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Foreword

The ICES Tumor Modeling Group

A research group has been organized at the Institute for Computational
Engineering and Sciences consisting of faculty and research scientists from
UT Austin, UT MD Anderson Cancer Center (MDACC), and UT San Anto-
nio that is focused on the development, calibration, validation and use of pre-
dictive models of tumor growth at all relevant scales. The group has worked
on these issues for several years, and made significant progress in developing
the principal components of predictive models of tumor growth: multiscale,
multispecies models of tumor morphology, a unique laboratory for experimen-
tal calibration and validation of parametric models, imaging modalities and
inverse algorithms for in vivo observations of complex biomedical systems,
statistical methods for model selection and validation in the presence of un-
certainties and groundbreaking simulations of tumor growth, tumor decline
and tumor response to various environments including chemotherapies. An
important component of this work is the ongoing development of a laboratory
for in vitro experiments of the emergence and growth of several types of can-
cer cells. Another important component is access to imaging data and tech-
nologies at MDACC for non-invasive validation of models of tumor growth
in relevant organ systems. All of the work is focused on the fundamental
problems of developing valid models of tumor growth modeling, determining
key model parameters, and predictions of in vivo phenomena using imaging
data. The scope of the research agenda is broad, including high-fidelity 3D
models of angiogenesis, microscopy, and design of experiments to deliver pre-
dictions with quantified uncertainties. The work considers models of events
at many different spatial and temporal scales, signaling models, cell models,
and continuum models of heterogeneous media. This document summarizes
our current thinking on tumor modeling and presents open problems that
are to be the focus of future work.

This Report

This document has been written and compiled by the ICES Tumor Mod-
eling Group so as to provide an overview of the current status of predic-
tive modeling of tumor growth, to survey relevant literature, and to identify
promising areas for future research.
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1 Introduction

1.1 The Emergence of Predictive Medical Science

Science may be defined as the activity or enterprise concerned with the
systematic acquisition of knowledge. But exactly how knowledge is acquired
has been the subject of debate for millennia. Aristotle, over 2,000 years
ago, more or less put forth the correct answer when he attributed knowledge
acquisition to “demonstration and reasoning”, later more sharply described
by eighteenth century scholars as the two pillars of science: observation,
including experiments designed to acquire and interpret data, and theory,
the construction of hypotheses on the causes of natural events based on
inductive logic. In the last half century, both pillars have been enormously
enhanced by the advent of the computer, leading in recent times to the
explosion of big data, data analytics, and bioinformatics on the observation
side and high-fidelity computer models and algorithms on the other. So
successful have these new technologies been that some say a new pillar of
science has emerged: computational science, the multidisciplinary field that
uses computer models to predict events and to study and interpret large data
sets.

Until very recently, medical science has been heavily weighted on the
observational side of science – relying on statistical data as a basis for dis-
covery of causes of disease, the development of various therapies, the design
of new drugs, and on explaining many aspects of the complex behavior of
biomedical systems. In very recent times, largely over the last decade, a fun-
damental change has gradually emerged in which computational models have
been developed to predict patient-specific behaviors and responses to medi-
cal treatment. Brought about by dramatic advances in scientific computing,
mathematical modeling, drug design and delivery systems, and mathematical
statistics, the new medicine is emerging as a sub-discipline of model-based
predictive science, a field realized through the use of high-fidelity predictive
models.

The use of the term “predictive science” may, at first, seem to be redun-
dant: has not all science been considered predictive from time immemorial?
Is not prediction at the heart of inductive reasoning, a foundational pillar
of science itself, involving the development of hypotheses to explain physi-
cal observations and then extrapolating those explanations to similar events
in the future or in the past? The dramatic advances in computational and
computer science over the last two decades have enabled the scientific com-
munity to push its prediction capabilities to the limit. The result has been
the realization that effective predictive models cannot arise from brute-force
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applications of computer models. A host of new technologies must be devel-
oped to cope with the inevitable uncertainties in data, in model selection,
in model parameters, and, finally, in the target predictions themselves. The
term “model-based predictive science” has been coined to refer to the body of
knowledge essential in making the sophisticated models of complex systems
truly predictive. We now know in medical science that new data must be
acquired, not to simply indicate trends in large populations of patients, but
to inform, validate, and calibrate predictive models.

The role of uncertainties in science is well summed up in the monumental
treatise by E.T. Jaynes, Probability, the Logic of Science, wherein the inter-
play between data, theory, and parameters in scientific prediction is made
clear. The probability of a physical event, such as the metastasis of cancer
cells, can be predicted in a broad statistical sense by traditional diagnostic
methods by collecting data from a large number of samples, often leading to
a nearly flat probability distribution as indicated in Figure 1.1. In the new
medicine, these data may provide priors, the initial information on parame-
ters. A validated predictive model can map parameters into patient-specific
data to sharply increase the probability of the likelihood of an event, as sug-
gested in the figure. The term “precision medicine” has also appeared in
recently literature to describe these aspects of the new medicine.

The breadth of work on predictive medicine is large and growing and
ranges from oncogenic signaling of molecular structures to intra-sculpturing
of the genome, stochastic models covering stem cell homeostasis, a spectrum
of models ranging from agent-based models to continuum models of cell mi-
gration and sprouting angiogenesis. Most exciting in this general area is
the acquisition of new experimental methods that will supply missing data
needed to make the existing models and new models relevant and, ultimately,
more predictive. New experimental setups have been designed, or are in the
process of being designed, which are not based on merely collecting big data
for diagnostics, but are aimed at collecting data for informing models and de-
termining parameters for patient-specific models of cancer. This new medical
science will not abandon the traditional diagnostic-based science governed by
observation but will, in fact, exploit the experience and data accumulated
to inform and validate parametric models of a wide range of phenomena
concerned with cancer.

1.2 Predictive Modeling of Tumor Growth

The last half-decade has seen an explosion in literature on mathematical
and computational models of the invasion and growth of tumors in living
tissue. Recent accounts on the status of multiscale modeling of cancer have
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Figure 1.1: The push and pull of observational data and model-based predic-
tions. With big data, statistical information (e.g. mean values and variances)
is used to make decisions on large populations of patients. With model-based
predictions, parametric computational models are “informed” by the data,
making possible increased probability of events for fewer patients - even spe-
cific patients when valid models are employed and when one accounts for
parameter uncertainties.

been compiled by Deisboeck and Stamatakos [44] and Cristini and Lowen-
grub [39], the latter listing over 700 articles and 25 literature surveys, some
citing early modeling methods going back over a half century, but much of
it pertaining to very recent years.

The reasons for this awakening on the great potential of TGMs (Tumor
Growth Models) are multifaceted. Firstly, there is increasing consensus in the
medical science community on the principal mechanisms leading to various
cancer types. The highly-cited Hallmarks of Cancer, laid down by Hanahan
and Weinberg [57] in 2000 and updated in 2011 [58], provide a broad view
of the key biological processes that may be targets of computers simulations.
Secondly, progress in understanding the role of genetics in encoding proteins
that form phenotypes and molecular alterations at the gene, cell, and tissue
level over the last decade have lead to new families of models that could
greatly increase our understanding of the origins and growth of cancer and
on new therapies to combat it. These advances have lead to a flurry of new
multiscale models that depict events at many spatial and temporal scales,
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from sub-cellular to cellular to tissue to organ levels (e.g. [39, 44]). Thirdly,
and perhaps most importantly, is the gradual emergence of predictive medical
science, the body of knowledge rooted in mathematical statistics, probability
theory, experimental science, and computing that addresses in depth the
actual validity and, equivalently, the predictability of various models in the
presence of uncertainties. This vital discipline has come to the forefront
because the indispensible data needed to calibrate and validate TGMs has
only recently become accessible. Fourthly, the enormous technological and
mathematical advances in high-performance computing, in big data analytics
and data-intensive computing, in imaging technologies, and in new modeling
paradigms, ranging from agent-based algorithms, phase-field models, models
of stochastic systems, to molecular models, all have brought into play an
arsenal of new tools that have great potential for developing realistic high-
fidelity simulations of cancer cell behavior.

Our work, some of which is reviewed in this document, has touched all
of these areas. Following this introduction, we describe a class of phe-
nomenological TGMs based on phase-field versions of mixture theory, fol-
lowing [38, 52, 60, 77, 139, 150]. We also describe discrete-cell agent-based
models, subcellular models that incorporate molecular-scale signaling, and
hybrid multiscale models that attempt to capture events at the subcell-cell-
and tissue levels.

The foundations of predictive science, set in a Bayesian framework, are
discussed in Chapter 3, together with new algorithms for implementing sta-
tistical calibration and validation methods and assessing sensitivity of model
outputs to parameters. There we discuss the fundamental questions of model
selection; of all the possible TGMs, which are valid and which best fit obser-
vational data? The fundamental questions of reliability of model predictions
is, unsurprisingly, at the center of research in TGMs.

In Chapter 4, we describe a unique laboratory under constructive de-
signed to provide special data critical to calibrating a large group of TGMs.
The TEL (Tumor Engineering Laboratory) is to be the first of its kind, with
facilities specifically created to rigorously calibrate and validate models of
tumor invasion and growth within the context of predictive medicine - en-
abling the quantification of uncertainties in model parameters and ultimately
in the model predictions themselves.

Chapter 5 summarizes recent advances in imaging processing, non-intrusive
data collection, and new sampling algorithms that are invaluable in model
validation.

In Chapter 6, we provide a brief exposition on the challenging field of nu-
merical methods for solving the enormously complex models of tumor growth,
including parallel algorithms and algorithms for solving stochastic models.
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New formulations of robust numerical algorithms are needed to treat the
special features and challenges inherent in the structure of many TGMs.
Here we also describe extraordinary parallel high-performance computing
resources available to the team at TACC, the Texas Advanced Computing
Center.

Conclusions, open problems, and future work are discussed in a final
chapter.
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2 Multiscale Models of Tumor Growth

2.1 The Hallmarks of Cancer

A tumor, or neoplasm, is a mass of tissue that results from any abnormal
growth of cells [88]. Tumors can be separated into two categories: benign
(not a cancer) or malignant (cancer). The main difference between these two
is that malignant tumors may acquire the potential to spread to other parts
of the body (metastasis), while benign tumors cannot invade surrounding
tissues and may not necessarily be life threatening [62, 88, 93].

During the cell cycle, some mutations may occur; luckily, only a small pro-
portion of these mutations can persist due to the efficiency of the DNA repair
mechanisms [62]. Carcinogenesis is a multistage process developed through
stochastic proliferation and differentiation from a single cell which has sus-
tained several genetic changes [136]. According to Hesketh [62], between five
and fifteen mutations in critical genes are required for the development of
cancer. Hanahan and Weinberg [58] were able to summarize eight common
traits shared by all, or at least the majority of types of cancer, which are
depicted in Figure 2.1

Sustaining Proliferative Signaling:
the ability to divide even without the
presence of growth factors or a hyper-
response to these signals

Deregulating Cellular
Energetics:
the ability to repro-
gram cellular glucose
metabolism, and thus
cellular energy produc-
tion

Resisting Cell Death:
acquired resistance to
signals that lead to cell
death (apoptosis)

Inducing Angiogenesis:
the ability to induce the growth of new
blood vessels when the cells have a low
level of nutrients and oxygen

Evading Growth Suppressors:
the ability to ignore antiproliferative sig-
nals that maintain cellular quiescence

Avoiding Immune
Destruction:
the ability of the cancer
cells to evade the attack
and destruction by the
immune system

Enabling Replicative
Immortality:
the ability to ignore the
replicative senescence
(cellular old age)

Activating Invasion and Metastasis:
the ability to spread to other parts of the
body and form secondary tumors

Figure 2.1: The eight hallmarks of cancer discussed in Hanahan and Weinberg
[58]. Schematic description inspired by the account in Hanahan and Weinberg
[58].
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These hallmarks in tumor growth are only possible due to two enabling
characteristics: genome instability and mutation and tumor-promoting in-
flammation. According to Hanahan and Weinberg [58], nearly all cancer
contains immune cells present in some density. The immune cells can cause
inflammations while trying to eradicate the tumor, that avoid the immune
destruction. However, inflammations can help the acquisition of several hall-
mark capabilities by supplying growth factors, enzymes that contribute to
modify the extracellular matrix for the angiogenesis, survival factors that
help to avoid apoptosis and other chemicals that can accelerate the muta-
tions in cancer cells. The manifestation of each of the eight hallmarks can
occur in different orders depending on the time that each mutation occurs
[57, 58].

Tumor growth is also affected by a series of phenomena that occur basi-
cally at three scales: subcellular, cellular and tissue level. At the subcellular
scale there are phenomena that occur within the cell or at the cell membrane,
such as DNA synthesis and degradation, nutrient uptake, activation or in-
activation of receptors and regulation of cellular activities. At the cellular
level, complex interactions and signaling between cells such as tumor, fibrob-
lasts, and endothelial cells and their matrix occur. Finally, the tissue level
phenomena are typical of continuous systems and involve such event as cell
migration, diffusion and convection of nutrients, interactions with external
tissues, metastasis and others [102].

There is a very complex interplay of various factors within these three
scales. Events that happen at a certain scale are related to those that hap-
pen at other scales. As an example, the detachment typical of metasta-
sis is directly related to the adhesion properties of the cells [102]. Thus,
understanding how events at these different scales are connected and the
mechanisms that are behind tumor growth is essential in the development of
predictive models of cancer.

2.2 Mathematical and Computational Models of Tu-
mor Growth

The diversity of biological scales involved in tumor growth and the het-
erogeneous nature of the tumor microenvironment pose substantial modeling
challenges. Modeling usually focuses on a series of key biological and me-
chanical events and associated physical, temporal and biological scales. One
feature that differentiates tumor growth models is whether or not they in-
clude models of the vasculature [102]. The initial phase of tumor growth
(avascular phase) can be studied by laboratory experiments that capture the
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first stages of tumor development in vivo. In this phase, cell grow into a tu-
mor mass that can achieve a few millimeters in diameter. Cells at the center
of the tumor may eventually be deprived of key nutrients and oxygen and
are starved and die, forming a central necrotic core [29].

Avascular models are used to describe the early stages of tumor growth.
Among the simplest are those which consider the growth of the mass of the
tumor as an exponential function such that the cell growth is limitless, since
all nutrients and growth factors are available. These types of models can
give accurate results for the first stages of tumor growth, but they are not
able to reproduce the saturation observed during experiments in vitro [102].
A classical way to overcome this drawback is to use a Gompertz function
to model the growth rate. This function depicts the exponential growth of
the tumor during the first stages and saturation when the number of cells
reaches the capacity that the environment can support [4, 82, 94, 95, 102].

Vascular models must take into account the angiogenesis process, the
process in which new vasculature structure is formed from existing blood
vessels in order to provide the tumor with nutrients. Tumor neovasculature
is marked by precocious capillary sprouting, convoluted and excessive vessel
branching, distorted and enlarged vessels, erratic blood flow, microhemor-
rhaging, leakiness, and abnormal levels of endothelial cell proliferation and
apoptosis [58]. Tumor induced angiogenesis is a cancer hallmark, and follows
the avascular phase when tumor cells are starving for nutrients. Tumor cells
become hypoxic due to this nutrient starvation and start to secrete tumor
angiogenesis factors (TAFs). The TAFs are responsible for initiating sprout-
ing angiogenesis [90]. The growth factors diffuse from tumor hypoxic cells to
the nearby blood vessels and initiate several processes. The endothelial cells
(ECs) that form the blood vessel walls are activated by TAFs concentration,
inducing them to proliferate and migrate chemotactically towards the tumor
[87]. These steps of the angiogenesis process are followed by the maturation
of new capillaries, providing structural stability for the new blood network.

Several different forms of models have been developed in attempts to
obtain better agreement with experimental results [38, 39, 53, 59, 84, 151].
These are generally divided into three categories: discrete models, continuum
models, and hybrid models, which have characteristics of both continuum
and discrete models [59]. Discrete models have the advantage of capturing
individual cell behavior and interactions among cells, but can be limited by
the computational cost [38, 59, 98]. This class of models encompasses cel-
lular automata models and agent based models, and can be used to model
interactions between cells that include phenomena such as mitosis, apoptosis
and angiogenesis [94, 95]. Continuum models can capture the evolution of
the tumor generally involving partial differential equations, disregarding the
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behavior of each individual cell [38, 98]. Finally, hybrid models can model
the cells in a discrete way as well as other dynamics, such nutrients disper-
sion, with differential equations [59, 98]. One example of a hybrid model is
that proposed by Macklin et al. [84], where an agent-based model is used to
capture cell-cell and cell-basement membrane interactions, and the oxygen is
modeled by a reaction-diffusion equation that averages the density of cells at
each point to couple the discrete model with the continuum model [39, 84].

2.3 Cellular Automata Models

Cellular automata (CA) are mathematical models that, by well defined
rules, simulate complex systems or processes by means of a discrete dynamical
system, i.e., time and space are discrete, with a regular spatial lattice in which
at any point, each cell has a value, or state, and interacts with neighboring
cells. The state of the cell is updated at each timestep based on the previous
states of its neighbors using predefined rules.

Several tumor growth models have been developed using the CA frame-
work in order to model cell-cell interactions. Kansal et al. [69] modeled the
growth of a specific brain tumor called glioblastoma multiforme (GBM), in
which the median survival time for patients was 8 months [28]. Their model
overcomes the size limitation imposed by the computational cost by allowing
more than one cell at each point of the lattice, which allows the CA model
to represent a small tumor with 1000 cells up to 1011 cells. It also uses an
adaptive grid lattice that allows small tumors to be simulated with greater
accuracy, while still allowing the tumor to grow to a large size [69, 70]. The
model accounts for the effects of mechanical confinement pressure on the
chance of how the proliferative cells divide. Simple three-dimensional CA
models have been developed that, with just four parameters, are able to pre-
dict the composition and dynamics of malignant brain tumor in agreement
with experimental and clinical data [69, 70].

Piotrowska and Angus [101] developed a CA model that, as in Kansal
et al. [69], uses the “many-to-one” assumption, where each lattice site has a
volume that can contain N cells. In their work, Piotrowska and Angus [101]
examined if the production of toxic waste (H+ ions) by tumor cells would be
enough to cause necrosis prior to the sub-viable nutrient-deficient stage of
tumor development being reached. The model predictions suggest that the
production of toxic waste is not sufficient to produce necrosis and the main
cause of necrosis during the simulations is a drop of nutrient levels.

