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Abstract

It is well known in the geophysical community that surface deflection information/micro-seismic data are considered
to be one of the best diagnostics for revealing the volume of rock fracture. However, the in-exactness of the data
representing the deformation induced to calibrate and represent complex fracture networks created and connected
during hydraulic fracturing presents a challenge. In this paper, we propose a technique that implements a phase field
approach to propagate fractures and their interaction with existing fracture networks using surface deflection data. The
latter one provides a probability map of fractures in a heterogeneous reservoir. These data are used to initialize both
the location of the fractures and the phase-field function. In addition, this approach has the potential for optimizing
well placement/spacing for fluid-filled fracture propagation for oil and gas production and or carbon sequestration and
utilization. Using prototype models based on realistic field data, we demonstrate the effects of interactions between
existing and propagating fractures in terms of several numerical simulations with different probability thresholds,
locations, and numbers of fractures. Our results indicate that propagating fractures interact in a complex manner with
the existing fracture network. The modeled propagation of hydraulic fractures is sensitive to the threshold employed
within the phase field approach for delineating fractures.
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1. Introduction

The injection of large volumes of fluids in to the subsurface such as during geologic sequestration of CO2 or during
hydraulic fracturing operations can cause geomechanical deformation of the rock mass in the vicinity of the well. This
in turn can trigger shear-slip events along existing faults and fractures or can manifest in the form of surface deflection
that can be recorded by satellite-based remote sensing equipment. Because the network of natural fractures has an
important effect on these types of responses either as locations along which micro-seismic slip events [3] or by acting
as conduits for fluid flow that in turn determine the direction and extent of surface deflection, it is conjectured that
inverse modeling of these responses can yield better characterization of the natural fracture network in the vicinity of
wells. This notion is explored in the following study.

Figure 1 shows a map of surface deflection recorded using remote sensing sensors on board an InSAR (Interfero-
metric Synthetic Aperture Radar) satellite. This data was collected for the In Salah Gas Joint Venture in Algeria which
is an ongoing CO2 storage project operational since August 2004. The Krechba field is part of the In Salah gas field
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Figure 1: Left: Surface deformation map at the site in December 2006 [23]. Right: Posterior probability of fractures
based on the ensemble mean of the models in the selected cluster. The location of the wells is also indicated in the
figure.

development, and is currently the largest onshore CO2 storage site in the world [11]. At Krechba, CO2 from several
gas fields is removed from the production stream and injected into the deep saline carboniferous formation away from
the producers. The large volume of injected CO2 causes ground upheaval that is shown in Figure 1.

Various methods deriving fracture networks from micro-seismic data as a framework for modeling reservoir per-
formance have been suggested in order to connect a given natural fracture network with propagating hydraulic frac-
tures [30]; here we employ a phase-field approach. Presently, this technique for fracture propagation is subject of
intensive research in both mathematical theory and applications. Based on variational principles, they provide an
elegant way to approximate lower-dimensional surfaces and discontinuities. Rewriting Griffith’s model [8] for brit-
tle fracture in terms of a variational formulation was first accomplished by [6, 7]. In [16, 15], the authors refined
modeling and material law assumptions to formulate an incremental thermodynamically consistent phase-field model
for fracture propagation. Numerous examples and benchmarks have been studied in [16, 15, 4, 5, 10, 25, 1]. Recent
modeling and numerical studies of hydraulic fracturing in porous media and other multi-physics applications includ-
ing thermo-elastic-plastic solids have been considered in [20, 19, 28, 18, 17]. Important computations of fluid-filled
fractures in porous media with related findings using extended finite elements have been reported, for example, in
[26, 27].

The goal of this paper is to detect given (natural) fractures with a probability map that can be obtained from
microseismic or InSAR data. Then, these initial data are used to build the initial phase-field solution for our fluid-
filled fracture models [14, 13, 19, 21]. More precisely, a probability map reflects the regions in which the stress
conditions are such that there is a high probability of propagating fractures and so, this becomes the basis for our
treating the probability map as the phase-field function for the fracture propagation modeling.

