edge point Qe
i , shown in Fig. 1(c). Likewise, Qf

i,k (k = 0, . . . , n− 1) are the n nearest face
points of the corner point Qc

i ; see Fig. 1(d). Thus the Bézier transformation matrix M can be obtained.
The elements in M are called the Bézier coefficients. The blending functions Be on Ωe are defined using the
transpose of M, and we have Be = MTb, where b is the vector of 16 bicubic Bernstein polynomials. Note
that blending functions on a regular element are merely a special case of those on an irregular element. In this
manner, we can obtain a set of blending functions defined on a general quadrilateral mesh. The obtained
surface using such blending functions is C2-continuous except at the local region around extraordinary
points, where it is C0-continuous and can be further improved to G1 by adjusting Bézier coefficients [28, 16].
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2.2. THB-splines

Here we start with a brief introduction to B-splines and their refinability, since they are the foundation
from which to construct THB-splines. Univariate B-splines are defined on a set of non-decreasing real
numbers called the knot vector Ξ = {u0, u1, . . . , un+p}, where uk ∈ R (k = 0, . . . , n+ p) is the k-th knot, p
is the degree and n is the number of B-spline basis functions. The knots partition the parametric domain
Ω = [u0, un+p] into (parametric) elements [uk, uk+1], i.e., Ω = ∪n+p−1

k=0 [uk, uk+1]. B-spline basis functions
Bi(u) ∈ R (i = 0, . . . , n− 1) can be obtained by applying the Cox-de Boor recursion formula [25]. Bi(u) are
piecewise polynomials that form a non-negative partition of unity and are linearly independent. Since each
Bi is only nonzero over a local region (ui, ui+p+1), the support of Bi is denoted as suppBi = [ui, ui+p+1].
Together with the user-defined control points Pi ∈ R3, a B-spline curve C(u) ∈ R3 is obtained by the

geometric mapping from the parametric domain Ω to the physical domain, that is, C(u) =
∑n−1

i=0 PiBi(u)
(u ∈ Ω).

B-splines are also refinable. Given a uniform knot vector Ξ0 = {0, 1, . . . , n0 + p} (n0 is the number of
B-splines), a series of knot vectors Ξ` can be obtained by recursively bisecting Ξ0 ` (` ≥ 0) times, where `
denotes the level. Refinability indicates that a basis function B`

i defined on Ξ` can be expressed as a linear
combination of p+ 2 basis functions defined on Ξ`+1. We have

B`
i (u) =

p+1∑
j=0

cjB
`+1
2i+j(u) with cj =

1

2p

(
p+ 1

j

)
, i = 0, 1, . . . , n` − 1, (2)

where cj are the refinement coefficients and n` is the number of basis functions on Ξ`. The p + 2 Level-
(` + 1) basis functions are called the children of B`

i , denoted as chdB`
i = {B`+1

2i+j : j = 0, . . . , p + 1}. Let

us consider a uniform cubic B-spline as an example. A B-spline basis function (B0
0) is defined on a knot

vector Ξ0 = {0, 1, . . . , 4} (n0 = 1 and p = 3), as shown in Fig. 2(a). Bisecting Ξ0 yields a high-level knot
vector Ξ1 = {0, 1

2 , 1, . . . , 4}, where five basis functions (B1
0 , . . . , B

1
4) are defined; see Fig. 2(b). According to

refinability, we have B0
0 =

∑4
j=0 cjB

1
j , where cj = 1

8

(
4
j

)
; see B0

0 (the black curve) and cjB
1
j (red curves) in

Fig. 2(c).
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Figure 2: Refinability of a uniform cubic B-spline. (a) A Level-0 basis function (B0
0) defined on Ξ0 = {0, 1, . . . , 4}; (b) five

Level-1 basis functions (B1
j , j = 0, . . . , 4) defined on Ξ1 = {0, 1

2
, 1, . . . , 4}; and (c) B0

0 (the black curve) and cjB
1
j (red curves),

where cj = 1
8

(4
j

)
.

We now proceed to the review of THB-splines. The construction starts with uniform B-splines B0
i defined

on the knot vector Ξ0, whose parametric domain is Ω0 = [0, n0 + p]. Then THB-splines are recursively
constructed, so it is sufficient to study the construction of Level `+1 from Level `. The construction mainly
consists of three steps: (1) determination of the Level-(` + 1) domain Ω`+1; (2) selection of Level-` and
Level-(`+ 1) basis functions; and (3) truncation of necessary Level-` basis functions.

In Step (1), given the Level-` domain Ω`, Ω`+1 is a subdomain of Ω` (Ω`+1 ⊆ Ω`), which can be obtained
by refining (or bisecting) identified Level-` elements. In practice, to-be-refined Level-` elements can be
determined by geometric features or simulation error. A non-trivial Ω`+1 needs to be sufficiently large to
cover the support of at least one Level-(`+ 1) basis function.
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In Step (2), the selection depends on the relationship between Ω`+1 and the support of Level-` and
Level-(` + 1) basis functions, resulting in a set of linearly independent basis functions. A Level-` basis
function B`

i (defined on Ξ`) is always selected unless its support is fully contained in Ω`+1, whereas a
Level-(` + 1) basis function (defined on Ξ`+1) is selected only if its support is fully contained in Ω`+1. In
other words, we have selected Level-` and Level-(`+ 1) basis functions as B`a = {B`

i : suppB`
i 6⊆ Ω`+1} and

B`+1
a = {B`+1

i : suppB`+1
i ⊆ Ω`+1}, respectively. The selected basis functions are active and they form the

classic hierarchical basis B`+1
HB = B`a ∪ B`+1

a . The remaining basis functions are inactive. Note that if Ω`+1

is large enough to cover the support of a certain Level-(` + 1) basis function, this basis function should be
selected and thus the spline space is enlarged.

