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Abstract This paper presents a novel method for converting
any unstructured quadrilateral mesh to a standard T-spline
surface, which is C2-continuous except for the local region
around each extraordinary node. There are two stages in
the algorithm: the topology stage and the geometry stage.
In the topology stage, we take the input quadrilateral mesh
as the initial T-mesh, design templates for each quadrilat-
eral element type, and then standardize the T-mesh by in-
serting nodes. One of two sufficient conditions is derived to
guarantee the generated T-mesh is gap-free around extraor-
dinary nodes. To obtain a standard T-mesh, a second suffi-
cient condition is provided to decide what T-mesh configu-
ration yields a standard T-spline. These two sufficient con-
ditions serve as a theoretical basis for our template develop-
ment and T-mesh standardization. In the geometry stage, an
efficient surface fitting technique is developed to improve
the geometric accuracy. In addition, the surface continuity
around extraordinary nodes can be improved by adjusting
surrounding control nodes. The algorithm can also preserve
sharp features in the input mesh, which are common in CAD
(Computer Aided Design) models. Finally, a Bézier extrac-
tion technique is used to facilitate T-spline based isogeomet-
ric analysis. Several examples are tested to show the robust-
ness of the algorithm.
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1 Introduction

An important problem in Reverse Engineering is to con-
struct 3D geometry from scanned imaging data. With the
rapid development of 3D scanning data acquisition and auto-
matic mesh generation techniques, the geometries obtained
are always in the form of polygonal meshes. For example,
Figure 1(a) shows an unstructured quadrilateral mesh of a
human head. Besides polygonal meshes, splines are another
widely used representation of freeform geometry, especially
in Computer Aided Design (CAD), Computer Aided Manu-
facturing (CAM), and Computer Aided Engineering (CAE).
Splines can represent a wide range of geometric shapes ac-
curately with high order continuity. Recently, a spline-based
analysis method named “isogeometric analysis” was devel-
oped [7, 2], which has advantages over traditional finite ele-
ment analysis. To improve geometric accuracy and continu-
ity, and to achieve compatibility with CAD systems and iso-
geometric analysis, it is always desirable to convert polyg-
onal meshes into continuous, high-order spline surfaces. In
this paper, we focus on converting an arbitrary unstructured
quadrilateral mesh into a standard T-spline surface with C2-
continuity everywhere except at local regions surrounding
extraordinary nodes. The solution to this problem provides
engineers with the opportunity to transition legacy bilinear
quadrilateral surface meshes of engineering structures, which
have been accumulated over the forty-year history of com-
mercial finite element structural analysis programs, to T-
splines, and to analyze them as such and compare results
with traditional finite element technology. (We note that the
LS DYNA program developed and marketed by Livermore
Software Technology, Inc., already has the capability to com-
pute with T-splines; see Benson et al. [3, 4].)

Considerable work has been devoted to converting trian-
gular meshes to spline representations. In [1], an algorithm
was developed to construct NURBS surfaces from triangu-
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Fig. 1 A human head model. (a) The input unstructured quadrilateral mesh; (b) the constructed T-spline surface and T-mesh; and (c) the extracted
Bézier elements. (d) and (h) are the shading results of the input mesh and the T-spline surface, respectively. (e) to (g) show details, and red points in
(e) denote extraordinary points. There is a subtlety here that is difficult to see. The original mesh in (a) consists of bilinear quadrilateral elements.
The T-spline is bicubic and C2-continuous except in the vicinity of extraordinary points. The Bézier elements are embedded in the T-spline.
Consequently, the Bézier elements and the original bilinear quadrilateral elements are different, despite appearances to the contrary.

lar meshes for organic structures. Based on Periodic Global
Parameterization (PGP), another method was proposed for
converting triangular meshes into T-splines [9, 8]. Starting
from a polycube with the same topology as the input trian-
gular mesh, Wang et al. [16] created a parametric map be-
tween the polycube and the geometry, and utilized this map

to construct T-splines. In [20], a skeleton-based method was
developed to construct solid NURBS for isogeometric anal-
ysis of arterial blood flow.

In this paper we develop a novel method to convert an
arbitrary unstructured quadrilateral mesh to a standard bicu-
bic T-spline surface, without consideration of input topology
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or parameterization. For a standard T-spline, the basis func-
tions provide a partition of unity [14]. There are two main
stages in the conversion algorithm: the topology stage and
the geometry stage. We take the input mesh directly as the
initial T-mesh, and the topology stage aims to make the ini-
tial T-mesh gap-free and standard. Templates are designed
for each type of quadrilateral element configuration to en-
sure it is gap-free and then additional nodes are inserted
to standardize the T-mesh. Sufficient conditions are derived
to guarantee the generated T-spline is gap-free around ex-
traordinary nodes, and to decide what T-mesh configurations
yield a standard T-spline. These two sufficient conditions
provide a theoretical basis for the template development and
T-mesh standardization. In the geometry stage, we improve
accuracy and continuity by adjusting control nodes in the
T-mesh. An efficient surface fitting technique is developed
to make the output T-spline interpolate all the nodes in the
input mesh. In addition, the conversion algorithm preserves
sharp features present in the input model. Finally, Bézier el-
ements are extracted from the constructed T-spline to facili-
tate isogeometric analysis [5, 12]. We applied the algorithm
to several human anatomic models and CAD models with
sharp features.

The remainder of this paper is organized as follows. Sec-
tion 2 reviews T-splines. Section 3 presents an overview of
the new algorithm and then the following sections explain
the algorithm in detail. Section 4 discusses how to deal with
extraordinary nodes in order to produce a gap-free and stan-
dard T-mesh. Section 5 describes sharp feature preservation.
Section 6 explains surface fitting and continuity improve-
ment. To facilitate isogeometric analysis, Bézier elements
are extracted in Section 7. Section 8 presents some T-spline
results, and Section 9 draws conclusions.

2 A Review of T-splines

T-splines [13] are a generalization of NURBS (Non-Uniform
Rational B-Spline) [10]. A NURBS surface is defined by its
degree, two global knot vectors and control points. The for-
mula for a NURBS surface is

SN(u,v) =

m

∑
i=0

n

∑
j=0

Ci jwi jNi,d(u)N j,d(v)

m

∑
i=0

n

∑
j=0

wi jNi,d(u)N j,d(v)
, (1)

where Ci j represents one control point, wi j is the weight
corresponding to Ci j, Ni,d(u) and N j,d(v) are B-spline basis
functions defined by two global knot vectors, u= [u0,u1, · · · ,
um+d ,um+d+1] and v = [v0,v1, · · · ,vn+d ,vn+d+1], and d is
the degree. For NURBS, the control points must lie topo-
logically in a rectangular grid or mesh (m× n in this case).
NURBS provide a unified geometry representation of conic

sections and free-form shapes. They have been widely used
in engineering design and manufacturing.

