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A POSTERIORI ERROR CONTROL FOR PARTIAL DIFFERENTIAL
EQUATIONS WITH RANDOM DATA

C. M. BRYANT∗, S. PRUDHOMME†, AND T. WILDEY‡

Abstract.
In this work, we investigate adaptive approaches to control errors in numerical approximations

of differential equations with uncertain or random data and coefficients. The adaptivity is based on
a posteriori error estimation and the approach relies on the ability to decompose the a posteriori
error estimate into contributions from the physical discretization and the approximation in stochastic
space. Errors are evaluated in terms of linear quantities of interest using adjoint-based methodologies.
We demonstrate that a significant reduction in the computational cost required to reach a given
error tolerance can be achieved by refining the dominant error contributions rather than uniformly
refining both the physical and stochastic discretization. Error decomposition is demonstrated for a
two-dimensional flow problem and adaptive procedures are tested on a convection-diffusion problem
with discontinuous parameter dependence and a diffusion problem where the diffusion coefficient is
characterized by a 10-dimensional parameter space.

1. Introduction. Virtually all mathematical models of physical and biologi-
cal phenomena present uncertainties resulting from a lack of knowledge, or miss-
specification, of the governing physics of the system, such as material properties or
external forcing. Uncertainty quantification involves the process of characterizing
these uncertainties using probabilistic models based on observations of the system
response. Assuming these uncertainty models are correct, accurate propagation of
the uncertainty through the model is still necessary to verify the probabilistic models
and is thus vital in increasing confidence in predictions obtained from mathematical
and computational models.

A thorough uncertainty propagation requires a large number of additional simu-
lations to reproduce the range of behavior of the system; one often resorts to approxi-
mate representations of the uncertainty, or surrogate models, that can be constructed
from a limited number of simulations of the fill system. Yet, for complex simulations,
with many uncertain parameters, the number of full system simulations may still
be computationally prohibitive. Adaptive solution techniques represent an attractive
enhancement to surrogate methods in order to accelerate convergence of the approx-
imations to the true system response. These techniques include adaptive sparse grid
collocation approaches [1,2,25,26] and methods based on the use of piecewise polyno-
mial or multi-wavelet representations, which allow for local refinement of the surrogate
representation [20,21,31]. A significant improvement is seen over uniform refinement
in terms of computational efficiency [20], but the indicators used to drive adaptive
refinement are predominately heuristic and are often tailored to specific problems.

Methodologies based on a posteriori error estimation of the solution are more
effective at reducing approximation errors in computed solutions [3, 4, 13, 14, 16, 22].
One may consider estimating errors in terms of global norms but it is often more
useful to define errors with respect to specific features of the solution, the so-called
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quantities of interest. Methods for error estimation in quantities of interest, referred
to as dual-weighted residual methods or goal-oriented error estimation methods, are
based on the solution of an adjoint problem related to the particular quantity of
interest (see, e.g. [3,4,15,19,27] and the references therein). While these goal-oriented
error estimation methods do require solving an additional linear problem they do have
a strong theoretical foundation and have been demonstrated to be quite efficient in
guiding adaptive mesh refinement.

Recent works have extended these approaches to problems with uncertain data
[1,5,6,23,24]. Mathelin and Le Mâıtre [24] for example, present a goal-oriented error
estimation approach based on a straightforward extension of existing a posteriori error
estimation techniques to the stochastic finite element framework. They propose error
indicators to perform adaptive mesh refinement in both the physical and parameter
spaces [23, 24]. Butler et al. [6] also propose error estimates in a stochastic Galerkin
framework using polynomial chaos expansions of the solution and demonstrate ap-
plication to non-linear problems. However, their work focused on the estimation of
errors due to physical discretization only and neglected errors due to approximation
in parameter space. Furthermore, the authors did not address adaptivity. Error
estimation in non intrusive approaches for uncertainty quantification has also been
examined; these approaches are particularly attractive for the ability to use existing
software in a sampling fashion. Almeida and Oden [1] solved a convective-diffusion
problem with uncertain coefficients by the collocation method and proposed a proce-
dure to estimate the error in the quantity of interest at each collocation point. These
error estimates were used to guide adaptivity in both physical space and parameter
space until the estimate of the variance converged. In [5], Butler et al. considered
parameterized linear systems, such as those that arise from discretized partial dif-
ferential equations, but did not investigate errors due to the physical discretization.
A posteriori error estimates were established for the error due to approximation in
parameter space, but were not used for adaptivity.

If the objective in an a posteriori error analysis is to define local error indicators to
guide adaptive refinement, then it is critical for the error estimate to discern whether
discretization in physical space or parameter space contributes more to the total
approximation error. In fact, Le Mâıtre and Knio [23, Ch. 9], stated in a section on
refinement strategies that:

“Specifically, it is not possible to decide (a) between h or p refine-
ment and (b) whether one should enrich the approximation space Vh
[physical] or Sh [stochastic].”