2. Construction of probability map and phase-field initialization

The procedure to constrain a set of models for the natural fracture network to the surface deflection information
starts with an initial suite of models that reflects the prior uncertainty in describing the network. Models in this ini-
tial set reflect fractures of arbitrary orientation and possibly extent as shown in Figure 2. Flow and geomechanics
responses of the prior models were obtained using a coupled proxy developed in [22]. The proxy utilizes a particle
tracking simulation to model the flow of CO2 in the prior models and couples that response to a simplified geome-
chanical scheme for computing the surface deflection corresponding to the injection of large volumes of CO2 into the
model. The simplified proxy allows evaluating the response of a large suite of models efficiently. The dissimilarity
between pairs of models in the prior set are computed. These dissimilarities are subsequently transformed to a metric
space using multidimensional scaling (MDS) [12]. Figure 3 depicts the cluster of responses when projected in the
metric space obtained by MDS. In this figure, models (depicted by points) that are close to each other exhibit similar
dynamic responses. Cluster analysis can be performed and the grouping of models is also shown in Figure 3 in the
form of clusters of different colors. The optimal number of clusters is selected on the basis of a silhouette measure [24]
that is a ratio of the inter-cluster to the intra-cluster distances. Coupled geomechanical-flow simulation was performed
for one representative member of each cluster. These simulations solve the physical equations governing the flow and
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Figure 2: Initial set of fracture models generated using geostatistical schemes.

Figure 3: Results of MDS and clustering of 400 model observations in three-dimensional space.

transport of CO2 and the mechanical equations describing the deformation of the reservoir. A finite difference scheme
utilizing a flexible grid is utilized for discretizing and solving the governing equations [9]. The representative model
is taken to be the model closest to the medoid of each cluster. The responses obtained for the representative models
were compared to the observed surface deflection observed in Figure 1. The similarity between the simulated and
observed responses was computed as the square difference between the grid cell surface deflection values. The cluster
with the closest response to the observation was retained. Some of the models in the selected cluster are shown in 4.
More details regarding this model selection process utilizing the surface deflection information can be found in [22].
The model selection process yields a suite of models that have binary values indicating the presence or absence of

Figure 4: Sample models from the selected cluster.

fracture at a location. Denoting the presence or absence of a fracture at a location ξ in the reservoir model l by the
indicator Il(ξ), the ensemble average computed over the suite of models in the selected cluster yields the probability
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that there is a fracture at that location in the reservoir

E{I(ξ)} =
1
L

L∑
l=1

Il(ξ) = Prob{ξ ∈ fracture}.

Repeating the ensemble averaging process at each location in the reservoir model, we obtain the probability map
shown in Figure 1. This probability map quantifies the uncertainty in delineating the fracture distribution based on the
available surface deflection data. The use of this map for phase field modeling is discussed next.

Figure 1 shows the probability map for the presence of a fracture derived from the posterior ensemble from model
selection. The probability value m ∈ [0, 1] indicates 0 for zero probability of fracture and 1 for 100% of fracture. In
the poroelastic domain Λ, a phase field function ϕ(·, t) : Λ × [0,T ] → [0, 1] is defined. For ϕ(·, t) = 0, we denote a
crack region and ϕ(·, t) = 1 is the unbroken material. The intermediate values constitute a so-called transition zone
that is dependent on a regularization (or length-scale) parameter ε. In particular, ε is the thickness of the transition
zone. The probability values are used as follows to initialize the phase-field solution:

ϕ(·, 0) =


0, 1 − m < mL

(1 − m), mU < 1 − m < mL

1, 1 − m > mU

(1)

Here, mL and mU are lower and upper thresholds. Sensitivity to different values of mL and mU are explored in the
Section 4 of the paper.

3. Fluid-filled phase-field fracture modeling and discretization

In this section, we describe the governing equations for displacements, phase-field and pressure. We assume the
input of a single phase fluid and linear elastic geo-mechanical properties.