Unlike NURBS, T-splines allow T-junctions in their con-
trol grid. A T-junction terminates a row or column of con-
trol points in the control grid. T-splines have been applied to
important problems in Computer Aided Geometric Design
(CAGD) such as local refinement [14], NURBS merging
[13], control mesh simplification [17], and trimmed NURBS
conversion [15]. Unlike NURBS, they can also model ge-
ometry of arbitrary topological genus [13]. The formula for
a T-spline surface is

S(s, t) =

n

∑
i=0

wiCiBi(s, t)

n

∑
i=0

wiBi(s, t)
, (s, t) ∈Ω, (2)

where wi is the weight for the control point Ci, Bi(s, t) =
Ns

i (s)N
t
i (t), Ns

i and Nt
i are B-Spline basis functions defined

by two local knot vectors, si = [si0, si1, si2, si3, si4] and
ti = [ti0, ti1, ti2, ti3, ti4] when degree d = 3, and Ω is the
domain of the T-spline surface in parameter space. T-spline
control points may not be connected in the form of a rectan-
gular grid. A T-mesh is introduced to provide the connectiv-
ity of the control points. Each edge connecting two control
points in the T-mesh is labeled with a knot interval, which
represents the parametric length of that edge. Two nodes1

connected by one edge in the T-mesh have either the same s
or t value. An edge whose two end nodes share the same t
(or s) value is called an s-edge (or t-edge), respectively. The
local knot vectors for each node can be inferred from the T-
mesh. Two constituents are required to define one T-spline
surface: the degree and the T-mesh. For NURBS, there are
two global knot vectors, u and v, but for a T-spline, each
node Ci has its own local knot vectors, si and ti, which are
inferred from the T-mesh. A T-mesh contains regular nodes,
extraordinary nodes and T-junctions. A regular node has va-
lence four, and an extraordinary node has valence other than
four and is not a T-junction. NURBS can be treated as a spe-
cial case of T-splines in which the T-mesh is simply a rectan-
gular grid without T-junctions. T-splines generally use local
parametric coordinate systems, especially when extraordi-
nary nodes are involved. For a regular node or T-junction Ci,
the local knot vectors are inferred from its T-mesh neighbor-
hood by the following rule [14].

Knot Vector Inference Rule (for regular nodes and T-
junctions): Suppose the knot coordinates of a regular node
or a T-junction Ci are (si2, ti2). Its two local knot vectors,
si = [si0, si1, si2, si3, si4] and ti = [ti0, ti1, ti2, ti3, ti4], are de-
termined as follows. Consider a ray in the parameter space,

1 We use the terminologies “node” and “control point” synony-
mously.
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Fig. 2 A local region of a T-mesh. O corresponds to the parametric
origin, di label the s-edge knot intervals, and ei are the t-edge knot
intervals.

R(α) = (si2 +α, ti2) where α ≥ 0, si3 and si4 are the s co-
ordinates of the first two t-edges intersected by the ray (not
including si2). Similarly, si0 and si1 are found when α ≤ 0.
The other knot vector ti can be inferred in a similar manner.

Taking node A in Figure 2 as an example, we suppose O
corresponds to the parametric origin, then (d1 +d4,e1 + e3)

are the knot coordinates of A. The two local knot vectors of A
are sA and tA. For sA, d1 +d4 is the center knot. Considering
a ray in the parameter space, R(α) = (d1 +d4 +α,e1 + e3),
where α ≥ 0, the first two t-edges intersected with the ray
are the two right knots in the local knot vector sA. The left
two knots can be obtained when α≤ 0. Then we have sA =

[0,d2,d1+d4,d1+d4+d8,d1+d4+d8+d10]. Similarly, we
can obtain tA = [0,e1,e1 + e3,e1 + e2,e1 + e2 + e7].

Sederberg et al. [14] introduced three types of T-splines:
standard, semi-standard and non-standard. A standard T-
spline is one for which

∑
i

Bi(s, t) = 1, ∀(s, t) ∈Ω. (3)

A semi-standard T-spline is one for which

∑
i

wiBi(s, t) = 1, ∀(s, t) ∈Ω, (4)

where not all wi = 1. A non-standard T-spline is one for
which no set of weights can be found for the blending func-
tions to satisfy Equation (4).

In this paper we focus on converting an arbitrary un-
structured quadrilateral mesh to a member of a restricted
class of standard T-spline surfaces. In general, character-
izing T-mesh configurations which yield a standard, semi-
standard, or non-standard T-spline is an open problem.

3 Algorithm Overview

As shown in Figure 3, there are two stages in the conver-
sion algorithm: the topology stage and the geometry stage.
Input unstructured quadrilateral meshes may be generated
using an octree-based iso-contouring method [18, 19, 11]

Fig. 3 An overview of the algorithm to convert an unstructured quadri-
lateral mesh to a standard T-spline surface.

and taken as initial T-meshes. The main goal of the topol-
ogy stage is to construct gap-free and standard T-meshes,
preserving sharp features present in the input mesh. In the
geometry stage, we minimize the error between the input
meshes and the output T-spline surfaces, and relocate the
control points surrounding extraordinary nodes to improve
surface continuity.

Topology Stage: The initial T-mesh has regular and ex-
traordinary nodes. We can omit the topology stage if the
input is a structured mesh and there are no sharp features.
A structured mesh only contains regular nodes. For an un-
structured mesh, the main work of this stage is to deal with
extraordinary nodes and make the initial T-mesh valid. A
valid T-mesh is one that yields a gap-free and standard T-
spline surface. In the topology stage, we first classify the
input quadrilateral elements into six categories, and for each
category we design templates and insert additional nodes to
guarantee the constructed T-mesh is gap-free and standard.
To preserve sharp features, zero-length edges are inserted at
the sharp edges and corners in the T-mesh. A zero-length
edge is one edge with zero knot interval.

Geometry Stage: This stage aims to improve geomet-
ric accuracy and continuity. After we obtain a valid T-mesh,
an efficient surface fitting technique is developed to improve
the geometric accuracy by relocating control points. We can
guarantee that the output T-spline surface interpolates all the
nodes in the input mesh. Then the control nodes around each
extraordinary node are adjusted to improve the local conti-
nuity. A standard T-spline surface is then constructed from
the T-mesh, and Bézier elements are extracted for isogeo-
metric analysis.

4 Extraordinary Nodes

If all the nodes in the input mesh are regular, the initial T-
mesh is topologically correct. However, extraordinary nodes
are unavoidable for complex geometry. Unlike regular nodes,
the extraordinary nodes in the initial T-mesh need to be han-
dled properly, otherwise they may introduce gaps in the T-
spline surface. Moreover, the T-spline surface is no longer
C2-continuous around extraordinary nodes [13]. To gener-
ate a gap-free T-mesh, we first design templates for each
type of quadrilateral element configurations and then derive
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Fig. 4 Two conforming 2-ring neighborhoods around extraordinary
nodes (red points) in a cubic T-mesh. Pink elements form the 1-ring
neighborhoods and these elements together with the green elements
form the 2-ring neighborhoods.

a sufficient condition to render the T-mesh gap-free. Then a
sufficient condition is derived to determine when a T-mesh
configuration is standard. These sufficient conditions pro-
vide a theoretical basis for the template development and T-
mesh standardization. Finally, a knot vector inference rule is
given for extraordinary nodes and their adjacent nodes, and
a standard T-spline surface is constructed from the generated
T-mesh. Here are some definitions we will need.

Definition 4.1. A quasi-uniform T-mesh is a T-mesh which
contains edges with only zero or unit knot interval length.
Definition 4.2. A p-ring neighborhood around an extraor-
dinary node is a set of T-mesh faces formed by first adding
all the T-mesh faces which are coincident with the extraor-
dinary node to the set. Then this set is expanded by adding
all the T-mesh faces which are coincident with any T-mesh
face already in the set. This process is performed p times.
Definition 4.3. A conforming p-ring neighborhood around
an extraordinary node is a p-ring neighborhood where the
set of T-mesh faces form a conforming quadrilateral mesh,
that is, one in which there are no T-junctions.

By definition, a conforming p-ring neighborhood does
not contain any T-junctions. Figure 4 shows two conform-
ing 2-ring neighborhoods for one valence-3 node and one
valence-5 node in the T-mesh. The pink faces are the 1-
ring neighborhood and these faces together with the green
faces form the 2-ring neighborhood. Note that each 1-ring
or 2-ring neighborhood is a conforming quadrilateral mesh
around the extraordinary node.