Finally in Step (3), truncation is needed for the Level-` basis functions with one or more active children.
Such Level-` basis functions are denoted in the set B`t = {B`

i : ∃B`+1
k ∈ chdB`

i s.t. B`+1
k ∈ B`+1

a }. The
truncation is performed for B`t by discarding active children from the refinability relationship in Eq. (2),
and we have

trunB`
i =

p+1∑
j=0∧B`+1

2i+j 6∈B
`+1
a

cjB
`+1
2i+j . (3)

Note that all the children on the right hand side of Eq. (3) are inactive. We denote the set of truncated
Level-` basis functions as trunB`t . Updating B`+1

HB with truncated basis functions, we have the truncated

hierarchical basis B`+1
THB = (B`a\B`t) ∪ trunB`t ∪ B`+1

a . Basis functions in B`+1
THB form a partition of unity and

have reduced support overlapping. The corresponding matrices using B`+1
THB are also sparser than those using

B`+1
HB .

(a) (b)

(c)

Figure 3: Univariate THB-spline construction. (a) Level-` basis functions; (b) Level-(`+ 1) basis functions; and (c) truncated
hierarchical basis functions (the red curves). The solid curves represent active basis functions whereas the dotted curves are
inactive ones.

Here we use cubic uniform B-splines as an example to explain the THB-spline construction. In Step
(1), given seven Level-` B-splines defined on the knot vector Ξ` = {0, 1, . . . , 10} and the Level-` domain
Ω` = [0, 10], we assume that the Level-(` + 1) domain is Ω`+1 = [3, 7] ⊂ Ω`; see Fig. 3(a). Next in Step
(2), we observe that at Level ` we have suppB`

3 ⊂ Ω`+1, so B`
3 is not selected. All the other Level-` basis

functions are selected, and we obtain the Level-` active basis functions B`a = {B`
0, B

`
1, B

`
2, B

`
4, B

`
5, B

`
6}. On

the other hand, at Level ` + 1 we have suppB`
i ⊂ Ω`+1 for i = 6, . . . , 10, so the Level-(` + 1) active basis

functions are B`+1
a = {B`+1

6 , . . . , B`+1
10 }. In Fig. 3(a ,b), all the active basis functions are represented by

solid curves whereas inactive ones are dotted curves. In Step (3), we first check if an active Level-` basis
function has any children in B`+1

a . According to Eq. (2), B`+1
6 is a child of B`

1; B`+1
6 , B`+1

7 and B`+1
8

are children of B`
2. Similar situations apply to B`

4 and B`
5. Therefore, we obtain all the to-be-truncated
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basis functions B`t = {B`
1, B

`
2, B

`
4, B

`
5} and perform the truncation using Eq. (3). For example, we have

trunB`
1 = 1

8B
`+1
2 + 1

2B
`+1
3 + 3

4B
`+1
4 + 1

2B
`+1
5 and trunB`

2 = 1
8B

`+1
4 + 1

2B
`+1
5 . In the end, we obtain the

truncated hierarchical basis B`+1
THB = {B`

0, trunB`
1, trunB`

2, trunB`
4, trunB`

5, B
`
6} ∪ B`+1

a ; see the red curves in
Fig. 3(c).

2.3. Catmull-Clark Subdivision for Solids

In the TH-spline3D construction, we adopt Catmull-Clark subdivision to calculate the refinement coef-
ficients. The subdivision rule is a generalization of tricubic B-spline refinement for unstructured hexahedral
meshes. Related details can be found in [23, 1]. Since Catmull-Clark subdivision is recursively applied, we
now study how to generate a new dense mesh M`+1 from a given coarse mesh M` (` ∈ N). M` consists
of a set of points P`, as well as the topological connectivity defined by sets of hexahedral elements E`,
quadrilateral faces F` and edges D`. Depending on the topological correspondences with the given mesh
M`, the points in P`+1 are divided into four different groups: body points, face points, edge points and
corner points. By way of the following five steps, we calculate all the interior points in P`+1 and construct
the connectivity for M`+1:

1. For each element in E`, add a body point to its centroid.

2. For each face in F`, add a face point F = (B0 + 2C +B1)/4, where B0 and B1 are the body points of
the two adjacent elements and C is the face centroid.

3. For each edge in D`, add an edge point D = (Bavg + 2Cavg + (n− 3)M)/n, where n is the number of
adjacent faces, M is the edge midpoint, and Bavg and Cavg are the averages of body points and face
centroids of adjacent elements and faces, respectively.

4. For each element in E`, connect its body point to all its face points and connect all its face points to
all adjacent edge points. This splits one element to eight sub-elements.

5. Move each original point Pold ∈ P` to its new location Pnew = (Cavg + 3Bavg + 3Mavg +Pold)/8, where
Bavg, Cavg and Mavg are the averages of the body points, face centroids and edge midpoints of all
adjacent elements, faces and edges, respectively.

