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Figure 4: Localizable inner product; four linear elements per wavelength

In the context of an unbroken test space, the natural variational formulation associated with
(3.21) is 

Find (p, u, p̂0, û1) ∈ U := [L2(Ω)]2 × C2, such that :

ik

∫
Ω
pq −

∫
Ω
uq′ + û1q(1) = u0q(0),

ik

∫
Ω
uv −

∫
Ω
pv′ + û1v(1)− p̂0v(0) = 0, ∀(q, v) ∈ V := [H1(Ω)]2.

(4.39)
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Figure 5: Adhering to a fixed number of elements per wavelength is sufficient to control stability
under the localizable norm.

As in § 3.1, this will immediately lead to a spectral method, once we select the trial space norm
in which we would like convergence, i.e.,

‖p, u, p̂0, û1‖2U := ‖p‖2L2 + ‖u‖2L2 + |p̂0|2 + |û1|2.
Then, the sesquilinear form on the left side of (4.39) yields the following optimal inner product
and norm on V :(

(q, v), (δq, δv)
)
V

=
(
ikq + v′, ikδq + δv′

)
L2 +

(
ikv + q′, ikδv + δq′

)
L2

+
(
q(1) + v(1)

)(
δq(1) + δv(1)

)
+ v(0)δv(0)

‖q, v‖2V = ‖ikq + v′‖2L2 + ‖ikv + q′‖2L2 +
∣∣q(1) + v(1)

∣∣2 + |v(0)|2.

(4.40)

Inspired by what we have observed in the previous section, we replace (4.40) with the following
localizable norm (and associated inner product):

‖q, v‖2
Ṽ

= ‖ikq + v′‖2L2 + ‖ikv + q′‖2L2 + 1
α‖v + q‖2L2 + 1

α‖v cos(kx) + iq sin(kx)‖2L2(
(q, v), (δq, δv)

)
Ṽ

= (ikv + q′, ikδv + δq′)L2 + (ikq + v′, ikδq + δv′)L2 + 1
α(v + q, δv + δq)L2

+ 1
α

(
v cos(kx) + iq sin(kx), δv cos(kx) + iδq sin(kx)

)
L2 ,

(4.41)
where α = 5+

√
5

2 . Then we have the norm equivalence result (2.14), as stated in the next lemma.
Its proof is in Appendix A.

Lemma 4.1. For all (q, v) in V ,

C1‖(q, v)‖2
Ṽ
≤ ‖(q, v)‖2V ≤ C2‖(q, v)‖2

Ṽ
,

with constants C1 = 5+
√

5
2 − (5 + 2

√
5)

1
2 and C2 = 5+

√
5

2 + (5 + 2
√

5)
1
2 .
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The next step is to consider an “intermediate method” as in § 3.2. Again let (3.27) define the
mesh of (0, 1). The trial space in this case is Ŭhp = [L2

hp(Ω)]2×C2. Let {(pl, ul, p̂0l, û1l)}l=1,...,N ⊂
[L2(Ω)]2 × C2 be a finite trial basis such that each pl and ul are in L2

hp and are supported on
a single element. With these as the trial functions and (4.41) as the inner product, we find the
corresponding optimal test functions. These are the global optimal test functions for this case
and we denote their span by V̆hp. Let Ŭhp = (php, uhp, p̂hp, ûhp) be the discrete solution from
this method. Then we have the following robust error estimate for the intermediate problem.

Theorem 4.1. Let Ŭ = (p, u, p̂, û) be the exact solution of problem (4.39). Then

‖Ŭ− Ŭhp‖U ≤

√5 +
√

5
2

+

√
3 +
√

5
2

 inf
Whp∈Ŭhp

‖Ŭ−Whp‖U . (4.42)

Proof. This follows from Theorem 2.1 and Lemma 4.1. �

As before, the global optimal test functions are expensive to compute. Hence we formulate
the DPG method with local optimal test functions next.

