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Abstract

We analyze and discretize a mixed formulation for a linearized lubrication fracture
model in a poro-elastic medium. The displacement of the medium is expressed in
primary variables while the flows in the medium and fracture are written in mixed form,
with an additional unknown for the pressure in the fracture. The fracture is treated as
a non-planar surface or curve according to the dimension, and the lubrication equation
for the flow in the fracture is linearized. The resulting equations are discretized by
finite elements adapted to primal variables for the displacement and mixed variables for
the flow. Stability and a priori error estimates are derived. A fixed-stress algorithm is
proposed for decoupling the computation of the displacement and flow and a numerical
experiment is included.

Keywords. poro-elasticity; Biot; lubrication; mixed formulation; finite-elements; fixed
stress split algorithm.

1 Introduction

The injection of large volumes of fluids in the subsurface such as during carbon sequestration
or during hydraulic fracturing operations can cause geomechanical deformation of the rock
mass in the vicinity of the injection well. In addition, recovery predictions from a fractured
reservoir are essential for long term production in shale oil and gas fields. Understanding
interactions between in-situ stresses, injection fluid pressure and fracture is a difficult and
challenging issue because of the complexity of rock properties and physical aspects of rock
failure and fracture. In this work, we consider a simplified model for the coupled reservoir-
fracture flow which accounts for varying reservoir geometries and complexities including
non-planar fractures. Here we utilize different low models such as Darcy flow and Reynolds’
lubrication equation for fractures and reservoir respectively to closely capture the physics.
Furthermore, the geomechanics effects have been included by considering Biot’s model. An
accurate modeling of solid deformations necessitates a better estimation of fluid pressure
inside fractures. We model the fractures and reservoirs explicitly, which allows us to capture
the flow details and impact of fractures more accurately. The approach presented here is
in contrast with existing averaging approaches such as dual and discrete dual porosity
models where the effects of fractures are averaged out. The coupled reservoir-fracture flow
problem is discretized by a mixed finite element method, because this method is locally



mass conservative and the flux values are continuous, see Ingram et al [18] and Wheeler
et al [26]. The pressure degrees of freedom are defined at the grid cell centers, similar to
the finite difference scheme widely used in petroleum reservoir simulations. Moreover, our
motivation in applying a mixed formulation is that in realistic engineering settings, it is
necessary to transport proppant; thus local conservation is essential. The coupled flow and
geomechanics model developed, for fractured porous medium, has the following advantages:

1. The fracture flow problem is resolved explicitly resulting in an accurate fracture pres-
sure used as a traction boundary condition for reservoir geomechanics.

2. A physically accurate formulation of fractures and reservoir flow problems is achieved
by using different constitutive equations and capillary pressure curves for each of the
two domains in the case of multiphase flow.

3. Non-planar fractures can be captured using a coarser mesh (lower computational cost)
due non-planar faces of the general hexahedral elements inherent to the discretization.

In this work, we prove existence and uniqueness of the solution of a coupled linearized system
with one fracture under fairly weak assumptions on the data. To this date, the analysis
of the coupled non-linear system is still an open problem. Our results here represent an
extension of a previous article, see [17], in which a continuous Galerkin method for flow
was analyzed. In the present situation, switching from a continuous Galerkin scheme to a
mixed scheme is not completely straightforward, because the discontinuous approximation
of the pressure in the fracture (such as piecewise constants in each element) requires a
special analysis in coupling the flow in the fracture with that in the reservoir. This coupling
requires the derivation of an inf-sup condition in a norm that is weaker than that used in the
mixed form of the exact problem, compare (4.20) and (3.1). Such discrepancy in the norms,
that arises from the discontinuity of the pressure, complicates the numerical analysis. The
resulting system is then solved by a fixed stress splitting algorithm introduced and analyzed
by Mikeli¢ & Wheeler in [22] for a Biot system without fracture, and in Girault et al [13]
with a fracture. Of course, the numerical experiment reported in this work is applied to the
fully non-linear system, where the permeability in the fracture is related to its width.

The Biot system without fracture has been analyzed by a number of authors who established
existence, uniqueness, and regularity, see Showalter [25] and references therein, Phillips &
Wheeler [23], Girault et al [14]. Several articles by Mikeli¢ et al (see for instance [4], [9])
treat homogenization of flows through fractured porous media. Another approach consists
in treating a fracture as a thin domain in the framework of domain decomposition. We refer
the reader to the extensive work of Jaffré, Roberts and co-authors on Darcy flow, see [1,21].
After this introduction, the paper is organized as follows. The modeling equations are de-
scribed in Section 2. In Section 2.4, the equations are linearized and set into variational
formulations. Existence and uniqueness of solutions of the linearized formulation are es-
tablished in Section 3.3. In Section 4, we propose and analyze a fully discrete scheme:
backward Euler in time, continuous Galerkin for elasticity and mixed finite elements for
flow, more precisely RT} on simplices and enhanced BDM on quadrilaterals or hexahedra.
The enhanced BDM elements are necessary to guarantee sufficient accuracy in the case of
quadrilaterals or hexahedra, which cannot be achieved by RT} elements. In Section 5 we



present a fixed-stress method as a decoupling computational algorithm. Numerical results
are presented in Section 6.1.

1.1 Notation

Let Q be a bounded domain (open and connected) of IR?, where the dimension d = 2 or 3,
with a Lipschitz continuous boundary 952, and let I" be an open subset of 92 with positive
measure. When d = 3, we assume that the boundary of I' is also Lipschitz continuous.
Let ©(2) be the space of all functions that are infinitely differentiable and with compact
support in  and let D’(2) be its dual space, i.e., the space of distributions in Q. As usual,
for 1 < p < oo, we define the Banach space W1P(Q) by

WP(Q) = {v e LP(Q); Vv € LP(Q)7},

normed by
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with the usual modification when p = co. When p = 2, W12(Q) is the classical Hilbert
Sobolev space H'(€2). The space of traces of functions of H*(Q2) on I' (or on any Lipschitz

curve in Q) is H %(F), which is a proper subspace of L?(I"). Its dual space is denoted by
H _%(F). Several equivalent norms can be used on this space. Here, it is convenient to use
the semi-norm and norm, see for example [20]:
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Then we define

N|—=

(1.1)

Hy(Q) = {v € H'(Q); vloa = 0},

and more generally
Hgp () = {v e H'(Q); v|r = 0}.

For a vector v in IR, recall the strain (or symmetric gradient) tensor €(v):

e(v) == (Vv + (Vo)). (1.2)

l\D\H

In the sequel we shall use Poincaré’s, Korn’s, and some trace inequalities. Poincaré’s in-
equality in HJ-(€2) reads: There exists a constant Pr depending only on 2 and I' such
that 7

Vo € Hor(Q), [0ll2) < Prlvlae (1.3)

Next, recall Korn’s first inequality in H&’F ()% There exists a constant C,, depending only
on 2 and I such that

Vo € Hop()?, [v] 1 (0) < Celle(v)ll20)- (1.4)



We shall use the following trace inequality in H'(Q): There exists a constant C; depending
only on 2 and I' such that

Cr
Ve >0, Yo e H(Q), (vl 2y < ellVvllr2) + (? + €)||U||L2(Q). (1.5)
This inequality follows for instance from the interpolation inequality (see Brenner & Scott [5])

o€ HYQ), oz < ClollZagy 1ol 31 oy

and Young’s inequality. Besides (1.5), by combining (1.3) and (1.4), we immediately derive
the alternate trace inequality, with a constant Cp depending only on §2 and I':

Yo € Hyp(Q)?, [|vllz2ry < Colle(v)]l12a)- (1.6)
As far as the divergence operator is concerned, we shall use the space
H(div;Q) = {v € L2(Q)%; V-v € L*(Q)},

equipped with the norm

N
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As usual, for handling time-dependent problems, it is convenient to consider functions
defined on a time interval ]a, b[ with values in a functional space, say X (cf. [20]). More
precisely, let || - || x denote the norm of X; then for any number r, 1 < r < oo, we define

b
L"(a,b; X) = {f measurable in }a,b[;/ | f(t)]|dt < oo},

equipped with the norm

TP (/|u Hxﬁ>,

with the usual modification if » = co. This space is a Banach space if X is a Banach space,
and for r = 2, it is a Hilbert space if X is a Hilbert space. To simplify, we sometimes denote
derivatives with respect to time with a prime and we define for any r, 1 <r < oo,

W (a,b; X) = {f € L"(a,b; X); f' € L"(a,b; X)}.

For any r > 1, as the functions of W' (a,b; X) are continuous with respect to time, we
define
Wo"(a.b;X) = {f € W (a,b: X); f(a) = f(b) = 0},

and we denote by W57 (a,b; X) the dual space of W&’T/(a, b; X), where 7’ is the dual
exponent of r, % + % =1



2 Domain and model formulations

Let the reservoir Q be a bounded domain of IR d = 2 or 3, with a piecewise smooth
Lipschitz boundary 992 and exterior normal n. Let the fracture € € € be a simple closed
piecewise smooth curve with endpoints a and b when d = 2 or a simple closed piecewise
smooth surface with piecewise smooth Lipschitz boundary d€ when d = 3. The reservoir
contains both the matrix and the fractures; thus the reservoir matrix is Q2 \ C.

2.1 Equations in Q\ C

The displacement of the solid is modeled in 2\ € by the quasi-static Biot equations for a
linear elastic, homogeneous, isotropic, porous solid saturated with a slightly compressible
viscous fluid (see [3]). The constitutive equation for the Cauchy stress tensor oP°" is

oP(u,p) =o(u) —apl, (2.1)

where I is the identity tensor, u is the solid’s displacement, p is the fluid pressure, o is the
effective linear elastic stress tensor:

o(u) =NV -u)I +2Ge(u), (2.2)

see (1.2) for the definition of e(u). Here A > 0 and G > 0 are the Lamé constants and
«a > 0 is the dimensionless Biot coefficient. Then the balance of linear momentum in the
solid reads

—diveP*(u,p) = f inQ\C, (2.3)

where f is a body force, i.e., a gravity loading term. For the fluid, we use a linearized slightly
compressible single-phase model. Let p, be a reference pressure, py > 0 the fluid phase
density, ps, > 0 a constant reference density relative to p,, and c; the fluid compressibility.
We consider the simplified case when py is a linear function of pressure:

pr=rpir(L+cslp—pr))- (2.4)

Next, let ¢* denote the fluid content (or reservoir fluid fraction) of the medium defined by
=1+ V- u),

where ¢ is the porosity of the medium. For a poroelastic material with small deformation,
" can be approximated by

1
Y =po+aV-u+ (2.5)

Mp’
where (g is the initial porosity and M a Biot constant. The velocity of the fluid v” in Q\ €
obeys Darcy’s Law:
1
ol = —’u—fK(Vp—pngn), (2.6)

where K is the absolute permeability tensor, assumed to be symmetric, bounded, uniformly
positive definite in space and constant in time, j1y > 0 is the constant fluid viscosity, g is the



gravitation constant, and 7 is a signed distance in the vertical direction, variable in space,
but constant in time. The fluid mass balance in Q \ € reads

;(PfSO*) + V- (ppo”) =g, (2.7)

where ¢ is a mass source or sink term taking into account injection into or extraction from
the reservoir. Let us neglect small quantities by means of the following approximations:

1 1
7 Fer—p)) ~ 57

pre(L+crp—pe))o” = prov® , pre(L4cp(p—pr))gV 0 = prrgVn.