Note that each new point is a convex combination of its neighbors inM`. The calculation of new points
in P`+1 can also be written in the matrix form P`+1 = M`P`, where M` is called the global subdivision
matrix. Note that the above five steps do not include boundaries and creases. For boundary points of a
solid, we apply the Catmull-Clark subdivision rule for surfaces; and for creases, we apply the subdivision
rule for curves. These rules are generalizations of bicubic and cubic spline refinement. In Fig. 4, we show the
rules for boundary quadrilaterals (Fig. 4(a−c)) and creases (Fig. 4(d, e)), where the coefficient associated
with each old point (the black dot) indicates the corresponding weight used to compute the new point (the
red dot or circle). Further details can be found in [5, 38].

Recursively applying Catmull-Clark subdivision results in a solid of C2 continuity everywhere except the
region around extraordinary points. However, it is very difficult to fully prove the continuity of Catmull-
Clark solids around extraordinary points due to the complex local mesh topology, which still remains an
open research problem.

3. Blending Functions on Unstructured Hexahedral Meshes

In this section, we develop blending functions on an unstructured hexahedral mesh with the aid of
trivariate Bernstein polynomials, a generalization of the 2D case as reviewed in Section 2.1. We first
introduce several terminologies to facilitate our explanation. Since blending functions are defined differently
on different types of hexahedral elements, we divide elements into three types: boundary elements, interior
regular elements and interior irregular elements. A boundary face is contained in one element only, whereas
an interior face is shared by two. Edges and vertices of a boundary face are boundary edges and boundary
vertices, respectively. An interior edge is regular if it is shared by four elements. Otherwise it is an
extraordinary edge. Furthermore, an interior element is regular if it has no extraordinary edges; otherwise
it is irregular. The patch corresponding to an element Ωe consists of Ωe and its one-ring neighborhood,
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(a) Boundary face point (b) Boundary edge point (c) Boundary corner point

(d) Crease edge point (e) Crease corner point

Figure 4: Catmull-Clark subdivision rules for boundary quadrilaterals (a−c) and creases (d, e), where β = 3
2n

, γ = 1
4n

, and n
is the number of adjacent boundary faces of the corner point.

denoted as T . The patch T is regular if Ωe is regular, and otherwise it is irregular. In the following we
define blending functions on an irregular interior element and a boundary element, since a regular interior
element is merely a special case of an irregular interior element.

3.1. Blending Functions on An Irregular Interior Element

Similar to the 2D case in Section 2.1, the blending functions on an irregular interior hexahedral element
Ωe are defined as a linear combination of tricubic Bernstein polynomials through the Bézier transformation
matrix M. Uniform knot intervals are adopted for the input hexahedral meshes. In the following, we explain
how to compute M and how to obtain the 64 control points of a tricubic Bézier patch.

Given an element Ωe and its corresponding patch T , let N denote the number of vertices in T . The
64 Bézier control points Qe are calculated from the N vertices P of T . The local indices of 8 vertices in
an element are labeled in Fig. 5(a), and the corresponding Bézier points are labeled in Fig. 5(b). Note
that the hexahedra in Fig. 5(b) are used only to visualize these Bézier points, rather than being an actual
refinement of the element. Depending on how a Bézier point is calculated, we divide Qe into four groups: 8
body points (Qb

e), 24 face points (Qf
e ), 24 edge points (Qe

e) and 8 corner points (Qc
e), marked in Fig. 5(b)

with red, blue, yellow and green dots, respectively.
We first compute body points for each element in T . For any element Ωk ∈ T , the 8 body points

(Qb
k) are convex combinations of its 8 vertices (Pk). In other words, we have Qb

k = MbPk, where Qb
k =

[Qb
k,21, Q

b
k,22, Q

b
k,26, Q

b
k,25, Q

b
k,37, Q

b
k,38, Q

b
k,42, Q

b
k,41]T and Pk = [Pk,0, . . . , Pk,7]T . The matrix Mb is used to
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(a) (b)

Figure 5: A hexahedral element (a) and its corresponding 64 Bézier points (b). The red, blue, yellow and green dots represent
body points, face points, edge points and corner points, respectively.

calculate the 8 Bézier body points from the 8 corners of a hexahedral element. We have

Mb =



a b c b b c d c
b a b c c b c d
c b a b d c b c
b c b a c d c b
b c d c a b c b
c b c d b a b c
d c b c c b a b
c d c b b c b a


, (4)

where a = 2
3 ×

2
3 ×

2
3 = 8

27 , b = 2
3 ×

2
3 ×

1
3 = 4

27 , c = 2
3 ×

1
3 ×

1
3 = 2

27 and d = 1
3 ×

1
3 ×

1
3 = 1

27 . Similar to Eq.
(1), these coefficients are also a tensor product of 1D coefficients { 2

3 ,
1
3}. Based on the parametric position

of Bézier points, we introduce the nearest body point to facilitate our explanation in calculating face, edge
and corner points. The nearest body points are identified in the local parametric domain, where we use the
Greville abscissae [32] as their parametric coordinates. Thus each Bézier point Q∗e,i (i = 0, . . . , 63)2 has the
parametric coordinates (i1/3, i2/3, i3/3), where i1, i2, i3 ∈ {0, 1, 2, 3} and i = 16 × i3 + 4 × i2 + i1. In Ωe,

the nearest body point of a face point Qf
e,i is the body point with the shortest Euclidean distance to Qf

e,i.