The authors emphasize in particular that, while trial based approaches exist, “[. . . ]
better approaches, yet to be conceived, are consequently needed.” Development of
novel methods that address this issue is the objective of the current work. By combin-
ing polynomial chaos expansions, spectral projection, and goal-oriented error estima-
tion methods similar to [5,6] we are able to identity the sources of error that are most
significant and hence the approximation space that needs to be refined. This allows
for accurate assessment of the error in parameter space even with coarse discretiza-
tion in physical space (and vice versa). In addition to the choice of which space to
refine, knowledge of the error that arises solely from discretization in parameter space
allows one to perform adaptive refinement, h or p, in parameter space without the
interference of physical discretization error. We explore the use of the stochastic space
error estimate for adaptive h refinement and finally demonstrate the use of these error
estimates to guide anisotropic p refinement in a higher dimension parameter space.
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This paper is organized as follows. We introduce in Section 2 an abstract model
problem and precisely define the notion of a quantity of interest. In Section 3 we
describe the discretization in physical space and recall existing a posteriori error esti-
mation techniques for quantities of interest applied to the semi-discrete equations. We
detail in Section 4 the parametric discretization of the problem. Section 5 describes
the changes to the error representation formula under uncertainty and Section 6 gives
the decomposition of the error estimate into physical and parametric contributions.
Some adaptive refinement strategies are presented in Section 7. Numerical examples
and results are given in Section 8. Section 8.1 shows an example of using the error
estimate to perform adaptivity in both physical and parameter space on a simple fluid
flow problem. Sections 8.2 and 8.3 demonstrate the use of the error estimate as an
error indicator for h refinement and anisotropic p refinement, respectively. Finally,
we provide concluding remarks in Section 9.

2. Abstract model problem and quantity of interest. We consider here
an abstract model problem consisting of a boundary-value problem defined on an
open bounded domain D ⊂ Rd, with boundary ∂D, where d is the dimension of the
physical space. In particular, we focus on second-order partial differential equations
with uncertain parameters. The parameters shall be denoted by the random vector,
or set of random variables, ξ = {ξi(θ)}ni=1. We thus introduce a probability space
{Θ,Σ, P}, where Θ is the sample space, Σ a σ-algebra on Θ, and P the probability
measure. The abstract model problem can be cast in general form as,

A(x, ξ;u) = f(x, ξ), ∀x ∈ D, (2.1)

with appropriate boundary conditions on ∂D. Here A is a non-linear, second-order
differential operator, u = u(x, ξ) is the solution of the differential equation (2.1), and
f = f(x, ξ) represents the forcing term. Uncertainty is accounted for through the
random parameters ξ and may appear in various coefficients in the definition of the
operator A, source terms, or boundary conditions. We consider a number of forms
for A in the numerical experiments that follow. We assume that u is a solution in an
appropriate functional space V = VD ⊗ VΘ, where VD is, for example, a Hilbert space
on D and VΘ a Hilbert space on Θ.

Although uncertainties in (2.1) lead u to be a random process and will require
discretization in the space VΘ, we interpret (2.1) for the moment as a collection of
differential equations parameterized by ξ. For any such equation we seek a variational,
or weak, solution,

find u(·, ξ) ∈ VD s.t. Bξ(u; v) = Fξ(v) ∀v ∈ VD, (2.2)

where Bξ(·; ·) is a differentiable, semi-linear integral formulation of A.
In general, one is often interested in a particular feature of the response, referred

here to as a quantity of interest. A quantity of interest can usually be represented as a
functional of the solution, Q(u(·, ξ)). We restrict ourselves, for the sake of simplicity
in the exposition, to bounded linear functionals of the form:

Q(u(·, ξ)) =

∫
D

q u dx (2.3)

where q is the kernel associated with the quantity of interest Q. Furthermore, we
assume that the quantity of interest depends on the parameters ξ only through the
solution itself, i.e. q = q(x).
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3. Discretization in physical space. We use a standard continuous finite
element method to discretize on the physical domain. Let V hD ⊂ VD represent the
finite element subspace consisting of piecewise continuous polynomials of order p, on
a suitable partition of D with maximal element diameter h. Then, the semi-discrete
weak formulation of (2.2) is,

find uh(·, ξ) ∈ V hD s.t. Bξ(uh; v) = Fξ(v) ∀v ∈ V hD . (3.1)

Equivalently, we seek the expansion in terms of finite element basis functions {φhj }lj=1,

i.e. V hD = span{φhj }, resulting in a representation for uh,

uh(x, ξ) =

l∑
j=1

aj(ξ)φhj (x), (3.2)

with parameterized coefficients aj(ξ). Solving for the vector of coefficients a(ξ) re-
quires the solution of a parameterized non-linear algebraic system,

B(ξ;a(ξ)) = F (ξ), (3.3)

where B(ξ;a(ξ)) and F (ξ) are defined as:

[B(ξ;a(ξ))]i = Bξ

∑
j

aj(ξ)φhj ;φhi

 , (3.4)

[F (ξ)]i = Fξ

(
φhi
)
. (3.5)

We briefly recall here some existing a posteriori error estimation techniques to
investigate the error in the semi-discrete solution for a given, fixed ξ, i.e. Q (u(·, ξ))−
Q
(
uh(·, ξ)

)
. It requires the definition of the so-called adjoint problem. For quantities

of interest in the form of (2.3) we seek a generalized Green’s function associated with
the particular quantity of interest Q [3,4,15,27]. The definition of the adjoint problem
requires a linear (or linearized) operator. For a general nonlinear PDE one approach
to define the linear operator is to assume Bξ(·; ·) is convex and use the Integral Mean
Value Theorem yielding

B′ξ(û; e, v) = Bξ(u; z)−Bξ(uh; z)

where e = u − uh, and û lies on the segment connecting u and uh. In practice, û is
unknown so we linearize around uh giving,

B′ξ(uh; e, v) = Bξ(u; z)−Bξ(uh; z) + ∆B ,

where the remainder, ∆B , is a higher-order perturbation term and is, in general,
neglected [3, 4, 15]. The adjoint problem is then defined as,

find z(·, ξ) ∈ VD s.t. B′ξ(uh; v, z) = Q(v) ∀v ∈ VD. (3.6)

Solution of the adjoint equation provides the following error representation for-
mula. Let u and z be the solution to forward and adjoint problems, respectively, and
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uh ∈ V hD the semi-discrete approximation of u, then