4.1 Template Development

There are six types of quadrilateral elements in the initial
T-mesh: elements with none, one, two (neighboring or di-
agonal), three and four extraordinary nodes. We design two
sets of templates for these six types of elements, which are
listed in Table 1. Note in Table 1, all the red edges have
zero knot interval and the grey domains have zero paramet-
ric area. The rule for the template development is that, for

each extraordinary node, we make the T-mesh gap-free and
standard.

4.1.1 Two Sets of Templates

Template set 1 was derived using T-NURCC subdivision
[13] and in this template set, there is a unique template for
each element type. All the templates have a conforming 2-
ring neighborhood, and they satisfy the requirements for a
gap-free T-mesh around extraordinary nodes. This will be
proved later; see Lemma 1 in Section 4.2. Figure 5(a) shows
a typical example of a valence-3 extraordinary node O. Us-
ing this template set, the surface continuity is C0 at the knot
coordinate corresponding to this extraordinary point, and
C0 across the shared curve of the nonzero domain for each
ring until the 4-ring. Therefore, the extraordinary point has
a negative influence on the surface continuity until the 4-
ring neighborhood. Figure 5(b) shows one local region of an
input quadrilateral mesh and Figure 5(c) is a valid T-mesh
after applying template set 1. In this input mesh, for each ex-
traordinary node, there are no other extraordinary nodes in
its 2-ring neighborhood, or there are at least three elements
between each pair of extraordinary nodes. In this case, ap-
plying these templates automatically yields a valid T-mesh;
see Lemma 4 in Section 4.3.

Template set 1 inserts a large number of nodes and zero-
length edges, which decrease the local surface continuity
and also have deleterious effects on basis continuity. Fur-
thermore, newly inserted T-junctions are all on the boundary
of the input quadrilateral elements, increasing the possibility
that the generated T-junctions will interfere with each other,
making the T-mesh semi-standard or non-standard. To mini-
mize the number of newly inserted nodes and to decrease the
size of the region influenced by the extraordinary nodes, we
designed template set 2. All of these templates have a con-
forming 1-ring neighborhood, and they also satisfy the gap-
free requirement, which will be proved in Section 4.2. Using
this template set, the surface continuity is C0 at the knot co-
ordinate corresponding to the extraordinary point, C0 across
the shared curve of the nonzero area parametric domain for
each ring until the 3-ring neighborhood, and C1 outside the
3-ring neighborhood until the 4-ring neighborhood.

Discussion: Compared to template set 1, template set
2 not only inserts fewer nodes, but also results in better
continuity around extraordinary nodes. Most importantly, it
produces many fewer T-junctions on the element boundary,
which is the boundary of a quadrilateral element in the input
mesh, so it will be much easier to make the T-mesh standard.
Figure 6 shows template set 2 configurations. Compared to
Figure 5(a), Figures 6(a) and (b) contain fewer T-junctions
on the element boundary and this decreases the possibility
of interference with other extraordinary nodes. In addition,
there are no neighboring zero-length edges on the 2-ring
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Table 1. Two sets of templates for six quadrilateral element types.

Element type Template set 1 Template set 2

Type 0 1-0 2-0

Type 1 1-1 2-1(a) 2-1(b)

Type 2 1-2 2-2

Type 3 1-3 2-3(a) 2-3(b)

Type 4 1-4 2-4(a) 2-4(b)

Type 5 1-5 2-5

neighborhood boundary, so the surface has better continuity
around the extraordinary node and it is C0-continuous across
the shared curve of the nonzero area parametric domain for
each ring until the 3-ring neighborhood, instead of the 4-
ring. Another difference between these two template sets is:
for template set 1, each extraordinary node has a conforming
2-ring neighborhood, while for template set 2, each extraor-
dinary node has a conforming 1-ring neighborhood, which
explains why template set 2 inserts fewer nodes.

4.1.2 Orientation Selection in Template Set 2

From Table 1, we can observe that for element types 0, 2
and 5, a unique template is designed. However, for element

types 1, 3 and 4, there are two templates with different ori-
entations. These are depicted in Figure 6(a) and (b). There-
fore, the question arises: which orientation should be cho-
sen for a certain case? Here is the idea we apply: Attempt
to avoid generating a semi-standard or non-standard T-mesh
when two or more extraordinary nodes interfere with each
other. We utilize the following three procedures.

Procedure 1: Minimize the number of T-junctions. In tem-
plate set 2 (Table 1), different orientations can be chosen for
element types 1, 3 and 4. A semi-standard or non-standard
T-mesh subset may be generated when two T-junctions inter-
fere with each other, hence we always choose the orientation
which gives fewer T-junctions. Figure 7(c) is a T-mesh with
fewer T-junctions than the T-mesh in Figure 7(b).
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(a) (b) (c)

Fig. 5 Examples after applying template set 1. (a) A local region around a valence-3 extraordinary node O; (b) an input mesh with extraordinary
nodes; and (c) the valid T-mesh. Red nodes are extraordinary nodes, and red edges have zero knot interval.

(a) (b) (c)

Fig. 6 Examples after applying template set 2. (a & b) Local regions around a valence-3 extraordinary node selecting different template orienta-
tions; and (c) a local region around a valence-5 extraordinary node. Red nodes are extraordinary nodes, and red edges have zero knot interval.

(a) (b) (c)

Fig. 7 Example for Procedure 1. (a) An input mesh; (b) one T-mesh with four T-junctions (inappropriate orientations are chosen); and (c) one
T-mesh with two T-junctions (appropriate orientations are chosen, resulting in fewer T-junctions). Red nodes are extraordinary nodes, and yellow
nodes are T-junctions.

Procedure 2: Attempt to insert T-junctions on the ele-
ment boundary at the same parametric edges. In Figure
8, we chose the same orientation for the neighboring two el-
ements and inserted T-junctions on the element boundary at
the same parametric edges. In this way, we can avoid gener-
ating a semi-standard or non-standard T-mesh and facilitate
the T-mesh standardization.

Procedure 3: Avoid inserting T-junctions in concave ele-
ments. Figure 9 shows an example. The red nodes are ex-
traordinary nodes and the blue region is formed by all the
quadrilateral elements with one or more extraordinary nodes.
If this blue region is concave, we call the yellow element,
which has two neighboring edges lying on the boundary of
the blue region, a concave element. As shown in Figure 9(b),
template set 1 produces two T-junctions in the concave ele-

(a) (b)

Fig. 8 Example for Procedure 2. (a) An input mesh; and (b) the T-mesh
after inserting T-junctions on the element boundary at t-edges (the two
green nodes). Red nodes are extraordinary nodes, and green and yellow
nodes are T-junctions.

ment and this makes the T-mesh non-standard. To make the
T-mesh standard requires inserting many nodes and edges.
For the same input mesh, using template set 2 with inappro-
priate orientations, as shown in Figure 9(c), results in the
same problem. However, when we change the orientations
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(a) (b) (c) (d)

Fig. 9 Example for Procedure 3. (a) An input mesh; (b) the generated T-mesh using template set 1; (c) the generated T-mesh using template set 2
with inappropriate orientations; and (d) a valid T-mesh after choosing appropriate orientations. Red points are extraordinary nodes, the blue region
is formed by elements with extraordinary nodes and the yellow element is a concave element.

(a) (b) (c) (d)

Fig. 10 One local region with various element types. (a) An input mesh. Red nodes are extraordinary nodes, and one element of each type is
identified by its color: tan (Type 0), grey (Type 1), blue (Type 2), magenta (Type 3), purple (Type 4) and green (Type 5); (b) the result after
template application. The regions with yellow nodes are non-standard; (c) the valid T-mesh and T-spline surface after T-mesh standardization; (d)
Bézier elements after surface fitting. The surface continuity across these blue lines is C0 due to the inserted zero-length edges in (b) and (c).

and avoid inserting T-junctions in the concave element, we
can obtain a standard T-mesh as shown in Figure 9(d). Com-
paring Figure 9(d) to Figure 9(b), we see the benefit of se-
lecting appropriate orientation.