1
cer(o+aVut op) 2o s pra(l+cp(p—po)a = ppeo,

Then by substituting (2.4), (2.5), and (2.6) into (2.7), and setting ¢ = %, we obtain
9/, 1 1 .
g ((M + cppo)p + aV - u) -V (WK(Vp —prrgV n)) =q. (2.8)

Thus the poro-elastic system we are considering for modeling the displacement w and pres-
sure p in 2\ € is governed by (2.1), (2.3) and (2.8).

2.2 Equation in C

For the moment, we assume that the fluid pressure p belongs at least to H'(Q); therefore
it has a well defined trace on €. We denote by V the surface gradient operator on C. It
is the tangential trace of the gradient, that is well defined for functions in H'(f2), cf. for
example [15]. The width of the fracture is represented by a non-negative function w defined
on C; it is the jump of the displacement w in the normal direction. Since the medium is
elastic and the energy is finite, w must be bounded and must vanish on the boundary of
the fracture. Then the volumetric flow rate Q on C satisfies
w3

Q=- 2 (Ve —prgVn),

and the conservation of mass in the fracture reads

0
a(ﬂfw) ==V (pfQ) +aqw — qr,

where gy is a known injection term into the fracture and ¢z is an unknown leakage term
from the fracture into the reservoir matrix that guarantees the conservation of mass in the

system. Then neglecting again small quantities and setting gy = %, qrL = %, we derive
the lubrication equation in C: 7
0 — w? — —
—w-—V- V pe — \% = Gw — qr.- 2.9
51 (35 ,Uf( Pe = pirgV ) = dw — dr (2.9)

In order to specify the relation between the displacement u of the medium and the width
w of the fracture, let us distinguish the two sides (or faces) of € by the superscripts + and
—; a specific choice must be selected but is arbitrary. To simplify the discussion, we use a



superscript x to denote either + or —. Let 2* denote the part of 2 adjacent to C* and let n*
denote the unit normal vector to € exterior to 2%, x = 4+, —. As the fracture is represented
by two geometrically coincident surfaces, the normal vectors are related by n~ = —n™.
For any function f defined in ©\ € that has a trace, let f* denote the trace of f on C*,
% = +, —. Then we define the jump of f on € in the direction of n* by

[fle=f"—f".
The width w is the jump of u -1~ on C:
w=—[u]e-nt. (2.10)

Therefore the only unknown in (2.9) is the leakage term §r..

Summarizing, the equations in 2\ € are (2.3) and (2.8), and the equation in € is (2.9); the
corresponding unknowns are w, p and ¢r. These equations are complemented in the next
section by interface, boundary and initial conditions.

2.3 Interface, boundary, and initial conditions

Let 73,1 < j < d—1, be a set of orthonormal tangent vectors on €*, x = +, —. The balance
of the normal traction vector and the conservation of mass yield the interface conditions on
each side (or face) of C:

(P (u,p))'n* = —pen* , * =+, —. (2.11)
Then the continuity of p through C yields
[0 (u, p)len” = 0.
Formula (2.11) also implies
o (u,p)n* -n* = —p. , P (u,p)n* - =0. (2.12)

With the above approximations, the conservation of mass at the interface is expressed as

/jf[K(Vp — pragV et = . (2.13)
General conditions on the exterior boundary 02 of €2 can be prescribed for the poro-elastic
system, but to simplify our analysis, we assume that the displacement u vanishes as well
as the flux K(Vp — psrgVn) - n. According to the above hypotheses on the energy and
medium, we assume that w is bounded in € and vanishes on JC. Finally, considering that
the time derivative in (2.8) acts on (57 + ¢y¢o)p + aV - u, we prescribe at initial time
(see [25]):

1 1
((M +crpo)p + aV - u) 0) = (M + crp0)po + aV - ug, (2.14)

where pg is measured and all other initial data are deduced from it: ug is the displacement
associated with pg by (2.3) at initial time, the trace of py on € is denoted by p?, and the
initial value of w is deduced from the normal jump of wg on €. Strictly speaking, the



pressure does not have sufficient regularity in time to define its initial value; therefore pg in
(2.14) cannot be related to p(0). However, for practical purposes, we shall assume that p is
sufficiently smooth, so that p(0) is indeed pg. Therefore the complete problem statement,
called Problem (Q), is:

Find w, p, and ¢y, satisfying (2.1), (2.3), (2.8) in 2\ € and (2.9) in €, for all time ¢ €]0,T7,
with the interface conditions (2.11) and (2.13) on € and initial condition (2.14):

—div e (u,p) = f in Q\ C,
oP"(u,p) =0o(u) —apl in Q\C,

%((ﬁ +Cf<p0)p+aV~u> -V (u—lfKV(p—pfmgn)) =g in Q\ C,

Sw-V- (%v(p — pfrgn)) = dw — qr, in €,
(Q) (a.por(u’p))* X = _p’(gn* , X = +7 — on Gv

KV (= prrgn)le-nt =Gy on €,
where w = —[u]e-n",
with the boundary conditions w =0, KV(p — psrgn)-n =0 on 09,

and the initial condition at time ¢t = 0,

((ﬁ + cppo)p + aV - U) (0) = (37 + ¢re0)po + V - uq.

2.4 Variational formulation

Here, we use a mixed formulation for the flow because it leads to locally conservative
schemes.

2.4.1 Spaces

We shall see below that the width function w acts as a weight on the flow velocity in the
fracture. For the practical applications we have in mind, w has the following properties
when d = 3; the statement easily extends to d = 2:

Hypothesis 2.1. The non-negative function w is H' in time and is smooth in space away
from the fracture’s front, i.e., the boundary 0C. It vanishes on 0C and in a neighborhood of
any point of 0C, w is asymptotically of the form:

w(z,y) ~ x%+€f(y), with small € > 0, (2.15)

where y is locally parallel to the fracture’s front, x is the distance to 0C, and f is smooth.

The spaces for our unknowns are described below. To simplify the notation, the spaces
related to C are written L%(@), H %(G), etc, although they are are defined in the interior of
C. Regarding «, it is convenient (but not fundamental) to introduce an auxiliary partition
of Q into two non-overlapping subdomains Q% and Q~ with Lipschitz interface I" containing
G, O* being adjacent to C*, x = 4+, —. The precise shape of I' is not important as long as



QT and Q are both Lipschitz. Let I'* = 9Q* \ I'. For any function f defined in Q, we
extend the star notation to Q* and set f* = fig«, x = +,—. Let W = HY(QT UQ™) with
norm

1
lollw = (o1l @) + 1™ 1) -

The space for the displacement is L>°(0,T; V'), where V a closed subspace of H'(Q\ €)%:
V ={veW’ [vlpe =00 =0,x=+ -}, (2.16)

with the norm of W¢:

N[

(2.17)

d
lwllv = (> llvilliv) -
i=1

As stated previously, the pressure p is essentially in H(£2) (see more precisely (2.26)), but to
set the problem in mixed form, we reduce the regularity of p and take p in L>(0,T; L%(Q)).
As the functions of L?(£2) have no trace, we introduce an additional variable p. in the space
L*0,T; H %(G)) that is treated as an unknown variable and is intended to represent the
pressure’s trace on C.

We associate with the pressure in 2\ € an auxiliary velocity z defined by

z=—KV(p—psrgn), (2.18)

and we associate with the pressure in €, a surface velocity ¢ defined by

Qi
¢ =—w2V(pe — psrgn). (2.19)
The space for the reservoir matrix velocity is L?(0,T; Z), where
Z={qc Hdiv;Q"uQ);[qg]-n" =0 onT\C ¢q-n=0 ondN}, (2.20)

normed by
1
lallz = (llallzrivor) + el @vo-)) - (2.21)

Strictly speaking, in (2.20) we should write [q-n'] =0 on I' \ €. However, since n* does
not jump, we abuse the notation and write it as [q] - n™ = 0. Let ng« be the unit normal
to 00*, exterior to Q*. The trace properties of H(div;*) imply that q - no« belongs to
H _%(OQ*) which is defined globally (see for example [15]). However, as q - n vanishes on
99, following the work of Galvis and Sarkis in [10], we can prove first that the jump [q]-n™
belongs to H _%(F), and since it vanishes on I\ C' then it is well-defined in H _%(G) with
continuous dependence on ||q||z. Therefore Z is a closed subspace of H(div; QT UQ™) and
of H(div;Q\ ©).

The space for the velocity in the fracture is L2(0,T; Z¢), where

Zeo={q. € L*©)""; V- (w2q,) e H2(€)}, (2.22)

equipped with the graph norm

N

= 3
9.z = (el + 17 (wiaol? y ) (223)



This space is closely related to the pressure’s space in the fracture introduced in [17]):

HL(C) ={z € H2(C); w2V z € L2(Q)* '}, (2.24)
equipped with the norm
3— 1
Iellmsier = (1212, ) + 0t T 2lace) (2.25)
so that p belongs to
Q={q€ H'(Q); qle € Hy(©)}. (2.26)

Remark 2.1. Strictly speaking, the space Ze does not correspond to a standard m}xed
space for the velocity in the fracture since the divergence of its functions is in H™2(C)
instead of L?(C). We cannot prescribe this last regularity because the leakage term gy, is
not a data: it is the jump in the normal fluxes, which in general cannot be expected to be in
L?(€). Thus the pressure p, in the fracture must be taken in H %(G) This extra regularity
will be relaxed in the numerical applications because the discrete jump in the normal fluxes
is always in L2(C). O

Recall the properties of H} (€) established in [17]:

Theorem 2.1. Under Hypothesis 2.1, H.(C) is a separable Hilbert space, W1 (C) is dense
in HL(C), and the following Green formula holds for all 0 in HL(C) such that V - (w3V 6)

belongs to H_%(G):

3 3
2 2

YA€ HL (@), (V- (wV ), e :/w V- w2V (2.27)

e

The notation (-,-)e stands for a duality pairing on €. With this result, we can prove that
Z ¢ has the following properties.

Proposition 2.1. Let w belong to L>°(C). Then Z¢ is a separable Hilbert space. Moreover,
if w satisfies Hypothesis 2.1, the following Green formula holds for all 0. in H}(@):

— 3

Vg. € Ze, —/w V. q.= {0,V (wzq,))e. (2.28)
(¢

Proof. To show that Ze is a Hilbert space, it suffices to prove that it is complete. Let
(zn)n>1 be a Cauchy sequence of functions in Ze. Then there exists a function z in

L*(€)4! and a function v € H_%(G) such that

le z, =z in L2(@)%4T | le V- (w%zn) =0 in H*%(G).