In [94], a tumor growth model was developed to study the effect of tumor
shrinkage after the death of the cells. It is assumed that when tumor cells
die due to necrosis, the volume of the necrotic cells occupy nearly one third
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of volume of the proliferative cells. Better computational and experimental
agreement is achieved when removing one third of the necrotic cells from the
simulations. One question that may appear when defining the CA rules is
how to treat the proliferation of a cell surrounded by other cells? In [94],
two algorithms are explored. The first consists of a chain shifting along a
straight line after cell division, and the second seeks a position for a newborn
cell not near the mother cell, but on the surface of the tumor. Naumov
et al. [94] conclude that both algorithms have agreement with experimental
data and with each other, and that the second algorithm can be used as a
substitute for the first due to its simplicity. In Naumov et al. [95] several
mitosis rates are successfully studied and led to the validation of their model
for simulating in vitro growth of the LoVo cells obtained by Demicheli et al.
[45]. Experimental and computational results of tumor growth can also be
reproduced by the Gompertz law, which suggest that at least 55% of inner
proliferating tumor LoVo cells may divide in the proliferation process [95].

2.4 Agent Based Models

Another family of discrete models designed to capture events at the cell
level is the so-called agent based models (ABM). They are designed to over-
come the requirement that cells be constrained to a mesh by representing cells
as agents that interact with each other. Each cell is modeled individually as
a bounded domain, an agent, endowed with its own properties (e.g. position,
volume, state, radius, time in that state). ABMs are supplied with rules
that define the interactions between agents and their environment. Most of
the tumor models that employ ABMs are hybrid models, in which changes
in the microenvironment are modeled by systems of differential equations of
the type occurring in various tissue models, described in the next section
[42, 63, 84, 85, 97, 108].

Ramis-Conde et al. [108] studied the effects of the production of chemoat-
tractant by tumor cells and degradation of the extracellular matrix (ECM)
on cells motility. Tumor cells are modeled as discrete individual entities
which interact with other agents. Cells secrete enzymes that degrade the
extracellular matrix, facilitating cells migration. Tumor cells also release
chemoattractant that drive other tumor cells foward the chemoattractant
gradients. The behavior of the extracellular matrix, matrix degrading en-
zymes and degraded stroma are governed by partial differential equations
[108]. The model is able to demonstrate the importance of chemoattractant
gradients in the invasion process. In this model, invasion of surrounding
tissue occurs after the tumor reaches a certain size and has the appearance
of fingers which extend from the tumor’s peripheral rim. In some computa-
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tional results, it is possible to observe the formation of fingers in degraded
areas of the ECM with high concentrations of chemoattractant.

In [97], ductal carcinoma in situ (DCIS) is modeled. DCIS is a non-
invasive tumor and the most prevalent precursor to invasive ductal carci-
noma (IDC) [84]. It is purely an ABM, i.e., a discrete model without partial
differential equations is used for modeling the cell environment. In [97], cells
are considered to be spheres, with a fixed size, and each is subject to a series
of forces due to cell-cell interactions (e.g., repulsion and attraction). As the
model in [97] does not take into account the nutrient concentration, necro-
sis is defined by the distance from the cell and the myoepithelial cell layer.
Mechanical stress due to overcrowding in the apoptosis rate is also consid-
ered. It is worth mentioning that with all the simplifications in the model
and the simple set of transitions rules, the model is able to reproduce the
four morphological subtypes of DCIS found in the literature by balancing
the apoptosis and mitosis rates. Numerical simulations indicate that the
morphology observed at an instant in time can progress to others over time
[97].

Macklin et al. [84] developed an hybrid ABM in order to model the DCIS.
The ABM is used to model cell-cell and cell-basement membrane (BM) in-
teractions. Contrary to the model proposed by Norton et al. [97], they model
the nutrient concentration by a reaction-diffusion equation. The transitions
between cell states are modeled as stochastic events governed by random
variables that are related to the cell’s state and the microenvironment [84].
The model is calibrated with patient-specific clinically-accessible histopathol-
ogy data. In Hyun and Macklin [63], the calibration method is presented.
The model is able to predict calcification and tumor sizes that quantitatively
closely correlate clinical data. In [42], the ABM is extended by introduc-
ing a model of mechanical cell-BM-ECM interactions, where the basement
membrane is subject to elasto-plastic forces. These deformations play an
important role in the transition from DCIS to IDC. With these new assump-
tions, the membrane deformations and time-varying membrane properties
can be depicted in numerical simulations.

2.4.1 An Agent Based Model for Ductal Carcinoma in Situ

To give more insights about the agent based approach, we described the
model developed by Macklin et al. [84] with more details. In this model each
agent is a cell that has the following properties: cell, nuclear and action ra-
dius, cell state (proliferative, apoptotic, necrotic, quiescent, hypoxic, calcified
or motile), calcification degree, position and velocity.The forces considered
in the model are shown in Figure 2.2. The repulsion and attraction occurs
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between cell-cell and cell-basement membrane.

(a) Repulsion (b) Attraction

(c) Proliferation (d) Apoptosis

(e) Necrosis

Figure 2.2: Representation of repulsion, attraction, proliferation, apoptosis
and necrosis used in the model. Schematic description inspired in Norton
et al. [97].

Cell-cell adhesion and repulsion are modeled through the potentials ϕ
and ψ, respectively. Let RA be the maximum adhesive interaction distance
and |r| the distance between cell-cell or cell-membrane basement. For any
n ∈ N define:

∇ϕ (r;RA, n) =





(
1− |r|

RA

)n+1
r

|r| , 0 ≤ |r| ≤ RA;

0 elsewhere.

(2.1)

Similarly, if m is a fixed nonnegative integer, RN is the nuclear radius, R is
the cell’s radius, and M ≥ 1 is the cell’s maximum repulsive force, define:

∇ψ (r;RN , R,M,m) =





−
(
M + c

|r|
RN

)
r

|r| , 0 ≤ |r| ≤ RN ;

−
(

1− |r|
R

)m+1
r

|r| , RN ≤ |r| ≤ R;

0 elsewhere,

(2.2)

where

c =

(
1− RN

R

)m+1

−M. (2.3)

The attraction and repulsion forces are given by equations 2.1 and 2.2, re-
spectively, multiplied by constants depending on the interaction (i.e., cell-cell
or cell-membrane basement). It is assumed that the forces equilibrate quickly
(“inertialess” assumption) and, the forces are used to find the cell velocity.
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The transitions between cell states are modeled as stochastic events gov-
erned by exponentially distributed random variables that are linked to the
cell’s genetic and proteomic state, as well as the microenvironment (oxygen).
It is a multiscale model where, at the macroscopic scale, oxygen transport is
modeled by:

∂σ

∂t
= ∇ · (D∇σ)− λ(x, t)σ, (2.4)

where σ is oxygen, D is its diffusion constant, and λ is the uptake/decay
rate. The couple between the discrete and continuous model is given by the
variable λ. Tumor and host cells are assumed to uptake oxygen at rates λt
and λh, respectively. Elsewhere, the oxygen “decays” at a low background
rate λb . By considering that at each time t and space position x, tumor
cells, host cells, and stroma (non-cells), respectively, occupy fractions ft, fh,
and fb, such that ft + fh + fb = 1, λ(x, t) is given by:

λ(x, t) ≈ ftλt + fhλh + fbλb, (2.5)

i.e., the uptake rates with weighting according to the tissue composition near
x.

In Figure 2.3 it is shown some results obtained by Rocha et al. [110] at
different time steps. This experiment is capable of reproducing the effects of
the repulsion, attraction and proliferation at cell scale.

2.5 Phase-Field and Mixture Theory Models

The tumor environment is composed of many constituents, among them
we can cite proliferative, hypoxic and necrotic cells, nutrients, tumor an-
giogenesis factors, the extracellular matrix, and healthy cells. Continuum
mixture theory is used to model such multiphase systems, in which multi-
ple constituents can exist at each point of the medium and their presence is
defined by different volume fractions of each constituent [17, 98]. For multi-
phase systems, the interface between constituents can be characterized by a
gradient term in the energy of the system, in analogy with the Cahn-Hilliard
(CH) equation [98].

The CH equation was originally developed to model processes of phase
separation in binary alloys, which typically happen when an alloy is quenched
to a critical temperature level at which the homogeneous mixture can no
longer exist in equilibrium [51]. Roughly speaking, the CH equation defines
a phase-field model, driven by a gradient system corresponding to an energy
function that is always time-decreasing [76]. It has been recently used to
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Figure 2.3: Growth of a tumor at different time steps considering just the
repulsion, attraction and proliferation. Scale 1 = 0.1mm.

model a variety of phenomena such as cancer growth [38, 59], among other
applications involving moving interfaces. It is a nonlinear parabolic equation,
fourth order in the spatial variables. The Cahn-Hilliard equation can be
considered the prototype of a large class of nonlinear systems encountered
in tumor growth models based on continuum mixture theory. Its primary
feature of interest is that it depicts the complex interactions of two (or more)
constituents without the need to track their interfaces, which are diffused
over boundary layers developed automatically as a feature of the solution.
Numerical solutions of the CH equation have been intensively studied and
many finite difference, finite volume, finite element and spectral methods
have been developed to obtain numerical solutions [47, 48, 49]. Many of the
finite element methods are built based on a mixed variational formulation. A
comparative study of different mixed finite element schemes for the 1D Cahn-
Hilliard equation is found in Lima and Almeida [76], where it is shown that
the computational cost can vary substantially depending on properties of the
spatial approximations of the model and other parameters in the scheme.

Phase-field or diffuse-interface models provide a general framework for
modeling multiphase materials in which the interface between phases is han-
dled automatically as a feature of the solution [98]. A general derivation
of continuum theory of mixtures with diffuse-interfaces is provided in Oden
et al. [98], where general forms of constitutive equations are discussed as well
as their roles on tumor growth models. Phase-field models have been applied
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to several tumor growth works (see, e.g., Cristini et al. [38], Frieboes et al.
[52], Hawkins-Daarud et al. [60], Lima et al. [77], Travasso et al. [139], Wise
et al. [150] and references therein).

A two-species tumor growth model is developed in Cristini et al. [38].
In this model, the tumor growth is modeled by the Cahn-Hilliard equation
for a binary system, composed by tumor and healthy cells. This equation
is coupled to a transport equation for the nutrient concentration that is
necessary for the growth of the tumor. This model describes the first stages
of carcinogenesis, that is, the avascular stage. As the model does not consider
the dead cells as a separate constituent, when the cells inside the tumor die
because of the lack of oxygen, healthy cells assume their position, without
representing the characteristic necrotic core.

The model developed by Wise et al. [150] also considers the evolution
of the nutrient as a reaction-diffusion equation, but splits the tumor into
viable and dead cells. With this modification, it is possible to reproduce the
volume fraction of dead cells inside the tumor due to the lack of nutrients
and oxygen. In the model developed by Hawkins-Daarud [59], the mixture
is composed of four constituents, in which the tumor and healthy cells are
considered as two constituents, and the extracellular water is divided into
nutrient rich and nutrient poor extracellular water. Although the nutrient
is incorporated as part of the mixture, the model does not reproduce the
necrotic core inside the tumor.

Lima et al. [77] developed a hybrid ten-species phase-field model of tumor
growth. In their model the tumor cells are divided into proliferative, hypoxic
and necrotic cells and, as in [59], the nutrient is incorporated into the mixture.
The avascular phase of tumor growth is coupled with an agent based model
of angiogenesis, in which the tumor angiogenesis factor and the endothelial
cells are treated in the phase-field formalism and the growth and branching
of the blood vessels are discrete. The model is able to reproduce the growth
and branching patterns of new blood vessels due to the lack of nutrients
inside the tumor. These new sources of oxygen and nutrients increase the
growth rate of the total tumor.

2.5.1 A Six-Species Phase-Field Model of Tumor Growth

The model developed in [77] is able to represent both the avascular and
vascular stages of the tumor growth. The particular avascular model can
be obtained by simplifying [77] as performed in [78]. In the latter work
a material body composed of N = 6 constituents such that a proportion
of each constituent exists at a given point in the body at the same time
[59, 61, 98]. For a differential volume dv containing a point (x, t), let dvi
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be the proportion occupied by the constituent i determined by the volume

fraction of each constituent so that φi(x, t) =
dvi
dv

is the volume fraction of

the ith constituent [59]. For a closed system, the sum of all volume fractions
from all the constituents of the mixture at a point must be equal to one, i.e.,

N∑

i=1

φi = 1. (2.6)

The mixture is composed of the following ten species volume fractions:

• φP - proliferative tumor cell;

• φH - hypoxic tumor cell;

• φN - necrotic core;

• φσ - nutrient-rich extracellular water;

• φσo - nutrient-poor extracellular water;

• φC - healthy cell.

The mass balance for the volume fractions for all constituent i, 1 ≤ i ≤ N ,
for all (x, t), x ∈ Ω ⊂ Rd (d = 1, 2, 3), assumes the form

∂ρiφi
∂t

+ ∇ · (ρiφivi) = Si −∇ · Ji, (2.7)

where ρi is the mass density per unit volume (we assume ρi = ρ = constant),
vi is the velocity, Si is the mass supplied to constituent i by other constituents
and Ji is the mass flux. The species mass flux accounts for the mechanical
interactions among constituents and is assumed to be of the form

Ji = −
N∑

j=1

Mij∇(DφiEj), (2.8)

where Mij is the mobility of constituent j in phase i, the functional derivative
with respect to φi is denoted by Dφi(·), and Ej is the energy of species j
given by the Ginzburg-Landau energy associated with the interactions among
mixture constituents defined on a domain Ω ⊂ R3,

Ei =

∫

Ω

[
Ψi(φ1, . . . , φN) + φi

N∑

j=1

χijmj +
N∑

j=1

ε2ij
2
|∇φj|2

]
dx, (2.9)
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where mj denotes the concentration of chemical factors that interact with
φi, χij are the corresponding chemotactic coefficients and ε2ij measures the
interfacial strength among constituents interactions. The bulk energy of the
constituents due to local interactions is modeled by the potential Ψi [150].
Finally, the chemical potential µij is given as a function of the free energy
Ei according to

µij =
∂Ej
∂φi
−∇ · ∂Ej

∂∇φk
. (2.10)

The local dynamics of the tumor growth depends on the nutrient avail-
ability. We define σPH , σHP and σHN as the nutrient thresholds involved in
the transfer from proliferative to hypoxic cell states, from hypoxic to prolif-
erative cell states and from hypoxic to necrotic cell states, respectively. The
associated transition rate from this stages are given by λPH , λHP and λHN .
The proliferating tumor cells can grow when consuming nutrient with a con-
stant rate of cellular mitosis λP and also when the nutrient level increases,
which allows the hypoxic cells to return as proliferating cells. They also de-
cay owing to natural death of cells at the apoptosis rate λA. Moreover, when
the level of nutrient drops below the hypoxic threshold σPH , the proliferating
cells enter the hypoxic class. The hypoxic cells are in a resting (quiescent)
state in which they do not proliferate. The volume fraction of hypoxic cells
decays due to apoptosis or by the return of hypoxic cells to the proliferative
state as the nutrient level increases to values higher than σHP . They also can
irreversibly become part of the necrotic core as the nutrient level drops below
the necrotic threshold. The necrotic core of the tumor can never decrease
as we consider the calcification process. Cells that die by apoptosis increase
the nutrient-rich extracellular water volume fraction. Figure 2.4 depicts the
main hypothesis forming the basis of the model. With these assumptions,
the source terms proposed in Lima et al. [78] are given by

SP = λPφσφP−λAφP−λPHH (σPH − φσ)φP
+ λHPH (φσ − σHP )φH ,

SH = −λAφH+λPHH (σPH − φσ)φP−λHPH (φσ − σHP )φH
−λHNH (σHN − φσ)φH ,

SN = λHNH (σHN − φσ)φH ,

Sσ = −λPφσφP − λPhφσφH+λA (φP + φH).





(2.11)

Assuming that the tumor volume fraction is given by φT = φP +φH +φN ,
the system can be written as
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Figure 2.4: Conceptual scheme of the tumor growth model. The dynamics
of tumor cells depends on the nutrient availability (after [77]).

∂φσ
∂t

= ∇ ·Mσδ
−1
σ ∇φσ −∇ ·Mσχ0∇φT + Sσ,

∂φT
∂t

= ∇ · M(φT , φH , φN)∇µ+ ST ,

µ = Ψ′(φT )− ε2T∆φT − χ0φσ,

∂φH
∂t

= ∇ · M̄Hφ
2
H∇µ+ SH ,

∂φN
∂t

= ∇ · M̄Nφ
2
N∇µ+ SN ,





in Ω× (0, T ), (2.12)

where ST = λPφσ (φT − φH − φN) − λA (φT − φN). Concentration depen-
dent mobilities are assumed for tumor cells [77] so that M(φT , φH , φN) =
M̄P (φT − φH − φN)2 + M̄Hφ

2
H + M̄Nφ

2
N , MH = M̄Hφ

2
H and MN = M̄Nφ

2
N ,

where M̄P , M̄H and M̄N are positive constants. Moreover, the first equation
in (2.12) is obtained by substituting DφσE into the flux Jσ = −Mσ∇DφσE.
By setting the mobility for the nutrient-rich constituent Mσ = δσD, D > 0,
we notice that the dynamics of the nutrient constituent is simply governed
by diffusion, disregarding other interactions. Finally, typical boundary con-
ditions are listed as follows:

∇φT · n = ∇µ · n = ∇φH · n = ∇φN · n = 0,

φσ = 1,



 on Γ× (0, T ). (2.13)
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Figure 2.5 shows the volume fraction for the tumor, hypoxic and necrotic
cells and nutrient-rich extracellular water. The characteristic lack of nutrient
inside the tumor is reproduced using the hypoxic threshold σPH = 0.4 and
necrotic threshold σHN = 0.2 at t = 13. The initial condition represents a
cluster of three small tumor masses.

(a) Tumor cells (b) Hypoxic cells

(c) Necrotic cells (d) Nutrient-rich

Figure 2.5: Volume fraction for tumor, hypoxic and necrotic cells and
nutrient-rich at t = 13 (after [78]).

2.6 Models of Mechanical Stress and Deformation of
Anisotropic Vascular Tumor

There have also been some recent studies accounting for heterogeneity
and anisotropy in tumor growth. A finite differences based framework for the
anisotropic, heterogeneous and 3D diffusive tumor growth model has been
developed [111]. A recently developed heterogeneous 3D avascular tumor
model have used lattice gas cellular automata employing a particle lattice
structure where the movement and transition of cells are determined by a set
of local rules [121].

Moreover, the growth process of the tumor can induce morphological
instabilities and surface wrinkling behavior [27]. To be more specific, the
mobility of tumor cells at nutrient gradients may drive fingering instabilities
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[38]. The transport limitations of cell nutrients along with the growth factors
may lead to morphological instability, fingering and fragmentation of tumor
[83].