4.2. The DPG formulation. Using the same partition (3.27) of the interval (0, 1), we for-
mulate the DPG method as follows. The unknowns include field variables (p, u) and fluxes
p̂j−1, ûj , j = 1, . . . , n. Fluxes û0, p̂n were replaced by u0 and ûn respectively by using the
boundary conditions. For each element (xj−1, xj), we consider local test functions (qj , vj) ∈
[H1(xj−1, xj)]2. The DPG variational formulation is :

Find (p, u, p̂, û) ∈ L2(Ω)× L2(Ω)× Cn × Cn such that :

n∑
j=1

ik

∫ xj

xj−1

pqj −
∫ xj

xj−1

uq′j + (ûq)
∣∣∣xj

xj−1

= 0

n∑
j=1

ik

∫ xj

xj−1

uvj −
∫ xj

xj−1

pv′j + (p̂v)
∣∣∣xj

xj−1

= 0, ∀(qj , vj) ∈ [H1(Kj)]2.

(4.43)

Recall that û0 = u0 is known and is moved to the right-hand side. Similarly, p̂n is replaced by
ûn in the last term of the sum. The broken test space in the variational formulation (4.43) is
endowed with the norm and inner product induced by (4.41):

‖q, v‖2
Ṽ

=
n∑
j=1

‖ikqj + v′j‖2L2 + ‖ikvj + q′j‖2L2

+
1
α

n∑
j=1

‖vj + qj‖2L2 + ‖vj cos(kx) + iqj sin(kx)‖2L2

(
(q, v), (δq, δv)

)
Ṽ

=
n∑
j=1

(
ikvj + q′j , ikδvj + δq′j

)
L2 +

(
ikqj + v′j , ikδqj + δv′j

)
L2

+
1
α

n∑
j=1

(vj + qj , δvj + δqj)L2

+
1
α

n∑
j=1

(
vj cos(kx) + iqj sin(kx), δvj cos(kx) + iδqj sin(kx)

)
L2 .
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The discrete trial space is obtained by substituting L2
hp for L2(0, 1). The corresponding optimal

test functions computed using the above Ṽ -inner product gives the local optimal test functions.
Their span gives the test space Vhp which defines the full DPG method. Let (php, uhp, p̂hp, ûhp)
be the discrete solution.

Theorem 4.2. The global optimal test functions are contained in the space of local optimal test
functions. Consequently,

‖u− uhp‖2L2 + ‖p− php‖2L2 ≤

√5 +
√

5
2

+

√
3 +
√

5
2

2

inf
whp,shp∈L2

hp

‖u− whp‖2L2 + ‖p− shp‖2L2 .

The proof of this theorem is similar to the proof of Theorem 3.2 (cf. proof of Lemma 3.2), so
we omit it.

Based on the discussion made in Section 2.4, the robustness estimation (4.42) also applies for
the FE solution of this formulation, under analog considerations of the discrete trial space, aside
from the additional 2(n− 1) fluxes.

4.3. Numerical results. Figures 6a-6b depict results for the spectral method, taking u0 = 1,
Z = 1. Again we have taken ∆p = 6 in constructing the enriched test space, which achieves
nearly perfect L2 stability. Only the pressures p are plotted; the error in the velocity u is
practically identical.

The optimal test functions (q, v) in the spectral case may be expressed as the solutions of the
problem: 

ikq + v′ = −p in (0, 1),
ikv + q′ = −u in (0, 1),
v(0) = −p̂0,
q(1) + v(1) = û1.

The optimal test functions for a number of basis functions are illustrated in Figures 7a-7d. Their
oscillatory behavior corresponding to wavenumber k makes clear the necessity of using sufficient
order p+ ∆p within the enriched test space.

For the multi-element case, we employ the localizable norm (4.41). Corresponding optimal
test functions are shown in Figures 8a-8d. Results obtained with the localizable norm are shown
in Figures 9a-9b. Again, we observe excellent stability with the DPG method. In contrast to
standard methods, there is no degradation in stability with increasing wavenumber; indeed, if
we adhere to a “rule of thumb” of n elements per wavelength as we vary k, we observe that
the stability constant converges to a k-independent value (Figures 10a-10b.) For comparison,
we plot in Fig. 4.3 a standard H1-conforming, Bubnov-Galerkin approximation php, as well
as an H1-conforming approximation pblended obtained using specialized quadrature rules which
reduce the phase lag (see [1].) While they are obtained using the same discretization, i.e. order
and number of elements, we must note that they only require solution of the pressure field p,
while the DPG method requires the introduction of additional variables u, p̂, and û, requiring
significantly more degrees of freedom.