In order to prove that v =V - (w%z), we take any ¢ in Hg(€). Then

3

(V- (w20, ) = —/ewizn Ty —/ezn (WiT ).

10



Passing to the limit in the first and last term, we obtain
i = 3
©pte == [ = WITe) = (T (wiz). p)e
e

whence v = V - (w%z).
Proving the separability of Ze is fairly classical. Let E = L?(C)4~! x H_%(C') normed by

N|=

v = (vi,v2)|lE = (Hvl”%z(e) + HUQHH’%(G)) ,

and let ® be the mapping: Ze — F defined by
Vz € Ze, B(z) = (2,V - (w?2)).

Then @ is an isometry and the argument of the completeness proof above yields that the
range of &, R(®P), is closed in E. Since F is separable, so is R(®). Then the separability of
Z e follows from the fact that it is isometrically isomorphic to R(®).

To prove Green’s formula (2.28), we use the density of Wh°°(€C) into H](C) stated in
Theorem 2.1: Let (py,)n>1 be a sequence of functions of W1°(€) that tend to 6. in H.(C).
Then

¢ e C

N|w

)'qc'

Since w%pn belongs to Hi(€), we can write

=/, 3 3 = 3=
- ¢ V(U)Qpn) "q. = <w2pn7 V- qc>€ = <pn7w2v : qc>€'
Hence
3= 3= =, 3 = , 3
_/GwQVPn e = <pnaw2V "q.+ V(UJ?) : qc>e = <pn7v : (MQQC)>@a
and (2.28) follows by letting n tend to infinity in the first and last term above. O

Finally, in view of the jump and boundary conditions of Problem (Q), we see that z must
satisfy the essential jump condition:

1

—[z]e-n" = —qr, on C. (2.29)
Kf

Consequently, the leakage term is in L2(0,7T; H —3 (€)) and can be eliminated by substituting
(2.29) into the lubrication equation (2.9).

2.4.2 Mixed formulation

To simplify, we denote the scalar products in space by parentheses; if the domain of inte-
gration is not indicated, then it is understood that the integrals are taken over QU Q™.
The mixed variational formulation of Problem (Q) reads: For given f € L2((Q\€)x]0,T[)?,

11



G € L2(Qx]0,T[), and Gy € L2(0,T; H=2(C)), find u € L=(0,T; V), p € L=(0,T; L%(Q)),
De € LQ(O,T;H%(G)), 2 € L*0,T;Z), and ¢ € L*(0,T; Z¢) such that

Yo eV, 2G(e(u),e(v)) + A(V-u,V-v) —a(p,V-v) + (pe, [v]e - n") . = (f,v), (2.30)

V0 € L*(2), (;((1\14 +ep0)p+aV u),0) + /jf(v +2,0) = (4,9), (2:31)

e HA(E), ~(rlule-nt 0e + o (70010 b~ lele mt e
= (Gw,bc)e,

Vge Z, (K 'z,q) = (p,V-q) — (pe: [dle - n e+ (V(psran). q), (2.33)

ch € Z@, (Can)@ = <p67v' (w%QC»@ + w%v(pf,rgn)’qc)ea (2‘34)

subject to the initial condition (2.14):

1 1
(7 + cfapo)p—l— aV-u)(0) = (7 + wao)po + aV - ug.
M M

From the assumptions on the data and the choice of spaces for the solution we infer that

0,1 0 _1
5 (37 Tervolp+aV u) € L*((2\€)x]0,TY) , 5 ([ule-n™) € L*(0,T; H™2(€)). (2.35)
Thus, the first part of (2.35) implies that the initial condition (2.14) is meaningful.

We have the following equivalence result.

Theorem 2.2. Let f € L2((Q\€)x]0,T[)?, G € L2(2x]0,T|), Gw € L*(0,T; H™2(C)), and
assume Hypothesis 2.1 holds. Suppose that Problem (Q)) has a solution with the following
regularity: p € L*°(0,T;Q), u € L=(0,T;V), 4., € L*(0,T; Hié(e)), and such that (2.35)
holds. Then by defining z and ¢ through (2.18) and (2.19) respectively, and by setting p.
the trace of p on C, this solution also satisfies (2.30)-(2.34) and (2.14). Conversely, any
solution of the mized formulation (2.30)—(2.34) and (2.14) with w and Gr, defined respectively
by (2.10) and (2.29), also solves Problem (Q).

Proof. Consider first the flow equations in (Q). We set p. = p|le and we have in particular
pe € L*(0,T; HL(C)). From the assumptions on the time derivative of p and w and the
regularity of ¢, we infer from the definition (2.18) of z and the third line of (Q) that z
belongs to H(div;Q\ €), and thus z € L?(0,T; Z), owing to the boundary conditions in the
next to last line of (Q). Then the third line of (Q) gives (2.31). Similarly, the definition of
w and the assumption (2.35) on its time derivative, the assumption on gy and Gy, and its
formula (2.29), and the fourth and seventh lines of (Q) imply that V - (w®V p.) belongs to
L?(0,T; H_%(G)) Then we infer from the trace space H. (C) for p on € and the definition
(2.19) of ¢ that ¢ belongs to L?(0,T; Z¢) and the fourth, sixth, and seventh lines of (Q)
yield (2.32). Next, we turn to the elasticity equation. The assumptions on f, uw and p imply
that each row of aP°"(u,p) belongs to L(0,T; H(div; Q*)), thus implying that the normal
trace of oP°"(u,p) on 9N* is well defined, x = +, —. Thus we can take the scalar product
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of the first line of (Q) with v in V, apply Green’s formula in Q*, see for instance [15],
and it remains to recover the boundary term in (2.30). We know that the normal trace of
oP°"(u,p) is continuous through I' \ €. More precisely, each row of oP°"(u,p) belongs to
L?(0,T; Vgiy), where

Vaiv = {’U S LQ(Q)d; V-ve Lz(Q*)v* =+, [U]F\C n’ = 0}

Hence the fifth line of (Q) is meaningful. Furthermore, since p. belongs to L?(0,T; H 3 (),
the product p.m is in L?(0,T; L"(C)?) for any real r > 1 when d = 2 and r € [1,4] when
d = 3. Therefore aP°"(u, p)n|e belongs to L2(0,T; L"(C)?), and consequently the boundary
term in (2.30) reduces to an integral on €, as v vanishes on I'*. This justifies the derivation
of (2.30). Finally, we consider the velocity equations. An application of the usual Green
formula in (2.18) yields (2.33), and (2.34) follows from (2.19) and (2.28).
Conversely, consider a solution of (2.30)-(2.34) starting from (2.14). By choosing g €
D(Q*)?% in (2.33), * = +, —, we obtain

z = _Kv(p - pf,rgn) in Q*a * = +a ) (236)

which implies that p belongs to H'(Q*). Next, by taking the scalar product of (2.36) with
q € H}(2)? and applying the usual Green formula, we derive

Vg € Hy(Q), (K~ 'z,q) = (n,V - q) - /F[P}rq "+ (Vipgrgn), @)- (2.37)

Then comparing with (2.33), we infer that
vg e HY(Q), /[p]pq nt =0,
r
whence [p]r = 0, therefore p € H'(2) and (2.37) reduces to

Vg € Hy ()%, (K™'2,q) = —(V(p = psrgn), ),
thus implying (2.18). Then, by substituting (2.18) into (2.31), we recover the third line of
(Q). Next, by taking the scalar product of (2.36) with ¢ € H'(Q*)¢, x = 4+,— , g =0 on
09, applying Green’s formula and comparing with (2.33), we obtain:

/ezf)[q]e'n+ = /epc[Q]e‘W-

Hence p. = ple. Now, from (2.30), we derive as above the first two lines of (Q) in Q*.
The essential homogeneous Dirichlet boundary condition is included in the space V. To
recover the interface condition, take the scalar product of this first line with v € V such that
v~ = 0, v sufficiently smooth in 2T, not zero on €, and apply Green’s formula. Comparing
with (2.30), this gives

(0P (ut, pnt,vt)e = — / pent vt
cC

With the same argument in 27, we recover on one hand the fifth line of (Q) and on the
other hand the first two lines in Q \ C. Finally, we define ¢;, by (2.13) and w by (2.10).
Then (2.34) yields (2.19) in the sense of distributions on € and (2.32) implies the fourth
line of (Q). O

In the sequel, we suppose that the assumptions of Theorem 2.2 hold.
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3 Stability and existence of the mixed formulation’s solution

From now on we restrict our study to a linearized version of the mixed problem where
the factor w2 in (2.32) and (2.34) is assumed to be known. This would be the case in a
time-stepping algorithm, where w is taken at the previous time step.

The geometrical setting is the one described in Section 2. The estimates derived in this
section are a priori in the sense that they are obtained under the assumption that the mixed
problem has a solution.

3.1 A first set of a priori estimates

We derive here a set of a priori estimates under basic regularity assumptions on the solution.
Albeit basic, these estimates cannot be derived without an inf-sup condition on the pressure
pe in the fracture.

3.1.1 An inf-sup condition for p,

Lemma 3.1. There exists a constant 8 > 0 such that

1 <pc’ [Q]G : ’I’L+>e
Vp. € H2(C), sup ———————= > B||pel| 1, .. 3.1
pe€ HE(@), sup Pt o ol 3 e (31)
Proof. By duality we write:
_ <pcag>@

ser-3 e 191 e

and the proof relies on relating g to a suitable function g in Z. We proceed in two steps.
1) We propose to extend g by zero to Q1. For this, let E(g) be defined by

Vo € H2(091), (B(9), 9)an+ = (9, 9)e-

Then
(E@), 2o < 19l 1913 ) = 190530 1903 o

Thus E(g) € H™2(9Q+) and

IE@ -3 ey < M9l -3 e

1

Moreover, for all ¢ € H%((?Q*) that vanish on € (ie. ¢ € HZ(0Q" \ €), we have
1

(E(9), p)oa+ = 0. This means that E(g) = 0 on 90+ \ €. Finally, for all ¢ € Hg)(C),

we have
(E(9); p)e = (E(9), ploat+ = (9: P)e-
Hence E(g) is the desired extension.
2) As E(g) belongs to H2(dQ"), there exists gq* in H(div;QT) such that (see for in-
stance [15])
qg"-n" =FE(g) ondQ,
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and, with a constant C that depends only on Q" and @

HqJFHH(div;Q*) = C”E(Q)HH-%(am) & CHgHH‘%(C)'

Furthermore
g"-nt =0 ondQt\C.