Some of the recent findings indicate the importance of the mechanical
force and stress exerted by the solid tumor along with the interstitial fluid
pressure in the evolution of tumor [10, 24, 30, 106, 125, 126, 130, 142, 149,
152]. By a quantitative analysis of both a biophysical agent-based and a con-
tinuum mechanical model, Byrne and Drasdo (2009) have shown that the cell
proliferation is controlled by mechanical stress [24]. Experimental evidence
shown that the shape of tumor is dictated by the surrounding solid stress field
[30]. Both experimental and theoretical studies have identified the interstitial
fluid pressure as a critical elements in solid tumor growth [152]. Abundance
of leaky blood vessels (that causes excessive fluid loss) and lack of functional
lymphatic vessels (which could have absorbed the excess fluid) lead to abnor-
mally high interstitial pressure in tumor [130]. Voutouri et. al. (2014) found
that the evolution of stress and the growth rate of the tumor are independent
from the selection of the constitutive equation, but depend strongly on the
mechanical interactions with the surrounding host tissue [142]. The gener-
ated compressive mechanical stress plays an important role in the growth
and spread of tumor [142]. On one side, it can limit the size of tumor, thus
adversely affecting the tumor growth process [30, 142]. On the other hand,
it also causes a net outward flow of plasma-like fluid through the interface
between the tumor and healthy tissue and thus impedes the delivery of drug
[106]. The resulting mechanical force is capable of compressing blood and
lymphatic vessels can cause hypoperfusion and hypoxia promoting immune
evasion.[65, 125]. Moreover, the high permeability and tortuousness of the
blood vessels also contribute to the metastesis process [65, 142]. Experimen-
tal results also suggests that the lack of nutrient can enhance the invasive
behavior of a tumor [38]. In a comprehensive review on metastasis, Wirtz et.
al. (2011) explained the key role played by mechanical forces and physical
interaction on cell motility and cancer spread [149]. Some pharmacologic and
biologic agents, and physical manipulation methods are known to reduce tu-
mor pressure that contribute to the treatment of cancer [10]. Stylianopoulos
et. al. (2012) presented a method to measure the solid stress accumulated
during the tumor growth process generalized for human and animals [125].
Although the compressive radial and circumferential stress is present at the
center of the tumor, there is tensile circumferential stress at the interface
between solid and healthy tissue [112, 126].

Returning to the mixture models of Section 2.5, we focus on the simplified
case of a three-constituent mixture comprised of tumor, healthy, and water
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constituents (i.e. α = T,H,W ),

da
∂cN
∂t

+∇ · (−c∇cN)︸ ︷︷ ︸
diffusion

+ vW · ∇cN︸ ︷︷ ︸
convection

= SN︸︷︷︸
nutrient consumption

, (2.14)

where cN is the concentration of nutrient, c is the diffusion coefficient, vW
is the velocity of the water constituent, SN = −ccρ̂T is representing the
consumption of nutrient by the tumor tissue, and da is the damping or mass
coefficient. The balance of momentum equation can be written as

∇ ·Tα + ραb + p̂α = ρ̂αvα. (2.15)

where Tα is the partial Cauchy stress tensor, and the term ραb is the vol-
umetric body force. The expression ρ̂αvα represents the exchange of linear
momentum through the density supply ρ̂α, and p̂α describes the interaction
force from other constituents, which is an internal force within the mixture.

One example of a model in this class of deformable-solid models is that
of a transversely isotropic biological tissue featuring a preferred direction,
where the material symmetry imposes conditions on any tensor that describes
properties in the domain. The preferred direction can be either fixed or a
time dependent based on the availability of nutrients. In three dimensions,
this direction can be described by a unit vector, A = (Ax;Ay;Az)

T , and
introducing the structural tensor M = A ⊗ A. The entropy inequality for
the mixture yields the following constitutive relations for the partial Cauchy
stress tensors of the combined (healthy and water) and tumor constituents

TS = −nSλI + TE
S , nS = nT + nH ,

TW = −nWλI,

}
(2.16)

where, the subscript s denotes the solid constituents (i.e., the tumor and
healthy constituents), λ is the fluid pressure, I is the identity tensor, FS is

the deformation gradient of s, TE
S = 2ρSFS

∂φS
∂CS

FT
S is the effective stress

of the solid constituents s. where, CS = FT
SFS is the right Cauchy-Green

tensor of s and φS is the Helmholtz free energy of the solid skeleton that can
be divided into isotropic and transversely isotropic parts as following [109],

φS =

(
nS
n0
S

)n
φS,iso (I1, I2, I3) + φS,ti (J4, J5) , (2.17)

where, I1,2,3 are the principal invariants of CS, J4,5 are the basic invariants
of the argument tensors CS and M, M = A ⊗ A is the Structural tensor,
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A = [Ax Ay Az]
T is a unit vector in the preferred direction of the transversely

isotropic solid tumor tissue.
After some lengthy calculations, stress in the solid constituent is derived

as,

TE
S = 2ρSFS

∂φS
∂CS

FT
S = JS

nS
n0
S

[(
nS
n0
S

)3

TE
S,iso + TE

S,ti

]
, (2.18)

where,

TE
S,iso =

1

JS
[2µSKS + λS(log JS)I] ,

TE
S,ti =

1

JS
α1α2 [tr(CSM)− 1]α2−1 FSMFS

T . (2.19)

Herein, KS =
1

2
(FSFT

S−1) is the Karni-Reiner strain tensor, and α1 ≥ 1 and

α2 > 1 are parameter due to the stiffness of the preferred direction A. The
interaction force p̂W , i.e. the force applied by the combined solid (tumor and
healthy) constituents on the water constituent, is obtained from the entropy
inequality

p̂W = λ∇nW − SWwWS,

SW =
µWR

k0
S

(
nW
n0
W

)m
(β1I + β2M)−1 , (2.20)

where, wWS := vW−vS is the seepage velocity, SW describes the permeability
tensor of water constituent in connection to the relative velocity, m denoting
a dimensionless material parameter, µWR the shear viscosity of the fluid, k0

S =
k0
S (nH) the intrinsic permeability, β is the parameter to quantify the relative

importance of transversely isotropic symmetry compared to isotropy. Based
on the entropy inequality, mass exchange is proportional to the difference
between the chemical potentials of tumor and healthy constituents.

Results of calculations performed in a model problem consisting of a fi-
nite element model with 75000 degrees of freedom depicting a growth of an
anisotropic tumor mass, initially spherical, over a period of 28 days are given
in this section. The computational domain is represented by a 10 cm × 10
cm × 10 cm cubic shaped control volume (as shown in Figure 2.6). There
is a sphere with a radius 0.6179 cm located at the center of this geometry
that represents the tumor domain ΩT while the region outside the spherical
tumor domain represents the healthy tissue domain ΩH . The magnitude of
the tumor radius is calculated from the experimental volume of the tumor in
[14] after 7 days of a human head and neck squamous cell carcinoma (HN-
SCC) xenograft inoculation is performed in nude rats. The parameters are
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obtained from the literature and experimental calibrations. The volumetric
growth of tumor at various time is compared (shown in Figure 2.7) with the
literature and used it to calibrate model parameters. Temporal evolution of
the tumor morphology is also shown in Figure 2.7 using 3D contour plots of
tumor volume fraction nT . The interface between tumor and healthy tissue
is observed to become irregular in Figure 2.7 because of the tissue anisotropy
(transverse isotropy) and neo-Hookean tissue behavior although it started
as a smooth sphere at t = 7 day. The volume of the tumor domain is seen
to be increasing over time. In Figure 2.7 the simulation and experimental
results show similar trend. Both of them are showing exponential increase in
the tumor volume. Moreover, the 3D contour plots of tumor volume fraction
nT at different time points serve as a visual representation of the tumor vol-
ume which is increasing over time. The interface between tumor and healthy
tissue is seen to gradually become irregular because of the gradient of the
nutrient concentration cN , tissue anisotropy (transverse isotropy) and neo-
Hookean tissue behavior although it started as a smooth sphere at t = 7
day.

Figure 2.6: Finite element mesh of the 3D computational domain.

A 3D contour plot of tumor volume fraction nT at the final (t = 24) day
is shown in Figure 2.8. To better understand the morphological instability,
fingering and fragmentation - a 2D cross sectional view of the volume frac-
tion nT is shown in Figure 2.9(a). While growing, the tumor tissue consumes
nutrient. The 2D cross sectional view of nutrient concentration cN in Fig-
ure 2.9(b) clearly showed depletion near the tumor core. This result gives an
indication about the necrotic core although the dead tumor cells are not mod-
eled explicitly. As mentioned, the concentration gradient of nutrient (shown
in Figure 2.9(c)) is an important contributor to the amorphous shape of the
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tumor along with the tissue anisotropy and neo-Hookean behavior. Because
of the concentration gradient of nutrient, different portions of the prolifera-
tive tumor constituents consume different amount of nutrient, leading to the
fingering instabilities. As a result, in Figure 2.9(d)), spatially variable mass
exchange rate between tumor and healthy constituents is observed.

 

Figure 2.7: Comparison with the experimental data from [14] and the tem-
poral evolution of the tumor morphology

2.7 Signaling Models

Multicellular organisms rely on complex biochemical communication sig-
naling systems for their organization and functioning and each individual
cell plays a specific role in the system. All cell processes are mediated by
intercellular and intracellular communication, which is carried out through
a highly integrated network of finely tuned pathways, that ultimately elicit
a target response. Those signaling networks consist, in general, of a large
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Figure 2.8: On the final (t = 24) day the 3D view of the tumor and the
location of the cross-sectional plane.

(a) (b)

(c) (d)

Figure 2.9: On the final (t = 24) day the cross-sectional plane for the (a)
volume fraction of tumor constituent nT , (b) concentration of nutrient cN , (c)
gradient of the concentration of nutrient cN , and (d) rate of mass exchange
between tumor and healthy constituents ρ̂T .
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number of different proteins and molecules that biochemically interact in a
strongly nonlinear way to produce appropriate response to environmental and
physiological conditions. The network processes are very complex, intercon-
nected through crosstalk mechanisms, in which the extracellular information
is received, amplified, spread, and ultimately alters gene expression, cell pro-
liferation, differentiation and apoptosis, and metabolism [56]. The type of
flow of chemicals towards a target characterizes the type of signaling, as
schematically depicted in Figure 2.10. Direct signaling occurs through gap
junctions that connect neighboring cells, allowing the transfer of signaling
molecules by a cell-to-cell contact. In autocrine signaling, the cell targets
itself or a similar cell. Local and fast extracellular communication, over
short distances, characterizes paracrine signaling, while endocrine signaling
is longer extracellular communication over large distances. The type of the
final response as well as the presence of some specific mechanisms define the
type of signaling network.

The control of gene expression that keeps appropriate expression levels
at specific times in certain types of cells to assure their functioning are per-
formed by gene regulatory networks. A generic schematic description of a
gene regulatory network is shown in Figure 2.11. Generally, the term signal-
ing pathway is usually used to refer only to a part of intracellular reactions
network that is responsible for processing the signal of interest. It starts with
a cell receiving an extracellular stimulus/information/signaling through an
adequate surface receptor. This receptor triggers a biochemical process in
which the information is converted into a chain of other chemical forms that
ends up creating a response to information from the environment. According
to [74], once activated, these receptors start signaling pathways (or signal-
transduction cascades), which ultimately determine the response of the cells.
Moreover, this flow of information is not linear and one or more components
of one pathway may affect or be affected by another pathway. Also, one re-
ceptor can activate several different pathways as in the metabolic networks,
where there is not only signal flow but the production and consumption of
mass flow.

The signaling pathways can be viewed as molecular circuits that detect,
amplify, and integrate a variety of external signals to generate responses.
The response may be in the form of either rapid non-genomic effects, such
as changes in enzyme activity, or slower genomic responses such as changes
in gene expression. Once a cell has completed its response to a signal, the
signaling process must be terminated or the cell loses its responsiveness to
new signals [18]. Many pathological states may appear due to disruption of
signaling pathways. Also, it is well recognized that many cancers are linked
to signaling processes that are not properly terminated [18]. In particular,
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Figure 2.10: Generic schemes of different types of signaling (extracted
from https://www.boundless.com/biology/textbooks/boundless-biology-
textbook/).

the tumor glycolysis involved in the altered metabolism of cancer cells, one
of the hallmarks of cancer, is now considered a target for cancer therapies
[54, 58, 117, 143].

An attempt to understand the connection between the signaling networks
in a cell and the hallmarks of cancer is described in [57] in a form of an in-
tegrated circuit. This description is segmented into distinct subcircuits later
in [58], in which it proposed that each subcircuit be related to a specific hall-
mark characteristic of cancer cells. Only a few capabilities of modern signal
models are described in [58] since many remain poorly understood, as pointed
out by the authors. The model is considered to be still a somewhat simplis-
tic model by the authors since it disregards many crosstalk and extracellular
signal from a variety of different stimuli within the tumor microenvironment.

Thus, an integrated understanding of these mechanisms and their dy-
namic interplay is now recognized to play an important role in cancer devel-
opment as well as significantly impact the design and improvement of thera-
peutic strategies to control cancer progression. However, many mechanisms
remain unknown. Mathematical modeling can help to elucidate the dynamics
of signaling pathways, its key components and the cross-talk among different
pathways at different scales. Moreover, can give insight on how to intervene
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Figure 2.11: Generic scheme of a cellular signaling pathway. Inspired by
Rybinski [114].

and promote new strategies to treat the disease. Under this perspective,
experimental approaches are combined with mathematical modeling to un-
derstand complex behavior of signaling pathways. The level of detail of the
mathematical model is driven by the main focus of the investigation and by
the type of available data to calibrate and validate the model.

The modeling studies of signaling pathways can broadly be classified as
continuum and discrete studies. A typical discrete dynamic model is based
on Boolean networks, which were initially proposed for modeling gene regu-
latory networks [138, 144]. In this approach, the protein-protein interactions
are described qualitatively so that the kinetics of individual protein inter-
actions are not taken into account. The signaling network is represented as
a graph in which the nodes represent the signaling molecules and the edges
represent their interactions. They are described through Boolean functions,
one assigned to each node, and ultimately define the binary state of the node.
As this approach is parameter-free and qualitative, it is suitable for qualita-
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tively analyzing complex large-scale systems, to infer regulatory interactions
and activity changes of components following a perturbation [144].

The more conventional mathematical approach to model signaling path-
ways is through a continuum perspective that considers ordinary differential
equations (ODEs). The ODE network is a set of coupled ODEs built as-
suming that the signaling molecules are highly abundant in the cell under
well-mixed conditions, at concentrations high enough to disregard individual
stochastic behaviors. The main rationale is posed by the law of mass action
that states that the rate of a reaction is proportional to the product of the
concentration of the reactants. Each ODE in the network expresses such
mass balance, that depends on the mentioned rates of reactions, which are
model parameters that have to be estimated on the lights of available data.
One of the main challenges of this approach is to select the model granularity
to represent the desired pathway, which ultimately defines the number of pa-
rameters to be calibrated. Direct measure of parameters is very limited and
usually the parameters are estimated mainly through regression procedures
so as to achieve the design goals. However, the experimental acquisition of
enough high quality data to effectively constrain parameter values is chal-
lenging. This is the main reason why most biological pathway models remain
poorly calibrated [5].

Spatially distributed signaling networks are used to describe the biochem-
ical interplay among molecules that diffuse in the environment. In those
cases, biochemical reactions can disrupt homogeneity and partial differen-
tial equations (PDEs) are the usual way to model the processes. A few
examples of spatially distributed signaling is presented in [71], in which is
highlighted how a flow quantity (concentration or activity) changes continu-
ously in time and space and the relevance of the spatial organization on the
network function. Stochastic models are also used if molecular fluctuations
are relevant, what happens when the number of molecules is small enough
and the likelihood of interaction between two molecules has to be taken into
account. In [67] one may find an overview of typical methods used in sys-
tems biology today to take account of stochasticity. See also [31] for a new
efficient way to deal with stochastic biochemical systems. Finally, discrete
approaches, mainly agent (or multi agent) based methods, are rules-based
modeling approaches that provide easier ways of representing the interac-
tions between entities [92, 120]. Agent based modeling approaches have been
used to study in silico how signaling molecules influence carcinogenesis. As
an example, Wang et al. [145, 146, 147] investigated the role of signaling
molecules and their cross-talk in two different pathways in the growth of a
lung cancer. They showed how different external microenvironments stimuli
influence the dynamics by trigging competing multicellular phenotypes. In
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addition to enabling tracking of the tumor growth dynamics across different
scales, this approach provided important insights on the therapeutic man-
agement by showing that the chemotherapeutic intervention against on one
signaling pathway may be insufficient.

To convey the basic ideas of the ODE/PDE approach, consider a typi-
cal scenario of a cancer progression and invasion. It is a complex process
involving an intricate interplay of a numerous signaling pathways, cell-cell
and cell-microenvironment mechanical/chemical interactions. In order to
grow, the tumor cells need to remodel their environment by inducing the
growth of new blood vessels as a source of nutrients and interacting with
the ECM. The interactions in the ECM include the degradation in order
to facilitate the mobility and the regeneration in order to serve as a sup-
port to fix the cells. It is known that the degradation and regeneration
of extracellular matrix (ECM) are regulated by paracrine signals, many of
them due to proteolytic enzymes called metalloproteinases (MMPs), whose
members express characteristics to either promote or suppress carcinogenesis.
MMPs are secreted in their inactive forms by both tumor and normal cells.
They interact to promote mutual activation and are balanced by endoge-
nous tissue inhibitors of metalloproteinases (TIMPs). They can exhibit both
pro- and anti-invasive characteristics and some are soluble (diffusible) and
some are insoluble (membrane bound) [11]. Matrix destruction and regener-
ation is mediated by the paracrine signals between TIMPs and MMPs, and a
protease-dependent model of cancer invasion was developed in [43] by consid-
ering this paracrine signaling pathway in a simple cancer cells - extracellular
matrix interaction model. This model considers the role of two represen-
tative metalloproteinases, the collagenolytic membrane-bound MT1-MMP
and the gelatinolytic soluble MMP2, and one endogenous tissue inhibitors of
metalloproteinases, TIMP2. In the model, the paracrine signaling is further
simplified by assuming that MT1-MMP is expressed in its active state, it is
inhibited by the freely diffusive TIMP2 through the formation of a membrane
bound complex which in turn is able to activate MMP2. The proteolytic ac-
tivity of MT1-MMP is localized due to the cell bound and the more extensive
tissue degradation is provided by the diffusible active MMP-2. The general
scheme of the signaling interactions is depicted in Figure 2.12.