In our implementation, Procedure 1 has the highest pri-
ority and Procedure 3 has the lowest priority. Figure 10(a)
shows a local region with various types of elements and Fig-
ure 10(b) is the result after applying template set 2. Note
that there are still some semi-standard/non-standard local re-
gions which cannot be avoided no matter which orientation
is used, for example, the region around the yellow nodes.
Thus, to obtain a valid T-mesh, the template application step
needs to be followed by a T-mesh standardization step. Be-
fore proceeding to the standardization algorithm, we will
first derive a sufficient condition to guarantee the generated
T-spline surface is gap-free.

4.2 Sufficient Condition for Gap-free T-mesh around
Extraordinary Nodes

To obtain a gap-free T-mesh, we need to determine a suf-
ficient condition that can guarantee the local region around
each extraordinary node is gap-free. This sufficient condi-

tion serves as a theoretical basis for our template develop-
ment. Recall that the degree of the T-spline is 3.

Lemma 1 (Sufficient Condition for Gap-free T-mesh aro-
und Extraordinary Nodes) If the T-mesh topology surround-
ing an extraordinary node is a conforming 1-ring neighbor-
hood and all the knot intervals of the 1-ring neighborhood
are zero, the local region around this extraordinary node is
gap-free.

Proof: As shown in Figure 11(a), the red node O is a valence-
3 extraordinary node. The T-mesh topology around O is a
conforming 1-ring neighborhood and all the knot intervals
inside this 1-ring neighborhood are zero. Suppose the knot
coordinates corresponding to O are located at the paramet-
ric origin. Ω0, Ω1 and Ω2 are three nonzero area parametric
domains around node O, and S0, S1 and S2 are the T-spline
patches defined by these three domains. In this paper, “do-
main” refers to one parametric area and “patch” refers to a
T-spline surface defined on one domain. We first prove it is
gap-free across the boundary shared by the two patches de-
fined by Ω0 and Ω1, or the local region defined by Ω0∪Ω1

is gap-free. In other words, S0(0, t) = S1(0, t), where t ∈
[−e1,0].

In Ω0 and Ω1, all the nodes share the same knot vectors
except the extraordinary node O. Hence, Ω0 and Ω1 share
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(a) (b)

Fig. 11 Sufficient condition for a T-mesh around an extraordinary node
to be gap-free. (a) A local region around a valence-3 extraordinary node
(the red one); and (b) one L-shape face which is semi-standard. The red
edges are zero-length edges. The knot coordinate corresponding to O
is the parametric origin.

the same basis functions for all the nodes except O. The knot
vectors of O are s0

O = [−e0,0,0,0,0], t0
O = [−e1,0,0,0,0] in

Ω0, and s1
O = [0,0,0,0,e2], t1

O = [−e1,0,0,0,0] in Ω1. Based
on the definition of a cubic B-spline, if there are knots of
multiplicity 4 in the knot vector, the basis function value at
the multiple knot is 1. Hence we have Ns

O(0) = Ns
O[−e0,0,0,

0,0](0) = 1 for Ω0 and Ns
O(0) = Ns

O[0,0,0,0,e2](0) = 1 for
Ω1. Then we can obtain

S0(0, t) =
∑
i6=O

wiCiNs
i (0)N

t
i (t)+wOCONs

O(0)N
t
O(t)

∑
i 6=O

wiNs
i (0)N

t
i (t)+wONs

O(0)N
t
O(t)

=

∑
i 6=O

wiCiNs
i (0)N

t
i (t)+wOCONt

O(t)

∑
i 6=O

wiNs
i (0)N

t
i (t)+wONt

O(t)
,

(5)

S1(0, t) =
∑
i 6=O

wiCiNs
i (0)N

t
i (t)+wOCONs

O(0)N
t
O(t)

∑
i 6=O

wiNs
i (0)N

t
i (t)+wONs

O(0)N
t
O(t)

=

∑
i 6=O

wiCiNs
i (0)N

t
i (t)+wOCONt

O(t)

∑
i 6=O

wiNs
i (0)N

t
i (t)+wONt

O(t)

= S0(0, t).

(6)

Therefore, the two patches defined by Ω0 and Ω1 share the
same curve when s = 0 and t ∈ [−e1,0]. In other words, the
two patches are continuous or gap-free across the shared
boundary. Due to symmetry, the surface is gap-free across
the boundary shared by the two patches defined by Ω1 and
Ω2 and this is also true for Ω2 and Ω0. Note that all the three
patches share one corner point O. Hence the surface is gap-
free for the 2-ring neighborhood. In addition, the basis func-
tion value corresponding to the extraordinary point is zero
beyond the second ring, and all the other control points have
unique basis functions. Since the B-Spline basis function is

at least C0-continuous, we can conclude that the surface is
gap-free. �

Discussion: Lemma 1 provides one sufficient condition
for a T-mesh to be gap-free around an extraordinary node.
For each extraordinary node in the templates (Table 1), the
1-ring neighborhood is always conforming and all the edges
of the 1-ring neighborhood have zero knot interval. In ad-
dition, since our goal is to generate standard T-meshes, the
L-shape faces, for example the blue face in Figure 11(b), are
not allowed in our templates because they will make the T-
mesh semi-standard. Figure 5(a) shows one T-mesh obtained
by applying template set 1. The 1-ring neighborhood for the
extraordinary node O is obviously conforming and all the
edges on the 1-ring neighborhood have zero knot interval.
Similarly in Figure 6, the three T-meshes are obtained using
template set 2 and it is obvious that no matter which orien-
tations we choose, the 1-ring neighborhood for the extraor-
dinary node is always conforming and their knot intervals
are also zero. In summary, after applying our templates the
T-meshes satisfy the gap-free requirement (Lemma 1) and
the T-spline surfaces are gap-free.

4.3 Standard Configuration

To obtain a gap-free and standard T-mesh, we need to un-
derstand what T-mesh configurations are standard. Although
the definition of a standard T-mesh is given in [14], charac-
terizing standard T-mesh configurations is still an open prob-
lem. In our algorithm, the T-mesh obtained after applying
the templates is quasi-uniform, which only contains edges
with zero or unit knot interval. In this subsection, we will
discuss what configuration yields a standard T-spline for a
quasi-uniform T-mesh. Firstly, we define a new operation,
called a type-preserving transformation.

Definition 4.4. A type-preserving transformation is an op-
eration for a T-mesh in which nodes or edges are removed
or inserted without changing the type of the T-spline.

In our algorithm, we found two type-preserving transfor-
mations for the quasi-uniform T-mesh obtained after apply-
ing the templates. The two type-preserving transformations
can be used to remove T-junctions from the T-mesh and they
are described in the following lemma.

Lemma 2 In a quasi-uniform T-mesh, the following two node-
removing transformations are type-preserving:

1. Three nodes A, B and C form two neighboring zero-
length s-edges (or t-edges) and they share the same t
(or s) knot vector (Figure 12(a-c)). If removing A or C
does not change the knot vectors of their surrounding
nodes (not including A, B and C), then this removal is a
type-preserving transformation.
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Fig. 12 Type-preserving transformations for quasi-uniform T-meshes. (a-c) Three nodes form two neighboring zero-length edges; and (d-f) two
middle nodes of a set of four neighboring nodes form one zero-length edge. Red edges have zero knot interval. The knot coordinate corresponding
to A is the parametric origin.