Qf
e,i is shared by two elements, so it has two nearest body points, whose indices form a set nr(e, i). nr(e, i)

consists of the index pairs (k, j), where k is the index of the neighboring elements sharing Qf
e,i and j is the

local index of the body point of interest. The nearest body point of an edge or corner point can be defined
likewise. For example in Fig. 5(b), Qb

e,21 is the nearest body point of the face point Qf
e,25. It is also the

nearest body point of the edge point Qe
e,1 and the corner point Qc

e,0.
We now proceed to calculating the face, edge and corner points (Q∗e,i) by averaging the nearest body

points, and we have

Q∗e,i =
1

ni

∑
(k,j)∈nr(e,i)

Qb
k,j , (5)

where ni is the number of adjacent elements sharing Q∗e,i. We have ni = 2 for a face point Qf
e,i since it is

always shared by two elements, whereas the number of elements sharing an edge or a corner point varies
depending on the local mesh topology. In Fig. 6(a), the blue dot on the red face is a face point of interest,
which is shared by two elements. We can simply take the average of its two nearest body points, marked as

2The superscript “∗” is replaced by “b”, “f”, “e” or “c” when a particular type is referred to.
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(a) (b) (c)

Figure 6: Calculation of a face point (a), an edge point (b) and a corner point (c). A face point (the blue dot on the red face
in (a)), edge point (the yellow dot on the red edge in (b)) or corner point (the green dot in (c)) is the average of its nearest
body points, marked as red dots in the hexahedral elements.

red dots. Similarly, in Fig. 6(b), the edge point, marked with the yellow dot on the red edge, is obtained
by averaging its three nearest body points (the red dots). In Fig. 6(c), the corner point (the green dot) is
an average of its four nearest body points (the red dots).

To this end, all the 64 Bézier points are obtained as convex combinations of the patch vertices, that is,
Qe = MP. The transformation matrix M is filled by the elements in Mb and the coefficients calculated
from Eq. (5). Then the blending functions on Ωe are defined by using the transpose of M, that is,

Be = MTb, (6)

and

b =[N0(u)N0(v)N0(w), N1(u)N0(v)N0(w), . . . , N3(u)N0(v)N0(w), N0(u)N1(v)N0(w), N1(u)N1(v)N0(w),

. . . , N3(u)N3(v)N0(w), N0(u)N0(v)N1(w), N1(u)N0(v)N1(w), . . . , N3(u)N3(v)N3(w)]T ,
(7)

where Ni(t) =

(
3

i

)
(1 − t)3−iti (i = 0, . . . , 3). Blending functions on a regular interior element can also

be obtained in this manner as a special case, where an edge point is always shared by four elements and a
corner point is always shared by six elements. They are actually the tricubic uniform B-splines expressed in
the Bézier form.

Discussion 3.1. By using the blending functions in Eq. (6), we can explain the C0 nature of the
resulting solid across any face, edge or vertex of an irregular element. The volume Ve corresponding to the
element Ωe can be expressed in the matrix form Ve = PTBe, and we have Ve = PTMTb = QT

e b. In other
words, Ve can be equivalently represented as a Bézier patch. Note that all the face, edge and corner points
are computed by averaging their nearest body points. Given two elements Ωe and Ωk sharing a common
face (or edge or vertex), their corresponding Bézier control points Qe and Qk naturally coincide on the
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shared face (or edge or vertex). Therefore, the resulting volumes Ve and Vk are joined seamlessly with
C0 continuity using the blending functions in Eq. (6). It is worth mentioning that such blending functions
can also naturally handle an irregular element with multiple extraordinary points, since the element and its
neighbors share all the same Bézier points associated to their interfaces. In [33], a control mesh needs to be
modified by applying templates to handle multiple extraordinary points in a single element. Elements with
multiple extraordinary points also need to be subdivided several times in spline forests [29]. For a regular
element, averaging the nearest body points naturally yields C2 continuity, which is equivalent to applying
Bézier extraction to uniform tricubic B-splines.

3.2. Blending Functions on a Boundary Element

Similarly for an interior hexahedral element, Bernstein polynomials are also used to define blending
functions for a boundary element. Compared with the development of Section 3.1, a few modifications are
required to obtain the Bézier transformation matrix M for a boundary element. The 64 Bézier points are
still divided into body points, face points, edge points and corner points. The body points and the other
interior points (i.e., face, edge and corner points) are obtained in the same manner as in Section 3.1. On the
other hand, the Bézier points associated to a boundary face (or edge or corner) are treated as for the 2D
case; see Section 2.1. The boundary Bézier points are computed using only the boundary quadrilateral mesh.
The resulting surface is C2-continuous everywhere except for the local region around extraordinary points,
where it is C0-continuous. C0 continuity can be further improved to G1 by optimizing the Bézier coefficients
[28, 16]. By separately treating interior and boundary Bézier points, we obtain the Bézier transformation
matrix M and define the corresponding blending functions using Eq. (6).

(a) (b)

Figure 7: Calculation of an edge point with and without the involvement of a sharp edge. (a) The edge point (the red circle)
associated to a non-sharp edge is the average of its two nearest face points (black circles); and (b) the edge point associated to
a sharp edge (the red line) is a convex combination of the two end points (black solid dots). Solid lines represent quadrilateral
elements and dashed lines are isoparametric lines of Bézier patches.