Even at extremely poor discretization (e.g. 2 linear elements per wavelength), the method
remains stable, delivering results very near the L2 projection (Fig. 12).

Figures 13a-13b show results obtained with high-order elements (p = 4, p = 8).

4.4. Helmholtz with PML truncation. Finally, we consider the Helmholtz problem with
PML truncation at the right end of the domain, admitting only outgoing and evanescent waves.
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Figure 6: Helmholtz spectral element; ∆p = 6

We employ the PML stretching function

z(x) =

x in (0, `)

x− iCk
(
x−`
1−`

)4
+ C

k

(
x−`
1−`

)4
in (`, 1),

where ` is the position at which the PML begins, and C is a parameter controlling the strength
of the PML (we take C = 745 to achieve decay to near machine epsilon (double precision) for a
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Figure 7: Optimal test functions for Helmholtz spectral element

plane wave of unit amplitude). The PML problem is then:
ikz′p+ u′ = 0 in Ω = (0, 1),
ikz′u+ p′ = 0 in Ω = (0, 1),
u(0) = u0,
p(1) = 0.
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Figure 7: Optimal test functions for Helmholtz spectral element

The DPG variational formulation is:

Find (p, u, p̂, û) ∈ L2(0, 1)× L2(0, 1)× Cn × Cn such that:

n∑
j=1

∫ xj

xj−1

−p(ikz′qj + v′j)− u(ikz′vj + q′j) + ûj [q]j + p̂j−1[v]j−1 = u0q1(0) ∀(q,v) ∈ VDPG.
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Figure 8: Optimal test functions for localizable norm

The optimal test norm is evidently:

‖q,v‖VDPG
=

n∑
j=1

‖ikz′qj + v′j‖2L2(xj−1,xj) + ‖ikz′vj + q′j‖2L2(xj−1,xj) + |[q]j |2 + |[v]j−1|2 .
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Figure 8: Optimal test functions for localizable norm

For multi-element computations, we employ an equivalent localizable norm:

‖q,v‖VDPG
=

n∑
j=1

‖ikz′qj+v′j‖2L2(xj−1,xj)+‖ikz
′vj+q′j‖2L2(xj−1,xj)+‖qj‖

2
L2(xj−1,xj)+‖vj‖L2(xj−1,xj).

Evidently (Figures 14a-14b), we have to dramatically enrich our test space to realize in practice
the optimal test functions delivering nearly perfect L2 stability.
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Figure 9: Localizable inner product; four linear elements per wavelength

In Figures 15a-15b, the PML occupies only one linear element; in this extreme example,
we must again take a very enriched test space to obtain test functions providing good stability.
Figures 16a-17b demonstrate that less enrichment is necessary when better discretization is used
within the PML.
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Figure 10: Adhering to a fixed number of elements per wavelength is sufficient to control stability
under the localizable norm

5. Conclusions

A summary. With the introduction of the optimal test norm, an essential question of the whole
framework of DPG with optimal test functions has been answered: given a norm on U in which
we wish to minimize error, how does one design a norm on the test space V to induce the desired
stability? The process includes a non-trivial “norm-localization” step, in which the optimal test
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Figure 12: Two linear elements per wavelength

norm has to be replaced with a “localizable” norm, without losing uniform stability with respect
to the wavenumber. The proposed methodology is very general, and applies to other singular
perturbation problems. The leading term of the equations satisfied by the optimal test functions
is the L2-adjoint of the original operator, resembling very much the old results of [22, 12, 18].
In context of singular perturbation problems, this means that the whole burden of dealing with
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Figure 13: Higher order approximations

small parameter has been moved to the problem of determing optimal test functions. While the
methodology is impractical for, e.g., problems with boundary layers (solving the adjoint equation
on a large element is as difficult as solving the original problem), it seems to be perfectly suited
for wave propagation where the element size is implied by the need to resolve the wave structure
(control of the best approximation error).
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Figure 14: Spectral element w/ PML truncation at x = 0.5