2. Four neighboring nodes A, B, C and D share the same
t (or s) knot vector and the two middle nodes B and C
form one zero-length s-edge (or t-edge) (Figure 12(d-f)).
If removing B or C does not change the knot vectors of
their neighboring nodes (not including A, B, C and D),
then this removal is a type-preserving transformation.

Proof: In Figure 12(a-c), we suppose sA = [s0,s1,0,0,0],
sB = [s1,0,0,0,s2] and sC = [0,0,0,s2,s3], where s0≤ s1 < 0
and 0 < s2 ≤ s3. Then if we remove node C, sA and sB be-
come [s0,s1,0,0,s2] and [s1,0,0,s2,s3], respectively. Using
the Oslo knot insertion algorithm [6], we can obtain

[
N[s0,s1,0,0,s2](s)
N[s1,0,0,s2,s3](s)

]
= T0

N[s0,s1,0,0,0](s)
N[s1,0,0,0,s2](s)
N[0,0,0,s2,s3](s)

 , (7)

or[
Ns

A
Ns

B

]
= T0

Ns
A

Ns
B

Ns
C

 , (8)

where

T0 =

[
1 s2

s2−s1
0

0 −s1
s2−s1

1

]
. (9)

Then we have

Ns
A +Ns

B = Ns
A +Ns

B +Ns
C. (10)

Since tA = tB = tC and removing C does not change tA and
tB, we have Nt

A = Nt
B = Nt

C = Nt(t). Then we can obtain

{Ns
A +Ns

B}N
t(t) = {Ns

A +Ns
B +Ns

C}Nt(t). (11)

In other words,

∑
i∈{A,B}

Bi(s, t) = ∑
i∈{A,B,C}

Bi(s, t). (12)

In addition, this transformation does not change the knot
vectors of the surrounding nodes (not including A, B and
C). We can conclude that removing C does not change the

summation of the basis functions in the T-mesh at any para-
metric position. In other words, this transformation is type-
preserving. Since A is topologically symmetric with C, re-
moving A is also a type-preserving transformation. Simi-
larly, we can also prove that the reverse transformations from
Figure 12(b) or Figure 12(c) to Figure 12(a), as well as the
transformation from Figure 12(b) to Figure 12(c), are all
type-preserving.

Similarly in Figure 12(d-f), we suppose sA = [s0,s1, 0,s2,

s2], sB = [s1, 0,s2, s2,s3], sC = [0,s2,s2, s3, s4], and sD =

[s2, s2, s3, s4,s5], where s0 ≤ s1 < 0, s2 > 0 and s2 ≤ s3 ≤
s4 ≤ s5. Then if we remove node C, sA, sB and sD become
[s0,s1,0,s2,s3], [s1, 0,s2, s3,s4] and [s0,s2,s3,s4,s5], respec-
tively. Using the Oslo knot insertion algorithm [6], we obtainN[s0,s1,0,s2,s3](s)

N[s1,0,s2,s3,s4](s)
N[0,s2,s3,s4,s5](s)

= T1


N[s0,s1,0,s2,s2](s)
N[s1,0,s2,s2,s3](s)
N[0,s2,s2,s3,s4](s)
N[s2,s2,s3,s4,s5](s)

 , (13)

orNs
A

Ns
B

Ns
D

= T1


Ns

A
Ns

B
Ns

C
Ns

D

 , (14)

where

T1 =

1 s3−s2
s3−s1

0 0
0 s2−s1

s3−s1

s4−s2
s4

0
0 0 s2

s4
1

 . (15)

Then we have

Ns
A +Ns

B +Ns
D = Ns

A +Ns
B +Ns

C +Ns
D. (16)

Since tA = tB = tC = tD and removing C does not change tA,
tB and tD, we have Nt

A = Nt
B = Nt

C = Nt
D = Nt(t). Then we

can obtain

{Ns
A +Ns

B +Ns
D}N

t(t) = {Ns
A +Ns

B +Ns
C +Ns

D}Nt(t). (17)

In other words,

∑
i∈{A,B,D}

Bi(s, t) = ∑
i∈{A,B,C,D}

Bi(s, t). (18)
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(a) (b) (c) (d)

Fig. 13 Converting a complicated T-mesh configuration to a simple standard one through type-preserving transformations. (a) The original T-
mesh; (b) one column is removed; (c) one row is removed; and (d) the resulting standard T-mesh after removing the second column and row. Green
nodes have nonzero basis function values in Ω0, Ω1, Ω2 and Ω3.

(a) (b) (c)

Fig. 14 One local region with one extraordinary node. (a) The input quadrilateral mesh; (b) the T-mesh after applying template set 1; and (c) the
T-mesh after applying template set 2. Green nodes have nonzero basis function values in Ω0, Ω1, Ω2 and Ω3.

In addition, this transformation does not change the knot
vectors of the surrounding nodes (not including A, B, C and
D). We can conclude that removing C does not change the
summation of the basis functions in the T-mesh at any para-
metric position, and the transformation is type-preserving.
Since B is topologically symmetric with C, we can conclude
that removing B is also type-preserving. �

There are three types of T-spline: standard, semi-standard
and non-standard. In order to figure out the type of a given
T-mesh without calculating ∑

i
Bi(s, t),∀(s, t) ∈ Ω, we use

type-preserving transformations to convert it to a simper con-
figuration with a known T-spline type.

Lemma 3 (Sufficient Condition for Standard T-mesh Co-
nfiguration) A T-mesh is standard if it can be converted to a
standard T-mesh through type-preserving transformations.

Since a type-preserving transformation does not change
the type of a T-mesh, it is obvious that the given T-mesh
is also standard. Taking the T-mesh in Figure 13(a) as an
example, we suppose there are no any extraordinary nodes
on the 2-ring neighborhood of O in the input quadrilateral
mesh. In this case, tE = tF = tG and the three nodes E, F

and G form two neighboring zero-length edges, hence we
can use the first type-preserving transformation in Lemma
2 to remove node E. In the same way, the whole column
with E can be removed as shown in Figure 13(b). Similarly,
sP = sQ = sR and the three nodes P, Q and R also form two
neighboring zero-length edges. We can remove P and the
whole row, see Figure 13(c). Figure 13(d) is obtained by re-
moving the column with G and the row with R by way of
the second type-preserving transformation in Lemma 2. In
this way, we convert a complicated T-mesh configuration to
a simple one by way of type-preserving transformations. It
is obvious that the T-mesh in Figure 13(d) is standard, so we
can conclude that the given T-mesh in Figure 13(a) is also
standard. In the following, we will use this lemma and the
two type-preserving transformations in Lemma 2 to study
whether or not the T-mesh obtained after template develop-
ment is standard.

Lemma 4 For each extraordinary node in the input quadri-
lateral mesh, if there are no other extraordinary nodes in its
2-ring neighborhood, the cubic T-mesh obtained after ap-
plying template set 1 or template set 2 is standard.