On the boundary surface, sharp features, including sharp edges and sharp corners with desired C0

continuity, can also be preserved by adjusting M. These features can be identified by checking the boundary
surface mesh. Two neighboring faces of a sharp edge have a direction change of their normals. A sharp
corner is a vertex connected to more than two sharp edges. In the following, we only consider the boundary
quadrilateral mesh. Recall that in Section 2.1, edge and corner Bézier points are obtained by taking averages
of the nearest face points, which results in C2 continuity away from extraordinary points. To reduce the
continuity to C0 across a sharp edge, we treat its corresponding edge and corner points as in the 1D case
without averaging the nearest face points. We can observe the difference with and without a sharp edge
in Fig. 7, where solid lines represent two quadrilateral elements sharing a common edge and dashed lines
stand for the isoparametric lines of Bézier patches. In Fig. 7(a), the common edge (or interface) is not a
sharp edge, so the edge point (the red circle) is the midpoint of its two nearest face points (black circles).
The surface is at least C1-continuous across the interface. In Fig. 7(b), the common edge is a sharp edge
(the red edge). Then the edge point (the red circle) is a convex combination of the two end points (the
black solid dots) of the sharp edge. As a result, we obtain C0 continuity across the sharp edge because the
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three neighboring Bézier points (the red circle and the two black circles) are not collinear. In Fig. 8, we
show how to compute an edge point (the red circle in Fig. 8(a)) and a corner point (the red circle in Fig.
8(b)) from the mesh vertices (the black solid dots) in 1D, where the coefficients indicate the corresponding
weights. This computation is equivalent to Bézier extraction of a cubic B-spline curve. The resulting curve
corresponding to the sharp edge is C2-continuous along the edge direction. Finally for a sharp corner, its
corresponding corner point is simply itself.

(a) (b)

Figure 8: Calculation of Bézier points associated to sharp edges: an edge point (a) and a corner point (b). The red circles and
black solid dots represent Bézier points and mesh vertices, respectively. The coefficients are the weights associated with the
mesh vertices.

Discussion 3.2. The blending functions based on Bernstein polynomials can be conveniently defined
for practical use, especially when complex unstructured hexahedral meshes are involved. They are defined
piecewise on each hexahedral element, which is locally parameterized. Since we focus on tricubic splines
in this paper, each blending function has a local support over its two-ring neighborhood. By definition,
the blending functions form a non-negative partition of unity over the entire domain. However, the linear
independence of these blending functions can so far only be verified numerically. Further research is re-
quired to theoretically establish this property. In addition, our blending functions can naturally preserve
sharp features without modifying the control mesh. In [34, 20], zero-knot-interval edges are introduced to
intentionally reduce the continuity to C0, which modifies the control mesh. Our method does not need to
manipulate the control mesh, and thus it does not introduce extra degrees of freedom. Our method is also
easy to implement and it naturally supports Bézier extraction for analysis.

4. Construction of TH-spline3D

In this section, we discuss how to construct TH-spline3D based on the blending functions developed in
Section 3. An unstructured hexahedral mesh M0 is taken as the input, where the control points and their
associated blending functions are denoted as P0 and B0, respectively. The initial blending functions (B0

THS)
are identical to B0. The volume of TH-spline3D is represented as

V =

n0−1∑
i=0

P 0
i B

0
i , (8)

where P 0
i ∈ P0, B0

i ∈ B0, and n0 is the number of control points in M0. Since each element in the
unstructured meshM0 is locally parameterized, for convenience we refer to the entire (parametric) domain

Ω0 as the union of local parametric domains (Ω0
k) of all the Level-0 elements, and we have Ω0 = ∪n

0
e−1

k=0 Ω0
k,

where n0
e is the number of elements in M0. The support of a blending function B0

i is the union of local
parametric domains where B0

i is nontrivial, denoted as suppB0
i = {Ω0

k : B0
i |Ω0

k
6= 0 k = 0, 1, . . . , n0

e − 1}. In
the tricubic case, a blending function has support over its two-ring neighborhood.

Then TH-spline3D is recursively constructed to a given maximum level `max ∈ N. For easy explanation,
we assume a series of meshes (M0,M0, . . . ,M`max) are obtained by recursively performing Catmull-Clark
subdivision to M0; see Section 2.3. Note that in practice, we only refine a desired local region rather than
the entire mesh. Here we consider two consecutive levels. Similar to Section 2.2, we construct Level ` + 1
from Level ` (0 ≤ ` < `max) following three steps: (1) determination of the Level-(` + 1) domain Ω`+1; (2)
selection of Level-` and Level-(` + 1) blending functions; and (3) truncation of necessary Level-` blending
functions. Steps 1 and 2 straightforwardly follow THB-splines (see Section 2.2), whereas Step 3 needs some
special treatment.
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Determination of the Level-(` + 1) domain Ω`+1 (Step 1). Given the Level-` domain Ω`, Ω`+1

is a subdomain of Ω`. Ω`+1 can be obtained by refining Level-` elements with larger simulation error than
a threshold. In the local parametric domain (Ω`

k) of a Level-` element, refinement is simply performed by
subdividing Ω`

k into eight subdomains. Each of the subdomains serves as a parametric domain of a certain
Level-(`+ 1) element. Ω`+1 is not trivial as long as it is sufficiently large to cover the support of at least one
Level-(` + 1) blending function. We identify the union of certain Level-` one-ring neighborhoods (Ωr,`) for
nontrivial refinement, because refinement of a Level-` one-ring neighborhood yields a Level-(`+ 1) two-ring
neighborhood, which covers the support of a certain Level-(` + 1) blending function. Note that we have
Ωr,` = Ω`+1. The Level-` elements corresponding to Ωr,` are set to be inactive, whereas the Level-(` + 1)
elements corresponding to Ω`+1 are set to be active. Only active elements are used in analysis.