Q(u(·, ξ))−Q(uh(·, ξ)) = B′ξ(uh;u− uh, z) (3.7)

= Bξ(u; z)−Bξ(uh; z) + ∆B (3.8)

= Fξ(z)−Bξ(uh; z) + ∆B (3.9)

:= Rξ(uh; z) + ∆B . (3.10)

If we solve (3.6) for a given choice of ξ, then we can also utilize Galerkin orthogonality
and write the error estimate as

Q(u(·, ξ))−Q(uh(·, ξ)) = Rξ(uh; z − πh,pz), (3.11)

where πh,p : VD → V hD is a projection operator into the semi-discrete space. Of course,
one cannot, in general, solve (3.6) exactly and must resort to an approximation of the
adjoint solution z. However, due to orthogonality, the adjoint approximation must be
made in an enriched function space V +

D , where V hD ⊂ V +
D ⊂ VD. A common choice

for the enriched space is to increase the polynomial order of the finite element basis
p← p+1, yielding the discrete function space V +

D . The semi-discrete adjoint problem
is thus,

find z+(·, ξ) ∈ V +
D s.t. B′ξ(uh; v, z+) = Q(v) ∀v ∈ V +

D . (3.12)

Similarly to the primal problem, the discrete solution to the adjoint problem can
be expanded in terms of finite element basis functions {φ+

i }, where V +
D = span{φ+

i },

z+(x, ξ) =
∑
i

bi(ξ)φ+
i (x). (3.13)

In contrast to the primal problem, the coefficients b(ξ) are computed by solving the
parameterized linear system of equations

B∗(ξ)b(ξ) = Q, (3.14)

where B∗ and Q are defined as:

[B∗(ξ)]ji = B′ξ
(
uh;φ+

j , φ
+
i

)
, (3.15)

[Q]j = Q
(
φ+
j

)
. (3.16)

A computable error estimate can then be obtained using the semi-discrete primal and
adjoint solutions,

Q
(
u(·, ξ)− uh(·, ξ)

)
= Rξ(uh; z) + ∆B (3.17)

= Rξ(uh; z+) +Rξ(uh; z − z+) + ∆B (3.18)

≈ Rξ(uh; z+) (3.19)

The second term in (3.18) can be neglected since it involves the product of the forward
residual and the higher order adjoint error z − z+.
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4. Parameter space discretization. We now turn our attention to the dis-
cretization in parameter or stochastic space and the effect it has on the error repre-
sentation formula established in the previous section. For the derivation that follows
we will use generalized polynomial chaos expansions to represent the random vari-
ables and the so-called pseudospectral projection method to compute the coefficients.
However, the error estimates and decomposition strategy that are described below are
not restricted to this approach and can be applied to most non-intrusive methods for
uncertainty quantification that only require point-wise solutions in parameter space.

Wiener [32] initially proposed a series expansion in terms of Hermite polynomials,
which are orthogonal with respect to standard Gaussian random variables. Cameron
and Martin [8] proved that the Fourier-Hermite series of any second-order random
process X(θ) ∈ L2

P (Θ) converge in the L2
P (Θ) sense. Extensive work has been done

to generalize this approach to expansions in terms of non-Gaussian random variables,
resulting in methods referred to as Wiener-Askey polynomial chaos, or generalized
polynomial chaos [12,20,29,31,33].

Let us recall the notation for a probability space {Θ,Σ, P} and consider a finite
set of independent random variables ξ = {ξi(θ)}ni=1. Assume that ξ maps the space
of random events, Θ, into the n-dimensional space Ω, ξ : Θ → Ω with a known
probability distribution ρ(ξ) on Ω. Let α = (α1, . . . , αn) ∈ Nn be a multi-index, and
Ψα(ξ(θ)) (multivariate) polynomials

Ψα(ξ(θ)) = ψα1(ξ1) · · ·ψαn(ξn), (4.1)

where the univariate polynomial ψαi(ξi) is the orthonormal polynomial of degree αi,
orthogonal with respect to the probability distribution of ξi [11, 17, 18]. That is, for
α, β ∈ Nn ∫

Θ

Ψα(ξ(θ))Ψβ(ξ(θ))P (dθ) =

∫
Ω

Ψα(ξ)Ψβ(ξ)ρ(ξ)dξ = δαβ , (4.2)

where

δαβ =

{
1, αi = βi, i = 1, . . . , n

0, otherwise.
(4.3)

Generalization of the Cameron-Martin theorem guarantees convergence of the gener-
alized polynomial chaos expansion,

X(ξ(θ)) =
∑
α∈Nn

cαΨα(ξ(θ)), (4.4)

of any second-order process X, with coefficients

cα = 〈X,Ψα〉Ω :=

∫
Ω

X(ξ)Ψα(ξ)ρ(ξ)dξ (4.5)

for the so-called Wiener-Askey polynomials which form a complete basis in the Hilbert
space on Ω [12,33]. A more thorough investigation of the Wiener-Askey polynomials
and associated weighting functions can be found in [29]. Without loss of generality,
we restrict ourselves to uniform random variables. That is, we consider expansions in
terms of Legendre polynomials which are orthogonal with respect to a uniform distri-
bution on [−1, 1]. For uniform random variables defined over a different domain, the
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Legendre polynomials can easily be shifted and rescaled to maintain orthonormality.
More specically we will express the coefficients ai(ξ) in (3.2) as generalized polynomial
chaos expansions,

ai(ξ) =
∑
α∈Nn

ai,αΨα(ξ), i = 1, . . . , l (4.6)

where ai,α = 〈ai,Ψα〉Ω. In vector notation, it reads:

a(ξ) =
∑
α∈Nn

aαΨα(ξ). (4.7)