3.1. Phase-field fracture modeling

We adopt a phase-field approach in terms of the Euler-Lagrange weak formulation for hydraulic fractures that has
been derived in [21, 20]. Let the pressure p(·, t) : Λ × [0,T ] → R be given. The unknown solution variables are
vector-valued displacements u(·, t) : Λ × [0,T ] → Rd and a smoothed indicator phase-field function ϕ. Due to the
crack irreversibility condition, ϕ ≤ ϕold, the resulting system is a variational inequality.

Let V := H1
0(Λ),W := H1(Λ) and W in

ϕold := {w ∈ H1(Λ)|w ≤ ϕold ≤ 1 a.e. on Λ} be the function spaces for the
displacements and the phase field, respectively. The variational inequality system for hydraulic fractures then reads
as:

Formulation 1. For given p, find (u, ϕ) ∈ V ×W in
ϕold such that∫

Λ

(
(1 − κ)ϕ2 + κ

)
σ(u), e(w)

)
dx −

∫
Λ

(α − 1)(ϕ2 p, div w) dx = 0 ∀w ∈ V, (2)

∫
Λ

(1− κ)(ϕ σ(u) : e(u), ψ−ϕ)dx−
∫

Λ

2(α−1)(ϕ p div u, ψ−ϕ)dx +

∫
Λ

Gc

(
−

1
ε

(1−ϕ, ψ−ϕ) + ε(∇ϕ,∇ψ−ϕ)
)
dx ≥ 0

∀ ψ ∈ W ∩ L∞(Λ), (3)

where, σ = σ(u) is the stress tensor,
σ := σ(u) = 2µe(u) + λ tr(e(u))I,

and e(u) is the symmetric (linearized) strain tensor defined as e(u) := 1
2

(
∇u + ∇uT

)
. Here µ and λ are material

parameters, I is the identity matrix, Gc > 0 is the energy release rate, ε is the previously mentioned crack surface
regularization parameter, and finally κ is a positive regularization parameter for the elastic energy, with κ � ε.
Finally, the time 0 ≤ t ≤ T enters through time-dependent coefficients and right-hand side data.
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3.2. A pressure diffraction system for modeling reservoir and fracture flow

In order to formulate the flow equations in the porous media zone and the fracture, respectively, we employ the
phase field function as an indicator function [19, 14]. Thus, the flow pressure equations can be separated for the
fracture (pF(·, t) : Λ × [0,T ] → R) and the reservoir (pR(·, t) : Λ × [0,T ] → R) sub-domains respectively. The
resulting system leads to a pressure diffraction problem.

We denote by ΩF(t) and ΩR(t) the open subsets of the space-time domain Λ × [0,T ]. ΩR(t) is filled with the
unbroken material (reservoir domain) and the fracture is approximated by a volume domain ΩF(t), where we initialize
ΩF(0) by (1), which is defined by the probability map. Additional fractures can be introduced through well models.
We set Γ(t) := Ω̄F(t) ∩ Ω̄R(t).

To derive the flow pressure equations for each sub-domains, first we consider the two separate mass continuity
equations for the fluid in the reservoir and the fracture, which we can rewrite as

∂t(ρφ?) + ∇ · (ρv) = q in Λ × (0,T ]. (4)

Here φ? := ϕφ?R + (1 − ϕ)φ?F is the fluid fraction, where φ?R and φ?F are the reservoir and fracture fluid fraction
respectively. We assume φ?F = 1 (since the porosity of the fracture is one), and the reservoir fluid fraction is given as

φ?R = φ?0 + α∇ · u +
1
M

(p− p0), where α is Biot’s coefficient, and p0 is an initial pressure value. Next, we describe the
flow v := ϕvR + (1 − ϕ)vF , given by Darcy’s law

v j = −
K j

η j
(∇p j − ρ jg), (5)

for the fracture ( j = F) and for the reservoir ( j = R), respectively, with given gravity g. We assume the fluid in the
reservoir and the fracture is slightly compressible, thus we define the fluid density ρ := ϕρR + (1 − ϕ)ρF as

ρ j := ρ0
j exp(c j(p j − p0

j )) ≈ ρ
0
j [1 + c j(p j − p0

j )], (6)

where ρ0
j is the reference density and c j is the fluid compressibility. In addition, q is a source/sink term which can also

include the leak-off [19]. Following the general reservoir approximation with the assumption that cR and cF are small
enough, we use ρR = ρ0

R and ρF = ρ0
F .