Selection of Level-` and Level-(` + 1) blending functions (Step 2). The selection of blending
functions is the same as in Section 2.2. By comparing the relationship between Ω`+1 (or Ωr,`) and the
support of blending functions, the selected (active) blending functions are formed by

B`a = {B`
i : suppB`

i 6⊂ Ωr,`} ∪ B`+1
a = {B`+1

i : suppB`+1
i ⊂ Ω`+1}. (9)

A Level-` blending function B`
i is selected if any element within its support is active. Otherwise, if all the

elements within the support (i.e., its two-ring neighborhood) are inactive, then B`
i will not be selected. The

support of B`
i is a subdomain of Ωr,`, and Ωr,` is the union of local parametric domains of inactive Level-`

elements. A Level-(`+ 1) blending function is selected if all the elements within its support are active.

Truncation of necessary Level-` blending functions (Step 3). Truncation cannot be directly
applied to the blending functions developed in Section 3 because the refinability relationship does not hold
for such blending functions when extraordinary points are involved. A Level-` blending function generally
cannot be expressed as a linear combination of Level-(` + 1) ones. However, the refinability property is
fundamental to the truncation mechanism. Therefore, special treatment is required before truncation is
applied, such as defining children in TH-spline3D and modifying to-be-truncated blending functions.

We first define the children basis functions in TH-spline3D, which is different from the B-spline case in
Section 2.2 due to lack of refinability. Recall that via the Catmull-Clark subdivision matrix M`, the control

points at Level ` and Level `+ 1 are related as P `+1
j =

∑n`

i=0 c
`
jiP

`
i , where c`ji are the refinement coefficients

from M` and n` is the number of control points in the meshM`. For the associated blending functions, we
call B`+1

j a child of B`
i if c`ji 6= 0. The children of B`

i are then defined as

chdB`
i = {B`+1

j : c`ji 6= 0, j = 0, 1, . . . , n`+1 − 1}. (10)

Note that generally we do not have B`
i =

∑n`+1−1
j=0 c`jiB

`+1
j .

Next, we need to modify to-be-truncated Level-` blending functions such that the modified blending
functions have the refinability property to enable the truncation mechanism. Similar to THB-splines, the
to-be-truncated Level-` blending functions are identified if they have active children selected in B`+1

a , denoted
as B`t = {B`

i : ∃B`+1
j ∈ chdB`

i s.t. B`+1
j ∈ B`+1

a }. The support of each blending function B`
i ∈ B`t must

intersect with (but is not contained in) Ω`+1. We then modify every blending function B`
i ∈ B`t in Ω`+1 as

B̄`
i =

∑
B`+1

j ∈chdB`
i

c`jiB
`+1
j . (11)

Note that we leave B`
i unchanged outside Ω`+1. In other words, we redefine each to-be-truncated blending

function as a linear combination of its children in Ω`+1. Note that in the regular domain (a subdomain
of Ω`+1) without extraordinary points, Catmull-Clark subdivision is equivalent to refinement of tricubic
B-splines and the refinability relationship holds, so we have B`

i = B̄`
i . However, we have B`

i 6= B̄`
i in the

irregular domain with extraordinary points due to the lack of refinability. Though blending functions that
satisfy the refinability property are highly desired, they are currently not available when directly taking
unstructured hexahedral meshes as control meshes. One solution to retain refinability is to convert the
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input hexahedral mesh to Bézier patches, rather than treating the mesh as the control mesh, and employing
the blending functions developed in Section 3. However, in this way we need to introduce many more degrees
of freedom given the same input mesh.

Now we are able to perform truncation for every B̄`
i by discarding its active children, and we have

trunB`
i =

∑
B`+1

j ∈chdB`
i∧B

`+1
j 6∈B`+1

a

c`ijB
`+1
j , ∀B`

i ∈ B`t . (12)

The truncated blending functions are denoted as trunB`t . To this end, we collect all the blending functions
(B`+1

THS) up to Level `+ 1, and we have

B`+1
THS = B`−1

THS ∪ (B`a\B`t) ∪ trunB`t ∪ B`+1
a . (13)

Recursively applying the above three steps yields blending functions up to the given maximum level. Due
to the truncation mechanism, such blending functions form a partition of unity. This property can be
easily proved as long as the Level-(` + 1) control points are calculated as a convex combination of Level-`
ones [35, 36], which is true for Catmull-Clark subdivision. Moreover, the support overlapping of blending
functions at different levels is also reduced by truncation, resulting in a sparser stiffness matrix. We will
show numerical evidences in support of this assertion in the next section.

During the construction of TH-spline3D, the underlying geometry is always represented by the Level-0
control mesh and its associated blending functions, i.e., by Eq. (8), even though certain Level-0 blending
functions are inactive and not selected as blending functions of TH-spline3D. In this manner, the geometry
remains the same during refinement. The blending functions in the physical space are defined with the Level-0
geometric mapping V in Eq. (8). For any (truncated or non-truncated) blending function B`1

i ∈ B
`+1
TH-spline3D,

we have its counterpart B̃`1
i in the physical domain. Particularly, we restrict it to an element Ω̃`2

k and we
have

B̃`1
i (x) = B`1

i ◦ V
−1(x), x ∈ Ω̃`2

k , (14)

where the local parametric domain of Ω̃`2
k is Ω`2

k , `1 ∈ N and `2 ∈ N stand for two different levels. Note
that the initial geometry V is always adopted for the geometric representation in TH-spline3D. The refine-
ment in TH-spline3D focuses on selection and truncation of blending functions, without updating geometric
information, such as control point positions.