In practice the above expansion needs to be truncated to a finite expansion order. Let
IN be a set of multi-indices,

IN = {α ∈ Nn : α1 + · · ·+ αn ≤ N}, (4.8)

which corresponds to the tensor product of polynomials with maximum total degree
N . The coefficients a(ξ) can be approximated as

a(ξ) ≈
∑
α∈IN

aαΨα(ξ). (4.9)

Unfortunately, the definition of aα still involves the unknown process a(ξ), therefore
we can not compute the coefficients exactly. The pseudospectral method approximates
the coefficients using quadrature,

aα = 〈a,Ψα〉Ω ≈
m∑
k=1

a(ξk)Ψα(ξk)wk := aα,m, (4.10)

where {ξk} and {wk} are the integration points and weights, respectively. It has been
shown in [10] that using a Gaussian quadrature rule yields a geometric convergence
rate. It does however require a number of quadrature points m(N,n) that scales
exponentially with the dimension of Ω. One can partially mitigate this curse of
dimensionality through the use of sparse quadrature rules without any significant
change to the theoretical results that follow. In any case, the use of quadrature
amounts to solving a series of uncoupled deterministic problems for a(ξk), namely

B(ξk;a(ξk)) = F (ξk), k = 1, . . . ,m(N,n), (4.11)

where B(ξk,a(ξk)) and F (ξk) are as defined in (3.4) and (3.5), respectively. Note
that the solution of (4.11) requires a non-linear solve for each ξk. Finally, we are able
to construct the fully discrete approximation for u(x, ξ),

uh,N (x, ξ) =

l∑
j=1

∑
α∈IN

ajα,mΨα(ξ)φhj (x). (4.12)

5. Error estimate for fully discretized solution. We now examine the
changes to the error representation formula (3.10), needed in order to account for
the fully discrete solution. First a new adjoint problem must be defined, this time
based on a linearization about the fully discrete solution,

find ẑ(·, ξ) ∈ VD s.t. B′ξ(uh,N ; v, ẑ) = Q(v) ∀v ∈ VD. (5.1)
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As a result of the change in the linearization point, the solution to the above equation
represents a distinct solution from that of (3.6); note the change in notation to ẑ. This
is a subtle issue that only appears in the non-linear case. The impact of the change is
only in the adjoint solution itself, the derivation can proceed in exactly the same way
as before. A discrete version of the equation is obtained, again on an enriched space
V +
D ,

find ẑ+(·, ξ) ∈ V +
D s.t. B′ξ(uh,N ; v, ẑ+) = Q(v) ∀v ∈ V +

D . (5.2)

The error representation formula for the fully discrete solution follows analogously
to (3.10),

Q
(
u(·, ξ)− uh,N (·, ξ)

)
= B′ξ(uh,N ;u− uh,N , ẑ) (5.3)

= Bξ(u; ẑ)−Bξ(uh,N ; ẑ) + ∆B,N (5.4)

= Rξ(uh,N ; ẑ) + ∆B,N (5.5)

= Rξ(uh,N ; ẑ+,N ) +Rξ(uh,N ; ẑ − ẑ+,N ) + ∆B,N (5.6)

≈ Rξ(uh,N ; ẑ+,N ), (5.7)

where ẑ+,N is a fully discrete approximation of the adjoint solution,

ẑ+,N (x, ξ) =

l∑
i=1

∑
α∈IN

bi,α,mΨα(ξ)φ+
i (x). (5.8)

Here, the coefficients bi,α,m are determined by solving an equation similar to (3.14)
at the quadrature points,

B∗,N (ξk)b(ξk) = Q, k = 1, . . . ,m(N,n), (5.9)

the difference being, [
B∗,N (ξ)

]
ji

= B′ξ
(
uh,N ;φ+

j , φ
+
i

)
. (5.10)

We note that it is not necessary to obtain a higher order approximation in parameter
space since the error representation is evaluated only at specific points ξ ∈ Ω, and
not integrals on Ω. In other words, issues with orthogonality are not encountered in
our case since we are not using the Galerkin method to approximate the solutions of
the primal and adjoint problems. In fact, one could even use a lower order expansion
of the adjoint solution and still obtain a error estimate, although its accuracy may be
degraded significantly [5]. The term Rξ(uh,N ; ẑ− ẑ+,N ) in (5.6) involves the product
of eu = u − uh,N and ez = z − z+,N , and was shown in [5, 7] to be higher order
if the forward and adjoint approximations converge point-wise in parameter space
(see [28,30] for conditions on this form of convergence).

Alternatively, it is possible to neglect the change from z to ẑ using the following
observation,

Rξ(uh,N ; ẑ+,N ) = Rξ(uh,N ; z+,N ) +Rξ(uh,N ; ẑ+,N − z+,N ). (5.11)

The first term on the right-hand side of (5.11) is the usual dual-weighted residual.
The second term can be attributed to the discrepancy in the definition of the adjoint
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problems, (3.6) and (5.2), as a result of linearizing at different solution states, uh

and uh,N , respectively. In general, this is a higher-order linearization error if uh,N is
a reasonable approximation for uh. This is expected to be the case for higher order
stochastic approximations. Indeed, if the surrogate is constructed using interpolation,
as it is in stochastic collocation approaches, the forward solution would be the same at
the collocation points and thus the adjoint solutions would agree and the linearization
error could be neglected. It has even been shown that for particular quadrature
rules the interpolating polynomial and pseudospectral approximation agree at the
quadrature points [9].