Taking the mass conservation equation (4) for both the reservoir and the fracture, and then formulating them in
terms of a diffraction problem [19] and integration by parts, we obtain:

Formulation 2. For given initial conditions p(·, 0), u(·, 0), and ϕ(·, 0), find {pR, pF} in terms of a global pressure
p ∈ H1(Λ) for all times t such that∫

Λ

ϕ
(
ρ0

R∂t(
1
M

pR + α∇ · u)
)
ωdx +

∫
Λ

(KRρ
0
R

ηR
(∇pR − ρ

0
Rg)

)
: ∇ωdx =

∫
Λ

ϕqRωdx,∫
Λ

(1 − ϕ)
(
ρ0

FcF∂t pF

)
ωdx +

∫
Λ

(KFρ
0
F

ηF
(∇pF − ρ

0
Fg)

)
: ∇ωdx =

∫
Λ

(1 − ϕ)qFωdx,∀ω ∈ H1(Λ). (7)

where w(u) = [u·n] (where n is the unit normal vector) denotes the aperture of the fracture. The jump [·] of normal
displacements is computed point-wise at each node. This approximation is valid for symmetric fractures but does also
yield the correct order for non-symmetric and non-aligned fracture networks. However, a systematic justification is
not yet available in existing literature.

For the fracture flow, we adopt a three-dimensional lubrication equation and an anisotropic fracture permeability
KF has been derived in [19]. This absolute fracture permeability leads to an effective permeability Ke f f in the phase-
field transition zone. As (briefly) discussed in [14], Ke f f is clearly sensitive to the transition zone and related stability
is ongoing work.

The interface conditions on Γ × (0,T ] are implicitly contained in Formulation 2 and are given by,

pR = pF , vF · n = vR · n. (8)
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3.3. Adaptive discretization and numerical solution

The adaptive discretization and coupling of displacement, phase-field and pressure diffraction equations are based
on the techniques described in [10, 14, 19]. Spatial discretization is based on Galerkin finite elements whereas time
discretization is performed by a A-stable backward Euler time stepping scheme. Nonlinear problems are solved
with Newton’s method and analytical evaluation of the Jacobian. The linear equations are solved with parallel MPI-
based iterative solvers (GMRES) with block-diagonal pre-conditioning. The programming code has been discussed
in [14, 29] based on the framework [10] using deal.II [2].

Figure 5: Given probability map values. Here 0 corresponds to zero fracture probability and 1 to a fracture.

Figure 6: Left: Initial phase-field solution by combining the probability data including their thresholds with the two
hydraulic fractures (Case 2). Right: Initial phase-field solution by combining the probability data including their
thresholds with two hydraulic fractures (Case 4).

4. Numerical tests

In this final section, we present numerical results that show how to translate the probability map into an initial
phase-field function. With that we then focus on the sensitivity of crack propagation depending on the interpretation
of the probability map and on the number of initial fractures. Our objective is to observe certain goal functionals such
as the fracture patterns and joining with natural fractures while injecting a fluid into hydraulic cracks.

Configuration. The domain is localized to Λ = (1 m, 1 m)2. The given probability map relates to each grid cell
an initial fracture probability. These data transform directly to an initial phase-field solution. As explained earlier we
use a lower threshold mL to indicate fractured regions and an upper threshold mU to indicate intact or non-fractured
domains. In order to observe sensitivity of these thresholds on fracture propagation, its path, and the maximum
pressure evolution, we choose different thresholds values. In Case 1 and 2, we set mL = 0.5 and mU = 0.8; and for
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(a) T = 1s (b) T = 50s

Figure 7: Case 1. For each time (a) T = 1s and (b) T = 50s, we plot the phase field value (left) and the corresponding
pressure value (right). For the phase field, blue indicates ϕ = 0 and red indicates ϕ = 1. We observe a single hydraulic
fracture propagating and interacting with initial fractures.