Performance vs. traditional methods. While extremely stable in contrast to traditional
Bubnov-Galerkin approximations for the Helmholtz problem, DPG forces us to consider the
mixed problem in which we compute pressure, velocity, and additional fluxes. For a discretization
of n elements of order p per wavelength, for a domain of m wavelengths, the DPG formulation
requires 2(p + 1)mn + 2mn degrees of freedom, while a standard H1 conforming formulation
computing only pressure requires pmn. After performing static condensation on the interior
degrees of freedom, we are left with a system of dimension 2mn for DPG versus mn for the H1
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Figure 15: Localizable norm; PML occupies one linear element

conforming method. This implies that the DPG method will be competitive when compared
with standard finite elements only for large wavenumbers. Here we also remark that while static
condensation for the H1 conforming method requires us to avoid element sizes h ≈ jπ

k , j ∈ N, in
order to avoid the associated interior modes at the given wavenumber, in the mixed formulation



DPG FOR WAVES 29

0.0 0.2 0.4 0.6 0.8

1.5

1.0

0.5

0.0

0.5

1.0

n = 4.0, p = 1, test p = 7

p (exact)

πp (L2  projection), ||p−πp||L2
 = 0.0892763506361

pDPG (DPG), ||p−pDPG||L2
 = 0.0900997332694

(a)

0.75 0.80 0.85 0.90 0.95 1.00

0.5

0.0

0.5

1.0

n = 4.0, p = 1, test p = 7

p (exact)

πp (L2  projection), ||p−πp||L2
 = 0.0892763506361

pDPG (DPG), ||p−pDPG||L2
 = 0.0900997332694

(b) Zoom on PML

Figure 16: Localizable norm, four linear elements per wavelength; refined PML

which involves both p and u, there is no such trouble; the problem

ikp+ u′ = 0,

iku+ p′ = 0,

u(xi−1) = u(xi) = p(xi−1) = p(xi) = 0

admits only the trivial solution.
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Figure 17: Localizable norm, one p = 4 elements per wavelength; refined PML

Current and future work. The presented analysis and experiments are being extended to
2D problems. Preliminary numerical results indicate that the presented methodology extends
to multi-dimensions, with either no, or numerically unobservable, phase error. A 2D version of
the method on a structured rectangular mesh does not produce a nine-point stencil, so there is
no contradiction with [4]. Our current efforts concentrate on a 2D convergence analysis.

DPG may be an attractive choice for high-frequency wave-propagation problems. The discon-
tinuous formulation offers the possibility of using for trial functions plane waves or other waves
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(see, e.g. [14, 21]), with the hope of improving the approximation properties of the underlying
space for a given problem. As noted, the element interior submatrices can always be factored
without any concern of encountering interior modes, which makes static condensation, nested
dissection, and other domain decomposition approaches robust. We emphasize, however, that
the control of phase error is related to stability and not approximability, and the stability is
controlled by the choice of test functions.

Appendix A. Proofs of the lemmas

Proof of Lemma 3.1. We need to prove that ‖q‖2
Ṽ

= ‖ikq + q′‖2L2(0,1) + 1
2‖q‖

2
L2(0,1) and ‖q‖2V =

‖ikq + q′‖2L2(0,1) + |q(1)|2 define equivalent norms on H1(0, 1). Let q̃ = eikxq. Since k is real,

‖q̃′‖2L2 = ‖ikq + q′‖2L2 , ‖q̃‖2L2 = ‖q‖2L2 and |q̃(1)|2 = |q(1)|2.

Thus, we only need to bound ‖q̃′‖2L2 + |q̃(1)|2 above and below by ‖q̃′‖2L2 + 1
2‖q̃‖

2
L2 .

We use the Fundamental Theorem of Calculus and Young’s inequality to estimate |q̃(1)|2 and
‖q̃‖2L2 . For every ε > 0 and δ > 0,

|q̃(1)|2 ≤ (1 + ε)‖q̃‖2L2 + 1+ε
ε ‖q̃

′‖2L2 ,

‖q̃‖2L2 ≤ (1 + δ)|q̃(1)|2 + 1+δ
δ ‖q̃

′‖2L2 .