Given ξ, the evaluation of (5.7), simply requires an inner product calculation.
However, assuming one wants to estimate the error at many points in parameter
space, or estimate the L2

Ω-norm of the error, it may be computationally more efficient
to form a higher order spectral approximation of the error estimates,

E(ξ) =
∑
α∈IM

Eα,mΨα(ξ), M > N, (5.12)

rather than carry out many inner product calculations. Forming the spectral expan-
sion will only require inner product calculations at the quadrature points,

Eα,m =

m(M,n)∑
j=1

Rξj
(
uh,N ; ẑ+,N

)
Ψα(ξj). (5.13)

Obviously, for a higher order expansion a greater number of quadrature points will
be needed, m(M,n) > m(N,n) for M > N . In the examples below we use M = 2N .
For all of the computational results presented in section 8, the time required to form
the error surrogate (5.12) is much smaller than the time required to solve the forward
and adjoint problems.

6. Error Decomposition. The error estimate (5.7) contains finite element dis-
cretization error as well as the error due to the spectral approximation in parameter
space. To efficiently control approximation error through adaptivity we seek to sepa-
rate the errors due to the physical discretization and the errors due to the discretiza-
tion in stochastic space, and then to use those indicators to drive adaptive refinement.
As mentioned previously most methods to date [1,5,6,23,24] do not provide such an
indicator. In this section we explain the decomposition of the resulting error estimate
into separate error indicators for each approximation space.

In order to obtain separate error estimates for each space, consider an alternative
representation of the total error. Since, we assume that uh has been computed at
specific points ξ, it can be used to separate the error into contributions from each
space,

Q
(
u(·, ξ)− uh,N (·, ξ)

)
= Q

(
u(·, ξ)− uh(·, ξ)

)
︸ ︷︷ ︸

error due to physical discretization

+ Q
(
uh(·, ξ)− uh,N (·, ξ)

)
︸ ︷︷ ︸

error due to stochastic discretization

(6.1)

One could instead write the decomposition in terms of uN ; however, this semi-discrete
solution is usually not computable since it requires an exact solution on the physical
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domain. The first term on the right-hand side of (6.1) corresponds to that introduced
in (3.17). It only involves the contributions due to the approximation in the physical
domain and can be approximated using (3.19). The second term is much more difficult
to estimate directly but represents the error due to discretization in the stochastic
domain. Using (5.6) and (3.18) we can however obtain an expression for the error due
to discretization in Ω only,

Q
(
uh(·, ξ)− uh,N (·, ξ)

)
= Q

(
u(·, ξ)− uh,N (·, ξ)

)
−
[
Q
(
u(·, ξ)− uh(·, ξ)

)]
(6.2)

= Rξ(uh,N ; ẑ+,N ) +Rξ(uh,N ; ẑ − ẑ+,N ) + ∆B,N

−
[
Rξ(uh; z+) +Rξ(uh; z − z+) + ∆B

]
(6.3)

= Rξ(uh,N ; ẑ+,N )−Rξ(uh; z+)

+Rξ(uh,N ; ẑ − ẑ+,N ) + ∆B,N

−Rξ(uh; z − z+)−∆B (6.4)

≈ Rξ(uh,N ; ẑ+,N ) +Rξ(uh; z+) (6.5)

Equation (6.5) provides a computable error estimate for the error due to discretiza-
tion in parameter space while (6.4) reflects the accuracy of such an estimate. It is
interesting to see here how the two adjoint solution z and ẑ are used to compute the
contributions from each approximation space.

An expansion for the total error estimate has already been defined in (5.12); for
computational efficiency a pseudospectral expansion can be obtained for error due to
discretization in physical space as well,

ED(ξ) =
∑
α∈IN

EDα,mΨα(ξ), (6.6)

where

EDα,m =

m∑
j=1

Rξj
(
uh; z+

)
Ψα(ξj). (6.7)

If the order of this expansion is chosen to be N then, the solutions {uh}mk=1 have
already been computed for the construction of uh,N . If we further assume that the
adjoint expansion is also order N , then ED is easily constructed using the standard
deterministic adjoint-based error estimates evaluated at each of the quadrature points.
With the representations E , and ED, the error due to discretization in parameter space
can be easily computed from (6.5),

EΩ(ξ) = E(ξ)− ED(ξ). (6.8)

We note that EΩ is only as accurate to the minimum of the expansion orders of E
and ED. However, the total error estimate, E , is higher-order and is used initially as
an error indicator to determine any refinement is required. If this is the case, then
the relative magnitude of ED and EΩ is more important than the overall accuracy of
either component since they are only used to determine which approximation space
should be refined.
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7. Refinement strategies. In this section we outline a few adaptive strategies
that will be used for the numerical results that follow. They have been simplified for
presentation purposes; more sophisticated strategies can be devised to further take
advantage of the error decomposition. Algorithm 1 represents the simplest form of an
adaptive strategy that takes advantage of the error estimators for each approximation
space separately. This algorithm is used to adapt the solution of a simple Navier-
Stokes flow problem in Section 8.1.

Algorithm 1: General adaptive refinement in both D and Ω

while ‖E‖L2
Ω
> TOL do

Compute {a(ξk)}m(N,n)
k=1 , {b(ξk)}m(N,n)

k=1 according to (4.11) and (5.9)
respectively;

Compute {Rξk(uh; z+)}m(N,n)
k=1 ;

Construct uh,N , z+,N , and ED;

Compute {Rξk(uh,N ; z+,N}m(M,n)
k=1 and construct E ;

Compute ‖E‖L2
Ω
,
∥∥ED∥∥

L2
Ω

and
∥∥EΩ

∥∥
L2

Ω

=
∥∥E − ED∥∥

L2
Ω

;

if
∥∥ED∥∥

L2
Ω

>
∥∥EΩ

∥∥
L2

Ω

then

Refine finite element mesh ;
else

Refine discretization on Ω (N ← N + 1) ;
end

end

Next, in Algorithm 2, we present a procedure to perform adaptive h refinement
in Ω. As in the example in Section 8.2, the physical discretization is assumed fixed.
This procedure could easily be used in combination with Algorithm 1 to accommodate
refinement in D as well. Additionally, one could devise an adaptive procedure that
considers h and p refinement in Ω.