The stages 2,3 and 4 are simplified by considering the complex f(x, t) that
ultimately activates MMP2, yielding the following nondimensional system of
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MT1 = mt(x,t) T2 = T(x,t) M2 = ms(x,t)

MT1-MMP:TIMP2 = f(x,t)

ECM = v(t)

cell = c(x,t)

membrane-bound

diffusive

Figure 2.12: Schematic diagram of the paracrine pathway that regulates
ECM (modified from [43]).

equations:

∂c

∂t
= ∇ · (Dc∇c− χc (s− 1 + v) (1− c− v)∇v)

+µc c (1− c− v)

∂v

∂t
= −δ (s− 1 + v) (ms +mt) + µv (1− c− v)

∂ms

∂t
= ∇ · (Dms∇ms)− φ31Tms + φ32mtf − βmsms

∂mt

∂t
= mt∇ · (Dc∇c− χc (s− 1 + v) (1− c− v)∇v) (2.21)

−φ41Tmt + φ42 − βmsmt + αmtc (1 + v)

∂T

∂t
= ∇ · (DT∇T )− φ51Tms + φ52Tmt + φ53f − αT c

∂f

∂t
= f∇ · (Dc∇c− χc (s− 1 + v) (1− c− v)∇v)

+φ61Tmt − φ62fmt − φ63f
∂s

∂t
= −δs (1− s)mt

This model includes the matrix suitability modifier s (x, t) that takes into
account the volume fraction of the substrate that is available to be degraded.
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The cancer cells can diffuse randomly in the medium and have the hapto-
tactic movement up a gradient of extracellular matrix. They also proliferate
according with competition for space with the ECM. This competition also
drives the ECM remodeling, which is degraded by both MT1 and MMP2.
MT1 is produced by cancer cells while MMP2 is activated by the complex f
(MT1-MMP:TIMP2:proMMP2), they both are inhibit by TIMP2 and there
is a natural decay of the enzymes (see [43] for details). Figure 2.13 shows a
simulation of a tumor growth obtained in a two-dimensional domain where
the top-half part is suitable for invasion. Accordingly, asymmetric invasion
of the ECM is achieved by the cancer cells.

Figure 2.13: Evolution of a 2D tumor. Plots (A-C) show show the initial
values of the cancer cell and ECM densities as well as the initial lay out of
the matrix suitability modifier. Plots (D–F) show their resultant profiles at
t=40. (Extracted from [43]).

The mathematical model characterized by (2.22) has 14 parameters as-
sociated with the local dynamics of the paracrine signaling pathway and
more than 50% have to be estimated. Aiming to include the net effect of
the matrix degrading enzymes on the tumor growth and on the extracellular
matrix remodeling in such way that the amount of parameters is reduced,
we consider a sub-class of the phase field tumor growth model developed in
[77]. Suppose now consider that the mixture is composed of six constituents
volume fractions:

• φT - tumor cell (proliferative, hypoxic and necrotic);
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• φC - healthy cell;

• φσ - nutrient-rich extracellular water volume fraction;

• φσ0 - nutrient-poor extracellular water volume fraction;

• φMDE - matrix degrading enzymes (MDE) rich extracellular water;

• φMDE0 - matrix degrading enzymes (MDE) poor extracellular water.

As usual, the mixture is assumed saturated, i.e.,

φT + φC + φσ + φσ0 + φMDE + φMDE0 = 1.

Here φMDE represents the net balance between all active metallopro-
teinases and associated inhibitors while φMDE0 represents the inactive en-
zymes. Assuming similar hypothesis as in Section 2.5.1 and denoting by
v (x, t) the extracellular matrix density, the mass balance of mass defined in
Ω× (0, T ] reads:





∂φT
∂t

= ∇ ·
(
MTφ

2
T∇µ− χφT∇v

)
+ λTprolφσφT − λTapopφT

µ = ψ′ (φT )− ε2∆φT

∂φσ
∂t

= ∇ ·Dσ (v)∇φσ − λTprolφσφT + λTapopφT

∂φMDE

∂t
= ∇ ·DMDE (v)∇φMDE + λMDE

prod φT (1− φMDE)

−λMDE
decay φMDE − λECMdecay vφMDE

(2.22)

The model is closed by adding the following differential equation for the
extracellular matrix:

dv

dt
= −λECMdeg vφMDE + λECMrem φT (1− v) . (2.23)

The tumor cells now grow according to the nutrient supply and die by natural
apoptosis. The dead cells are assumed to be incorporated to the system
immedietely by lysing. Matrix degrading enzymes present a natural decay
and are produced by tumor cells so that the growth levels off in regions
where the φMDE approaches the maximal volume fraction. As in (2.21), the
extracellular matrix is non-motile; it is degraded by the net action of the
enzymes and is constinuously remodeled by tumor cells if there is enough
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space. Finally, the model points out to a dependence of diffusion coefficients
on the ECM structure, a characteristic of heterogeneous ECM [72]. Figure
2.14 shows the evolution of the tumor as the result of similar conditions
of the dynamics presented in Figure 2.13. Although the phase-field model
requires only 3 parameters associated with the local dynamics, it is able to
represent the general interplay among the matrix degrading enzymes and th
extracellular matrix.

Figure 2.14: Evolution of a 2D tumor. Similar conditions as in Figure 2.13.

2.8 Angiogenesis Models

Angiogenesis, a physiological process through which new blood vessels
are formed from a pre-existing vascular network, is involved in many patho-
logical situations such as atherosclerosis, diabetes and cancer. As a cancer
hallmark, it plays a critical role in almost all cancer progression and results
from lack of nutrients and oxygen that halts the growth of avascular tumors
and induces hypoxia. This gives rise to a complex interplay of paracrine
signals, involving different types of cells, such as endothelial cells, and extra-
cellular matrix, that ultimately lead to the establishment, maturation, and
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remodeling of new blood vessels. [11] describes a series of distinct growth
factors and inflammatory stimuli and their roles in endothelial cells activa-
tion and ECM degradation. Moreover, even when the role of this stimuli is
recognized, the crosstalk among the pathways introduces huge complexity.
Consider, for example, the VEGF: it is the main angiogenic factor in EC
activation and VEGF signaling is itself mediated by two other endothelial
cell-selective RTKs (receptor tyrosine kinases). It also worths mentioning
that the complete angiogenic functions of VEGFs have not been totally dis-
sected yet [11]. On the other hand, a full picture of the integration of these
pathways is crucial for therapeutic exploration, as an intervention in one
pathway may induce a wide range of consequences to other pathways [64].

There are many continuum and discrete mathematical models of angio-
genesis available in the literature. The general mathematical methodolo-
gies of modeling angiogenesis can be found in Mantzaris et al. [87]. Recent
accounts on the role of cell signaling, molecular aspects and whole organ
modeling on the tumor angiogenesis is provided in [64]. In this section,
which closely follows the work presented in [77], we review some modeling
approaches and present a hybrid model developed by members of the TMG
group. The first discrete model of angiogenesis was proposed in Stokes and
Lauffenburger [124], in which each sprout is treated individually and the
evolution of the tip velocity is modeled by a stochastic differential equa-
tion. This allowed to track the heterogeneity of the tumor vascular network.
This feature is not prevalent in existing continuum models. Anderson and
Chaplain [7] have followed a different approach involving first discretizing a
two-dimensional continuum model using finite differences and then introduc-
ing a discrete algorithm that assigns probabilities of advancing vascular cell
sprouts that accounts for progressive diffusion, chemotaxis, and haptotaxis.
This methodology was incorporated in a phase-field tumor growth model
in Frieboes et al. [53] to capture in a hybrid model the complex interplay
of multiscale phenomena occurring at cellular-scales and their influence on
tumor macro-scale as a mechanism that promotes morphological instability.
An interesting continuum model was developed by Sun et al. [127, 128] that
uses a capillary indicator function to describe the capillary network struc-
ture and account for heterogeneity and anisotropy of the conductivity of the
extracellular matrix. Coupled with a discrete description of the tip cell and
associated velocity, this model is able to represent the morphology of the new
capillary network such as branching and anastomosis.

More recently, two hybrid models of sprouting angiogenesis were devel-
oped in Milde et al. [90] and Travasso et al. [139]. The former is based on
a particle-mesh representation of the blood vessels which is combined with
a continuum description through diffusion-reaction equations of vascular en-
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dothelial growth factor, endothelial stalk cells, matrix metalloproteinases and
fibronectin. As pointed out in the previous section, proteases and some pro-
teins play important roles in the cleavage and remodeling of the extracellular
matrix that ultimately influences the endothelial cell migration pattern. The
hybrid model developed in Travasso et al. [139] is based on the phase-field
approach which encompasses the concentration of tumor angiogenesis growth
factor and the position of capillary sprouts, and the activation of the tip cell
phenotype in endothelial cells and the definition of its position and velocity
are tracked by a discrete agent model. Such activation mimics the hypoxia
effect through concentration and gradient of the tumor angiogenesis factor.
The focus of the model is the formation of a new vascular network and the
tumor itself is not modeled. A full hybrid model that represents the vascular
tumor growth is presented in the following.

2.8.1 A Hybrid Ten-Species Phase-Field Model of Tumor Growth

In Section 2.5.1 a six species phase-field model for an avascular model
is described. That model is a simplication of the complete model for the
vascular tumor growth proposed by Lima et al. [77], where the mixture is
composed of N = 10 constituents and the following volume fractions are
added into the mixture:

• φTAF - TAF-rich extracellular water;

• φTAFo - TAF-poor extracellular water;

• φe - proliferative endothelial cell;

• φeo - non-activated endothelial cell.

The net tumor angiogenesis factor produced by hypoxic cells at a rate
λTAF is denoted by TAF-rich extracellular water volume fraction. This
growth rate depends on the microenvironment and mixture conditions so
that the growth levels off when TAF-rich extracellular water volume fraction
approaches its maximum value. The TAF-rich extracellular water volume
fraction triggers the endothelial cells activation, which proliferates according
with an uptaken volume-action coefficient αTAF during angiogenesis. Both
the proliferative of endothelial stalk cells and the TAF-rich uptaken by en-
dothelial cells are regulated by the discrete angiogenesis model so that they
are activated whenever TAF-rich volume fraction is higher than the activa-
tion threshold φTAFc . New endothelial cells are generated at the proliferation
rate αP (φTAF ) that depends on φTAF . When φTAF < φref , this rate is given
by αPφTAF . Otherwise, there is a saturation in the proliferation so that this
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rate reaches its highest value, αPφref . Finally, the proliferative endothelial
cells provide an increase of the nutrient amount at a rate αR. The growth
levels off in regions where the nutrient approaches its maximum volume frac-
tion. The source terms can be seen in details in Lima et al. [77]. Figure
2.8.1 depicts a scheme that includes the main model hypothesis. The tip
cell components of angiogenesis progression is described by a discrete model
(shown in blue). In this model, it is assumed that the tumor angiogenesis
factor - TAF - plays the role of the key regulator of the tumor angiogenesis.
It is released by the hypoxic cells and activates quiescent endothelial cells.
The discrete model takes into account the vascular development, such as tip
endothelial cell (tip cells) activation and sprouting of new vessels, based on
the work developed in Travasso et al. [139].

Proliferative Hypoxic

Necrotic

Proliferative Endothelial CellsProliferative Endothelial Cells

Tip Cell Stalk Cell

Migration Proliferation

TAF RichTAF Rich

Nutrient RichNutrient Rich

Tumor Cells

Figure 2.15: Conceptual scheme of the hybrid tumor growth model. The dy-
namics of tumor cells depends on the nutrient availability. In case of hypoxia,
tumor growth factors are released. They eventually activate endothelial tip
cell phenotypes, that promote the supply of nutrients to the tumor (after
[77]).

The discrete part of the hybrid model is able to represent the angiogenesis
process that leads to vascular remodeling is characterized by capillary sprout-
ing, excessive, distorted and enlarged vessels branching, and large levels of
endothelial cell proliferation [58], which are not captured by the continuum
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model. The ABM takes into account the vascular development, such as tip
endothelial cell (tip cells) activation and sprouting of new vessels [139]. In
this discrete model, the activation of the tip cells is the result of their re-
sponse to the environment through the TAF regulatory process [139]. Each
activated tip cell is a movable discrete agent with associated velocity and
path at a given time. As the sprouts migrate through the system, the stalk
endothelial cells behind tip cells proliferate yielding sprout extension so that
they define the morphology of the new growing sprouts, mediated by the
extracellular matrix. Different types of tissues and layered orientation of the
extracellular matrix have crucial role on the direction of the movement of
the tip cell since they might exert stronger resistance for a sprout branch-
ing in some directions and weaker in others. Although the present model
does not include the signaling mechanisms associated with the degradation
and remodeling of the ECM, the mechanisms on the movement and further
extension of capillary sprouts are included in the model through the hetero-
geneity and anisotropy of the conductivity tensor of the extracellular matrix,
as proposed in [127, 128]

The mechanism associated with the tip cell activation and movement is
then defined by quite simple rules. Each activated tip cell moves chemotac-
tically with a velocity that is proportional to the gradient of the TAF. For
the tip cell activation, both φTAF and φe have to be large enough. The latter
condition guarantees that the tip cell is inside the blood vessel and the former
guarantees that there is enough TAF in the neighborhood of the endothelial
cells to trigger differentiation of the phenotype. There is a minimum value
of the gradient of φTAF to drive movement. Thus, a tip cell is activated if
the following conditions are met:

1. φe > φ̂e;

2. φTAF > φTAFc ;

3. |∇φTAF | > Gm;

4. No other tip cell in a distance dt.

The last condition models the cell-cell contact dependent mechanisms that
prevent the activation of two neighboring tip cells, also known by notch
signaling [139]. The distance dt is associated with the diffusion of the sources
of angiogenic factor in the tissue. From all possible new tip cells satisfying
those conditions, just one is selected at a time to be a new tip cell (randomly).

Finally, the selected tip cell will move with cell velocity, vtip. The modulus
of the tip cell velocity is proportional to |∇φTAF | up to a maximum value
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Gmax, being defined as

vtip = K

[
χ∇φTAF

(
1 +

(
Gmax

|∇φTAF |
− 1

)
H (|∇φTAF | −Gmax)

)]
,(2.24)

where χ is the chemotactic response of the endothelial cells and K is the
conductivity tensor of the extracellular matrix. We assume that the medium
is heterogeneous and anisotropic, so the tensor this tensor K varies within
position x ∈ Ω and is non-diagonal. The extracellular matrix heterogeneity
and orientation of microstructure ultimately drives the tip cell movement
and is independent of time, as proposed in [127, 128]. The general symmetric
second order tensor K is of the form,

K =



Kxx Kxy Kxz

Kxy Kyy Kyz

Kxz Kyz Kzz


 = khH +

kh
ka
A, (2.25)

where H and A are the conductivity heterogeneity and anisotropy of the
extracellular matrix, respectively, and kh and ka the associated measures.
Here, in the absence of specific experimental data, the conceptual model of
K is built by defining a random vector function v = (vx, vy, vz) at each point
of the domain, such that |v| = 1. Then we set H = vvt and the anisotropic
matrix A is obtained from H by a rotation of 90o about the 3-axis. We also
assume that kh is fixed and ka is random. With these definitions, the tensor
K for a tri-dimensional domain is written

K = kh




v2
x vxvy vxvz

vxvy v2
y vyvz

vxvz vyvz v2
z


+

kh
ka




v2
y −vxvy vyvz

−vxvy v2
x −vxvz

vyvz −vxvz v2
z


 . (2.26)

For simplicity, the angiogenesis model is evaluated at some time intervals
of the continuum model, denoted by ∆t|AM . Once vtip is obtained, the new
position of φetip is obtained by

xnew = xold + ∆t|AMvtip, (2.27)

where xold and xnew are the original and updated positions of the endothelial
tip cell. Finally, the endothelial cells volume fraction inside the tip cell path
(φetip) provides the coupling between the continuum and the discrete model.
Whenever a tip cell is selected, the endothelial cells volume fraction is as-
sumed to that inside the tip cell path, which is a subset of the computational
domain defined by a ball of radius Rtip, centered at xnew.

To show the behavior of the hybrid model, two different experiments are
shown for different initial configurations of the parent vessel and a tumor
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mass centred in the middle of the computational domain. In the first case,
a vertical straight vessel close to a corner of the domain is considered. In
the second case, a curved vessel is allowed to cross the domain. Figure 2.16
shows snapshots of the proliferative endothelial cells alone and together with
the tumor cells at t = 13 (first row) and t = 16 (second row). At t = 13,
the sprouts reach the tumor and at t = 16 the tumor has some protrusions
towards the capillary network which is attached to the tumor, promoting
metastasis. Both the model and the computational framework used easily
deal with general positions for the vessel, as shown in Figure 2.17. As in the
previous case, Figure 2.17 shows snapshots of the proliferative endothelial
cells alone and together with the tumor cells at t = 13 (first row) and t = 16
(second row). Since the vessel is closer to the tumor compared with the
previous experiment, the onset of the angiogenesis is earlier, so that more
sprouts are present at t = 13. The additional capillary network speeds up
the tumor growth, so that at t = 16 it is very well mixed to the tumor mass.

Figure 2.16: Angiogenesis in a three-dimensional domain with a straight
parent vessel: snapshots of proliferative endothelial cells and ECs with the
tumor cells at t = 13 (first row) and t = 16 (second row) (after [77]).
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Figure 2.17: Angiogenesis in a three-dimensional domain with a curved par-
ent vessel: snapshots of proliferative endothelial cells and ECs with the tumor
cells at t = 13 (first row) and t = 16 (second row) (after [77]).

2.9 Stochastic Models

We now consider another important issue of the tumor growth: stochas-
ticity. It is widely accepted that tumor growth can be regarded as a random
process due to stochastic proliferation and differentiation of cells [136]. In
fact, all biological processes are not purely deterministic since all systems are
subject to random perturbations from the environment. Also, when modeling
carcinogenesis, variables such as proliferation and apoptosis rates are approx-
imated by data collected in vitro, that are intended to reproduce similar con-
ditions in vivo. Obviously, these values are subject to many uncertainties.
To disregard such uncertainties would lead to incorrect predictions which
ultimately might suggest inadequate therapy. Consequently, to take into ac-
count such uncertainties, carcinogenesis should be modeled as a stochastic
process [82]. Here, we review some works in the literature and present an
efficient approach to deal with parametric uncertainties. This section closely
follows the work presented in [78].