Now, we choose g~ =0 in Q7. Then q is in Z,

lg) n"=g on€,

and
lallz < Cllgl,,y o (32)
Thus
c E CH -nt CH -nt
HchH% . _ sup <p y (g)>@ _ sup <p [Q]@ n )@ < C'sup <p [Q]@ n >€7
© et 19t ente 19a-1e ez ldlz
and this yields (3.1), with 8 = 2. O

Note that the bilinear form (p., [g]e - n" )¢ is continuous on the product space H %((‘3) x Z.
We associate with this form the operator B and its dual operator B’ defined by

1
‘v’q € Zanc € H> (G) 3 <B qapc> = <pca [Q]G : n+>€ = <an/pc>'
The kernel of B in Z is the space
Hy(div; Q) = {q € H(div;Q2); g-n =0 on 90Q}.

Indeed, B g = 0 is equivalent to [g]e - n™ = 0, which means that q - n* does not jump on
C. Then the inf-sup condition (3.1) has the following consequence.

Corollary 3.1. Let z € Z and p € L*(Q) be such that
Vg € Ho(div;Q), (p,V - q) — (K '2,q) + (V(psrgn),q) = 0. (3.3)

Then there exists a unique p. in H%(G) such that pe, p, and z satisfy (2.33) and

1 1 _
Ipely3 ey < 5 ((PlEag0) + osrgmlione)® + 1K 2l @) ) (3.4)

where B is the constant of (3.1).

Proof. Tt stems from (3.1) and the Babuska-Brezzi’s theory (see for instance [2], [6] or [15])
that the mapping B’ is an isomorphism from H %(G) onto the subspace of Z':

{t € Z'; Yw € Hy(div; Q) , (£, w) = 0}.
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Now, for given z € Z and p € L?(Q) satisfying (3.3), let £ denote the mapping

Vge Z, (£,q)=(p,V-q) — (K 'z.q)+ (V(psrgn). q)-

Clearly, £ belongs to Z' and by assumption £ vanishes on Hy(div;2). Therefore there exists
a unique p. in H 3 (€) such that

Vg€ Z, (B'pc,q) = (£,q),
ie.
(pe [ale - nFhe = (0, V- q) — (K~'2,.q) + (V(psr9m): ),
and the estimate (3.4) follows easily from this and (3.1). O

3.1.2 Stability estimates

As specified at the beginning of this section, we assume that the mixed problem has a
sufficiently smooth solution p, u, p., z, and (; its precise regularity will be stated further
on. A preliminary stability equality is derived by testing (2.31) with 8 = p, (2.30) with
v = 4/, (2.32) with 6. = p., (2.33) with ¢ = z and (2.34) with q, = ¢. Recall that
scalar products in space are denoted by parentheses and if the domain of integration is not
indicated, then it is understood that the integrals are taken over QT UQ~. Thus we obtain
the five equalities:

(5 r0) (1) gy + oV -2 (1), p(1)) + (9 2(0),5(0) = @0, p(0), (35)

G%HE(U(WH%?(Q\@) + %%HV ~u(t)|[ T2 ey — @), V- (1) + (pe(t), [W' (B)]e - nF)e

= (£(1), ¥ (1)),

, 1 — 3 1
(O )+ g (7 RO — (e nT e
= (@ (1), pe(t)e,
;HK‘%z@)H%m\e) - :foo(t), Vox(t) - /jf<[z<t>]e nt pe(t))e + :fw(pf,rgn), 2(1)).
mlﬂfrawuiz(e) - 121M<v- (wh(B)C(0)), pe()e + mluf(w%)wﬂf,rgn), ),

The second equation is problematic because we have no information on the time derivative
of u that appears in its right-hand side. Therefore, supposing f is differentiable in time,
we write

(F(1),u'(t) = %(f(t),U(t)) = (£7(), u(®)),

and use instead

G @O e, + 5 IV Oy — ap(E), V(1)) + (pele), [ (B - e

(3.7)
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In addition, for the sake of convenience, we rewrite the last two equations as

1 _1 1 1
32Ol ey — o, 00,V 20) + (=0 - pelt)e -

- :f (V(o1rgm), 2(1)),

T €O — 13, (7 - @R OCO) pee = 15 (B OF (o10m. €0 (39

When adding the five equations (3.5) through (3.9), we find the following stability equality

1,1 d d Ad
§(M —l—Cf(,Oo)%Hp( )HLQ )+G HE( ( ))HL2 (Q\€) +35 2 dt”v u( )||L2 (Q\¢)

1 1 ~ d '
KOl + @Hca)\me) = (i), p(0)) + 5 (F(0) w(t)) — (1), ()

@0 peNe + 1 (Tlogrom), =(0) + 1, (w3 (OF(pgr0m). 1) -

(3.10)

Corollary 3.1 will be used to control the pressure p. in the fracture; it appears in the fourth

term of the right-hand side of (3.10), but cannot be absorbed by any term of the left-hand
side.

Theorem 3.1. Let the data satisfy f € H'(0,T;L*(Q\ C)%), ¢ € L*(2x]0,T]), gw €
L?(0,T; Hfé(e)), and suppose that w verifies Hypothesis 2.1 and py.gn is independent of
time and belongs both to HY(Q\ €) and H*(@). Ifp € H'(0,T; L*(2)), w € H'(0,T; HY(Q\
), pe € LQ(O,T;H%(G)), z € L*0,T;Z) and ¢ € L*(0,T;Z¢) is a solution of the
mized problem (2.30)—(2.34) and (2.14), then it satisfies the following a priori bound almost
everywhere in |0, T[:

1 1 1
(M +c500) [p(0)172(0) + Glle(@t) 72y + MV - w®)[Z2\e) + /TfHK 22)| 72 (o) xj0.0)

1 1
T ||CHL2 @xjog) < C[( + ¢100) [1P(0) 1720y + Glle(@(O)172(0n¢) + AV - w(0)l[72 (o)

+ [[u(0 )HL?(Q\G) +[1£(0 )||L2 e t ||‘I||L2( @e)xjo) t ||fHH1(0tL2(Q\G + ||C]W||2

2(0,t;H 2 (€))
é
+ toregnlinee + 13, H 2 (pf,rgn)!\%2<ex]o,t[>]exp(t),
(3.11)
V2 1
HPCHLQ(OJ;HQ 5 <”P||L2 @xjoa) T K 2l72qve g0 + Horrgnlin Q\G)) , (312)

with the constant B of (3.1) and a constant C' that depends on c, HKfé |l oo (6 HK% | oo (0\6)>
1/(5 +cre0), 1/py, but is independent of t.
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Proof. Deriving a bound from the stability equality (3.10) and the pressure bound (3.4) is
straightforward. Of course (3.12) is an immediate consequence of (3.4), and it suffices to
derive (3.11). We integrate (3.10) over |0,t[, ¢ > 0 and bound the terms in the right-hand
side with positive constants d; that will be adjusted at the end. The first term is bounded
by

1 1

t
G(t), p(t B) +c + ———— ||| .
’/0 (q(t),p(t)) ) ( 1( 120) 1172 xj0.p L +Cf(poHq”L2((Q\C’)><]O,t[))

For the second term, we use Poincaré’s and Korn’s inequalities (1.3) and (1.4):

td 1 11
| /0 GO0 < 5 (ECle@®) 20605 GIF 206 HuO) Foone HIF O 2one) )

where C' is the product of the constants in (1.3) and (1.4). Similarly, the third term has
the bound

t
1 ) ,11
| [ 00| < 5 (8G1e@Ix@ennn + 5 g1 @)

For the fourth term, applying (3.4), we write

- 1, . 1 _1 _1
(Gw @), pe®))e| < Zllaw @1 o ((PONF20)Herrgnlin@e) ? HIE 2 lze@e) 1K 22 2 @0
B H™2(C) () (2\C)

54 1 65 _1
< g(ﬂ +cpo0) (IPO172(0) + lorranlinoe)) + %HK 22(t)1 7200
1 /1 1 ﬂ —1.9 ~ 2
R el L A [ LG
Hence
‘ QW )> Pe(t ‘ < E(M +Cf800)(||p“L2(Q><]0,t[) +tlorrgnlinae))
_1 1 1 1
s K 22l e + 552 (5 T age 5 1K i) 1001 - oy
The fifth term has the bound
t1 1 &g 1 t 1
= (V(psr ,t‘<f—K“ K32 . .
| (Tornan) 20)] < 5 2l g o 5 I e o onlinane
Finally, we have for the last term
3 § 2
‘ 12,Uf w2 )V (psrgn)¢ ‘_ 251; €172 exqo.p + ” 2V (prrgmIze(exjo.n:

With a suitable choice of positive parameters §;, 1 < ¢ < 7, all terms in the above right-hand
sides that involve the solution can be absorbed by the corresponding terms in the left-hand
side of (3.10). This yields (3.11). In view of Corollary 3.1, (3.12) is immediate. O
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3.2 Additional a priori estimates

Theorem 3.1 gives no information on the divergence of z or on the surface divergence of w%C
on C. As is usual, a bound for these quantities requires an estimate on the time derivative
of p and u, and this will also yield a bound for the leakage term qy,.

In order to estimate these time derivatives, we test (2.31) with p’ and (2.32) with p., then
we differentiate (2.30), (2.33), and (2.34) in time, and test them respectively with u’, z,
and ¢. By summing these five equations we obtain

1 1 d 1
(M +e500) [0 ()1 720y + 2Ge(@ (D) [72(0ne) + AV - (@' (D) [[72(00¢) + %%HK_iz(t)”%?(Q\G)
1 d 1 — 3., 1 3., =
+ m@”dﬂ”%%e) - %@c(t),v (w2)"(1)¢(t)))e — TW((U”) &)V (prrgn): C(t))e

= (q(1),P' (1)) + (f' (1), w'(t)) — (@ (1), pe(t))e + %<QW(t)7pc(t)>Ca
(3.13)

where we have passed the time derivative to the first factor in (Gw (¢), p.(t))e. The term
involving the time derivative of w3 is written as follows:

—~
wlw
S~—
<
(SIS
Nlw
Nlw

)/

(w

) (¢(t) = ()Y - (w:

(W) +wi ) - V(5-0),  (3.14)

Njw

w

3 !
and the factor @ is controlled via the following assumption, that complements Hypothesis
w?2
2.1.

Hypothesis 3.1. The width function is the product of two positive functions
V(@,t) € Cx]0,T[, w(®,t) = p(z)(t), (3.15)

and there exists a constant C' such that

vt € 0,71, @'((f))\ <c (3.16)

Under this assumption, we have sharper a priori estimates. To simplify, we do not specify
the constant below.