Thus we already see we can obtain the required two sided equivalence with constants independent
of k. To obtain the best constants, we first note that the above implies

‖q‖2V ≤
(
1 + ε−1(1 + ε)

)
‖q̃′‖2L2 + (1 + ε)‖q̃‖2L2 (A.44)

≤ F1(ε, δ)‖q̃′‖2L2 + F2(ε, δ)|q̃(1)|2, (A.45)

where F1(ε, δ) =
(
1 + 1+ε

ε + (1 + ε)1+δ
δ

)
and F2(ε, δ) = (1+ε)(1+δ). Then we minimize F2(ε, δ)

subject to the constraints ε > 0, δ > 0, and F2(ε, δ) = F1(ε, δ), to obtain ε =
√

2
2 and δ = 1+

√
2.

With these values, we have

‖q‖2V ≤
(
2 +
√

2
)(
‖q̃′‖2L2 +

1
2
‖q̃‖2L2

)
, by (A.44),(

2 +
√

2
)(
‖q̃′‖2L2 +

1
2
‖q̃‖2L2

)
≤
(
2 +
√

2
)(2 +

√
2

2
)(
‖q̃′‖2L2 + |q̃(1)|2

)
, by (A.45).

These two inequalities prove the lemma. �

Proof of Lemma 3.2. Let us prove that V̆hp ⊆ Vhp. Clearly this will imply that ρ̆hp = ρhp due
to unique solvability.

Let q ∈ V̆hp denote the global optimal test function corresponding to (ρ, ρ̂) ∈ Ŭhp. It
solves (3.30), i.e.,∫ 1

0
(ikq + q′)(ikδq + δq′) +

1
2

∫ 1

0
qδq =

∫ 1

0
−ρ(ikδq + δq′) + ρ̂δq(1),

for all δq ∈ H1(0, 1). As ρ is smooth (a polynomial) within each element Kj , this variational
equation translates into the following differential, boundary and interface equations:

−q′′ − 2ikq′ + (k2 +
1
2

)q = ρ′ + ikρ in (xj−1, xj) for j = 1, . . . , n

[ikq + q′ + ρ]j = 0 for j = 1, . . . , n− 1

(ikq + q′ + ρ)(1) = ρ̂

−(ikq + q′ + ρ)(0) = 0.

(A.46)
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where, as before, the [ · ]j denotes the jump of the argument at xj .
Now, let δqj ∈ H1(Kj). Multiplying (A.46)1 by δqj , integrating over each element, and

summing up over all elements, we get

n∑
j=1

{
−
∫ xj

xj−1

(ikq + q′ + ρ)′δqj −
∫ xj

xj−1

(
ik(q′ + ρ)− (k2 +

1
2

)q
)
δqj

}
= 0.

Integrating the first term by parts, using the continuity of ikq+ q′+ρ at element interfaces, and
using the boundary conditions in (A.46)3,4, we obtain

n∑
j=1

{(
ikq + q′, ikδqj + δq′j

)
L2(Kj)

+
1
2

(q, δqj)L2(Kj)

}

= ρ̂δqn(1)−
n∑
j=1

∫ xj

xj−1

ρ(ikqj + q′j) +
n−1∑
j=1

(ikq + q′ + ρ)(xj)[δq]j .

The left hand side equals (q, δq)Ṽ , the inner product in (3.34) for the multielement case. The
right hand side is the sesquilinear form of the DPG formulation (3.35) with

ρhp = ρ̂,

ρ̂hpj = (ikq + q′ + p)(xj), for j = 1, ..., n− 1,

ρ̂hpn = ρ̂.

Therefore, the global optimal test function q is a linear combination of the local optimal test
functions associated with ρ, (ikq + q′ + p)(xj) and ρ̂. �

Proof of Lemma 4.1. Let r = v+q
2 and s = v−q

2 . Using the same idea as in the proof of
Lemma 3.1, we set r̃ = eikxr and s̃ = e−ikxs, so

e−ikxr̃′ = ikr + r′ and eikxs̃′ = −iks+ s′.