Discussion 4.1. Two types of matrices are involved in the construction of TH-spline3D, the spline-
to-Bézier transformation matrix and the Catmull-Clark subdivision matrix. The former defines blending
functions at a single level, whereas the latter constructs the relationship of blending functions between
two consecutive levels. Specifically, when evaluating a truncated blending function in Eq. (12), we first
use the spline-to-Bézier matrix to obtain the involved blending functions at Level ` + 1. Then using the
Catmull-Clark subdivision matrix, we evaluate Eq. (12) and thus obtain the truncated blending function.

5. Examples and Discussion

In this section, we study several examples to demonstrate the analysis suitability and efficiency of TH-
spline3D. In all cases we use cubic spline blending functions. We first perform a simple patch test by solving
the 3D linear elasticity problem on a unit cube domain [0, 1]3. The corresponding input mesh is shown
in Fig. 9(a). Uniform tension (ux = 0.1) is applied along the x direction on the plane x = 1. Dirichlet
boundary conditions are imposed by fixing displacements on planes x = 0, y = 0 and z = 0 in the x, y
and z directions, respectively. An isotropic material is assumed, where the Young’s modulus and Poisson’s
ratio are set as E = 1 and ν = 0.3, respectively. Sharp features (the red edges) are identified and blending
functions are defined accordingly. Fig. 9(b, c) show the distribution of x− x and y − y strain components,
where the solution to machine precision is achieved.
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(a) (b) (c)

Figure 9: The patch test on an unstructured mesh for a linear elasticity problem. (a) The input hexahedral mesh; and (b, c)
distributions of x− x and y − y strain components.

(a) (b) (c)

(d) (e) (f)

Figure 10: Solving the Poisson’s equation on a cube (a−c) and a rod (d−f). (a, d) Solutions on Bézier elements corresponding
to input meshes; (b, e) solutions on globally refined meshes (some elements are removed in (e) for visualization); and (c, f)
convergence curves (blue curves) of global refinement for the L2-norm error versus the largest element size (hmax). The red
curve corresponds to a structured mesh with no extraordinary points, where tricubic B-splines are used as the basis.
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Next we study the convergence behavior of developed blending functions by solving the Poisson’s equa-
tion, {

∆u+ f = 0 in Ω̃,
u = g on Γ,

(15)

where Ω̃ is the physical domain, Γ is the domain boundary and g is given on Γ. We manufacture an analytical
solution including all the cubic monomials,

u(x, y, z)|Ω̃∪Γ = x3 + y3 + z3 + x2y + x2z + y2x+ y2z + z2x+ z2y + xyz. (16)

The source f in Eq. (15) is thus determined by f = −∆u. Dirichlet boundary conditions are strongly
imposed on Γ, where a least-square fitting is performed for control variables. A cube and a rod are studied.
Fig. 10(a, d) show their Bézier elements corresponding to the input meshes and Fig. 10(b, e) depict
Bézier meshes after several global refinements, where the color represents the solution distribution using
the proposed blending functions. The L2-norm error is evaluated and plotted versus the maximum element
size (hmax) in Fig. 10(c, f). The maximum element size is set as the largest diagonal distance of Bézier
elements. We can observe that the convergence rates of these two models are around 3.0; see the blue
curves. For comparison, the red curve in Fig. 10(c) is obtained by using tricubic B-splines defined on a
tensor-product (structured) mesh with no extraordinary points, where the optimal convergence rate 4.0 is
reached. It is obvious that our blending functions on unstructured hexahedral meshes do not possess the
optimal approximation power due to the presence of extraordinary points. Further research is required to
handle 3D extraordinary points properly in order to achieve the optimal convergence rate.

We also solve the Poisson’s equation to study local refinement of TH-spline3D. We manufacture another
solution with high gradient in a local region,

u(x)|Ω̃∪Γ = tanh(a(x− x0) · n), (17)

where x = (x, y, z), n is a unit normal of a given plane passing through a given point x0, and a is a coefficient
controlling the magnitude of gradient. We test four models in this local refinement study: a cube (Fig. 11), a
rod (Fig. 12), a hook (Fig. 13) and a mechanical base (Fig. 14). For the cube, hook and mechanical base, we
take x0 = (xmin, ymin, zmin) and set n to be perpendicular to two vectors (xmax−xmin,−(ymax−ymin), 0) and
(xmax−xmin, ymax−ymin, zmax−zmin). For the rod, we choose x0 = ((xmin+xmax)/2, (ymin+ymax)/2, (zmin+
zmax)/2) and n = (1, 0, 0). The coefficient a is set as 50/‖xmax−xmin‖ in all these models, where ‖·‖ denotes
the Euclidean distance.

(a) (b) (c)

Figure 11: Solving the Poisson’s equation on a cube. (a) The solution on Bézier elements corresponding to the input mesh; (b)
the solution using TH-spline3D at the final step; and (c) convergence curves for the L2-norm error versus DOF1/3, where the
solid red and the dashed blue curves represent adaptive and uniform refinement, respectively.