Theorem 3.2. We retain the assumptions of Theorem 3.1 and in addition, we suppose
that w satisfies Hypothesis 3.1, the data satisfy gw € H'(0,T; H_%(G)), 2(0) € L2(2\ )4,
¢(0) € L2(C)¥1, and p.(0) € H%(G) Then this solution satisfies the following a priori
bound almost everywhere in ]0,T:

1
(M+Cf800) ”P/||i2(gx}o,t[) + 2G||€(u,)||2L2((Q\e)x]o,t[) T AV (u/)”%Q((Q\@)X}QtD

1 1 2 1 2 ~ ~
+ %HK 22(0)172(\e) + m”C(t)HLQ(G) <C(K, f,q,qw,p(0),pc(0), 2(0),¢(0), prrgn,t).
(3.17)
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Proof. Owing to the decomposition (3.15), we have

)y~ A0
w3 Vi)

that does not depend on x. Consequently, on one hand, the product of this factor with p,
belongs to H3 (€), and on the other hand, the second term in (3.14) vanishes. Hence, after
an application of (3.16), (3.13) implies

1

1 d . 1
(MJFCJ“PO)HP( )72y +2Gle (') (¢ )H%%Q\@)JF)\HV'(UIW)||%2 Q\e)+ ”K 272\

i IO e < 15,00, T OCONel+ e (0F (pf,rgmup ©IEO ey
d

+Hf1(t)HL2<Q\e)\\p’(t)\\Lz(Q)+!!f’(t)HL2(Q\e)HU'(t)HL2<Q\e>+Hd’ Ol -3 o 1P 3 )+ 5 40w (B, pe())e

6
Z (3.18)

Indeed,

|

(0 wh 0c)el = pe(t),

(w

I\J\C&'

(pe(0), (V-

(NI
<

w

Regarding T, we immediately derive from (3.9) that

(OCH)el < 15 (||c< Mz +uw%(tmpf,rgn)|\L2<e)||c<t>up<e))

2
< 1o (CICOI + FICOE e + 55 10 OF o ) )
The bounds for T;, 2 < ¢ < 5, are straightforward, with positive constants d;, 2 < j < 5:

Ta < g (RGO + SR OT (gl
1 1

SR
71 < 5 (260 w) O3, + 5651 O

1 2 ~ 9
< — —
T5 < 5 (55Hpc( i 55 HqW(t)llH,%(e))

H3(©)

1 1 -
Ty < 5 (ds(57 + erv0) 1P D13y + 180 2 ene) )

We shall bound Ty after an integration over |0, ¢[:

[ S@s)pohe] < [(aw0pone] + ] aw o) pelone

< aw (Ol -y IOl g + 1w Oy o POy
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For the first term, we use formula (3.4) at time ¢. Thus

1

- _1 1 _1 -
law O3 o PO 1o < 5 (961K 220172 0\0)F 525 1K 2 [ Zoey law (D2
H™2() HZ(€) — 2 (£2\€) 568 H™2(C)

+5(5 Up0 a0y + lorrgmline) + 5 5law @7y )

Finally, we substitute the bounds for 7;, 1 < i < 5, into (3.18), we integrate on time over
10,t[, and we substitute the bound for 7. A suitable choice of constants d;, i = 3,4, 6 allows
to absorb the terms involving w/, p/, and z into the left-hand side of (3.18). This yields
(3.17), considering that all other terms are either data or terms that have been bounded by
Theorem 3.1. O

The next corollary complements the bounds on z and ¢ of Theorem 3.2.

Corollary 3.2. Under the assumptions of Theorem 3.2, we have

1 -
V-2l 2 \e)xjo,7]) < Ky [(MJFCWO) ||P/HL2((Q\e)x]o,T[)+Oé||V'U/||L2((Q\e)x]o,T[)+\|Q||L2((Q\e)x]o,TD} ,

(3.19)
= , 3 C .
V- (w2C)HL2(O,T;H’%(G)) < 124y [C”U/HLQ(O,T;Z) + leHzHLQ(O,T;Z) + HQW”LQ(O’T;H%(G))]v
(3.20)
where C' is the constant of the trace inequality
mt
va ez, llae nl, ) < Clalz (3.21)

Proof. Formula (3.19) follows directly from (2.31), and (3.20) follows from (2.32) and (3.21).
O

Remark 3.1. The bounds (3.21) and (3.19) lead to an immediate a priori estimate for the
leakage term:

Gzl [z]e - nT|

1
L20,T;H-5 @) le I L2(0,T;H- % (@)

1 -
< CllzllL2\e)xjo,p + (M + cre0) 101 L2(aveyxqorp + @llV - ol 2ve)xjory + Nl ze\e)xjorp |-
(3.22)

O]

The assumption 3.1 on the fracture width’s growth in time is restrictive because it does
not allow the fracture to propagate. It is a sufficient condition but we do not know if it is
necessary.
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3.3 Existence and uniqueness of solutions

The above estimates show that if problem (2.30)—(2.34) and (2.14) has a solution with the
regularity stated in Theorem 3.2, then this solution is unique.

Regarding existence, rather than directly constructing a solution for the mixed formulation,
let us use known existence results for Problem (Q) and the equivalence theorem 2.2, even
though the assumptions may not be optimal. For instance, if f € H?(0,T;L*(Q\ €)%),
g € L*(2x]0,T)), gw € HY0,T;L*(@)), po € Q, and w satisfies Hypotheses 2.1 and
3.1, then the solution of problem (Q) satisfies p € H(0,7;L%*(Q \ €)) N L>(0,T;Q),
u e HY(0,T;V), g, € L*(0,T; H.(€)") and is unique in these spaces, see [16]. Once this is
known, additional regularity can be derived from the equations of Problem (Q). In partic-
ular, with the definition (2.18) of z, the third line of (Q) implies that z is in L%(0,T; Z).
In view of the sixth line of (Q), this means that ¢z, belongs to L?(0, T’; H_%(G)) Then the
fourth and seventh lines of (Q), and the definition (2.19) of ¢ imply that ¢ is in L?(0,T; Ze).
Hence we are in the setting of Theorem 2.2, which yields existence of a solution of (2.30)—
(2.34), (2.14), (2.10), and (2.29) with the above regularity. This is summarized in the next
theorem.

Theorem 3.3. Let the data f, §, Gw and py be respectively given in H2(0,T; L?(22\ €)9),
L3(2x]0,T]), HY(0,T; L*(C)), and Q, and let w satisfies Hypotheses 2.1 and 3.1. Then
the mized problem (2.30)—(2.34), (2.14), (2.10), and (2.29) has one and only one solu-
tion p, w, 4r, z, and ¢ respectively in H'(0,T;L*(2\ €)) N L>(0,T;Q), H*(0,T;V),
L2(0,T; H"2(C)), L2(0,T; Z), and L2(0,T; Z¢).

4 Discretization

In this section, we study a space—time discretization of the linearized mixed problem (2.30)—
(2.34) and (2.14), with a backward Euler scheme in time and finite elements in space that
are conforming for the displacement w and velocity variables z and ¢. In order to avoid
handling curved elements or approximating curved surfaces, we assume that both 9 and
the fracture € are polygonal or polyhedral surfaces.

4.1 General discrete spaces

Let T}, be a regular family of conforming triangulation of 2, made of triangles or quadrilat-
erals in 2D and tetrahedra or hexahedra in 3D. To simplify, we assume that 7T}, triangulates
QT and Q7, i.e. € does not cross the elements of T,.

Let N > 1 be a fixed integer, At = T'/N the time step, and t; = iAt, 0 < i < N, the
discrete time points.

In each element, if the element is a simplex, the functions are approximated by polynomials
Py, of total degree k, and if the element is a quadrilateral or hexahedon, the functions are
approximated by images of tensor product polynomials @ of degree k in each variable.
The displacement, velocity and pressure finite element spaces on any physical element F
are defined, respectively, via the vector transformation

oL A 1
v&rviv=voF,,
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via the Piola transformation
1
2z 2:2=—DFgzoF.', (4.1)
JE

and via the scalar transformation
wHw:w:woFb?l,

where Fr denotes a mapping from the reference element E, unit square or cube according
to the dimension, to the physical element F, DFg is the Jacobian of Fg, and Jg is its
determinant. The advantage of the Piola transformation is that it preserves the divergence
and the normal components of the velocity vectors on the sides or faces [15, Ch.I11,4.4] in
the following sense:

A

(V-v,w)p=(V-0,0); and (v-ne,w)e = (V- Mg, W)e. (4.2)

This is used in constructing the H (div;2)-conforming velocity space Z}, defined below. On
T}y, the finite element spaces V', for the displacement uy, Zj for the velocity zp, and Qp
for the pressure p; are given by

Vh:{vEV;'v|E:f)oF’l, beV(E), VEE‘Ih},
1 ~

Z), = {zEZ; 2l = —DFwz o Fy', 2 € Z(E), VEECFh}, (4.3)
E

Qn="{a € LX) dp=doF5', i€ QE), VEET,},

where V(E’), VA (E) and Q(E) are suitable finite element spaces on the reference element E.
In particular, we suppose that Z (E) and Q(E) are compatible pairs such as the Raviart-
Thomas pairs of elements on simplices or enhanced BDM pairs of elements on quadrilaterals
and hexahedra. The enhanced BDM pairs are used on quadrilaterals and hexahedra as
described in Section 4.3.

By definition, the functions of Vj, and Z}, are conforming in V' and Z respectively. More-
over, we assume that the conformity holds also on the boundary of C, i.e., the functions of
Vi, as well as the normal components of functions of Zj have no jump on 9C.

4.2 Discretization in the fracture

Let Cp denote the trace of T on €. Since € is assumed to be polygonal or polyhedral, we
can map each line segment or plane face of € onto a segment in the z; line (when d = 2)
or a polygon in the x1 — z9 plane (when d = 3) by a rigid-body motion that preserves
both surface gradient and divergence, maps the normal n* into a unit vector along w3, for
exemple —es, and whose Jacobian is one. After this change in variable, all operations on
this line segment or plane face can be treated as the same operations on the x; axis or
x1 — 22 plane. To simplify, we do not use a particular notation for this change in variable,
and work as if the line segments or plane faces of C lie on the x; line or x1 — x2 plane. Let
8;, 1 <1 < I, denote the line segments or plane faces of €; to simplify, we drop the index .
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Again, to simplify the analysis, we take the trace of Tj, on 8, say Tsj as partition of 8. Let
e denote a generic element of Tg 3, with reference element €, and let the scalar and Piola
transforms be defined by the same formula as above, but with respect to e instead of FE.
Then we define the finite element spaces on € by:

Zep={meZe; pls, € Zs,p, 1 <i <1},

4.4
Oc, ={q € L*€); qls, € Os;p, 1 <i < I}, (449

with
Zsy = {H €Ze; ple <> o, r€ Ze(é), Vee TS,h} ,

Osp = {0 € L3(©); dle 4, G € Oe(e), Ve Tz},

where Z¢(é) and O¢(é) are finite element spaces on the reference element é. Again, we as-
sume that they are compatible pairs like the Raviart-Thomas pairs on triangles or enhanced
BDM pairs on quadrlaterals. This implies that the functions g, of Zgj belong globally to

H(div; 8)NL>=(8)4~!. By expanding V- (w%qc’h) and using the assumption (2.15) on w, we
easily derive that V - (w%qqh) belongs to L?(8). This allows to take the discrete pressure
pen in L?(C) instead of H%(G)

4.3 Elements on convex quadrilaterals and hexahedra

In the case of convex quadrilaterals, E is the unit square with vertices #1 = (0,0)7, Py =
(1,007, #3 = (1,1)7, and #4 = (0,1)7. Denote by 7;, 1 < i < 4, the corresponding vertices
of E. In this case, Fg is the bilinear mapping given as

Fg(2,9) =rm(1 = 2)(1 = 9) + r22(1 — 9) + r32g + r4(1 — 2)3;
the space for the displacement is
V(E) = Qi(E)?,

and the space for the flow is the lowest order BDM; [7] space

Z(E) = Pi(E)* 4 r curl(@%)) + s curl(2j?) , Q(E) = Py(E),

where r and s are real constants.