There are many ways to treat uncertainties in a variety of tumor growth
stages [3, 4, 78, 79, 82, 84, 86, 94, 96, 107, 136]. Stochastic angiogenesis mod-
els are thought to be able to generate more realistic structures of capillary
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networks [96]. Liotta et al. [79] developed a stochastic model of metastasis
formation, that takes into account the fact that a great number of tumor
cells can enter the circulatory system, but less than 0.1% survive to form
metastasis. Mortality and natality rates can also be treated as random vari-
ables [82, 136]. In Lo [82], the action of various therapies was modeled to
represent the suppression of growth of the tumor. In Naumov et al. [94], a
cellular automata model for tumor growth was developed. In their work, the
natural shrinkage in tumors is considered as a stochastic process. They as-
sume that a cell size is reduced to one-third of its original size under necrosis.
A stochastic rule is used to determine that only one-third of all cells become
necrotic and, due to the accompanied shrinkage, the remaining empty space
represents the reduction of the tumor size.

Hybrid stochastic models have also been proposed which employ cellular
automata models with probabilistic transition rules [84, 86, 107]. In the
model proposed by Macklin et al. [84], the cells transition rules from one state
to another are stochastic, with the probability given by an exponentially-
distributed random variable. Quaranta et al. [107] modeled tumor invasion
of surrounding tissue through partial differential equations and a stochastic
cellular automata model (random-walk model) to depict cell migration and
cell-cell interactions. In Mallet and De Pillis [86], a hybrid cellular automata
model combined with a model involving partial differential equations was
presented to model the interaction between tumor cells and the immune
system. In this model, a reaction-diffusion equation is used to describe the
distribution of two chemicals necessary for mitosis and cell survival. Among
the stochastic processes considered in the cellular automata, the death of
tumor cells due to insufficient nutrients and actions of the immune system
can be modeled as well as tumor and immune cell division and migration
[86].

2.9.1 A Stochastic Six-Species Phase-Field Model of Tumor Growth

In [78], the effects of the uncertainties in some input parameters of a
six-species phase-field model were studied. This kind o study helps to under-
stand the impact of measurement errors and patient-specific data variation
on the model. This idea is described here with more details. A sensitiv-
ity analysis of the model is performed in the attempt to identify the more
influential parameters on the tumor mass growth. The uncertainty of the
most influential parameter on the model output is then quantified by the
stochastic model.

A model-free sensitivity analysis is performed by selecting only six pa-
rameters that are believed to yield relevant variations in the QoI (tumor
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volume), in order to avoid increased complexity. The uncertainty analysis
is performed through a N -dimensional Monte Carlo analysis and the sen-
sitivity analysis is performed by producing scatterplots through projections
of the obtained N values of the selected QoI against the N sampled values
of each parameter. Each resulting cloud of points yields a different pattern
over the range of the uncertain parameter on the abscissa. A more uniform
pattern indicates that the parameter plays a smaller role on the QoI while
a more defined shape indicates higher correlation or higher influence of the
parameter [115].

Lima et al. [78] conducted N = 300 simulation runs that were enough to
provide reasonable scatterplots shapes. Figure 2.18 shows the scatterplots
for t2 = 10. Clearly, they show that the tumor mass evolution is more
sensitive to the rate of proliferative cellular mitosis λP than it is to the
nutrient mobility. The dependence of the tumor mass evolution regarding the
remaining parameters is less clear. Despite slight differences on the clouds
patterns, all of them are almost equally less important.
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Figure 2.18: Scatterplots of tumor volume versus parameters at time t2 = 10
(after [78]).

The Stochastic Collocation (SC) method is then used to solve the sys-
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tem of stochastic partial differential equations (SSPDE). It is a non-intrusive
methodology, basically involving a deterministic sampling [154] and the de-
terministic code is employed to obtain the result for each specific set of
samples. Afterwards, the stochastic solution can be estimated. More de-
tails about the implementation and methodology can be seen in [78]. The
uncertainty quantification is performed by considering that the rate of pro-
liferative cellular mitosis has a uniform distribution U [0.4, 0.6]. For the same
problem defined in Section 2.5.1, Figure 2.19 compares the expected value
of the tumor volume fraction resulting from the random proliferative cellular
mitosis (in red) with that obtained by using a fixed value for the proliferative
cellular mitosis (deterministic case (in green) with proliferation rate equal to
0.5) at t = 13. Clearly, the tumor volume fraction is underestimated in the
deterministic case. This quite simple example highlights the fundamental
role that uncertainty quantification plays on the quality (or confidence level)
of model predictions. In this case, a smaller tumor volume fraction evolution
characterized by the deterministic model would eventually lead to dosage
errors in planning therapeutic strategies, possibly yielding underestimated
treatment protocols.

Figure 2.19: Tumor cells at t = 13. In red the mean result for the random
problem, in green the deterministic problem when the proliferation rate is
0.5 (after [78]).
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2.10 Multiscale Computational Methods and Challenges
[50]

Multiscale methods are specially designed to develop models that are ca-
pable of linking molecular, cellular, and tissue scales. The common approach
taken in constructing a mathematical model is to begin with a simple model.
This model will preserve enough biology to be meaningful, but will include
less parameters [116] as to not over complicate the modeling process. The
advantage of this approach is that the model can be applied to understand
many different biological systems. A mathematical model that incorporates
multiple scales can serve at least two purposes: (1) when detailed information
about the biological system is known, the model can be used to conduct in sil-
ico experiments in lieu of in vitro or in vivo experiments; and (2) when details
are unknown, the model can serve as a tool to test a hypothesis and create
a prediction. Extensions and complications can be included into the mathe-
matical model, in the form of additional parameters, to better resemble the
biological system [116]. However, it is necessary to avoid over-complicating
the model.

The ultimate goal of multiscale mathematical modeling is to couple dis-
crete particle methods (e.g., molecular dynamics) with models at the con-
tinuum level. However, coupling of these two methods is difficult because of
the interaction between the interfaces between molecular dynamics and con-
tinuum regions. When applying the energy-conservation formulation, this
discrepancy is amplified by causing heat generation in the molecular dynam-
ics regime thereby polluting the solution. Another issue in coupling molecular
dynamics and continuum methods is in connecting time scales in each region.
Several researchers have developed multiscale methods to account for these
issues to efficaciously bridge between temporal and spatial scales. The fol-
lowing is a brief overview of commonly used multiscale modeling approaches
in the literature.

Bridging Scale Methods

The bridging scale method is a concurrent multiscale method that cou-
ples the atomistic and continuum simulation methods [81]. The feature of
this method is that it is general and can be used in a full three dimensional
domain. At its basic level, the bridging scale method includes the numer-
ical calculation of the time history kernel in multiple dimension so that a
two-way coupled coarse and fine molecular dynamics boundary condition is
determined [81]. This approach is particularly suitable for dynamics systems
with finite temperature [81].
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Bridging Domain Methods

The bridging domain method uses molecular dynamics in localized re-
gions then couples it with a continuum region that surrounds the atomistic
region [153, 155]. A spatial region contains overlapping continuum and atom-
istic regions which is best demonstrated by two dimensional wave and crack
propagation scenarios [81].

Quasi-Continuum Methods

Using the Cauchy-Born rule [129], which assumes that the continuum
energy density can be estimated using an atomistic potential, the analysis
at the atomic level is coupled to the continuum in the Quasi-Continuum
method [134]. This approach is similar to an adaptive finite element method
[100] which requires that the restriction that the deformation of the lattice
of continuum point must be homogeneous [81].

Coupled atomistics and discrete dislocation

Coupled atomistics and discrete dislocation (CADD) is a method for
quasi-static coupling [81]. This approach to multiscale modeling couples
molecular statics with discrete dislocation plasticity [41, 118, 119], thus mak-
ing it an especially useful tool in fracture mechanics. Defects such as dis-
locations generated within the atomistic region pass through to the contin-
uum region where they are characterized by discrete dislocation mechanics
[81, 141].

Macroscopic, atomistic, ab initio dynamics

The macroscopic, atomistic, ab initio dynamics (MAAD) multiscale method
concurrently links tight binding, molecular dynamics, and finite element
methods [1]. All three methods are computed simultaneously and dynami-
cally share and receive information. The approach decreases the mesh size of
the finite element mesh until it is on the order of the atomic spacing. Atomic
dynamic are then governed by molecular dynamics, then tight binding is used
to simulate the atomic bond breaking processes at an area of interest such
as a crack tip [81].

Course-Grained Molecular Dynamics

Coarse-grained molecular dynamics (CGMD) is a multiscale approach
similar to MAAD but instead couples only finite element and molecular dy-
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namics [113]. It is possible to eliminate the tight binding analysis because the
coarse-grained energy approximation converges to the exact atomic energy
that is used to derive the governing equations of motion [81].

2.10.1 Proposed Multiscale Modeling Framework

A general multiscale tumor model can be constructed that spans three
distinct scales. At the tissue level a continuum mixture model where the
biological tissue is represented as a mixture of multiple constituents is in-
troduced to describe the dynamics of the tissue (e.g. proliferative, hypoxic,
necrotic, and healthy) and chemical (e.g. nutrient) and extracellular matrix.
Each of such constituents, in their solid or liquid phase, are represented by
either the volume fraction or the concentration. The constituents interact
with each other through mass and momentum exchange. In Figure 2.20, the
solid arrows indicate the mass and momentum exchange while the dotted
arrows indicate information exchange. The interstitial fluid pressure is de-
rived from the restriction applied by the volume fraction of the total mixture.
The velocities of the solid tissue structure are solved using momentum bal-
ance equations accounting for both tissue anisotropy and nonlinear behaviors.
The interstitial fluid velocity is solved using the balance of momentum in the
quasi static Darcy formulation. The momentum exchange between the solid
and liquid constituents is modeled based on the Coleman-Noll procedure by
employing the entropy inequality [34, 35] so that the proposed model is ther-
modynamically consistent. The system of partial differential equations are
solved using finite element techniques. To bridge the spatial scales, each fi-
nite element is discretized into virtual cells at the microscopic scale to model
cellular growth by using agent-based statistical model to determine various
cellular level activities such as the phenotypical alteration, cell division, etc.
The geometry of each element and the local volume fraction and concentra-
tion of each constituents is solved at the tissue level are fed into the cellular
level at each time step. In this level, the individual cell activity and viabil-
ity are computed based on the availability of the nutrient and the signaling
pathways computed at the sub-cellular level. The Viability factor will deter-
mine if each individual cell survives or not. The cell activity factor dictates
if the cell proliferates or becomes hypoxic. If the cell activity reaches a cer-
tain threshold, the cell undergoes mitosis and divide into two. The spatial
occupation i.e. the proliferation direction is dictated by the interstitial fluid
pressure. At the sub-cellular geno-proteomic level, DNA/RNA-driven gene
mutation and proteomic pathways related to cancer growth are accounted
for. The individual cell activity and the local interstitial fluid pressure are
used to determine the genetic mutation. The signaling pathways are then
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triggered from the gene expression and a protein regulatory network. The
signaling pathways control the growth factors to dictate the cell activity and
viability and affect the cell phenotype.
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Figure 2.20: A framework for multiscale cancer modeling.
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3 Model Calibration, Validation and Selec-

tion in the Presence of Uncertainties

Given the multitude of different models for events occurring at different
spatial and temporal scales described in the preceding chapters, the inevitable
question that arises is their reliability as a means of forcasting physical reality.
This is a daunting question, as every phase of the prediction process must
cope with uncertainties-in data, in parameters, and most importantly, in the
selection of model itself. The successful use of computational models depends
upon several fundamental concepts and processes:

1. mathematical (computational) model – The model is a manifestation of
a scientific theory cast in mathematical structures that are intended to
provide a meaningful abstraction of reality. Many examples are men-
tioned in the previous chapters. For a given theoretical framework, one
can determine a number of models, each differentiated from the others
by different hypotheses put forward to explain observations, different
simplifying assumptions and then by specific values of the parameters
that define the model. In a typical statistical setting, the model pro-
vides a map of parameters into observables and these observables can
be recorded at several different levels: in vitro experiment, in vivo, etc.

2. quantity of interest (QoI) – It is important to specify in advance the
particular QoI’s of the physical event of interest. The notion of QoI’s
recognizes that the goal of a given prediction is not necessarily the
global solution of the problem, but particular features of that solution.
These QoI’s represent the key drivers for the development and selection
of mathematical models for computing.

3. data – Experimental observations are necessary for two fundamental
purposes: 1) to identify the values of the model parameters for the
specific physical environment in which the events of interest take place
and 2) to determine, if only subjectively, whether the model is capable
of faithfully predicting the QoI’s with sufficient accuracy. The first of
these is referred to as the calibration process. It involves solving an
inverse problem for the parameters based on the observations. The
second is referred to as the validation process. Validation involves ex-
perimental observations, obtained from more complex scenarios than
those involved in the calibration process, in order to verify that hy-
potheses of the theory hold for regimes that are different from those
considered during calibration. Roughly speaking, calibration generally
is done with in vitro data while validation relies on in vivo behaviors,
but exceptions to this exist.
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Thus, implicit in predictive computational modeling is that experimental
data must be acquired and integrated into computer codes in order to cal-
ibrate the models and test their validity. We describe a unique laboratory
(the TEL) developed for tumor model calibration and validation in Chapter
4. One way to address uncertainties in data, parameters, and model selec-
tion is to call upon probability theory as a means of assigning probabilities
to these objects. We adopt such probabilistic approaches throughout our
investigations. But what probability theory? As is described in subsection
3.2, we subscribe to the logical probabilities of Cox [36] expanded by Jaynes
[66] which provides a unified approach consistent with the “logical sciences”.

The treatment of uncertainty in predictive modeling involves three dis-
tinct processes: 1) the propagation of input uncertainties through the so-
called forward model, itself a stochastic process, to quantify the uncertain-
ties in QoI’s; 2) the statistical calibration process, in which probability den-
sities of random model parameters and modeling errors in the theoretical
structure are estimated using the measurement data, and 3) the validation
process, which aims at determining whether or not the hypotheses of the
model would hold for scenarios of interest and whether the model is capable
of reliably predicting outputs with sufficient accuracy to be used in making
critical decisions. Upon solving the stochastic forward problem for the QoI’s
the uncertainties in the prediction must be quantified in some way to help
establish a measure of confidence in the results.

For the purpose of determining the reliability of model predictions, we
note that all parametric models, including those described in Chapter 2 along
with boundary and initial conditions and constitutive relations, can be cast
into an abstract problem, of finding a function u in a space of trial function
ν, such that

A
((
θ,S

)
; u
(
θ,S

))
= 0, θ ∈ Θ,S ∈ {SC ,SV ,SP} (3.1)

where A is the set of operators characterizing the model (e.g. (2.7)), θ is
a vector of parameters belonging to the parameter space Θ (⊂ Rn), S is
the scenario in which the model is implemented (the solution domain with
boundary and initial condition), and u

(
θ,S

)
is the solution vector for given θ

and S. Various scenarios generally increasing in complexity, beginning with
low-dimensional unit test environments (e.g. in vivo experiments) in the
calibration scenario SC , progress to the full scale subsystem scenario (e.g. in
vivo data) validation scenario, and progress to the full prediction scenario,
SP . We shall refer to 3.1 as the forward problem. We may also consider
classes of models Ai that could be employed to describe the different scales
present in the physical system.
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3.1 Parameter Sensitivity

Sensitivity analysis is a process designed to estimate the sensitivity of out-
puts to changes in parameters. Particularly, it determines how the change in
input factors of a model, qualitatively and quantitatively, affects the varia-
tion and uncertainty in the model outputs. Quantitative sensitivity analysis
may results in reduction in parameter space dimension, where the calibra-
tion is made, by providing the level of importance of each parameter than
another. Parameters that do not appreciably influence outputs, particularly
the QoIs can be discarded at given fixed (deterministic) values. Therefore,
sensitivity analysis can be employed prior to calibration of complex models
in order to decrease the large numbers of parameters or to determine the
level of attention that must be given to experimental measurements of the
calibration data.

A qualitative route to computing sensitivities is to construct scatterplots
[115]. In this method, the parameters are randomly sampled and the compu-
tation model output Y = Y (θ1, θ2, · · · , θk) is computed. For each parameter,
samples are compared directly to the value of Y . A parameter is considered
to be “important” if a clear correlation between the parameter’s value and
the output value can be seen in the scatterplot patterns.

Another approach is to employ variance-based methods in which the sensi-
tivity pattern of a model is described by decomposing the variance V (Y ) of an
output function into contributions from each of the parameters [40, 122, 123].
The total sensitivity indices are then estimated via,

STi =
Eθ∼i(VXi(Y |θ∼i))

V (Y )
. (3.2)

where, θ∼i is the input vector excluding the ith component θi, VXi(Y |θ∼i)
is the variance due to θi of the output produced by θ∼i and Eθ∼i is the
conditional expectation of the model given θ∼i. The indices STi provide a
measure of the sensitivity of each input factor on the total output variance.

Prior to calibration, sensitivity analyses can be employed for the tumor
growth models described earlier. Variance-based sensitivity analysis are also
important in designing calibration (in vivo) and validation (in vivo) experi-
ments, as those parameters found to influence the QoIs (through sensitivity
measures) must be capable of being measured in calibration and validation
experiments.
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3.2 A Bayesian Framework for Calibration, Validation
and Prediction

Every stage of the calibration and validation processes encounters un-
certainties in the model parameters θ, the scenario parameters S, and the
observational data D. The problem of overriding importance is to charac-
terize in a meaningful way all of these uncertainties, to trace their propaga-
tion through the various solution processes, and to ultimately determine and
quantify the uncertainty in the target QoI’s. We shall employ Bayesian ap-
proaches, based on contemporary treatments of statistical inverse analysis,
such as those described in [19, 25, 26, 68, 80, 135, 137, 148]. One advan-
tage of the Bayesian theory is that it provides an all-inclusive framework for
identifying the essential features of a predictive model while also providing
means to characterize uncertainty. The main premise of this theory is that
of subjective or logical probability; the parameters θ, the observational cali-
bration data DC , the observational validation data DV , and the theoretical
model are not deterministic; they are random variables or processes charac-
terized by probability density functions (pdf’s), π(θ), π(DC), and π(DV ).
The model is thus transformed into a stochastic model. We express this by
rewriting (3.1) symbolically in the form

A
((
π(θ), π(S)

)
; u
(
π(θ), π(S)

))
= 0 (3.3)

which naturally implies that the solution u, and a fortiori the quantity of
interest Q(u), to be random as well.