Starting from the initial mesh as shown in Figs. 11(a)−14(a), we perform several steps of adaptive
refinements. Only Dirichlet boundary conditions are considered and they are strongly imposed after per-
forming a least-square fitting of control variables. We assess the error in the L2 norm for each element as
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(a) (b) (c)

Figure 12: Solving the Poisson’s equation on a rod. (a) The solution on Bézier elements corresponding to the input mesh; (b)
the solution using TH-spline3D at the final step; and (c) convergence curves for the L2-norm error versus DOF1/3, where the
solid red and the dashed blue curves represent adaptive and uniform refinement, respectively.

well as the entire domain. Recall that for local refinement, we need to identify elements in terms of one-ring
neighborhoods. The element-wise error is converted to the point-wise error by summing up the error of its
one-ring neighborhood. Let emax denote the maximum point-wise error and η (0% < η ≤ %100) denote a
percentage used to control the number of to-be-refined elements at each step. We refine the one-ring neigh-
borhoods with an error greater than ηemax and perform the next refinement with updated TH-spline3D.
We set η as 70% for the hook and 30% for the others. Adaptive refinements terminate when the overall
error is less than a given threshold. Distributions of solutions (uh(x)) at the final step are shown in Figs.
11(b)−14(b). Figs. 11(c)−14(c) depict the L2-norm error versus degrees of freedom (DOF), where solid red
curves represent convergence curves using TH-spline3D with local refinement whereas dashed blue curves
are results of global refinement. Due to the memory limitation, we only perform adaptive refinement on the
hook and mechanical base. As shown in Figs. 11(c)−14(c), local refinement yields the same accuracy with
many fewer DOF than global refinement, leading to higher convergence rates.

(a) (b) (c)

Figure 13: Solving the Poisson’s equation on a hook. (a) The solution on Bézier elements corresponding to the input mesh;
(b) the solution using TH-spline3D at the final step; and (c) convergence curves of adaptive refinement for the L2-norm error
versus DOF1/3.

6. Conclusion

In this paper, we have constructed TH-spline3D over unstructured hexahedral meshes to enable adaptive
IGA. First, the blending functions are defined for different types of hexahedral elements. Each blending func-
tion is expressed as a linear combination of tricubic Bernstein polynomials. Sharp features are preserved
by adjusting Bézier coefficients. We then build hierarchical structures and apply the truncation mecha-
nism for highly localized refinement. Benefitting from the truncation mechanism, the blending functions of
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(a) (b) (c)

Figure 14: Solving the Poisson’s equation on a mechanical base. (a) The solution on Bézier elements corresponding to the
input mesh; (b) the solution using TH-spline3D at the final step (some elements are removed); and (c) convergence curves of
adaptive refinement for the L2-norm error versus DOF1/3.

TH-spline3D are piecewise polynomials that form a non-negative partition of unity. The reduced support
overlapping of blending functions improves matrix sparsity. However, TH-spline3D does not possess nested
spline spaces due to the lack of refinability property of the blending functions. A remedy to this can be
converting each element to a Bézier patch, which, however, introduces extra degrees of freedom. A patch test
is passed using these blending functions, providing numerical evidence that the blending functions exactly
represent linear deformation patterns in a deformed geometry. The Poisson’s equation with manufactured
solutions is used to study convergence behavior of the blending functions and the efficiency of TH-spline3D.
From the results of global refinement, we can observe that the blending functions of unstructured hexahe-
dral meshes do not possess the optimal approximation power due to the presence of extraordinary points.
The resulting convergence rate is one order less than the optimal one. The efficiency of TH-spline3D is
demonstrated by all the four tested models. Compared to global refinement, TH-spline3D with local refine-
ment yields the same accuracy with many fewer degrees of freedom. In the future, we plan to investigate
the linear independence of the developed blending functions. Optimal convergence rate in the presence of
extraordinary points in three dimensions is another open problem.
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[32] A.-V. Vuong, C. Giannelli, B. Jüttler, and B. Simeon. A hierarchical approach to adaptive local refinement in isogeometric
analysis. Computer Methods in Applied Mechanics and Engineering, 200:3554–3567, 2011.

[33] W. Wang, Y. Zhang, L. Liu, and T. J. R. Hughes. Trivariate solid T-spline construction from boundary triangulations with
arbitrary genus topology. A Special Issue of Solid and Physical Modeling 2012 in Computer Aided Design, 45:351–360,
2013.

[34] W. Wang, Y. Zhang, G. Xu, and T. J. R. Hughes. Converting an unstructured quadrilateral/hexahedral mesh to a rational
T-spline. Computational Mechanics, 50:65–84, 2012.

[35] X. Wei, Y. Zhang, T. J. R. Hughes, and M. A. Scott. Truncated hierarchical Catmull-Clark subdivision with local
refinement. Computer Methods in Applied Mechanics and Engineering, 291:1–20, 2015.

[36] X. Wei, Y. Zhang, T. J. R. Hughes, and M. A. Scott. Extended truncated hierarchical Catmull-Clark subdivision. Computer
Methods in Applied Mechanics and Engineering, 299:316–336, 2016.

[37] X. Wei, Y. Zhang, L. Liu, and T. J. R. Hughes. Truncated T-splines: fundamentals and methods. Computer Methods in
Applied Mechanics and Engineering, 2016. DOI: 10.1016/j.cma.2016.07.020.
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