Proof: Figure 14(a) shows a local region around an extraor-
dinary node O, and there are no other extraordinary nodes in
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(a) (b) (c) (d) (e)

Fig. 15 Five semi-standard/non-standard configurations (top). New edges are inserted to make them standard (bottom). The yellow points are
T-junctions.

its 2-ring neighborhood. Figure 14(b) is the T-mesh after ap-
plying template set 1, and Figure 14(c) shows the result after
applying template set 2. For the T-mesh in Figure 14(b), all
the green nodes have nonzero basis function values in the
four domains Ω0, Ω1, Ω2 and Ω3. We can observe that the
basis functions of these green nodes are the same as the ones
for the green nodes in Figure 13(a), which also have nonzero
basis function values for Ω0, Ω1, Ω2 and Ω3. Since we have
already proved the T-mesh in Figure 13(a) is standard, we
can conclude that the T-mesh in Figure 14(b) is also standard
for Ω0, Ω1, Ω2 and Ω3. Due to the symmetry, this subset
of the T-mesh is standard for all the other domains. Further-
more, the T-junctions D, E, F , G, H and I can be removed by
way of type-preserving transformations. Therefore, the ex-
traordinary node O does not influence domains outside this
subset, or its 3-ring neighborhood. For the T-mesh in Figure
14(c), since tA = tB = tE we can insert one node D on the
edge AB by the reverse of the first type-preserving transfor-
mation in Lemma 2. In the same way, nodes F and H can
be inserted and then we convert this T-mesh configuration
to the T-mesh in Figure 14(b), which has been proved to be
standard. Therefore, the T-mesh in Figure 14(c) is standard
as well. In summary, if no any other extraordinary nodes ex-
ist on the 2-ring neighborhood of one extraordinary node in
the input mesh, the T-mesh after applying template set 1 or
template set 2 is standard. �

Discussion: Here we only use one local region around a
valence-3 extraordinary node to prove Lemma 4. For an ex-
traordinary node with a different valence number, the topol-
ogy of its one surrounding nonzero area parametric domain

is the same. Hence, we can obtain the same conclusion for
any extraordinary node. In general, if the input mesh con-
tains adjacent extraordinary nodes, applying templates may
not be able to yield a standard T-mesh directly and in this
situation additional nodes need to be inserted as explained
in Section 4.4.

4.4 T-mesh Standardization

During template development, generating a semi-standard
or non-standard subset of a T-mesh is sometimes unavoid-
able. Hence, T-mesh standardization is a necessary step. In
the obtained quasi-uniform T-mesh, we found five possi-
ble semi-standard/non-standard configurations (Figure 15)
in which not all the T-junctions can be removed through
type-preserving transformations. One important requirement
for the two type-preserving transformations in Lemma 2 is
that the related nodes must share the same knot vector along
the s or t direction. However, in these five semi-standard or
non-standard cases this requirement is not satisfied, there-
fore some T-junctions cannot be removed by type-preserving
transformations. Can these T-mesh subsets be made stan-
dard? To standardize T-meshes we insert edges to make the
related nodes have the same knot vector along one paramet-
ric direction.

For the example in Figure 15(a), one element contains
two T-junctions, P and Q, lying on two different parametric
edges. It is obvious that tA 6= tQ and sA 6= sP. Hence, P and
Q cannot be removed through type-preserving transforma-
tions. In order to make this subset standard, we insert one
node V and one edge PV to make tA = tQ = tB and also
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(a) (b) (c)

Fig. 16 Comparison of valid T-meshes generated using the two template sets. (a) An input quadrilateral mesh with extraordinary nodes (red ones);
(b) the valid T-mesh using template set 1; and (c) the valid T-mesh using template set 2.

make one T-junction regular. After that, if AQ has zero knot
interval, then this subset is already standard, since Q can be
removed using a type-preserving transformation and then V
can be removed in the same way. Otherwise, if QB has zero
knot interval, the subset has the same topology as in Figure
15(c), which can also be standardized by inserting nodes and
edges. Similarly in Figure 15(b-e), the two T-junctions P and
Q cannot be removed through type-preserving transforma-
tions. Therefore, we insert nodes to convert the T-junction
P to a regular node. During the implementation, we detect
these cases and insert nodes iteratively until there are no
such semi-standard/non-standard local regions. In this way,
the T-mesh is standardized.

Figure 16 shows two valid T-meshes generated using the
two template sets. Comparing the two valid T-meshes, we
conclude that template set 2 generates many fewer nodes
and edges. The blue edges are generated in the template de-
velopment step, and the green edges are inserted during T-
mesh standardization. Figure 10(c) shows another valid T-
mesh after T-mesh standardization.

4.5 Knot Vector Inference

After we obtain a valid T-mesh, the local knot vectors for
each node need to be inferred from the T-mesh. For a reg-
ular node or a T-junction, its knot vectors can be inferred
using the knot vector inference rule given in Section 2. For
an extraordinary node and its adjacent nodes, the knot vec-
tors should be inferred using different procedures. In Figure
17(a), node O corresponds to the parametric origin, that is,
its knot coordinates are (0,0). For domain Ω0, the two left
knots of s0

O are obtained in the same way as a regular node,
by sending out a ray along the negative s direction. The two
right knots of s0

O repeat O’s s knot coordinate. Then we have
s0

O = [−e0,0,0,0,0], and t0
O can be found in the same way,

t0
O = [−e1,0,0,0,0]. Similarly, we have s1

O = [−e1,0,0,0,0]
and t1

O = [−e2,0,0,0,0] for domain Ω1. For nodes adja-
cent to an extraordinary node, the rule is similar to the knot

vector inference rule for regular nodes and T-junctions, ex-
cept that when the ray intersects the extraordinary node, the
knot corresponding to this extraordinary node is repeated.
For example, in Figure 17(b), O corresponds to the para-
metric origin, and we have s0

B = [−e0,0,0,0,e2] and t0
B =

[−e3− e1,−e1,0,0,0] in Ω0.

(a) (b)

Fig. 17 Knot vector inference for an extraordinary node and its adja-
cent node in the T-mesh. (a) Knot vector inference for an extraordinary
node O; and (b) knot vector inference for a node B adjacent to the
extraordinary node O. The knot coordinate corresponding to O is the
parametric origin.

5 Sharp Feature Preservation

To maintain sharp features present in the input geometry,
we insert zero-length edges across sharp edges and around
sharp corners in the T-mesh. We duplicate sharp edges for
each face and all the transverse edges have zero knot in-
terval. Since all the sharp edges are shared by two faces,
there will be two neighboring zero-length edges transverse
to each sharp edge. Therefore, as shown in Figure 18, we
obtain three repeating knots across the sharp edges and the
continuity across sharp edges is C0. For each sharp corner,
we duplicate all the element edges connecting to this corner
for each incident sharp edge, and all the edges of its 1-ring
neighborhood have zero knot interval. In this way, all sharp
features are preserved.
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(a) (b) (c) (d)

Fig. 18 Sharp feature preservation. (a) An input quadrilateral mesh with sharp edges (blue edges) and a sharp corner (the red point); (b) the sharp
edges are duplicated (green edges) and zero-length edges (red edges) are inserted across them; (c) zero-length edges (red edges) are inserted around
the sharp corner; and (d) Bézier elements are extracted from the constructed T-spline surface.

6 Surface Fitting and Continuity Improvement

From the topology stage, we obtain a standard and gap-free
T-mesh. In the geometry stage, we relocate control points to
improve the surface accuracy and continuity.

6.1 Surface Fitting

We relocate control nodes in the T-mesh so that the output
T-spline surface will interpolate all the nodes in the input
quadrilateral mesh. The constructed T-spline will satisfy

S(s j, t j) =

n

∑
i=0

wiCiBi(s j, t j)

n

∑
i=0

wiBi(s j, t j)

= Pj, (19)

where Ci is a control point in the T-mesh, Pj is a vertex in
the input quadrilateral mesh, and (s j, t j) are the parametric
coordinates corresponding to Pj. A straightforward way to
satisfy Equation (19) is to consider Ci as unknown and build
a linear system of size n, where n is the number of control
points. This method is very time-consuming for a T-mesh
with many control points.