Calibration: The calibration process enables one to identify model param-
eters based on calibration data DC obtained from a set of “simple” calibration
scenarios SC . Since there are uncertainties in both the data and the model
parameters, indicated by the vector θ, this becomes a statistical calibration
process in which probability density functions given by Bayes’ formula [? ]:

πcpost(θ|DC) =
πlike(DC |θ) · πprior(θ)

πevid(DC)
. (3.4)

In (3.4), πcpost(θ|DC) is the posterior pdf defining the Bayesian update of the
prior information embodied in πprior(θ), πlike(DC |θ) is the likelihood pdf, and
the term

πevid(DC) =

∫
πlike(DC |θ) · πprior(θ) dθ

the evidence seen to be the marginalization of the for given DC and a nor-

malization factor (since

∫
πpost = 1).
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Validation: The objective of the validation process is to challenge the
model by testing the validity of the assumptions on which the full-system
model is based; the process thus requires the consideration of new exper-
imental scenarios SV designed to corroborate the model assumptions. A
scenario SV provides new data DV that can be used for recalibrating the
parameters. In the first step of validation, a new posterior pdf can thus be
formed,

πvpost(θ|DV ,DC) =
πlike(DV |θ) · πcpost(θ|DC)

πdata(DV |DC)
. (3.5)

where πdata(DV |DC) is a new normalization constant. The prior is seen to
be the posterior at the calibration scenario.

The second step of the validation process consists in comparing values
of QoI’s obtained from the stochastic model using πvpost(θ|DV ,DC) and the
observable value of this quantity obtained from experimental measurements
and for a new scenario SP , the prediction scenario. If the differences between
the values of QoIs is less than a given tolerance, we say the model is “not
invalidated,” and one gains more confidence in the predictive capabilities of
the mathematical model; otherwise, the model is invalid.

3.3 Model Selection: Posterior Plausibilities of Para-
metric Model Classes

Bayes’ formula can be written to make explicit the whole set of assump-
tions underlying the modeling and inference efforts [15, 99, 103]:

πpost(θj|D,Pj) =
πlike(D|θj ,Pj) · πprior(θj|Pj)

πevid(D|Pj)
. (3.6)

In (3.6), Pj denotes the j-th model class, which has associated with it a
random vector θj of model parameters, j = 1, 2, . . . ,m. All m proposed
model classes are “competing” to explain (match) the same collected data
D. A model class can be seen as the family of all possible values of θj ,
augmented with prior and likelihood pdfs.

In (3.6), the term

πevid(D|Pj) =

∫
πlike(D|θj ,Pj) · πprior(θj |Pj) dθj (3.7)

is denoted “model evidence”, and it reflects how likely one is to obtain a
given data sample D within the whole family of models θj in Pj. The model
evidence can be used to update the ranking of model classes. Indeed, in
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the set M = {P1,P2, . . . ,Pm} of competing model classes, let us say that
we have an a priori plausibility ρprior(Pj|M) for each model class, with the
constraint

m∑

j=1

ρprior(Pj|M) = 1.

Having the experimental data, we can update such a priori ranking. The
posterior plausibility ρpost(Pj|D,M) for each model class is also computed
through a Bayesian updating procedure:

ρpost(Pj|D,M) =
πdata(D|Pj,M) · ρprior(Pj|M)

πdata(D|M)
. (3.8)

In (3.8), the term

πdata(D|M) =
m∑

j=1

πdata(D|Pj,M) · ρprior(Pj|M)

is the normalization value (for a given D) that reflects how likely one is to
obtain a given data sample D within the whole family of model classes Pj in
M.

3.4 The General Bayesian filtering

Bayesian methodology can be employed for real-time assessment of the
system state evolution in the presence of dynamic data (i.e. the data that
is acquired through time t ∈ [0,∞]), so that we can inform ourselves for
potential control actions to be taken on the system. For instance, the state
might be concentration of tumor cells throughout a volume region and the
control action can be a cancer treatment process. The initial state of the
system is specified by the pdf π(ϑ(0)). and the control is indicated by the
vector c ∈ Rnc , for some fixed positive integer nc > 0. The measurement
data D(1), D(2), . . ., are collected at instants 0 = t(0) < t(1) < t(2) < . . .. The
Bayesian filtering consists of two steps:

(a) [Prediction step] Having the calibrated (and validated) computational
model, one might use an evolution equation in order to predict the
state of the system, such as

ϑ
(k+1)
predict = f (k+1)(ϑ(k), c(k+1),w(k)), (3.9)

where f (k+1)(·, ·, ·) is an evolution function and w denotes the state

noise. Once the new state ϑ
(k+1)
predict is predicted, one can also compute

the next measurement y(k+1).
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(b) [Correction step] Once the actual data D(k+1) at t(k+1) arrives, Bayes’
formula (3.10) is employed to statistically update the predicted state

ϑ
(k+1)
predict, such as

πpost(ϑ
(k+1)|D(k+1),D(k), . . . ,D(1))

=
πlike(D

(k+1),D(k), . . . ,D(1)|ϑ(k+1)) · πprior(ϑ
(k+1))

πdata(D(k+1),D(k), . . . ,D(1))
. (3.10)

The recursive process (steps (a)-(b)) continue in order to real-time monitoring
and control of the system state evolution. It is shown that this procedure,
by addressing the noises in the data and uncertainty in the computational
models, results in enhancement of predictive models of complex physical
phenomena [104].

3.5 Example: Selection of Models of Tumor Growth

The Bayesian framework for model calibration and selection is employed
by Oden et al. [99] to statistical assessment of continuum models of tumor
growth. Particularly, two classes of tumor growth models based on phase-
field theories of mixture are taken into account such as,

• P1 : Simple Proliferation

• P2 : Proliferation/Apoptosis, with Degenerate Mobility and Oxygen.
Dependence

In deriving both models, it is assumed that there are only two species, con-
centration u(x, t) of cancer cells in the tissue for any x ∈ Ωactual and any t ≥ 0
and healthy cells n. For P1, convective velocity is ignored and a simple, lin-
ear proliferation is assumed wherever there is species u. In P2, the effects
of oxygen are considered via a separate reaction diffusion-reaction equation,
that is the tumor will only proliferate significantly if there is enough oxygen
present.

The Bayesian methodology described above is then employed to deter-
mining the most plausible models in the set M = {P1,P2} of candidate
models which compete to better simulate a given data set D.

The reference data D used in this study is fabricated with a model Pref

that is different, and presumably more sophisticated, than the P1 and P2.
Particularly, Pref is a four species model accounting for tumor cells, healthy
cells, nutrient-rich extracellular water, and nutrient-poor extracellular water.
Figure 3.1 shows the simulation results of Pref in terms of the concentration
of cancer cells u in the tissue.
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Fig. 3. Initial state used in all our numerical experiments. The tumor is located in the left-lower
corner of the domain.

We also define

ln(u) ≡




ln(u1)

ln(u2)
...

ln(u4900)



4900×1

∀u ∈ (0,+∞)4900, (6.9)

and, regarding PDF notation, we denote by U(B) a uniform distribution over a

given set B, and by N (m,C) a (multivariate) Gaussian distribution of mean m

and (co)variance (matrix) C.

6.2. The reference data D

The reference data D used in our experiments is fabricated with a PMC Mref that

is different, and presumably more sophisticated, than the PMCsM1 andM2 below.

All parameters θref of Mref are treated deterministically (that is, their PDFs are

delta functions), and Mref is simulated from t0 = 0 until t = T > 0 with time step

∆t < T , with the state variable evolving from u0(·) until

uref(·) ≡ u(·, T ). (6.10)

Corresponding to the reference solution (6.10), we define

uref = F (uref) (6.11)

and

D = ln(uref). (6.12)

Figure 4 shows the reference solution with T = 1. Throughout the rest of Sec. 6 we

will use a D computed with T = 0.3.

M
at

h.
 M

od
el

s 
M

et
ho

ds
 A

pp
l. 

Sc
i. 

20
13

.2
3:

13
09

-1
33

8.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
T

E
X

A
S 

A
T

 A
U

ST
IN

 o
n 

07
/1

8/
13

. F
or

 p
er

so
na

l u
se

 o
nl

y.

(a)

March 20, 2013 21:14 WSPC/103-M3AS 1350010

Selection and Assessment of Phenomenological Models of Tumor Growth 1329

Fig. 4. Reference solution computed with T = 1. The tumor region expands with respect to the
region of Fig. 3. The concentration of tumor cells grows (less) not only in the region of Fig. 3, but
also (and more) in the expanded region.

6.3. The likelihood

For any given candidate PMCM (either M1 or M2 in Sec. 6), we first compute the

solution uM (·, T ), and then compute the corresponding vector

uM =




uM,1

uM,2

...

uM,4900



4900×1

= F (uM ), (6.13)

following the procedure F explained above in (6.3)–(6.7).

Now we come up with three important hypotheses about the pixels correspond-

ing to the actual (and unknown) concentration field uactual(·, T ) of tumor cells. Let

us refer to this vector of 4900 unknown non-negative values as uactual. The three

hypotheses are:

(i) We believe that each component of uactual is a random variable satisfying

[uactual]k = uref,k · eνdata ∀ 1 ≤ k ≤ 4900, (6.14)
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Figure 3.1: The synthetic images of the tissue obtained from Pref . The
physical domain corresponding to a tissue is the square Ωactual = (0, 25.6)×
(0, 25.6): (a) Initial state of tumor cells concentration u0 = u(x, 0), the tumor
is located in the left-lower corner of the domain. (b) Change in the tumor
cells concentration over time u(x, t) − u0 at t = 1, the tumor cells grows in
the domain [99].

This synthetic data, together with (3.4) are used for statistical calibration
of the proliferation rate parameter P in both models. Figure 3.2 shows the
computed posterior pdfs of the θ1 = P . Moreover, assuming equal prior

plausibilities of ρprior(Pj|M) =
1

2
for each model, the posterior plausibility

is computed from (3.8) such as

ρpost(P1|D,M) ≈ 1 and ρpost(P2|D,M) ≈ 0

It should be noted that the worse posterior plausibilities of P2 should not be
interpreted as a sign of the inappropriateness of the corresponding governing
equation, but rather of our choices: which parameters to treat deterministi-
cally in P2, as well as of which values to give them.
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help us to check the stability of the Model Library, judge the correctness of the

Top Application code and of the likelihood routines, and gain confidence that the

suggested prior PDFs for (P, σ) make sense.

6.7. Numerical results

While the prior pprior(Mj|M) should be chosen to reflect previous experience, for

simplicity we choose equal plausibilities of 1
2 for each PMC. Figure 7 shows the

Fig. 7. Posterior samples and posterior marginal PDFs for M1 (left column) and M2 (right
column). A total of 2048 samples is used for each plot.

M
at

h.
 M

od
el

s 
M

et
ho

ds
 A

pp
l. 

Sc
i. 

20
13

.2
3:

13
09

-1
33

8.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
T

E
X

A
S 

A
T

 A
U

ST
IN

 o
n 

07
/1

8/
13

. F
or

 p
er

so
na

l u
se

 o
nl

y.

(a) (b)

Figure 3.2: Posterior marginal pdfs for: (a) model P1, (b) model P2 [99].

All the calculations, including the solution of the statistical inverse prob-
lems through Bayesian formula and calculating evidences and other integrals
is performed using QUESO [105] that utilizes Markov Chain Monte Carlo
(MCMC) methods. Parallel computing is employed in all computational
steps. More specifically, the Lonestar computational platform at the Texas
Advanced Computing Center (TACC [133]) is employed in this study.
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4 Experimental Calibration and Validation of

Tumor Growth Models: The Rylander Tu-

mor Engineering Laboratory

A new research laboratory has been constructed to develop in vitro plat-
forms specifically dedicated to calibration and validation of a wide collection
of tumor growth models. The laboratory captures novel physiologically rep-
resentative 3D tumor platforms (solid 3D matrices, single and dual channel
vascularized microfluidic tumor platforms, and platforms with vascularized
networks incorporated) for studying the influence of cell-cell and cell-matrix
interactions and key biomechanics of tumors, including matrix stiffening due
to desmoplasia, increased compressive force resulting from growth-induced
solid stress, and greater interstitial fluid pressure and altered fluid flow pat-
terns due to abnormal vasculature and lack of functional lymphatics. These
platforms supersede traditional 2D cell monolayers, which do not recapitu-
late any of these features, and overcome the highly variable and frequently
cost prohibitive use of animals for systematic and high throughput analysis
critical for therapy development. These platforms are coupled with a high
resolution confocal microscope to facilitate dynamic spatial and temporal
imaging of tumor growth and response to stimuli in a controlled live cell
incubation chamber for long term non-destructive analysis. The capability
to perform high resolution spatial and temporal imaging with the confocal
microscope is a very unique and new capability recently established at UT
Austin. It is believed that the Rylander Tumor Engineering Laboratory can
provide unparalleled insight into the dynamics and spatial nature of tumor
growth. These first-of-their-kind platforms can be employed for unprece-
dented exploration of the influence of microenvironmental features on tumor
growth and response to therapies while serving as an enabling technology for
computational model development and refinement.

4.1 3D Solid Tumor Platform

Solid tumor platforms are based upon collagen I hydrogels seeded with
MDA-MB-231 breast cancer cells, telomerase immortalized endothelial cells
(TIME), and normal human dermal fibroblasts (NHDF) of varying densities
as shown in Figure 4.1 [131, 132]. Briefly, MDA-MB-231 and NHDF cells are
mixed in a neutralized collagen solution and allowed to polymerize at 37◦C.
Then, TIME cells are seeded on top of the collagen hydrogel and allowed to
form a monolayer.
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Figure 4.1: 3D collagen hydrogel composed of MDA-MB-231 breast cancer
cells, NHDF fibroblasts, and TIME endothelial cells [131].

The hydrogel is composed of Collagen I, but can be customized to a
stiffer or softer composition by changing the concentration of collagen used
to compose the gel. Blends of other types of collagen can be incorporated to
change the matrix mechanics. Additionally, the matrix can be customized
by incorporating extracellular proteins such as fibronectin and laminin.

The current cellular system is composed of MDA-MB-231 breast cancer
cells, NHDF fibroblasts, and TIME endothelial cells. This solid gel sys-
tem can be altered to study behaviors of mono-culture, co-culture (MDA-
TIME, MDA-NHDF, NHDF-TIME) and tri-culture cellular compositions.
The growth characteristics of the tumor population can be varied by chang-
ing the initial seeding densities of each type of cell. Changes in cell density
and compositions can dramatically influence cellular signaling and ultimately
enable the influence of these conditions on hypoxia or angiogenesis to be in-
vestigated. Specifically by varying cellular composition from a mono-culture,
co-culture, and tri-culture the effects of cell-cell interaction on cell prolifera-
tion, morphology, cell secretions, migration, and gene and protein expression
can be elucidated. Other types of cancer cells such as brain or pancreatic
cells can be incorporated and the matrix tuned to reflect the properties of
these tumors.

4.1.1 Cell Viability, Proliferation and Morphology:

The population of live and dead cells can be determined by performing
Calcein AM and Propidium Iodide staining which allows for simultaneous
detection of live (fluoresce green) and dead cell (fluoresce red) populations.
Calcein AM can be introduced in the system for 1 hr followed by a 10 min
incubation with propidium iodide. Confocal microscopy will quantify the
number and distribution of live/dead cells dynamically. Figure 4.2 shows
the population of live and dead cells within a collagen platform. The prop-
erties of this platform have been tuned to create a necrotic core (red cells
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throughout most the gel) with corresponding live cells (green) near the sur-
face. Toxicity can be measured using Alamar Blue dye which is added to
the system and incubated for 1-4 hrs at 37oC. Percent reduction in Alamar
blue, which indicates the level of cellular activity, is analyzed with a plate
reader. Cell proliferation can be determined by staining the cells with
DAPI and counting the nuclei. Cell morphology can be analyzed by per-
forming F-actin staining to denote cytoskeletal organization and imaged as
published [131, 132].

Figure 4.2: Live/dead staining of cancer cells Green: calcein, live cells; Red:
Propidium Iodide, dead cells, Scale=50 µm.

4.1.2 Experimental Depictions of Angiogensis

The solid gel collagen platforms can be cultured in a transwell system to
study angiogenic sprouting. Transwell supports are hanging well inserts with
a thin microporous permeable membrane on the bottom and impermeable
side walls used for studies of anchorage dependent and independent cells.
They utilize the permeable support to enable the physiologically representa-
tive transport, absorption, and secretion of signaling molecules and growth
factors between different cell populations to explore the influence of their
interactions on key processes such as angiogenesis, cell migration, and tumor
growth. The transwell membranes are available in various sizes, diameters,
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pore sizes, and membrane materials to permit fine tuning of them for specific
applications and cell types.

A transwell-solid gel system with a co-culture of MDA-MB-231 and GFP
fluorescently labeled TIME cells has been developed to study angiogenic
sprouting (Figure 4.3a) [131, 132]. To create this system, MDA-MB-231
breast cancer cells and NHDF fibroblast cells were mixed in a neutralized
collagen solution and allowed to polymerize in a transwell insert in a 12 well
plate dish. After polymerization, endothelial cells were seeded on top of the
collagen hydrogel and allowed to form a confluent layer. Media was then
added to a well plate dish until it just passes the permeable membrane of
the transwell insert and also on top of the endothelial layer in the insert as
shown in Figure 4.3a. This system enables analysis of the secretion of factors
associated with intercellular signaling between endothelial cells and breast
cancer cells, and fibroblasts separately. Figure 4.3b illustrates other key ap-
plications such as cell migration/metastasis and angiogenesis that could be
studied with this system. A transwell-solid gel system with a co-culture of
MDA-MB-231 and GFP fluorescently labeled TIME cells has also been devel-
oped to study angiogenic sprouting. This system, has been used successfully
to induce angiogenesis as shown in Figure 4.4. Sprouting was determined by
imaging the system under a confocal microscope.

Figure 4.3a: Setup of the transwell-
solid gel platform. First, cells are cul-
tured in the collagen hydrogel in the
insert. Next, the insert is placed in
the well plate and media is added to
the bottom of the well and the on top
of the endothelial cells in the hanging
well insert.

Figure 4.3b: Various applications for the Transwell-Solid-Gel platform. Left)
Cell migration studies and Right) Angiogenesis characterization.
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Figure 4.4: (a) TIME endothelial cells cultured on 2mg/ml collagen gel.
(b) By day 7, significant angiogenic sprouting was observed beneath the
surface. (c) Lumen formation was present without a bFGF growth factor
supplement. (d) Z-stack confocal imaging reveals the vascular complexity
that can be achieved when 10 ng/ml bFGF is added resulting in separate
sprouts anastamosing and continuing to extend far into the tumors.