In the case of hexahedra, F is the unit cube but the element F can have non-planar faces.
The vertices of F are 7, = (0,0,0)7, 7o = (1,0,0)7, #3 = (1,1,0)7, #, = (0,1,0)7,
75 = (0,0,1)7, 76 = (1,0,1)7, #7 = (1,1,1)7, and #3 = (0,1,1)7. Denote by r; =
(w4, 95, 2)7,1 < i <8, the eight corresponding vertices of E. In this case Fig is a trilinear
mapping given by

Fin(a,§,2) =ri(1— #)(1 = §)(1 = 2) + rai(1 — §)(1 = 2) + raig(1 — 2) + ra(1 — 2)§(1 - 2)
+r5(1—2)1—9)2+rex(l —9)2 + rr2yz + rs(l — )92z,
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the space for the displacement is defined by
V(E)=Qi(E),
the space for the flow is an enhanced BDDF; spaces [18]:

Z(E) = BDDF(E) + sycurl(0,0,#22)T + szcurl(0,0, 2%92)T + tycurl(i92,0,0)T
+ tgeurl(2922,0,0)T + wocurl(0, 522, 0)T + wseurl(0, £322,0)7, (4.5)

Q(E) = Ry(E),

~

where the BDDF (E) space is defined as [8]:

BDDF,(E) = P1(E)? + spcurl(0,0,292)" + sycurl(0,0, 29*)7 + tocurl(i32,0,0)”
+ ticurl(§22,0,0)T + wocurl(0, £92,0)T + wicurl(0, #%2,0)7.

In the above equations, s;,t;, w;, 0 < ¢ < 3, are real constants. In all cases the degrees of
freedom (DOF) for the displacements are chosen as Lagrangian nodal point values. The
velocity DOF are chosen to be the normal components at the d vertices on each face. The
dimension of the space is dn,, where d = 2,3 is the dimension and n, is the number of
vertices in E. Note that, although the original BDDF; spaces have only three DOF on
square faces, these spaces have been enhanced in [18] to have four DOF on square faces.
This special choice is needed in the reduction to a cell-centered pressure stencil in a pure
Darcy flow problem as described later in this section.

4.4 The fully discrete equations

The assumptions on the data are: f € HY(0,T;L*(Q\ €)%, ¢ € C°([0,T]; L3(Q \ €)),
qgw € HY(0,T; H_%(G)), p(0) = pp € Q with p.(0) the trace of pg on €, and in addition to
Hypothesis 2.1, w is continuous in time.

For each n and for almost every & € QT U Q™ or , we set

@) = flztn) , "(x) = 4z, tn), (4.6)

and for almost every s € C

w™(s) = w(s,tn) , Gy (s) = qw(s,tn). (4.7)

To simplify, we denote the first backward difference in time of any function v (continuous
in time) as follows,
S =" — "L (4.8)

We propose the following fully discrete implicit coupled mixed scheme called Problem (D-
M); it is assumed that the finite element functions are sufficiently smooth to give meaning
to all integrals below.

e At time t = 0, let pg = 75,(po), where 7y, is the local L? projection on each element E of
Th, with values in @)p,. By assumption py € () and therefore p. o, its trace on C belongs to
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HL(C) C H%(G) We take pgvh = ren(peo), where 7e is the local L? projection on each
element e of Cj, with values in O¢ .

Once p?L and pgh are known, u(p%) is approximated by discretizing the elasticity equation
(2.30) in Q\ €: Find u) € V7, solution of

Yo, € Vi, 2G(e(u), e(vp)) +A(V-up, V-vy,) = a(pg,v-vh)—/epgh[vh]@-nJr +(f°, o).

(4.9)
Similarly, 29 and ¢ are approximated by discretizing respectively (2.33) and (2.34):

Va, € Zi,, (K'20,q,) = (). V - a) — /epg,h[qh}e-n+ + (Y(psrrgn)ran),  (4.10)

ol

I 3 I
Va., € Zep, /@C?ch,h = /@pg,hv' (w”)2q,y) +/e(w°) V(prrgn) - Qep.  (4.11)

e For any n, 1 <n < N, uy, pil, pt;, 21, and ¢} are approximated by discretizing (2.30)—
(2.34): Knowing uz_l, pZ_l, find uy € Vi, pjy € Q, Pep € Oc¢p, 2, € Zp, and (), € Zey,
solutions of

Yv, € Vy,, 2G(s(u’,}),s(vh))+)\(v-u}f,V-vh)—a(pZ,V-vh)—i-/eth[vh]e-njL = (f",vn),
(4.12)
)

1 1
— V- oup,0,) + L (Vo E0) = (@), (413

At

(67

1
Vo, € Qn, ((* + ¢rp0) —Opf + AL

M

1 1 _ 1 N
Wen € e, 5, [ dllulern* dont g [ (TR [ eflen b = Gy tene.

Rpuy Je (414

Va, € Z, (K 'z}, q,) = 0}V - q;) — /ep’.f,h[qh]e-n+ + (V(psrgn),ap),  (4.15)

N|w

— 3 —
Vden € Zen, /e g = /e PV ()3 gun) + /@ Wi (opogm) - un.  (4.16)

4.4.1 Existence and uniqueness of the discrete solution

Problem (D-M) is a square system of linear equations in finite dimension. Therefore, to
show existence of a solution, it suffices to prove that, at each time step, if all data are
zero (including the values at the preceding step) then the only solution is the zero solution.
Existence and uniqueness of pj, uj, 2z}, and ¢} follow immediately from the following
stability equality, obtained by testing (4.13) with pj, (4.14) with Pens (4.15) with zj,
(4.16) with ¢}, (4.12) with du}, multiplying everything by A ¢, and combining the resulting
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equations:
1,1 n (12 n (12 ny2 ny |12
5 (57 r90) (3(IPRIZ2y) + 1 PE B2y ) + G (O(le i) IFaney) + 10 (i) 2y )

A n|2 nyl|2 At -1 _np2 At n|2
Ty (CS(HV Uh||L2(Q\e)) + [6(V Uh)HLZ(Q\e)) + i 1K™ 223[[7200e) + 120 1R 1172 e

~Nn 7 n n ~N n At n At n n
= At(q",pp)a + (f" 6 up) + Ay, pep)e + Tf(v(ﬂf,rgn), zp) + 120, /e(w )2V (ps.rgn)Ch-
(4.17)

Njw

From here, existence and uniqueness of p';, will be a consequence of the discrete inf-sup
condition established in the next section.

4.5 Discrete inf-sup condition for p.j

As in the exact problem, we need an inf-sup condition to control the discrete surface pres-
sure p.p on €. However, the argument used in deriving Lemma 3.1 does not carry over
to the discrete case because the Raviart-Thomas interpolant Ry, which is the most ob-
vious candidate for discretizing g, is not defined in H(div;£2). We shall use instead an
interior argument that creates a smoother function. In addition, we suppose the following
compatibility condition on the finite element spaces.

Hypothesis 4.1. There exists an approzimation operator Ry € L(Z N H*(QTUQ)? Z))
for some s > 0, such that for all g € Z N H*(QT UQ™)<,

VEcQ*,*=+,—,vehth,/eN-(q—Rh(q)):o,
FE

(4.18)
Ve C ea vec,h € ®@,ha <ec,ha [q - Rh(Q))]e . n+>6 = 07
and there exists a constant C' independent of h such that for all element E of Ty
Vge H*(E), |lg— R < Chlqlys (g,
q (B)", llg = Rn(@)ll r2(p) < || s () (4.19)

Vg € H(div; B) N H*(E)?, ||div(q — Ra(a)) ]l 2() < l|div gl|L2(s)-

These assumptions are satisfied by the Raviart-Thomas RT}, finite elements pairs of degree
k >0, i.e., H(div) velocity with incomplete degree k£ + 1 and discontinuous pressure with
degree k. They are also satisfied, for instance, by the enhanced BDM; elements pairs
described in Section 4.3, associated with piecewise constant pressures.

In view of the first part of (4.18), the compatibility between @}, and Z}, implies that V-Ry,(q)
is the projection of V - g onto Qy,.

Lemma 4.1. Under Hypothesis 4.1, there exists a constant 37 > 0, independent of h, such
that p N
-n
VHc,h S @e,h, sup fe c,h[Qh]@
thZh thHZ

> Bill0cnllL2(e)- (4.20)

Proof. The idea is to construct an adequately smooth function g in Z whose normal jump
on € coincides with 0., and to which Rj, can be applied. We proceed in two steps.
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1) As we only consider the L? norm, we extend 0., by zero to Q" (without changing
its notation) and we consider the unique solution ¢+ € H' (") of the following Laplace
equation with Neumann boundary conditions:

—Apt = ~TF O.p, inQT,
e
9 -
—¢" =0, onodQr.
on ’

Note that the interior and boundary data are compatible; therefore this problem has a
unique solution ¢* and
o™ |1 a+y < Cllbenllrz(e), (4.21)

with a constant C' that depends only on Q* and C.
Then we choose g© = VT in QF and ¢ = 0 in Q~. By construction, g belongs to
H(div; QT uQ™),

1 .
Vq: mfeec,h m Q+7
0 in Q7

and

[g-nTle=0n , [@-nTIne=0 , q-nlog=0,
so that g belongs to Z. Since the extended function .. belongs to L?(9Q), the regularity
of the Laplace equation with Neumann boundary conditions imply that ¢T is in H %(Q+)

(cf. [19]) with continuous dependence on 6, . Therefore ¢ € H 3 (@ UQ7)? and there exists
a constant C' depending only on 2, I" and € such that

lall ;3

haron < Clfenlize), (4.22)

2) The regularity (4.22) of q and Hypothesis 4.1 allow to define q;, = Rp(q). As V- q is
constant in each subdomain, and @)}, contains at least the constant functions, the first part
of (4.18) implies trivially that V- R,(q) = V - ¢. Thus