An alternative way to satisfy Equation (19) is to take
advantage of the locality of T-splines. For each nonzero do-
main of the T-spline (for example, Ω0 in Figure 19), we take
the positions of the four nodes (P,G,O and Q), which come
from the input mesh and whose parametric coordinates cor-
respond to the four corners of the domain, as unknown vari-
ables and fix all the other nodes with nonzero basis func-
tion values. Suppose VP, VG, VO, VQ are the corresponding
four vertices in the input quadrilateral mesh, and S0 is the
patch defined by domain Ω0. Note that we have three sets of
points: the vertices in the input mesh (for example, VO), the
T-mesh control points (for example, node O), and the points
on the T-spline surface (for example, points on S0). Then
we make the defined T-spline patch S0 interpolate these four

Fig. 19 The surface fitting scheme to make the constructed T-spline
interpolate all the nodes in the input quadrilateral mesh.

vertices in the input mesh at the four corners. In this way we
have four unknown variables and four equations. We solve a
small linear system and obtain the new positions of the four
nodes, P

′
,G
′
,O
′

and Q
′
. These four nodes are then moved

toward their new positions. In addition, we update all the
nodes in the T-mesh with the same parametric coordinates
as these four nodes. For instance, nodes A, B, C, D, E and
F are relocated along the direction of OO

′
, since they share

the same parametric coordinates (0, 0) with O. We loop over
each nonzero domain and iterate until the maximum dis-
tance between the four vertices of each quadrilateral element
and the four corners of the corresponding T-spline patch is
within a given error tolerance. Figure 20 shows an example
of surface fitting in which the surface in Figure 20(b) inter-
polates all the nodes in the input mesh.

For a CAD model, if its NURBS representation is given
and all the nodes in the input quadrilateral mesh are on the
NURBS surface, we define metrics to measure the error be-
tween the constructed T-spline surface and the NURBS sur-
face. Suppose IN and ΩN are NURBS parametric domains,
and I and Ω are T-spline parametric domains. CN(u) de-
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(a) (b)

Fig. 20 One surface fitting result. (a) A valid T-mesh with its defined T-spline surface before surface fitting; and (b) the T-mesh with its defined
T-spline surface after surface fitting.

notes a NURBS curve defined on IN , and SN(u,v) denotes
a NURBS surface defined on ΩN . Similary, C(s) denotes a
curve on a T-spline surface defined in I, and S(s, t) denotes
a T-spline surface defined on Ω. The error of one sharp edge
is defined as

εc = max
s∈I

[
1
λ

min
u∈IN
‖C(s)−CN(u) ‖

]
, (20)

and the surface error between the constructed T-spline and
the given NURBS is defined as

εs = max
(s,t)∈Ω

[
1
λ

min
(u,v)∈ΩN

‖ S(s, t)−SN(u,v) ‖
]
, (21)

where λ = (
3

∑
i=1
‖ Bi+1−Bi ‖ + ‖ B1−B4 ‖)/4, and Bi (i =

1,2,3 and 4) are the four corners of the T-spline element
containing C(s) or S(s, t). After surface fitting, the resulting
T-spline interpolates all the nodes in the input mesh.

(a) (b)

Fig. 21 Continuity improvement via adjusting control nodes. (a) A lo-
cal region around an extraordinary node (the red one); and (b) two
neighboring zero-length edges. The knot coordinate corresponding to
O is the parametric origin.

6.2 Continuity Improvement

The T-spline surface is not C2-continuous around extraordi-
nary nodes. There are two ways to improve continuity. One

is to narrow the lower order continuity domain by local re-
finement. This method can improve continuity and, in the
limit, make the surface C2-continuous almost everywhere.
However, it requires many additional nodes, especially when
the model has a large number of extraordinary nodes. The
other way to improve continuity is by adjusting control point
locations. In our algorithm, we insert zero-length edges in
the T-mesh, reducing surface continuity. Continuity can be
improved by adjusting control point locations on these zero-
length edges. For two neighboring patches, the continuity
across their shared boundary depends on whether or not they
share the same surface normal at the boundary. For example
in Figure 21(a), the two patches S0(s, t) and S1(s, t) are de-
fined by Ω0 and Ω1, respectively. They are represented in a
homogeneous form,

S0(s, t) =
n

∑
i=0

CiNs
i (s)N

t
i (t), (s, t) ∈Ω

0, (22)

S1(s, t) =
n

∑
i=0

CiNs
i (s)N

t
i (t), (s, t) ∈Ω

1, (23)

where Ci = [wixi,wiyi,wizi,wi] is a control point in the ho-
mogeneous representation. Suppose S0(s, t) and S1(s, t) share
the same curve when s = 0 and t ∈ [−e1,0] (node O corre-
sponds to the parametric origin). We can derive the surface
normal of S0(s, t) at the common curve,

n0(t) = ∂S0

∂s (0
−, t)× ∂S0

∂t (0
−, t)

=
n

∑
i=0

[
Ci

∂Ns
i (s)
∂s

(0−)Nt
i (t)×

∂S0

∂t
(0−, t)

]
,

(24)

where× denotes the cross product. Similarly, we can get the
normal of S1(s, t),

n1(t) = ∂S1

∂s (0
+, t)× ∂S1

∂t (0
+, t)

=
n

∑
i=0

[
Ci

∂Ns
i (s)
∂s

(0+)Nt
i (t)×

∂S1

∂t
(0+, t)

]
.

(25)

Since S0(s, t) and S1(s, t) share the same curve, ∂S0

∂t (0
−, t)

= ∂S1

∂t (0
+, t). If all the control points with nonzero basis



16 Wenyan Wang et al.

(a) (b) (c) (d) (e)

Fig. 22 Continuity improvement result via adjusting control nodes. (a) The input mesh; (b) the T-mesh with its defined T-spline surface before
continuity improvement; (c) Bézier elements extracted from the T-spline in (b); (d) the T-mesh with its defined T-spline surface after continuity
improvement; and (e) Bézier elements extracted from the T-spline in (d).

function values in domain Ω0 and Ω1 satisfy

∂Ns
i (s)
∂s

(0−)Nt
i (t) =

∂Ns
i (s)
∂s

(0+)Nt
i (t), (26)

we have

n0(t) = n1(t). (27)

In other words, the surface is at least C1-continuous across
the shared curve. As shown in Figure 21, when there are
two adjacent zero-length s or t edges, the control points
A, B and C do not satisfy Equation (26), and the surface
continuity is only C0. However, if tA = tB = tC, we have
Nt

A(t) = Nt
B(t) = Nt

C(t). In addition, using the definition of

a B-spline, we get ∂Ns
A(s)
∂s (0−) = − 3

e0
, ∂Ns

B(s)
∂s (0−) = 3

e0
and

∂Ns
C(s)
∂s (0−) = 0. Thus, we have

∑
i∈{A,B,C}

Ci
∂Ns

i (s)
∂s

(0−)Nt
i (t)×

∂S0

∂t
(0−, t)

=CA(− 3
e0
)Nt

A(t)×
∂S0

∂t (0
−, t)+CB(

3
e0
)Nt

B(t)× ∂S0

∂t (0
−, t)

= (CB−CA)(
3
e0
)Nt

B(t)× ∂S0

∂t (0
−, t).

(28)

Similarly,

∑
i∈{A,B,C}

Ci
∂Ns

i (s)
∂s

(0+)Nt
i (t)×

∂S0

∂t
(0+, t)

=CB(− 3
e2
)Nt

B(t)× ∂S0

∂t (0
+, t)+CC(

3
e2
)Nt

C(t)×
∂S0

∂t (0
+, t)

= (CC−CB)(
3
e2
)Nt

B(t)× ∂S0

∂t (0
+, t).

(29)

If we set (CB−CA)(
3
e0
) = (CC−CB)(

3
e2
), we obtain

∑
i∈{A,B,C}

Ci
∂Ns

i (s)
∂s

(0−)Nt
i (t)×

∂S0

∂t
(0−, t)

= ∑
i∈{A,B,C}

Ci
∂Ns

i (s)
∂s

(0+)Nt
i (t)×

∂S0

∂t
(0+, t).