4.1.3 Hypoxia Measurement

By altering the number of cells seeded in the gel or properties of the gel
(thickness, collagen concentration, porosity) hypoxia can be induced. Hy-
poxia is visualized by performing antibody staining for HIF-1a (Figures 4.5a
and 4.5b) and performing real time PCR to determine the gene expression
levels of HIF-1a (Figure 4.6) [131, 132]. With real time PCR, measured an-
giogenic gene expression (VEG-F, Ang-1, Ang-2) for a wide array of genes
and under many platform conditions has been measured (not shown) [22, 23].

4.2 Single Channel Vascularized Platform

The laboratory contains a single channel microfluidic platform to deter-
mine the influence of flow on tumor progression. This platform is fabricated
from type I collagen derived from excised rat tail tendon. The channel is
fabricated by neutralizing collagen solution mixed with cancer cells into fluo-
rinated ethylene propylene (FEP) tubing fitted concentrically with a stainless
steel needle and capped with PDMS sleeves [21, 22, 23]. The FEP enclosure
and a water bath are used to enable refractive matching allowing undistorted
imaging in the center of the (transparent) hydrogel. Following polymerization
of collagen with hydrochloric acid, the needle is removed, leaving a cylindri-
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Figure 4.5: Hypoxia was detected using immunofuorescence for HIF-1a. (a)
MDA-MB-231 cells were seeded at a density of 4 million cells/ml, and on
day 1, the blue fuorescence indicated intra-cellular levels of hypoxia. (b) On
day 5, the fuorescence intensity increased, in particular within the large cell
clusters, signifying an increase in hypoxic oxygen levels. Scale bar is 100 mm.

cal microchannel embedded within the hydrogel which is subsequently seeded
with endothelial cells (Figure 4.7B). Flow is introduced into the microfluidic
channel generating target wall shear stresses (0.01-10 dynes/cm2). Shear
stresses and spatiotemporal velocity profiles in the vessel can be measured
with micro-particle image velocimetry (µ-PIV) [21, 22, 23]. In a microPIV
measurement, fluorescent polystyrene tracer particles seeded in the flow are
illuminated and imaged by a high-speed camera. Cross-correlation of image
pairs are used to calculate statistical particle displacement, which, with the
known image frequency, is used to compute the velocity field. This system
demonstrates the capability for fabricating a 3D microfluidic collagen plat-
form capable of sustaining cell proliferation [22], and has been used to study
tumor and endothelial intercellular signaling in response to hemodynamic
flow [23].

4.2.1 Matrix Composition

The influence of matrix composition (collagen types I, II, and IV) and
collagen concentration on diffusivity and stiffness of the hydrogel, which ul-
timately affects cell-matrix interactions, including matrix remodeling and
ultimately tumor development can also be assessed [8, 9]. Collagen types
I, II, and IV can be isolated from rat tail tendons, articular cartilage, and
livers/kidneys, respectively. Collagen concentrations of 2-8 mg/ml can be
used to yield elastic moduli (as measured with dynamic mechanical analysis)
representative of many tumors [9] with particular focus on matching that
of breast and brain tumors. Material properties including stiffness, fiber
structure, and porosity can be measured for varying matrix compositions

63



Figure 4.6: Quantitative RT-PCR was used to analyze the progression of
HIF-1a expression in the tumor platforms over a 7-day period, with expres-
sion on day 0 used as the control. (a) MDA-MB-231 cells were seeded at
a density of 4 million cells/ml in 3 mm thick hydrogels. HIF-1a was up-
regulated on day 3 and day 5 (c) When the initial cell seeding density was
decreased to 1 million cells/ml, HIF-1a was significantly upregulated on day
7, (e,) When the cell seeding density was kept at 4 million cells/ml but a
1.5 mm thick hydrogel was used, HIF-1a was not upregulated over the 7-day
period. * was used to indicate significance compared to day 0.*/#, **/##,
and***/### denote p < 0.05, 0.01, and 0.001, respectively.

to verify the proposed platform mimics native tumors. The steady-state
elastic modulus, E, measured as by confined uniaxial compression using a
mechanical load frame (Bose ElectroForce) equipped with a precision load
cell [9]. Each sample will be linearly displaced at a low speed to measure the
quasi-steady state elastic modulus (Figure 4.8b). ECM structure (fibril den-
sity, size, orientation and hydrogel porosity), which is coupled with stiffness,
is also relevant. Collagen fibrils are imaged using laser scanning confocal
reflectance microscopy (CRM) with a 40x water immersion lens, which, in
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Figure 4.7: Single channel platform A) cancer cells (green) and endothelial
cells (red). B) Co-culture of both cells in platform; scale=200 µm, Bottom)
Embodiment of microfluidic device.

contrast to scanning electron microscopy, affords high-resolution images of
collagen fibers while maintaining the hydrated structure. A Frangi Vessel-
ness filter can be utilized to enhance fiber imaging for quantitative analysis
of fiber structure metrics, including fiber diameter, length, volume fraction,
orientation, and pore size. Figure 4.8 shows CRM images (a), compressive
modulus at strain rate of 0.1%/s (b), fiber diameter (c), and pore diameter
(d) as a function of collagen concentration, temperature, and pH [9].

4.2.2 Cellular Composition

Any type of tumor cell can be incorporated in the single channel platform.
For all applications, a transformed human microvascular endothelial cell line,
(TIME) will form the endothelialized microchannel. A human glioblastoma
brain cancer cell line, U-87 MG, or breast cancer cell lines of varying ag-
gressiveness (MCF-7, MDA-MB- 231 or 361) can be incorporated into the
platform, in separate experiments to mimic the brain and breast tumor mi-
croenvironments respectively. Tumor cells (1× 106 to 10× 106 cells/ml) can
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Figure 4.8: (a) CRM images for 4 mg/ml and 10 mg/ml hydrogel polymer-
ized at 23◦C and 37◦C with pH 7.4 and (b) compressive modulus, (c) fiber
diameter, and (d) pore diameter determined as a function of collagen con-
centration, polymerization temperature, and ph for collagen hydrogels.

be uniformly suspended in neutralized collagen solutions during polymeriza-
tion. TIME cells can then be injected into the microchannel at a density
of (10 × 106 cells/ml), a quantity sufficient to allow growth of a confluent
lumen [22, 23]. To better mimic these native tumors and create matrices
that are stromal cell initiated, fibroblasts of varying concentration can be
introduced in the tumor matrix. Previous work has shown sufficient tumor-
fibroblast proliferation and limited matrix contraction with ratios of 2:1:2 of
endothelial:fibroblast:tumor cells.

4.2.3 Hemodynamics

Average shear stress in normal vessels is 4 dynes/cm2[132]. Inhibition of
cancer cell growth and differentiation can occur after exposure to high shear
stress of 12 dynes/cm2 [132]. Flow can be introduced in the microfluidic chan-
nel with a syringe pump generating wall shear stresses of 1-15 dynes/cm2.
The effect of shear stress and associated velocity profiles on tumor growth
and cancer cell metastasis can be determined. Flow rates and shear stress can
be quantified with microparticle image velocimetry (µ-PIV) using published
methods [22, 23]. Briefly, 1 µm fluorescent microparticles, suspended in cell
media, plasma, and heparinized whole blood will be injected in the channel
at flow rates of 20 µl/min-2 ml/min [132]. Channels will be illuminated with
a 532 nm laser and microparticles will be imaged with a 20x microscope ob-
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jective at 125 frames/second with a field of view of 1024x512 pixels. Velocity
fields will be determined by ensemble robust phase correlation and processing
with mean subtraction and high-pass Gaussian filters.

4.2.4 Endothelial Permeability

The number of cancer cells and magnitude of wall shear stress can be
varied to cause cell-mediated and hemodynamic changes in permeability. To
replicate the tumor vasculature, which is permeable and tortuous, and inves-
tigate the influence of vessel properties on tumor growth, varying red blood
cells can be introduced. Vessel permeability are measured as follows: briefly,
70 kDa Oregon green-conjugated dextran is perfused into the channel and
the width of the collagen (including the channel) imaged. The average flu-
orescence intensity over time can be used to find the effective permeability
coefficient or the ability of the solute to escape uniformly from the lumen.
The single-channel collagen microfluidic device has been employed to study
signaling between breast cancer cells within the collagen gel (MDA-MB-231)
and a complete endothelium on the lumen of the channel (TIME cells) in re-
sponse to fluid shear and demonstrated the role of shear stress on angiogenic
gene expression and endothelial permeability [22, 23] (Figure 4.9). From
the quantitative data, it can be concluded that high wall shear stress down-
regulates tumor-expressed angiogenic factors, and increases permeability of
the endothelium in the MDA-MB-231 and TIME co-culture compared to
monocultures [22, 23].

Figure 4.9: Tumor endothelial co-culture in preliminary A) Influence of shear
stress on metastatic and angiogenic gene expression of MDA-MB-231 cells
alone (green) and co-culture of MDA-MB-231 and TIME (red) cells; scale bar
200 µm B) Influence of shear stress on permeability of endothelium (TIME
cells) alone or co-cultured with MDA-MB-231 cells; scale bar 200 µm
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4.3 Dual Channel Vascularized Platform

Although the single channel platform enables the influence of hemody-
namics, matrix properties, and endothelial permeability on tumor develop-
ment to be studied, aggressive cancers (breast, brain and pancreas) require
a more sophisticated system to fully mimic the complex and evolving patho-
logical state driven by microenvironmental gradients which regulate tumor
progression and limit therapy success. It is proposed that a dual channel sys-
tem, shown in Figure 4.10, be developed that will enable microenvironmental
factors such as pressure and matrix stiffness gradients to be independently
and simultaneously applied. NPs, cancer drugs, immune cells, or physiologi-
cal solutions (e.g. blood, plasma, patient-specific tumor cells) can be added
to the channel to study multicellular response to different stimuli. This plat-
form has great potential for modeling astrocytic brain tumors (glioblastoma
multiforme (GBM)), exocrine pancreatic cancer, and breast cancer. Both
GBM and pancreatic cancer are highly aggressive, invasive tumors which
pervasively infiltrate healthy surrounding tissue and are not treatable with
total resection, chemotherapy, and radiation. Breast and brain tumors are
highly vascularized, which increases fluid pressure gradients across the inter-
stitium. While pancreatic tumors also undergo desmoplasia and tissue stiff-
ening, these tumors are hypovascular, with 80% lower microvessel density
compared to normal pancreatic tissue [9]. Decreased vascularization alters
pressure gradients, yet how these factors influence NP transport is unknown.
Gradient trends for breast (i.e. ↑stiffness and ↑pressure) or pancreatic cancer
(↑stiffness and ↓pressure) will reflect native tumors. Figure 4.11 shows the
embodiment of the dual channel microfluidic system in which two endothe-
lialized channels (red) are on either size of a collagen platform containing
tumor cells (green).

It is noticed that additional complex mechanical influences on tumor be-
havior can be reproduced in the laboratory set up described. These include
characterizations and measurements of stiffness gradients by controlling con-
centrations, pH, and polymerizations pH and pressure gradients due to leaky
tumor and poor lymphatic drainage, in which interstitial fluid pressure are
elevated in vivo. An experimental configuration for hydrogels of different
stiffness introduced in different channels is shown in Figure 4.12. A pressure
gradient of 1 mmHg/mm can be achieved in a hydrogel by adjusting the
relative flow rate in each perfusion channel (Q1 and Q2 in Figure 4.12).
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Figure 4.10: Schematic for a dual channel system. Microenvironmental gra-
dients for matrix stiffness and pressure can be employed individually or si-
multaneously between channels fabricated in collagen. Multiple cell types
such as fibroblasts and tumor cells can be seeded in the matrix, while mi-
crochannels can be seeded with endothelial cells and perfused with immune
cells or platelets.

Figure 4.11: First generation-multichannel microfluidic device showing cul-
ture of endothelial cells (red) and cancer cells (green) dual flows using mul-
tiple syringe pumps.
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Figure 4.12: Configuration indicating stiffness gradient (pink, A-C), concen-
tration gradient (yellow), pressure gradient obtained via flow rate (green, Q1
and Q2), and FEP constraining tubing (gray).

4.4 Surrogate Models of Branching Vascular Networks

To investigate the influence of physiologically representative branching
and tortuosity of vessels found in tumors and associated flow patterns on tu-
mor growth, a new microfluidic platform is being created. The approach to
creating the branching network platform will utilize lithography techniques
common to microfluidics in combination with sacrificial material methods
implemented in tissue engineering. A collagen hydrogel seeded with cancer
cells will be used to represent the tumor tissue and to encapsulate the de-
signed vascular microfluidic network. This engineered platform can be used
for studies involving the transport of materials through the hydrogel, the
influence of cell-cell and cell-matrix interactions, and the evaluation of fluid
flow patterns that supersedes two-dimensional models and can be tuned to
investigate different tumor microenvironments. Figure 4.13 presents a CAD
rendering of the type of engineered tumor platform that can be fabricated
and used for in vitro studies.

Lithographic processing can be used to produce patterns representative
of a vascular network found in tumors and subsequently that pattern may
be utilized to produce microfluidic channels on the same scale as the blood
vessels in a tumor. This is completed by producing a PDMS stamp from the
lithographic pattern and then flowing gelatin into the resulting channel of the
PDMS stamp. The gelatin is to be used as a sacrificial material, and once the
gelatin has set it can be removed from the stamp and encased in a collagen
hydrogel. By melting and flushing the gelatin from the hydrogel a network
of microfluidic channels can be created in the hydrogel. This process creates
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Figure 4.13: Engineered microfluidic channels lined with endothelial cells in
a collagen matrix hosting cancer cells representative of a vascular network in
a tumor.

channels that have a rectangular cross-section; however, once the channels
have been seeded with an endothelial lining the resulting cross-section will
be circular. The tumor model presented in Figure 4.13 can be fabricated and
housed in a platform as presented in Figure 4.14. This platform consists of
a PDMS well passively adhered to a glass microscope slide that can hold the
designed tumor model. Once a PDMS lid is placed over the well materials
can be passed through the platform with the use of coupling pins and tubing
that attaches to a syringe. This platform will meet the experimentation and
imaging needs of the group as more complex tumor environments are studied.

Figure 4.14: Platform for use in fabrication of and experimentation of an
engineered tumor model.
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5 Image Processing: Data Collection for the

Validation Scenario, SV

In this chapter, clinically practical image processing technologies are de-
scribed that can be used to acquire data on the progression of tumor growth
as viewed in longitudinal human clinical studies. These technologies, algo-
rithms, and computing paradigms may provide a fundamentally new way for
non-invasive model validation. This form of data collection on the ‘patient
scale’ may be viewed as the validation scenario, SV , within our notation and
framework in Chapter 3. We argue that the heuristic statistical models rou-
tinely used in medical imaging studies to describe this ‘big data’ complements
our first principle physics based approach and provides perspective on the
canonical design decisions of accuracy versus efficiency.

Motivations of our tumor growth modeling efforts are rooted in the funda-
mental conservation equations of mass, momentum, energy, and entropy that
all physical systems must obey. Being a physical phenomena, the evolution
of tumor growth is no exception. Reliable computer representations for pre-
dicting the extremely complex cancer growth phenomena may be built from
methodological model selection that is calibrated to representative experi-
mental scenarios, SC . However, the typical approach within routine medical
imaging studies strongly differs from this approach. Prediction from first
principles is viewed as a ‘daunting’ task with too many unknowns, complex-
ity, and uncertainty. Heuristic statistical models are commonly chosen that
best describe the data available. An Occam’s razor methodology is typi-
cally adopted in that simplicity is preferred and relatively few model input
variables are considered for a specific output; the developed model is highly
specialized for the task at hand.

For example, suppose that a multi-scale model is developed for predicting
clinical quantities of interest on a macroscale; what are sufficient conditions
to calibrate this model in-vitro and to have confidence in applying this model
to guide patient decisions ?

• The model would incorporate each distinct cellular-scale signal path-
way identified in the cancer hallmarks and strongly couple this to mul-
tispecies continuum mixture theory.

– A sensitivity analysis of each cellular pathway needs to quantita-
tively demonstrate the importance of bridging the scales for in-
cluding the influence of the cellular pathways on with respect to
the macroscale QoI prediction.
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• The clinically relevant quantity of interest must be clearly defined and is
dependent on tumor type, anatomical location, and treatment history.

QoI(T,A,H)

T ∈ {glioma, hepatocellular carcinoma, melanoma, ...}
A ∈ {liver, brain, bone, ...}
H ∈ {chemotherapy, surgical resection, radiation, ...}

• A model of this sophistication would have at a bare minimum O(50)
submodels and O(100) parameters (2 parameters per model). Given
this number of parameters, overfitting is a significant concern and an
equal number of data points would be needed to calibrate the model
to guard against overfitting.

– Calibration data would need to be provided on both the cellu-
lar and continuum scale of a single calibration scenario, SC , to
validate the multiscale coupling.

– At a minimum, one calibration scenario, SC , and one calibration
dataset, DC would be needed per parameter. The scenario and
dataset would need to be considered within the context of the
particular clinical QoI.

(SC ,DC)i,j i = 1, ..., Nparameters j = 1, ..., NQoI

• A second independent dataset is needed to evaluate the prediction
accuracy for model selection.

• In the validation and prediction scenarios, assumptions of each sub-
model would need to be verified to ensure applicability.

• For a particular clinical quantity of interest, QoI, a third independent
dataset is needed in which the model has demonstrated in at least 95
out of 100 patients to accurately predict the clinical quantity of interest.

• Given the computer prediction of the QoI, the final clinical decision
would be assessed within the context of game theory; the risk of false
predictions would be factored into the decision.

With this in mind, the shear combinatorics of the pathways in which a
cancer may progress over multiple scales is seen to be simply too large to
acquire the experimental data needed to confidently calibrate and validate
each clinically relevant treatment scenario for each tumor type, anatomical
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location and treatment history. Significant time and resource investment are
needed to acquire all calibration data needed for single clinical QoI for a sin-
gle tumor type, anatomical location, and treatment history. In fact, one may
argue that the investment in the data acquisition for a particular set of rel-
evant calibration scenarios defines the model and is worthy of consideration
within the abstract form.

A(θ,S,D) = 0 θ ∈ Θ S ∈ {SC ,SV ,SP , } D ∈ {DC ,DM ,DV ,SP , }
Given limited resources, missing data is an unavoidable fact that manifests
within our approach as modeling uncertainties. Common statistical mod-
els of tumor growth go one step further and argue that the assumptions of
physics based models are not practically applicable to the patient scenario,
SP . Hence, heuristic models of the available data are the remaining options.
The distinction between the lack of modeling detail and missing data is lost
and considered jointly as ‘model uncertainty’. This chapter focuses on the
image processing based data collection used as input to these heuristic mod-
els.