[1Rh(@llz < |Rr(q) —allz +llgllz < [|Ru(q) — qllr2+) + llgllz-

In view of the first part of (4.19) with s = %, and (4.22),

1 1
|R(q) — qll2(+) < Cih? |CI|H%(Q+) < CoCrh2 |0 pll 2e)

where C} and C5 are the constant of (4.19) and (4.22) respectively. Similarly,

€] : €]\
lallz < (qu!im) + mnec,huiz(e)) © < (C§ + W) N0cnll2(e)

where Cj3 is the constant of (4.21). Combining these two inequalities, we have on one hand

|Rh(@)]lz < CallcpllL2(e)- (4.23)
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On the other hand, the second part of (4.18) yields for all e in €

/9c,h[Rh((I)]e T = (0p [gle-nT)e = / (9c,h)2 = nghH%?(e)' (4.24)

€

Then (4.23) and (4.24) imply

1 1
s [ enlBa(@le - nt > =0 :
Fntall Jy e Fale 2 el

whence (4.20) with f = - O

Then we have the analogue of Corollary 3.1 with the same proof. The operator B is replaced
by By, defined on Z}, as

VOcn € Ocp, (Brgp,0cn) = / Ocnlanle -n™.
(¢
The operator By, is linear and since we are in finite dimension where all norms are equivalent,

By, is continuous on Z}, (albeit the continuity constant is not expected to be bounded as h
tends to zero). The kernel of By, in Zj, is:

Ker(Ba) = (a1 € Zns Vs € Oci. [ Buslarle -n™ =0,

Corollary 4.1. Let zp, € Z}, and pp, € @y, be such that

vy, € Ker(By), (pr, V- q,) — (K zn, @3) + (Vpsrgn), ap) = 0. (4.25)
Then there exists a unique pp € Ocp, such that pep, pn, and zp, satisfy (4.15), and
Ipenllzze) < 2 (a2 + lorrgnlne)? + 1K zallzone) (4.26)
Denllrze) = B Drlirz() T 1Pfr9M HY(Q\C) hIILZ(Q\E) s :

where B3 is the constant of (4.20).

4.6 Error estimates

Here we assume that the solution and data are sufficiently smooth in time and space, as
needed. It is convenient to split the scheme’s error into a time consistency error and a
spatial discretization error.

4.6.1 Time consistency error

The time consistency error measures the difference between the divided difference in time
and the time derivative. More precisely, for 8, € Q and 0., € O¢ j,, we define

1

En(0n,0.1) :(% + creo) /Q (Eép(tn) —p'(tn))0n + /Q\e a(V- (idu(tn) —/(t,))) 0

- [ gt = w()le- n*) s
(4.27)
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In view of the Taylor expansion valid for all functions v in W2 (t,,_1,t,):

i&v(tn) ) — i / " (s = ta )" (s), (4.28)

tn—1

the expression for E,, (0}, 0.,n) becomes:

1 1 fn tn
Bl 0ea) =~ (7 +eseo) 5 [ [ Gt @0 = 55 [ [ G0t ¥ w0
n—1 n—1

L e

4.6.2 Full discretization error

(4.29)

Formulas (4.27), (4.13), and (4.14) lead to the following error equality:
L (L 4 eren) ot~ plt) + 0¥ - a(usf — u(t)).6,) — o (I0(uf ~ ulta)]e - n* .0
At At e
1 1 = 3 1 n n
(V- (25 = 2(t)) O ) + 5= (V- (0")3(Ch = Ctn), bunde — — (2 = 2(E")]e - ¥, e
Iy 12py [
- _En(9h7 gc,h)-
(4.30)
In addition to rp, R, and re j, we need an approximation operator from V into V7, such
as a Scott—Zhang approximation operator [24] or a Lagrange interpolation operator [12],

and an approximation operator Re, from Ze N H? (€)% into Zep, for some s > 0. Then
by adding and subtracting I, (u), r1(p), ren(pe), Rn(2), and Rep(€), and by denoting the

discretization errors and interpolation errors respectively by:
p = Ph = a(p(tn))  edp = pein —ren(pe(tn)) , ey = up — In(u(tn)) , € = zj — Rp(2(tn)),
62 - CZ - RC,h(C(tn ) ’ ag = rh(p(tn» _p(tn) ) anp =Te h(pc( n)) _pc(tn> ) CLZ = [h(u(tn)) - u(tn);
az = Ru(2(tn)) — 2(tn) , a¢ = Ren(C(tn)) — C(tn),
(4.31)

we derive the pressure error equation for any 0 € (), and 0.}, € O¢ j:

(57 + 090 57 006).0) + 55 (7 -0(68).00) + (7 - e2.81) = 3 (Blebe "0,

L(ﬁ : ((wn>%eg)7 Qc,h)@ - 7(
1 Q 1 1
At

12p¢
1 n n n n
- _(M + Cf@O)E(é(ap)’ eh) - P (V : 5(au)7 Oh) - ;f(v : az79h) + E([é(au)]@ : n+, ec,h)e

1 - s 1,
—— (V- (w")2a2), e e + ;f([az]e -1 Ocn)e = En(Oh, Oc,p)-

[62]6 ' n+7 ec,h)@

(4.32)
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Note that the above right-hand side simplifies because both (V-ag, Qh) and ([aZ]e-n™,0cp)e
vanish owing to (4.18). Likewise, the poro-elastic displacement error equations are, for all
v, € Vi

2G’(€(6Z), s(’uh)) + )\(V cen, V- 'vh) — a(eg, V-vp) + (GZpa [vp]e - n+)e
= —2G(e(ay),e(vn)) = MV - a,, V-vp) + aay, V- vp) — (al,, [vr]e - n+)e.

The fluid velocity error equations in the reservoir reduce to

vqh € Zh7 (Kilegzqh) - (627 V. qh) + (eg,pa [qh]@ : n+)@ = _(KilaTszqh% (434)

because the choice of rj, and rey, (local L? projections) and the compatibility between the
spaces imply that

(4.33)

(GZ, V.q,) =0, (a?,w [an]e - "+)e =0.

In the fracture, the fluid velocity error equations read

Vaen € Zen, (€4 den)e — (€0 V- (W) 2d0)) e = —(afs @ep) e + (a2, V - (W) 2q, )

hl)e:
4.35)
On one hand, (4.34) and the inf-sup condition (4.20) imply the estimate
1
||e?,p||L2(€) < FIEIZZ’ (436)
where )
Ey .= (Hen\|%2 @e) T 1K~ el7 @)+ 1K~ a2l r2o\c0)- (4.37)

On the other hand, by testing (4.32) with 6, = e} and 0., = e, (4.33) with v}, = d(ey,),
(4.34) with g, = e, and (4.35) with q.;, = e¢s multlplymg everything by A ¢, and summing
the resulting equations, we derive:

1,1
5 (37 + erv0) (3(lepIBaqey) + 19ep 220y ) + G(a(ne(e”)Hiz @) + 0 22 ae))
A . At
+ 5 (001V - €lZaane) + IV - deillEane)) + fIIK el + 1, I
SN N G Au+A57u+M( An o — AL 2AC),
(4.38)
where 1
Az’p = (M +Cf<p0) (6( ", e ) +oz(V d(ay), e p) (4.39)
n — n n 1 n n
A p,z,C (K 1az,€z) + E(ac,ec), (440)
Ay =2G (e(ay),e(0(ep)) + A(V - ay,, V- (0ei)) — a(ap, V- d(ep)) + (ag,, [0(e)]e - n ™),
(4.41)
b= (enp [8(a)]e - ), (4.42)
1
Az = 5 (V- ((w)2ag), el e, (4.43)



E= (V- ((w")2eg),aly)e (4.44)

Therefore, we must derive bounds for these six quantities. First, A} ¢hasa straightforward
bound:

At At 1 _1 1

Tf|Ag7z,C| < m K 2eZl2e) 1K 2az] L2 o\e) + EHeZHL?(e)HaEHL?(e) . (4.45)

Next, considering that for example

16(rn(p(tn)) = pta))lIz2(@) < VALIr(P) = P'll2@x1t0-1 taD-

we find a straightforward bound for A7 :

n n 1
|45 5l < VA Eleplzzo [ (37+ereo) @)= l2@xgs, 1 000+l V-n @) =) 2 g@re) it 1 00 |-

(4.46)
Similarly, applying (4.36), the trace inequality (3.21), and (4.37), Agu is bounded by
n VAL n 1n 1 i
|AS Wl < B C{(”epH%?(Q\G)—’—HK 1€z”%2(§2\€))2+HK 1azHL2(Q\G)} [ Tn(u') =" (| 222, 4 V)
(4.47)

with the constant C of (3.21). Now we proceed with Ajl. As it involves factors of the
form d(e7)) that cannot be absorbed by the left-hand side, and considering that the whole
expression needs to be summed over n, we use a summation by parts that switches the
difference to the first factor:

n n—1
D am(eb™) == (6a™ T + a"b" — a't. (4.48)
m=1 m=1

This gives

n—1

YAV <D PGHE(5(G$H))HL2(Q\@)!!6(63)\&2(9\@) F AV - (a2 @e IV - el @e)
m=1 m=1

+all6(ar Y 2 IV - el rz@ve) + CllS(als M zz e Heﬂllv}

+ 2G||e(ag) | 2@\e)ll€(en) Iz @\e) + AV - ag,

2\ IV - eullz2@ve)

+ allay | L2@\e) IV - enllz@ve) + Cllac, | 2ce)llewllv
+2G|le(ay) 2 lle(en) lr2@e) + AV - agll2@e) IV - enllrz@\e)
+allayll 2 eIV - ehllrz@e) + Cllag,llrze) leallv-

(4.49)

There remains to examine AZ ¢ and AEL. Let us start with AZL; it involves a factor that cannot
be absorbed by the left-hand side. We cannot use directly the compatibility properties of
the spaces on € and the projection properties because of the variable factor (w")% By
expanding the divergence, we write

[N

¢ = ((w")%v- e¢s ag. )e + (V (w™)

,ap, -eg, ag )e. (4.50)

) C?p

32



Now, let Wo(w")% denote the average of (w")% in each e:

:e|/

Then the projection property of r¢j, and the fact that ﬂo(w”)% is a constant in each e yield

(w)3V - e aly) =(V - e ()2 = mo(w™)2)az,)g + (V- g, mo(w")
= (V- e (™) — mo(w™)?)aZ,),.

N\W
N\OD

3
2

e (4.51)

Moreover,
3 3 = 3
[(w™)2 = mo(w")2|[Lage) < ChellV((w")2)][L4(e)-
Therefore, by applying a local inverse inequality in each e, we deduce that
__ 3 3 = 3
|(V - e, (w2 —mo(w™)2)a,),| < CIV((w™)2)]aelled 2 llat,

Hence summing over all e in Cp, we obtain

X7 3 n 3 n X7 n 3 n n
|(V-ed, (w™)2 —mo(w™)2)ag,)o| < CIV((w™)2)|Laelledl 2@ llarpllace).,

where the first factor is bounded in view of (2.15). We can easily check that the second
term in (4.50) has the same bound. Therefore

At At

12p,f| ¢= 1241

L(e)-

§ n n
——C|(w")2|wrae)lledl 2 lacyllLace)- (4.52)

A similar argument can be applied to A7 e Indeed, considering the compatibility of the
finite element spaces on C, we have:

= 3
(V- ag, Tr()(w”)2ezp)e =0.
Therefore, by writing

(o

WV - ag, e?p)e + (V((w”)

).