(30)

In other words, if A, B and C are collinear and |AB|
|BC| =

e2
e0

, then
the two neighboring zero-length edges will not decrease the
surface continuity.

Remark: If the knot vectors of the control points with
nonzero basis function values in Ω0 or Ω1 do not have re-
peating knots at s= 0, S0(s, t) and S1(s, t) are C2-continuous.
For the two neighboring zero-length edges in Figure 21(b),
we have e0 = e2 = 1 because the T-mesh is quasi-uniform.
To satisfy Equation (30), we move node B to the middle be-
tween nodes A and C. Then |AB|

|BC| =
e2
e0

= 1. For the region
around an extraordinary node, as shown in Figure 21(a), we
move all the green nodes to the middle between two neigh-
boring yellow nodes. The surface is C0-continuous across
the shared curve in the 2-ring, C1-continuous from the 3-ring
boundary to the 4-ring boundary, and C2-continuous beyond
the 4-ring neighborhood.

As shown in Figure 22, it is obvious that the surface con-
tinuity for the T-spline in Figures 22(d) and (e) is improved
compared with the T-spline before continuity improvement,
especially for the local region around each extraordinary
node. We can also observe the geometry continuity improve-
ment compared with the input mesh. However, this method
decreases geometric accuracy and the constructed T-spline
surface may not interpolate vertices in the input mesh. In
addition, this method will not improve the continuity of the
space formed by the basis functions in general.

7 Bézier Extraction from T-splines

Bézier elements are extracted from the constructed T-spline
surface to facilitate isogeometric analysis [5, 12]. For a quasi-
uniform T-mesh, each nonzero area parametric domain de-
fines one Bézier element. The number of Bézier elements in
the output T-spline is the same as the number of quadrilat-
eral elements in the input mesh. For each nonzero area para-
metric domain, we determine the nodes with nonzero basis
function values and then calculate the transformation matrix
Me between the T-spline basis functions and the Bézier basis
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Table 2. Statistics of all the tested models

Input mesh Number of Number of Time Number of Error
(vertex#, element#) extraordinary nodes T-mesh nodes (s) Bézier elements

Head (2912, 2912) 1227 14519 1.015 2912 -
Knee (1357, 1354) 685 7745 0.422 1354 -
Venus (1554, 1552) 690 8111 0.500 1552 -

Multiaxis (1478, 1476) 84 2600 0.500 1476 5.0e-3
Hook (2244, 2242) 558 8131 0.781 2242 6.1e-3
Hook2 (2592, 2590) 494 8018 0.875 2590 3.1e-3
Varco (4154, 4152) 515 10182 1.422 4152 2.3e-3

functions. We have

Be
t = MeBe

b, (31)

where

Be
t =

[
Be

0 Be
1 Be

2 · · · Be
ne−2 Be

ne−1
]T

, (32)

and

Be
b =



N[0,0,0,0,1](s)N[0,0,0,0,1](t)
N[0,0,0,1,1](s)N[0,0,0,0,1](t)
N[0,0,1,1,1](s)N[0,0,0,0,1](t)

...
N[0,0,1,1,1](s)N[0,1,1,1,1](t)
N[0,1,1,1,1](s)N[0,1,1,1,1](t)


. (33)

Here, Be
t is the vector formed by the T-spline basis func-

tions with nonzero function values, Be
b is the vector formed

by the Bézier basis functions, and ne is the number of nodes
with nonzero basis function values in this domain. Me can be
calculated using the Oslo knot insertion algorithm [6]. Fig-
ure 10(d) shows the Bézier elements extracted from the con-
structed T-spline surface. Each pair of Bézier elements shar-
ing blue edges is C0-continuous across their common edge,
due to the inserted zero-length edges in Figure 10(b) and
(c). Figures 18(d) and 22(c, e) show more results of Bézier
element extraction.

8 Numerical Examples and Discussion

We have applied the algorithm to several human anatomy
models (Figures 1, 23 and 24) and CAD models with sharp
features (Figures 25-28). As shown in Table 2, there are a
large percentage of extraordinary nodes in each input quadri-
lateral mesh. The more extraordinary nodes in the input mesh,
the more new nodes need to be inserted. The algorithm is
robust and efficient. All the results were computed on a PC
equipped with Intel Q6600 (4 cores, 2.4GHz) processor and
4GB main memory (DDR2, 800MHz).

In all the tested models, template set 2 is chosen because
it introduces fewer nodes and zero-length edges. From Fig-
ures 1 and 23-28, we can observe that the number of Bézier
elements is the same as the number of quadrilateral elements

in the input mesh, despite the fact that the input quadrilat-
eral and Bézier elements are different. See the caption of
Figure 1 for the explanation. The algorithm works for com-
plicated geometries, and we do not need to take into account
topology, or check genus. We only need to check the valence
number of each node to identify which nodes are extraordi-
nary nodes. Sharp features are very common in CAD mod-
els, and here we applied the algorithm to four CAD mod-
els: multi-axis, hook, hook2 and varco. It is apparent that
the T-spline surface preserves all the sharp features of the
input model. For the CAD models, the error between the
constructed T-spline and the input NURBS surface, given
by Equations (20) and (21), is presented in Table 2.

9 Conclusions

We have developed a robust and efficient two-stage algo-
rithm to convert any unstructured quadrilateral mesh to a
standard T-spline surface. In the topology stage, we take
the input mesh as the initial T-mesh and then make the ini-
tial T-mesh gap-free and standard. Two sufficient conditions
are derived to guarantee the generated T-spline is gap-free
around extraordinary nodes, and to decide which T-mesh
configurations yield a standard T-spline. These two condi-
tions provide a theoretical basis for template development
and T-mesh standardization. In the geometry stage, an effi-
cient surface fitting technique is developed to make the out-
put T-spline interpolate all the nodes in the input mesh. The
surface continuity is improved by adjusting control points
around extraordinary nodes. In addition, the conversion al-
gorithm preserves sharp features present in the input model.
The output T-spline models can be used directly for isoge-
ometric analysis. We intend to focus on improvements and
simplifications in our future work, and extension to hexahe-
dral meshes.
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(a) (b) (c)

(d) (e) (f)

Fig. 23 The knee model. (a) The input unstructured quadrilateral mesh; (b) the constructed T-spline surface and T-mesh; and (c) the extracted
Bézier elements. (d) to (f) show details, and red points in (d) denote extraordinary points.
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(a) (b) (c)

(d) (e) (f)

Fig. 24 The venus model. (a) The input unstructured quadrilateral mesh; (b) the constructed T-spline surface and T-mesh; and (c) the extracted
Bézier elements. (d) to (f) show details, and red points in (d) denote extraordinary points.

Fig. 25 The multiaxis model. (a) The input unstructured quadrilateral mesh; (b) the constructed T-spline surface and T-mesh; and (c) the extracted
Bézier elements. (d) to (f) show details, and red points in (d) denote extraordinary points.
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Fig. 26 The hook model. (a) The input unstructured quadrilateral mesh; (b) the constructed T-spline surface and T-mesh; and (c) the extracted
Bézier elements. (d) to (f) show details, and red points in (d) denote extraordinary points.

Fig. 27 The hook2 model. (a) The input unstructured quadrilateral mesh; (b) the constructed T-spline surface and T-mesh; and (c) the extracted
Bézier elements. (d) to (f) show details, and red points in (d) denote extraordinary points.



Converting an Unstructured Quadrilateral Mesh to a Standard T-spline Surface 21

Fig. 28 The varco model. (a) The input unstructured quadrilateral mesh; (b) the constructed T-spline surface and T-mesh; and (c) the extracted
Bézier elements. (d) to (f) show details, and red points in (d) denote extraordinary points.
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