5.1 Image Processing Measurements

Data curating from both high-resolution longitudinal imaging (functional
and anatomical) as well as gold standard pathology in humans is a necessity
to validate model predictions. The clinically relevant data acquisitions fa-
cilitate meaningful analysis of the proposed advanced model calibration and
validation efforts and provide a baseline for analyzing tumor progression as
seen in existing imaging protocols.

5.1.1 Histopathology

Histopathology data provides a the gold standard for the classification
of aggressive and indolent disease. Semi-quantitative data is graded on a
5-point scale by a board-certified pathologist. For example, in prostate, the
range consists of aggressive (score 1) to indolent (score 5) disease. Inter-
mediate scores (score 2-4) will allow for variations in volume fractions of
heterogeneity between predominantly aggressive and indolent. Additional
quantitative pathology measures such as mitotic index, Ki-67 index, IDH
status, p53 status are also available.

5.1.2 Image Processing

Database Infrastructure: Technology to facilitate repeatable research
and reproducible results is essential. Informatics considerations are non triv-
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ial. An SQL database of the 1) patient identification data, 2) pulse sequence
parameters, 3) raw imaging data for post-processing, 4) metadata (primary
tumor location, treatment history, etc) and 5) classification results is typ-
ically required. Each data source must be reliably backed up for project
safety and longevity. Analytics technology is needed to automate query and
data retrieval (patient information and imaging data) from patient imag-
ing databases and existing medical information big data infrastructure, Fig-
ure 5.1. Further, the database workflow must incorporate acquisitions from
multiple clinically available imaging sequences such as T1W, T2W, Flair,
DTI, DWI, DSC, and DCE.

Figure 5.1: MD Anderson has invested significant resources to assist in imag-
ing studies. Current database technology is built from Oracle c© commercial
infrastructure to ingest information from multiple sources throughout the
institution including: pharmacy, radiology, surgery, and genomic medicine.
PHI is anonymized. Query of the existing technology uses standardized codes
for diagnosis, surgical procedures, medications, and patient history. The in-
frastructure interfaces with various commercial software including, but are
not limited, to Montage, Epic, PACS, Power Scribe, Isite. Multiple rel-
evant clinical trials are currently ongoing (NCT01861405, NCT01212237,
NCT00392327, NCT00085735, NCT00336024). These cases are also ingested
into to the database at regular intervals.

Data Post Processing: Multiple commercial and open source packages
are available for processing the raw data from the DTI, DSC, and DCE
pulse sequences. Commercial packages include: (1) NordicICE, version 2.3.14
(NordicNeuroLab AS, Norway), (2) Olea Sphere c©, version 2.3 (Olea Medi-
cal SA, France), and (3) the General Electric (GE) Advantage Workstation
(AW), version 4.5 (GE Healthcare Technology, Waukesha, WI). Open Source
packages include: (1) OsiriX DCE tool and (2) 3D Slicer modules. Multiple

75



pharmacokinetic models and diffusion models will be considered in optimiz-
ing the classification accuracy.

Image Processing: Image segmentation and registration, are fundamen-
tal image processing tasks for image guided therapy assessment in a variety of
anatomical sites. An example data processing pipeline is presented for brain
tumors (Figure 5.2). Brain tumor segmentation is particularly challenging
and has been the subject of ongoing crowd sourcing challenges, BRATS MIC-
CAI [89]. Incorporating spatial heterogeneities of the 1) grey matter, 2) white
matter, 3) cerebrospinal fluid, 4) edema, 5) and tumor tissue are essential
in creating realistic classification predictions. Deformable image registra-
tion methods [12], are needed to evaluate the structural response associated
with disease progression as well as fuse anatomical with functional imag-
ing (DTI, DWI, perfusion imaging). Mutual information distance measures
are needed for multi-modality information. Random forest based tumor seg-
mentation [140] are machine learning methods, Figure 5.3, that have gained
popularity in delineating and measuring changes within particular anatomi-
cal features. Random forest predictors include multi-modality finite mixture
model segmentation to detect distinct tissue types. Further details of the
image registration and random forest segmentation are discussed in detail in
Sections 5.2 and 5.3

5.2 Image Registration

Modern image registration methods have been significantly influenced by
the mathematical formalism of large deformation diffeomorphisms [16, 33,
46]. The diffeomorphic formalism provides a rigorous framework for finding
a deformation field that satisfies the physics of an elastic or fluid deforma-
tion and guarantees sufficient smoothness expected of biological deforma-
tions. Diffeomorphic registration techniques rely on defining a differentiable,
bijective mapping between the fixed and moving image and guarantee that
the inverse displacement fields and Jacobian based volume measurements
will be well-defined. The regularity on the solution imposed within the dif-
feomorphic framework preserves the topology of the anatomy and prevents
deformation in an uncontrolled manner which would otherwise make results
difficult to interpret.

5.2.1 Diffeomorphic Registration

The motion, ϕ(X, t) : Ω0 × R → Ωt, maps the reference domain, Ω0, to
the current configuration, Ωt. We will assume that the motion is bijective
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Figure 5.2: Multi-modality tumor segmentation. Representative image fea-
tures of a tumor under T2, Flair, and T1 with contrast (T1C) are shown.
Probability distribution of intensity for each image feature in the ground
truth segmentation are in general non-Gaussian. The classification pipeline
consists of: (1) Collecting dataset and transforming DICOM to analyze
the volume; (2) Image Registration; (3) Brain striping; (4) Bias correction;
(5) classification of multi-modality image data using random forest/mixture
models; and (6) Finding connected components, relabeling, region merging.

and sufficiently smooth such that the inverse of the motion is well defined,
ϕ−1(y, t) : Ωt × R→ Ω0.

The velocity of the material points is understood as the partial time
derivative of the motion.

ẏ =
∂ϕ

∂t
(X, t)

The velocity v(y, t) with respect to a spatial coordinate reference, y =
ϕ(X, t), may be understood as follows: For y at a given t, ϕ−1(y, t) will

give you the material point, X then
∂ϕ

∂t
can be used to compute a velocity

associated with the material point, X

v(y, t) =
∂ϕ

∂t
(ϕ−1(y, t), t) or v ◦ ϕ(X, t) =

∂ϕ

∂t
(X, t)

Consider an image defined on the reference and current configuration

I0 : Ω0 → R It : Ωt → R

One possible metric to compare these images is defined by mapping the image
defined on the reference domain to the current configuration

I0(ϕ−1(y, t)) ≡ I0◦ϕ−1(y, t) ϕ−1 : Ωt×R→ Ω0 I0◦ϕ−1 : Ωt×R→ R
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Figure 5.3: Machine Learning. In general, the problem of tissue classification
(synonymous with image contouring and segmentation) is treated as a ma-
chine learning problem. As opposed to a conventional 1st principle physics
based modeling paradigm in which the computer must be programmed to
do something new with meticulous detail and line-by-line instruction, ma-
chine learning is a field of study that gives computers the ability to learn
without being explicitly programmed. Machine learning is a supervised sta-
tistical learning technique that is beneficial when assumptions of alternative
physics-models of complex phenomena do not provide the needed accuracy
or are computationally prohibitive. While the human eye sees the inherent
structure of a medical image, the machine merely sees an array of numbers.
It is not possible to write an analytical expression within a single monolithic
complex algorithm to identify the tissue structures. However, machine learn-
ing provides a mechanism train an algorithm to perform the complex task of
tissue identification by assembling a group of relatively trivial tasks. Similar
to the human cognitive process, the algorithm builds intuition by repetitively
training the underlying mean and covariance functions that define a statistic
model to match representative datasets.

X3 ΩtΩ0

X2

X1

~y = ϕ( ~X, t)

~u = ~y − ~X

~X

Figure 5.4: The motion ϕ tracks the motion of a particle X over time.
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The integration of the L2 difference may performed as a distance measure
between the two images in the current configuration Ωt.

‖I0 ◦ ϕ−1 − It‖2
L2

=

∫

Ωt

(
I0 ◦ ϕ−1(y, t)− It(y)

)2
dy

Diffeomorphic Registration attempts to minimize the image misfit along with
a penalty for the rate of change of the deformation.

min
v
E(v) E(v) =




1

2

∫ t

0

‖Lv(·, τ)‖2
L2
dτ

︸ ︷︷ ︸
rate of change

+ Π(I0 ◦ ϕ−1(·, t), It)︸ ︷︷ ︸
image misfit




The space of diffeomorphic transformations on diff(Ω0) is defined as the set
of all transformations such that the inverse exists is continuous and differen-
tiable.

diff(Ω0) ≡
{
ϕ : ϕ−1 exists and ϕ−1 ∈ C1

}

Typical operators for L are understood as approximations to the conser-
vation laws of fluid flow

L =

{
−α∆ + β Regularized Stokes Flow

−µ∆ + (λ+ µ)∇(∇·) Low Reynolds, Compressible Flow

5.3 Random Forest [37, 91]

Problem Statement: Given a labeled set of training data, learn a general
mapping which associates previously unseen test data with their correspond-
ing classes.

Tree Testing: A decision tree, Figure 5.5, is a series of tests that are
organized in a hierarchical fashion. It is a data structure made of a collection
of nodes that are divided into internal (or split) nodes and terminal (or leaf)
nodes. All nodes (except the root) have exactly one incoming edge. A
test is defined as ‘yes’/‘no’,‘left’/‘right’,‘0’/‘1’ through a series of so-called
test functions, h(v, θ) : Rd × τ → {0, 1}. During testing, we would like
to compute the probability of a class label c ∈ C ≡ {c1, c2, c3, ..., cN} given
an input test data v ∈ Rd. This conditional probability is denoted p(c|v)
and is obtained by optimizing an energy over a training set S0 of data and
associated ground truth labels. Given a set of ‘trained‘ parameters that are
learned from the data, θ ∈ τ , test functions map feature space Rd to binary
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‘left’/‘right’ decisions. Given a set of feature points, Sj, at the j-th decision
node, the left and right sets are uniquely determined as

SLj = {v ∈ Sj|h(v, θ) = 0} SRj = {v ∈ Sj|h(v, θ) = 1}

Figure 5.5: Decision Tree. A simplified version of a decision tree is shown for
classifying tissue types given multi-parametric MR imaging in brain. Intu-
itively, the random forest may be understood as a collection of binary decision
trees [37, 91].

Tree Training or Learning Tree training or learning is equivalent to
model calibration. A popular choice of the objective function that defines
the calibration function is the so-called “information gain”, I, when selecting
model parameters θ.

I = H(S)−
∑

i∈{L,R}

|S i|
|S|H(Si) H(S) = −

∑

c∈C

p(c) log(p(c))

The information gain is defined in terms of the entropy of the system, H(S).
Classically, entropy may be understood as proportional to the randomness
of a system. The greater the spread of information in a set of classifiers,
the greater the entropy. The entropy, H(S), mathematically quantifies this
idea. Parameters, θ̂ that optimize the information gain ‘calibrate’ the random
forest model.
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6 Numerical Algorithms and Parallel Com-

puting

Developing numerical approximations of the various models described
earlier and implementing the computational models on parallel computers
is a daunting challenge to tumor growth modeling. Among issues that are
encountered in such numerical implementations are the following:

• The development of effective numerical solvers for large coupled sys-
tems of nonlinear stochastic partial differential equations is a formidable
undertaking standing at the forefront of computational science and
mathematics.Techniques employing polynomial chaos or stochastic col-
location have been implemented by the TMG group, which involve hy-
brid methods that couple mixed finite element approximations with
special time-marching algorithms, and these with expansions in the
random-variable spaces [55, 75, 154]. Recent work on a posteriori er-
ror estimates for model stochastic systems [6] has enabled the use of
adaptive methods, which control error by mesh adaptivity as well as
controlling the location and number of collocation points. Parallel ver-
sions of these algorithms are under development.

• The phase-field and Cahn-Hilliard models described in Chapter 2 lead
to an unusual class of “stiff” ordinary differential equation in the tem-
poral approximations. There is a growing literature on new algorithms
for handling systems of this type. The basic source of difficult lies in the
fact that the associated energy function E (recall (2.9)) is non-convex.
A family of algorithms, originally suggested by Eyre [49], partition E
into a (non-unique) pair of energies, E = Econ + Enon−con, of a convex
component and a non-convex part. Stable explicit schemes, such as
forward Euler, can be constructed to handle the evolution of solutions
related to Enon−con while various implicit schemes are used to approx-
imate Econ. Several generalizations of this idea have been suggested
and successfully implemented [38, 39, 49, 60, 77, 78].

• Several relevant software packages have been developed at ICES that
are in use in various phases of the work. One is LibMesh [73], a general
purpose, parallel, adaptive Finite Element library that is extremely
flexible and user friendly. It contains extensive element libraries, mesh
generation and linear and nonlinear solver. Ready access to other gen-
eral packages exist and are used regularly, including PETSc [13], Cubit
and others.
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• Implementation of Bayesian stochastic calibration and validation meth-
ods described in Chapter 3 must rely on efficient parallel sampling algo-
rithms. One naturally-used software package used effectively for such
calculation is QUESO [105] a technology developed at ICES. This tool
employs multi-level Markov-Chain Monte-Carlo algorithms and ver-
sions of the Metropolis-Hastings algorithm [32, 68]. It has also been
incorporated into the general-purpose stochastic solver DAKOTA [2].
The development of new parallel sampling methods is also a funda-
mental goal of current research in data analytics, data mining and
classification methodologies.

• A host of computational tools are needed for implementation of the
algorithms for solving large systems, often very stiff, of ordinary differ-
ential equations encountered in signaling models. Special methods are
used in image recognition, segmentation, and in applying classification
algorithms such as the Random Forest algorithm (described in Chapter
5).

Taken in full perspective, a substantial component of effort in develop-
ing mathematically sound, verified, robust, parallel algorithms and the as-
sociated software, all appropriately documented is critical to the success of
multi-scale computational models of tumor growth.

Modern advances in modeling the complex phenomena underlying cancer
can be made only if access to parallel high-performance computing (HPC)
platforms is available. Fortunately, the TMG has immediate access to com-
puters that are among the world’s largest HPC systems. These include Stam-
pede, managed by TACC, the Texas Advanced Computer Center.

The Texas Advanced Computing Center, located nine miles north of the
main University of Texas campus, supports two critical HPC supercomputing
systems that are available to ICES faculty and research staff was well as to the
UT Austin research community, the UT System, and researchers supported
by the National Science Foundation.

The larger of these two systems (shown in Figure 6.1a)) is called Stam-
pede. This supercomputer is a Dell-Intel Cluster that includes 102,400 com-
pute cores and has a peak performance of approximately 9 petaflops. Stam-
pede placed 7th in the world Top500 supercomputer performance rankings
in June of 2014. This system was brought on-line in January 2013 and was
funded through National Science Foundation. A second large-scale HPC
system maintained by TACC is called Lonestar (see Figure 6.1b)). This su-
percomputer is also a Dell-Intel Cluster and includes 22,566 compute cores
and has a peak performance of approximately 302 teraflops. Lonestar placed
187th in the world Top500 supercomputer performance rankings in June of
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2014. This system has been in operation since 2010 and was funded through a
consortium including ICES, UT Austin, Texas A&M University, UT System,
and the National Science Foundation.

(a) Stampede. (b) Lonestar.

Figure 6.1: HPC systems maintained by TACC.

ICES and the TMG has direct access to TACC, and to Stampede, via 10-
gigabyte connections. In addition, ICES offers seven clusters and employs a
staff of seven systems experts to maintain these smaller-to-mid-level parallel
nucleus.
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7 The Future: Challenges and Opportunities

The work by the ICES Tumor Modeling Group described in this doc-
ument has moved the field to a threshold at which special opportunities
exist in the short term and substantial challenges loom in the more distant
future. In short term, the elusive task of calibrating and validating a substan-
tial class of tumor models of phenomena at different scales seems definitely
within reach. The extraordinary laboratory facilities described in Chap-
ter 4 is near completion and will provide a unique, first-of-its kind testing
platform for detailed calibration scenarios for a variety of cancer lines using
several different cellular and tissue models. It will provide a workplace where
model developers and experimentalists work together to develop predictive
models of tumor growth. In parallel, the extraordinary non-invasive imag-
ing technologies and new classification and sampling algorithms discussed
in Chapter 5 can be used to provide a remarkable in vivo observation data
essential for model validation. These , as noted earlier, represent all of the
components needed for predictive medicine, patient-specific diagnosis and
ultimately, treatment-expansions of these capabilities to include signaling
models, agent-based models of cell behavior, and models of tissue growth,
decline, angiogenesis, and other aspects of the behavior of the microenviron-
ment are underway and are likely to be available soon.

Challenges remain in several areas. Paradigms for full multiscale mod-
eling of cancer have been discussed in some detail in Chapter 2, but the
development of the full software libraries to implement these strategies has
not been completed and will require much additional work. Another area
awaiting deeper studies is the effective modeling of bio-chemotherapy, a sub-
ject also under study by the authors of this document. One approach, to
be discussed more fully in later editions of this work, is to develop diffusion
models of drug densities that couple appropriately with tumor-mass perfu-
sion terms to control tumor growth. The development of models for indirect
mechanism of drug action, involving modulation of endogenous factors and
signaling pathways, can offer potential means to explore new therapeutic
interaction with minimum toxicity and drug resistance. Exactly how such
models can be validated and implemented within the framework of various
models discussed here remains an open question.

A related area is the development of models of drug delivery, such as
systems of nanoparticles, which provide bio-mechanical mechanisms that can
focus drug concentration at lesions or provide mechanical features that enable
treatments such as thermal ablation.

Then there is the challenge of developing accurate and predictive models

84



of metastases, which can trace reliably the introduction of cancer cells into
the vascular system, their motion and ultimate location in the body; their
reaction to chemotherapy drugs, and their growth and decline over time. The
interplay between a primary tumor and its metastases remains a poorly un-
derstood process. Further improvement in prediction metastases may unfold
new potential target for treatment strategies.

The cell modeling algorithms described in this exposition, such as the
agent-based models of Section 2.4.1, should be extended to include the spe-
cific qualities of stem cells, their potential self-renewing and differentiation
properties which provides high intra-tumor heterogeneity. This has also se-
rious implications for designing treatment protocols.

The broad collection of topics relevant to modeling behavior of vascular
tumor outlined in this preliminary review, survey the current work and re-
search interest of the ICES TMG team and points to areas in which much
additional work remains to be done. The team is confident that many of
the building blocks for predictive modeling of this incredible complex system
are now in place or will soon be accessible, and that the age of predictive
medicine is close at hand.
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