Njw
Njw

— mo(w")

N|wW
~—
S
"3
]
o3
S
—
@
(I

we obtain

1 3 =
A2 ¢ < eyl ey (™) wragey (el scey + CRIV - all i )
Then by substituting (4.36) and (4.37) in the above inequality, we derive

At 1 o 1
1A < o (e gy + 1K 2l ) + 1K araqane)

(4.53)
< (™) 2lwace) (ol acey + ORIV - all s )

The next theorem collects these results and concludes with a basic error bound. The proof is
skipped, as it is a straightforward consequence of repeated applications of Young’s inequality
with suitable coefficients and a discrete Gronwall’s Lemma.
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Theorem 4.1. Let the data f, G, gw and p(0) be sufficiently smooth and let Hypotheses
2.1 and 4.1 hold. Suppose that problem (2.30)~(2.34) and (2.14) has a sufficiently smooth
solution. Then the sequence of solutions (uﬁ,pz,pgh, zp,Cy) of (4.12)(4.16) with starting

values (p?z,pgh,u%,z?l,ﬁ’g), uf), 29, ¢Y being computed respectively by (4.9), (4.10), (4.11),
satisfies the following error bounds for any integer n, 1 <n < N:

1 n n
(37 +cro) <||€ZH%2(Q) +> ||5€;"||%2(Q)) + 2G<H€(62)H%2(Q\G) +Y ||€(5€$)”%2(Q\e))
m=1 m=1

FA(IV - €alane) + > IV IFamne) + 5 20 AH(IE L s + 58 o)

m=1
< C[(A t)2(Hp//H%2(Q><]O,tn[) + HU//H%2(0,tn;v)) +[leally
+ [ In(w) — uHJ%Il(O,tn;V) + llrn(p) _pHJ%Il(O,tn;LQ(Q\G)) + [Ire,n(pe) _pCH%il(O,tn;LQ(C))
3
IR (2) = 201200020000 T 102 leo,enwiacey) (I7e,n(e) = ellgoo s e

+ 1 Ren(€) = Cligoo iinageyi—ry + hlIV - (Ren(C) C)”(ZZO(O,tn;L‘l(G)))} exp(tn),
(4.54)

with a constant C' independent of n, h, and At, and

n

- m 2 m - m —
Z AtHec,pH%Z(@) < (B2 Z At(”% ||%2(Q)+HK te] ||%2(Q\e)+||K 1(Rh(z(tm))_z(tm))”%2(9\6))7
m=1 1 m=1 (4 55)

with the constant Bf of (4.20).

Remark 4.1. Further error bounds, in the spirit of the estimates derived in Section 3.2, are
more delicate. On one hand, Hypothesis 3.1 is quite restrictive, and on the other hand, the
choice of the fracture’s discrete spaces in (4.9)—(4.16) is not consistent with the theoretical
setting because the relevant space for the fracture’s pressure p. should be H %(G) instead
of L?(€). We use L? pressures because they are locally mass conservative and by taking
advantage of the finite dimension, they lead to the basic estimates of Section 4.6, but it is
not clear that they lead to additional satisfactory estimates and in particular to a useful
bound for the discrete leakage term. If we want complete estimates, we can modify the
scheme so that it matches the setting of (2.30)—(2.34), and in particular uses continuous
pressures in the fracture. For instance, we can choose

Ocn = {q€CC); qls, € Og,p, 1 <i < I},

with
Osp = {0 CY8)s dle 4, G € Oe(@), Vee Ty},
without changing the other spaces. We can prove that p.; satisfies an inf-sup condition

in H %(G) by exploiting the fact that if the functions of ©¢, are continuous and piecewise
polynomials, then they belong to H'(€). The proof is more complex than that of Lemma 4.1,
but it still requires (4.19). This hypothesis holds if we raise the degree of the polynomials,
which may not be desirable. O
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5 Fixed stress splitting

We shall use the following fixed stress splitting algorithm for decoupling the computation
of the mechanics from that of the flow. To simplify, we describe it at the exact level and
we denote the time derivative by 0;. It proceeds in two steps. First the flow problem in the
reservoir and fracture is solved in a monolithic manner:

e Step (a)
Given u", we solve for pnt1 zntl pntl ¢" "1 such that

1 2 1 a? .

(M + cppo + %)&:an + M—fv Lt = Tﬁtp” —aV- o +q in Q\C, (5.56)
2 =KV (" = pregn), (5.57)

1 — 1
VP "+ V- (W) 2 ¢ = Yol + G+ — 2" e-nt in €, (5.58)

124y By

3/ n
¢ = —(w™)EV (pit — pragn). (5.59)
w" = —[u"le -nT.

Once the flow is computed, we update the displacement solution.

e Step (b)
Given pt1, 2t prtl ¢ntl we solve for ut! satisfying
—diveP (u" T p"T) = £ in Q\ €, (5.60)
(O-Por(un+17pn+1))*n* — _p?+1n* , *=+4,— on e’ (561)
where oP (u" T "t = o (uT) —ap™™ T in Q) C. (5.62)

The stabilizing terms a;atp"“ and 7.0;p"*! are added to the left-hand sides of (5.56) and
(5.58) respectively, with similar terms on the right-hand sides of the equations for the sake of
consistency. The first term is a standard addition in fixed stress splitting, see [22]. Motivated
by this, we add a similar term to the fracture equation with an adjustable coefficient ~..
The following definition of the volumetric mean stress:

oy =00+ AV -u —a(p — po), (5.63)

where 0, o denotes the initial volumetric stress, justifies the name of the algorithm. Indeed,
as 0,0 and po are constant in time, we have
Q a? n
—XatO'Z} = Tatp” —aV - 8tu y (564)

and we recognize the first two terms in the right-hand side of (5.56).
The variational form of the algorithm reads as follows:
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o Step (a) find p"+! € L(0,T5 L3(Q), pi+! € L2(0,T; H2(€)), 2™+ € L*(0,T; Z),
and ¢"* € L?(0,T; Z¢) such that for all t €]0, T,

2 1 1 Lo ot gy _ (%5 n ~
Vh € L*(Q), ((M+cfgoo+ )&gp >+Mf(v z ,0)_( Aatav,e)JrEq,e)),
5.65

1 VA n%nl
%(V-((u} )2¢"" )’96)6
1

_;f([zn—i_lie ' ’I’L+, 96)@ = (’Ycatpga 06)6 + (8t[’u'n]€ : ’I'L+, 06)@ + (qW7 00)@7 (566)

0o € H2(€), ve(0pi ", 0c) o +

Vge Z, (K '2",q) = (""", V-q) — (i [dle - nT) o+ (V(psron), q), (5.67)

e
Va, € Ze, (€ a0)e = (P2TLV - (0)2q,)) o + (W) 2V (prrgm) a0) e (5.68)

with the initial condition, independent of n,
p"H0) = po s pETH(0) = pole- (5.69)

e Step (b) Given p"t!, zntl pntl ¢l find w™+! € L>°(0,T;V) such that for all t €
(0,7,

YveV, 2G(s(u”+1),s('v))+)\(V-u”+1,V-v)—oz(p”“,v-v) (p?“, [v ]@-n+)e = (f,'v).
(5.70)

We have seen that (5.70) defines u™*1(0) in terms of pg and p?, and in turn w™*1(0) =

—[u "*1(0)ie nt, all quantities being independent of n. To begin the iteration for n =0,
we assign as initial condition p° = po, P2 = pole, u® is computed from p® and p? by (2.30)
at time t = 0, and w® = —[u]¢ - n*. More specific details can be found in Ganis et al [11].
Notice that in (5.65), the right-hand side has been re-written in terms of the volumetric
mean total stress as defined in (5.64). As such, the convergence of this algorithm is an
open problem. With a suitable choice of parameter 7, in terms of the material parameters,
constants of the trace and the Korn’s inequalities, convergence of a simplified version is
established in Girault et al [13].

6 Solution Algorithm

A fixed stress splitting scheme is employed as described in section 5 for which a flowchart
is provided in 6.1. Here we iterate between the flow solution assuming a fixed stress field
and the mechanics solution assuming fixed pressure and saturation fields. For mechanics we
apply a Galerkin finite element with continuous piecewise linears and for flow a mixed finite
element (MFMFE) is used as described in section 4.3. The simulations were performed using
the coupled flow and geomechanics reservoir simulator IPARS (Integrated Parallel Accurate
Reservoir Simulator). IPARS is capable of handling complex subsurface flow descriptions
such as two-phase, black oil and compositional flow along with chemical equilibrium and
kinetic type reactions.
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| Fixed Stress Flow Solve |<—
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Pressure Solve

Figure 6.1: Flowchart for iteratively coupled flow and poroelasticity in IPARS

6.1 Numerical Results

In this numerical experiment, we show the stress and displacement fields in a poroelastic
domain with two orthogonal fractures. Figure 6.2 shows a schematic of the problem along
with boundary conditions and location of the fractures. A square domain Q = (0,250 ft) x
(0,250 1t) is considered with two orthogonal fractures along the axes {y = 125} ft and
{z = 150} ft, each 50 ft in length with one end point at (125 ft, 62.5ft) and (100 ft, 150 ft),
respectively. A no flow (z = 0) boundary condition is specified on all the edges allowing the
pressure in the domain to rise with time. A zero displacement (u = 0) boundary condition
is specified for the left and bottom edges whereas normal stresses (a7°"n) of (—6300,0) psi
and (—6400, 0) psi are specified at the right and top edges, respectively as shown in Figure
6.2. Further, an initial condition of 500 psi for pressure is specified both in the poroelastic
domain (€2) and on the fracture (€). Fluid is injected into the middle of each fracture at
5000 psi.

A homogeneous porosity value of 0.2 and homogeneous and isotropic permeability tensor
of 50 mD is assumed. The fluid is assumed to be slightly compressible with density 62.4
Ibm/ft3 and compressibility 1 x 1079 psi—!. The Young’s modulus and Poisson’s ratio of
the poroelastic medium are 7.3 x 10° psi and 0.2, respectively.

The domain is discretized into 80 x 80 structured hexahedral elements with a uniform mesh
width of 3.125 ft in both y and z directions. Figures 6.3, 6.4, 6.5, 6.6, 6.7 show the pressure,
stress and displacement profiles in y and z directions, respectively at 7' = 0.0, 0.05 and 0.1
days.
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