Partitioning of parameter space will be driven by the magnitude of the stochastic
discretization error over each element. Let Ω = ∪iΩi represent the current partition
of the domain, and EΩi be the local spectral approximation

Algorithm 2: Adaptive h refinement in Ω

while ‖E‖L2
Ω
> TOL do

Construct EΩi ;

Compute
∥∥EΩi

∥∥
L2

Ωi

;

if
∥∥EΩi

∥∥
L2

Ωi

> TOL2 then

Split Ωi into 2n new elements by bisection in each stochastic direction;
end

end

Since the h-adaptive procedure described in Algorithm 2 is really only practical
on low-dimensional stochastic spaces, the final adaptive strategy targets the curse of
dimensionality. As in Algorithm 2 we focus only on adaptivity in Ω. First a gener-
alization of the definition of a set of multi-indices is needed to allow for anisotropy.

11



Let

IN = {α ∈ Nn : αi ≤ Ni, i = 1, . . . , n}, (7.1)

where N = (N1, . . . , Nn) represents the maximum polynomial order in each direction
and higher-order expansions of the error will now be obtained using M = N + 1 =
{N1 + 1, . . . , Nn + 1}.

Since the expansion of the error estimate is represented by a higher-order expan-
sion, refinement can be driven by the higher-order terms. Specifically the relative
magnitude of the higher-order coefficients, those that are not included in the expan-
sion of the solution, will be used to determine in which direction the polynomial
order of approximation should be increased. Adding polynomials associated with the
largest contributions to the error accounts for the most important directions first,
hence reducing the overall approximation error in the most efficient way. Section 8.3
demonstrates the use of the adaptive algorithm presented in Algorithm 3.

Algorithm 3: Anisotropic p refinement in Ω

while ‖E‖L2
Ω
> TOL do

Construct E(ξ) =
∑
α∈IM Eα,mΨα(ξ) ;

Let α∗ ∈ IM \ IN such that, Eα∗,m = maxα∈IM\IN Eα,m. ;
for i = 1→ n do

if α∗i > Ni then
Increase polynomial order of approximation in component i,
Ni ← Ni + 1 ;

end

end

end

8. Numerical Results. We present in this section several numerical examples
in order to demonstrate the performance of the algorithms described in the previous
section for adaptive refinement.

8.1. Navier-stokes flow past a cylinder. We begin with the solution of steady
state Navier-stokes flow around a cylinder in a channel. In this example, the inlet
velocity profile and fluid viscosity are treated as uncertain parameters and the goal
is to efficiently compute an accurate solution of the x-velocity behind the cylinder.
We will rely on the error estimates detailed above to guide adaptivity, choosing to
refine physical space or parameter space based on the error estimates, ED and EΩ.
Our decomposition provides error indicators to prevent over-refining in either space
when the total approximation error is predominantly due to the discretization in one
space.

We define the non-linear boundary-value problem

A (x, ξ;u) =

{
−ν(ξ)∆u+ u · ∇u+∇p = 0,

∇ · u = 0,
in D, (8.1)

12



with boundary conditions

u(x) = h(x, ξ) x ∈ Γi, (8.2)

u = 0, x ∈ Γw ∪ Γcyl, (8.3)

(ν(ξ)∇u− pI) · n = 0, x ∈ Γo, (8.4)

where the domain D and boundary ∂D are shown in Figure 8.1 along with the
initial mesh in physical space. Suppose that the kinematic viscosity and inlet ve-
locity field are parameterized by uniformly distributed random variables such that,
ν(ξ) = ν(ξ1) = ξ1 ∼ U(0.01, 0.1) and

h(x, ξ) = h(x, ξ2) = ξ2

[
3
32 (4− x2

2)
0

]
, (8.5)

where ξ2 ∼ U(1, 3). The parameter distributions combined with the geometry of the
problem correspond to the range of Reynolds number, [1.25, 37.5]. For these values
of Re, the flow remains laminar the steady state solution is stable.

−2 −1 0 1 2 3 4 5 6
−2

−1

0

1

2

Γ
w

Γ
w

Γ
i

Γ
o

Γ
cyl

Fig. 8.1. Physical domain

The quantity of interest is chosen to be the horizontal component of the velocity
ux evaluated at a point directly behind the cylinder, x0 = (1, 0)T ,

Q (u(·, ξ)) = ux

([
1
0

]
, ξ

)
=

∫
D

u(x, ξ) · ex δ(x,x0) dx. (8.6)

However, the above functional is unbounded in VD. We thus choose the following q,

q(x) =

[
10
π exp

(
−10(x0,1 − x1)2 − 10(x0,2 − x2)2

)
0

]
, (8.7)

so that

Q (u(·, ξ)) ≈
∫
D

q(x) u(x, ξ) dx, (8.8)
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(a) Average solution (b) Average adjoint

Fig. 8.2. Average solution fields

the modified quantity of interest, is a bounded functional. Figure 8.2 shows the
average forward and adjoint solution fields over the range of parameter values for the
initial mesh.

Beginning with the physical mesh in figure 8.1 and polynomial order N = 1,
four simulation studies are performed. First we use the proposed error decomposition
and Algorithm 1 to adaptively refine both physical and parameter spaces. Next, we
perform the refinement in each space individually; uniform h-refinement in D for one
study and successively increasing polynomial order of the spectral expansion for the
other. Finally, we simultaneously adapt both spaces, performing uniform h-refinement
on D and increasing the polynomial order of the stochastic expansion at each adaptive
step. Figure 8.3 shows the convergence of the total error estimate ‖E‖L2

Ω
versus the

total number of degrees of freedom used for each approach.