The norm ‖q, v‖2V can be expressed in terms of these new functions as
‖q, v‖2V = ‖ik(r − s) + (r + s)′‖2L2 + ‖ik(r + s) + (r − s)′‖2L2 +

∣∣2r(1)
∣∣2 + |(r + s)(0)|2

=
∥∥e−ikxr̃′ + eikxs̃′

∥∥2

L2 +
∥∥e−ikxr̃′ − eikxs̃′∥∥2

L2 +
∣∣2r̃(1)

∣∣2 + |(r̃ + s̃)(0)|2

= 2‖r̃′‖2L2 + 2‖s̃′‖2L2 +
∣∣2r̃(1)

∣∣2 + |(r̃ + s̃)(0)|2.

On one hand we have

|2r̃(1)|2 ≤ (1 + ε1)‖2r̃‖2L2 + 4
(

1+ε1
ε1

)
‖r̃′‖2L2

|(r̃ + s̃)(0)|2 ≤ (1 + ε2)‖r̃ + s̃‖2L2 + 1+ε2
ε2
‖r̃′ + s̃′‖2L2

≤ (1 + ε2)‖r̃ + s̃‖2L2 + 1+ε2
ε2

(
(1 + ε3)‖r̃′‖2L2 + 1+ε3

ε3
‖s̃′‖2L2

)
.

Observe that ‖2r̃‖2L2 = ‖v + q‖2L2 and ‖r̃ + s̃‖2L2 = ‖v cos(kx) + iq sin(kx)‖2L2 .
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On the other hand, we have

‖2r̃‖2L2 ≤ (1 + δ1)|2r̃(1)|2 + 4
(

1+δ1
δ1

)
‖r̃′‖2L2

‖r̃ + s̃‖2L2 ≤ (1 + δ2)|(r̃ + s̃)(0)|2 + 1+δ2
ε2
‖r̃′ + s̃′‖2L2

≤ (1 + δ2)|(r̃ + s̃)(0)|2 + 1+δ2
δ2

(
(1 + δ3)‖r̃′‖2L2 + 1+δ3

ε3
‖s̃′‖2L2

)
.

We choose ε1 = ε2, δ1 = δ2 and ε3 = δ3 =
√

5− 2. In consequence,

‖q, v‖2V ≤ (1 + f1(ε1))
(

2‖r̃′‖2L2 + 2‖s̃′‖2L2

)
+ f2(ε1)

(
‖2r̃‖2L2 + ‖r̃ + s̃‖2L2

)
≤ (1 + f1(ε1) + f2(ε1)f1(δ1))

(
2‖r̃′‖2L2 + 2‖s̃′‖2L2

)
+f2(ε1)f2(δ1)

(
|2r̃(1)|2 + |(r̃ + s̃)(0)|2

)
,

(A.47)

where the functions of f1 and f2 are defined by :

f1(x) = C

(
1 + x

x

)
, f2(x) = (1 + x) and C =

√
5 + 3
2

.

We arrive at the minimization problem :
min f2(ε1)f2(δ1)

ε1 > 0
δ1 > 0

1 + f1(ε1) + f2(ε1)f1(δ1)− f2(ε1)f2(δ1) = 0,

whose solutions are ε1 =
√

C
C+1 and δ1 = f1(ε1). Replacing these values on the inequality (A.47)

we obtain :
‖q, v‖2V ≤

√
C + 1

(√
C +

√
C + 1

)(
2‖r̃′‖2L2 + 2‖s̃′‖2L2 + 1

C+1

(
‖2r̃‖2L2 + ‖r̃ + s̃‖2L2

))
≤
√
C + 1

(√
C +

√
C + 1

)(
1 +

√
C
C+1

)
‖q, v‖2V .

Hence,

C1 =
(

1 +
√

C
C+1

)−1
=
√
C + 1

(√
C + 1−

√
C
)

= 5+
√

5
2 − (5 + 2

√
5)

1
2 ,

C2 =
√
C + 1

(√
C + 1 +

√
C
)

= 5+
√

5
2 + (5 + 2

√
5)

1
2 .

�
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