Case 3 and 4 we set mL = 0.3 and mU = 0.9. These fractures are interpreted as natural fractures. To observe fracture
interaction, we initiate hydraulic fractures (one fracture for Case 1 and 3; and two fractures for Case 2 and 4) by well
injections. Due to the fluid injection, the pressure increases and finally results in fracture propagation.

(a) T = 1s (b) T = 50s

Figure 8: Case 2. In extension to Case 1, we prescribe two hydraulic fractures. As before, the fracture pattern
(including branching and joining with natural fractures) and the corresponding pressure distribution are shown.

(a) T = 1s (b) T = 50s

Figure 9: Case 3. Compared to Case 1 (Figure 7), different values of thresholds mU and mL give both different initial
fracture patterns and propagations.

Boundary and initial conditions On the boundary ∂Λ we prescribe homogeneous Dirichlet conditions for the
displacements. For the phase-field we employ homogeneous Neumann conditions (traction-free) as usual. For the
pressure, no flow conditions (realized as homogeneous Neumann conditions) are given. The hydraulic (fluid-filled)
fractures are prescribed as an initial condition of the phase-field variable. In these fractures regions the initial pressure
is set to 102 Pa. A point source injection is modeled as q f = ppb

d
π

exp(−d∗(x−x0)2) where d = 10000, pbp = 2.0×10−5

with x0 = (0.55, 0.5) (Case 1 and 3) and x0 = (0.25, 0.58) (Case 2 and 4).

7



Parameters. As numerical parameters we set κ = 10−12, h = 0.14 m ε = 0.028 = 2h, T = 50 s, and α = 1.0.
The time step size is δt = 1 s. Other physical parameters are given as KR = 10−14, cR = cF = 10−11 Pa−1, ηR = ηF =

10−3 kg m s−1, E = 108 Pa, νs = 0.2, and Gc = 1 J/m2.
Quantities of interest. For each case, we observe the maximum pressure, the pressure distribution, fracture prop-

agation and the fracture pattern. Discussion of our findings. In Figure 7 - Figure 11, our results are displayed. We
observe that fracture propagation and its path and pattern are sensitive to the threshold values and the number of initial
hydraulic fractures. Moreover, the maximal pressure (see Figure 11) inside the fracture is sensitive to the initial data.

(a) T = 1s (b) T = 50s

Figure 10: Case 4. We use the same thresholds mU and mL as in Case 3 but prescribe two hydraulic fractures (as in
Case 2). It can be observed that the two fractures join and split.
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Figure 11: Maximum pressure evolution at the injection point over time. In all cases, we first observe a pressure
build-up that is followed by a pressure decrease when the fracture(s) are propagating. Moreover, there is a second
significant decrease when the two fractures join in Case 2 and 4.

Conclusions

In this work, we propose the coupling of probability maps from satellite or microseismic data with phase field
functions for describing the location and propagation of fractures in porous media. Our preliminary results demon-
strate that fracture propagation and its path and pattern, as well as the maximal pressure inside the fracture are all
sensitive to the interpretation of the data and the number of initial fractures. Based on our findings we feel this ap-
proach has the potential in addressing the complex interactions of fracture propagation. The probability model used as
an input to the deterministic phase field approach indicates that there is uncertainty associated with exactly predicting
the location of a fracture. A refinement to our approach would be to draw realizations of the fracture from the calcu-
lated probability values and use the drawn fracture to define the deformed region for phase field modeling. Different
realizations of the fracture would then yield different phase field results thereby quantifying the uncertainty in fracture
propagation. Complete studies for validations can be achieved in future work once more experimental data are given
and the model framework is extended to include seismic wave propagation.
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