As one might expect, improving the approximation in physical space leads to
little or no reduction in the overall error. Clearly the most significant source of error
is the discretization in parameter space. Similarly, only refining the approximation in
parameter space leads to a plateau in the error estimate after six or seven iterations.
More precisely, an initial reduction is seen as a result of improving the approximation
in parameter space, but once the error

∥∥EΩ
∥∥
L2

Ω

is reduced below the level of the

physical discretization error
∥∥ED∥∥

L2
Ω

, no further reduction in the total error can be

expected.

In contrast, the adaptive procedure we propose continues to achieve a significant
reduction in the total approximation error with each refinement. This is because the
greater source is identified and the appropriate approximation is refined accordingly.
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Figure 8.4 shows this more clearly by comparing the magnitude of ED and EΩ for
each stage of the adaptive procedure as well as the total error estimate. It is clear
that the correct choices for refinement are made based on the error estimate. We
observe that the total error estimate actually increases after refinement in D which
indicates that the initial mesh may be too coarse for the adjoint-based error to behave
as one expects asymptotically. However, the fact that the adaptive approach reduces
the error beyond the point where stochastic refinement stagnates indicates that the
physical adaptivity was effective.
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Fig. 8.4. Convergence of error estimate, E
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8.2. Adaptive h-refinement in parameter space. To demonstrate the ad-
vantages of h-refinement in parameter space, we consider an example where the quan-
tity of interest depends discontinuously on the parameter. Attempting to capture
responses with steep gradients or discontinuities using global spectral approximations
result in the well known Gibb’s phenomenon, producing spurious oscillations. As
a result, many authors have proposed changing the expansion basis to reduce the
effect of the oscillatory behavior. Among the bases used are piecewise polynomials
and multiwavelet basis [20,21,24,31]. Wan and Karniadakis [31] use a multi-element
generalized polynomial chaos approach, where the decision to add elements is based
on the contribution of higher-order terms to the solution variance. In addition to this
type of h-refinement they adapt the order of the local expansions, i.e. p-refinement,
and achieve similar convergence results as spectral hp methods used for spatial dis-
cretization. Multiwavelet approaches of Le Mâıtre et al. [20,21] rely on a similar type
of heuristic refinement indicator to perform h-refinement in stochastic space. Con-
vergence is shown to be superior to Monte Carlo sampling approaches in estimating
the mean and variance of the solution. Mathelin and Le Mâıtre [24] later proposed
a more rigorous refinement criterion based on goal-oriented a posteriori error esti-
mates. They propose adaptive refinement strategies for both physical and stochastic
spaces based on these error estimates and show promising results for flow problems
with uncertainties. However, to guide adaptive refinement they rely on an estimate
of the physical discretization error using the expansion of the fully discretized so-
lution, which may be corrupted by approximation errors from the stochastic space
discretization. Furthermore, while the total error estimate is in terms of the quantity
of interest, the estimate of the physical discretization error used as an indicator for
refinement is not.

In contrast, the error estimates proposed in this work are not only given with
respect to quantities of interest but also indicate the contributions from each space.
While non-uniform distributions would require the use of a different expansion basis,
it would not alter the adaptive procedure we present. For this reason we will only
consider the case of uniform random variables and some of the technicalities of using
multi-element spectral approaches, such as properly weighting the local expansion
variables, can be omitted. A detailed discussion of multi-element polynomial chaos
expansions using non-uniform distributions can be found in [31]. To further simplify
the presentation we will consider only linear polynomials in the stochastic expansions.
Lower order expansions additionally limit the effects of Gibb’s phenomena and are
well suited to tackle problems with discontinuities.

We consider here the convection-diffusion problem,

A(x, ξ;u) = −2∆u+ b(ξ) · ∇u = f(x, ξ), ∀x ∈ D = (0, 1)2, (8.9)

where uncertainty is present in the convection and source terms. The discontinuity
arises from the definition of the velocity term,

b(ξ) =

[
sin
(

3π
2 ξ1

)
4bξ2 − ξ1c

]
(8.10)

where

bξ2 − ξ1c =

{
0 ξ1 ≤ ξ2
−1 ξ1 > ξ2

. (8.11)
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It is advantageous if element boundaries coincide with discontinuities of the solution.
To make the response more difficult to model and to avoid partitioning directly along
the discontinuity we have chosen the discontinuity to lie on the line ξ1 = ξ2, while
the element boundaries are oriented along the axis of ξi. The source term is chosen
so that the exact solution is,

u(x, ξ) = 10 sin

(
3π

2
ξ1

)
(4bξ2 − ξ1c) (x1 − x2

1)(x2 − x2
2). (8.12)

We choose as a quantity of interest the solution at the point x0 = (0.33, 0.33)T , which
will again be approximated using

q(x) =
100

π
exp

(
−100(x1 − x0,1)2 − 100(x2 − x0,2)2

)
, (8.13)

that is

Q(u(·, ξ)) = u

([
0.33
0.33

]
, ξ

)
≈≈

∫
D

q(x) u(x, ξ) dx (8.14)

As stated above we will assume the two parameters are uniformly distributed, with
ξ1 ∼ U(0, 1) and ξ2 ∼ U(0, 1). Figure 8.5 shows the true response for the quantity
of interest over parameter space. Notice that on one side of the discontinuity the
response is actually zero while the other region shows a smooth non-linear dependence.
As a result of this feature, and the fact that only linear polynomials are used in the
expansion, local refinement will be needed away from the discontinuity to obtain an
accurate solution.
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Fig. 8.5. Exact response surface

To start, one element will be used in parameter space and the spectral expan-
sions will be formed with N = 1. In order to focus on the refinement procedure
in parameter space only, the physical mesh is kept fixed in all studies. The rel-
ative error on that particular mesh is

∥∥ED∥∥
L2

Ω

∼ 10−3. Three simulation stud-

ies are performed, the first being our proposed h-refinement strategy (Algorithm 2)
with TOL2 = 0.75 maxj{

∥∥EΩj∥∥L2
Ω

}. To evaluate the efficiency of the adaptive ap-

proach standard uniform h-refinement in parameter space is also performed. Finally,
p-refinement of a global spectral basis is compared. While fairer comparison can
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be made against uniform h-refinement, we include the example of p-refinement to
demonstrate the shortcomings of such an approach and highlight the advantage of
the multi-element approach for this particular problem. Convergence results for each
algorithm are shown in Figure 8.6.
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Fig. 8.6. Convergence of true error

We have included a comparison of the total error plotted as a function of ξ after
the final refinement step using p-refinement in figure 8.7(a), and our proposed h-
refinement strategy in figure 8.7(b). Notice the oscillatory behavior in the case of the
global approach. Clearly the multi-element approach does a better job of identifying
the discontinuity, and localizes it to smaller elements along the discontinuity. This
can be seen more clearly in the final parameter space mesh, shown in figure 8.8. Recall
that all elements have linear approximations; as a result the region below ξ1 = ξ2 does
require some refinement to capture the nonlinear response. Uniform h-refinement in
parameter space produces a similar result to 8.7(b) but requires many more degrees
of freedom due to the fact that the region above ξ1 = ξ2 would also be refined.

8.3. Higher parameter dimension. Finally, we demonstrate the use of the
error estimate to perform anisotropic p-refinement in parameter space. To make
the example more informative a problem is chosen where the influence of different
directions in parameter space vary by orders of magnitude. Consider the following
diffusion problem where the log of the diffusion coefficient is expanded in a Karhunen-
Loève type of expansion,

A(x, ξ;u) = −∇ · (K(x, ξ)∇u) = 10, ∀x ∈ D = (0, 1)2, (8.15)

with homogeneous Dirichlet boundary conditions. Let

K(x, ξ) = exp

[
10∑
k=1

ck sin(λkπx1) cos(λkπx2) ξk

]
, (8.16)

where ck, λk are the coefficients and periods associated with the expansion of K,
respectively; Table 8.1 lists the values for ck and λk. Clearly the first dimension is the
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most important and will require a higher polynomial order to capture the predominant
behavior of the response; influence of subsequent terms in the expansion decreases
by an order of magnitude for each term. We assume that all random variables are
uniformly distributed, ξi ∼ U(0, 1). Again, for the quantity of interest we will take
the solution at the point x0 = (0.5, 0.5)T

Q(u(·, ξ)) = u

([
0.5
0.5

]
, ξ

)
≈ 〈q, u〉L2

D
, (8.17)

using

q(x) =
10

π
exp

(
−10(x1 − x0,1)2 − 10(x2 − x0,2)2

)
. (8.18)

A comparison of the adaptive refinement strategy (Algorithm 3) to isotropic re-
finement is shown in figure 8.9. As in the previous example we keep the physical
discretization fixed at a level that makes the error ED negligible. The sequence of
polynomial orders corresponding to the iterations shown in figure 8.9 are provided
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Table 8.1
Values for the expansion of a

k ck λk
1 10 0.239
2 1 0.313
3 1e-1 0.406
4 1e-2 0.643
5 1e-3 0.740
6 1e-4 2.049
7 1e-5 3.105
8 1e-6 3.396
9 1e-7 8.731
10 1e-8 9.979
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Fig. 8.9. Convergence of error estimates for isotropic and anisotropic refinement

in table 8.2. The proposed indicator reasonable identifies the first few terms of the
expansion as the most important ones and can be used to adapt the polynomial
order accordingly. When compared with isotropic p refinement one sees significant
computational savings in terms of the number of solutions of the PDE. Note that
the comparison can be made only up to isotropic order N = 1. Constructing the
expansion for N = 2 requires the solution of 59, 049 two-dimensional finite element
solutions, which becomes prohibitive due to the amount of memory needed to store
all solutions. The dashed line shows the extrapolation of the error from the previous
two solutions, assuming the same trend continues.
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Table 8.2
Expansion orders obtained from adaptation

isotropic anisotropic
iter Ni N1 N2 N3 N4 N5 −N10

1 0 0 0 0 0 0
2 1 1 0 0 0 0
3 (2) 1 1 0 0 0
4 2 1 0 0 0
5 3 1 0 0 0
6 4 1 0 0 0
7 4 1 1 0 0
8 4 2 1 0 0

9. Conclusion. In this work, we have developed a posteriori error estimates
for second-order differential equations with uncertain coefficients. Error was defined
in terms of specific quantities of interest represented as functionals of the solution.
A novel decomposition of the error estimate into contributions from physical and
stochastic approximation spaces was proposed and shown to properly identify which
approximation space should be refined. This was in particular demonstrated on fluid
flows around a cylinder within a channel at low to moderate Reynolds numbers. Adap-
tive refinement strategies were also developed that took advantage of the indicator
of the error in the stochastic approximation. Adaptive mesh refinement in stochastic
space using the error estimator proved to be superior to uniform refinement. Finally,
anisotropic p-refinement was performed to significantly reduce the computational cost
needed to obtain an accurate solution for a diffusion problem in a 10-dimensional
stochastic space.
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