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MIXED hp-FINITE ELEMENT METHOD FOR LINEAR
ELASTICITY WITH WEAKLY IMPOSED SYMMETRY. II.
CURVILINEAR ELEMENTS IN 2D

WEIFENG QIU AND LESZEK DEMKOWICZ

ABSTRACT. We continue our study on variable order Arnold-Falk-Winther el-
ements for 2D elasticity in context of parametric curvilinear elements. We
present an asymptotic stability result and illustrate it with numerical experi-
ments.

1. INTRODUCTION

1.1. Elasticity problem. Linear elasticity is a classical subject, and it has been
studied for a long time. The presented research is motivated with a class of time-
harmonic problems formulated as follows. Let 2 C R™, n = 2,3, denote a bounded
domain occupied by the elastic body. Assume that the boundary of 2, I' = 0f2 has
been split into two disjoint subsets I'y and I's,

IF'=T1UTly, Th'NIy=0

Subsets I'1, 'y are assumed to be (relatively) open in T'. We seek:

e displacement vector u;(z), x € Q,
e linearized strain tensor €;;(z), « € {2, and
e stress tensor o;;(x), x € Q

that satisfy the following system of equations and boundary conditions.

e Cauchy’s geometrical relation between the displacement and strain,

1
(11) €ij = 5(114,]' + uj,i)7 x €N
e Equations of motion resulting from the principle of linear momentum,
(1.2) —0ij.5 — plx)w’u; = fi(x), z€Q

e Symmetry of the stress tensor being a consequence of the principle of an-
gular momentum,

oij = 0ji, T €
e Constitutive equations for linear elasticity,
oij = Eijri(x)en, x€Q
e Kinematic boundary conditions,
U; = u?, rzely
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Traction boundary conditions,
oin; = gi(x), xeTly
Here:

p is the density of the body,

fi are volume forces prescribed within the body,

g; are tractions prescribed on I'y part of the boundary,

u? are displacements prescribed on I'; part of the boundary,
n; is the unit outward normal vector for boundary I', and
Eijii is the tensor of elasticities.

As usual, commas denote partial derivatives, and we use the Einstein’s summation
convention. Vector t; := o;;n; is known as the traction or stress vector.

The geometrical relations imply the symmetry of the strain tensor. The symme-
try of strain and stress tensors imply then the usual (minor) symmetry conditions
for the elasticities,

(1.3) Eijki = Ejiri = Eijik
The laws of thermodynamics imply an additional (major) symmetry condition,
Eijr = By
and positive definiteness condition,
Eijri&ijlu >0, V& =&y
The last condition implies that the constitutive equation can be inverted to repre-
sent strains in terms of stresses,
(14) €kl = Ckh‘jaij
where Ci; = E;,ld is known as the compliance tensor and satisfies analogous
symmetry and positive-definiteness properties.

For isotropic materials, the elasticities tensor is expressed in terms of two inde-
pendent Lame’s constants p and A,

Eiji = (k651 + 6:1651) + A0
and the constitutive equation reduces to,
045 = 2/161']‘ + Aekkdij

where d;; denotes the Kronecker’s delta. Inverting, we obtain

1 A 5

Of particular interest is the case of nearly incompressible material corresponding
to A — oo. Notice that the norm of the elasticities blows up then to infinity but
the norm of the compliance tensor remains uniformly bounded. This suggests that
formulations based on the compliance relation have a chance to remain uniformly
stable for nearly incompressible materials. Another reason of using formulations
based on compliance relation is for (visco)elastic vibration problems for structures
with large material contrast. For a more detailed discussion on these problems, we
refer to the introduction in [19].

€ij = Aoij, €5 =

1.2. Variational formulations for elasticity.
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Dual-Mixed Formulation. We eliminate the strain tensor and combine geometrical
relations (1.1) and constitutive equation (1.4) in a single equation,

1
Criijoij = §(Uk,l +up k)

Classical formulation for elasticity is based on satisfying the equation above in a
strong sense while relaxing the momentum equations. The idea behind the dual-
mixed formulation for elasticity is exactly opposite, the equation above is relaxed
whereas momentum equations (1.2) are satisfied in a strong sense.

The final formulation includes building in kinematic boundary conditions and it
reads as follows.
(1.5)

o€ H(div,Q,S) : gijn; =gionTls, ue L*(Q,V)

/Oijklaleij—f—/ Ui Tij,5 :/ u?njnj VTEH(diV,Q,S) i Tin; =0on Iy
Q Q Iy

*/Uij,jvifw2/,0uwi :/fwi Yo € L*(Q,V)
Q O Q

Above, V = R? and S denotes the space of symmetric tensor. L?(Q2, V) denotes the
space of square integrable functions with values in V, and H(div, 2, S) denotes the
space of square-integrable functions with values in S, whose row-wise divergence
lives in L%(,V). The traction conditions are satisfied in the sense of traces for
functions from H(div, Q) (they live in H~/2(T)).

The corresponding static case can be derived formally by considering the so-
called Hellinger-Reissner functional, and the variational formulation is frequently
identified as the Hellinger-Reissner variational principle.

Dual-Mized Formulation with Weakly Imposed Symmetry. The symmetry condition
is difficult to enforce on the discrete level. This has led to the idea of relaxing the
symmetric function and satisfying it in a weaker, integral form. This is obtained by
introducing tensor-valued test functions ¢ with values in the space of antisymmetric
tensors K := {¢;; : ¢; = —¢;i}, and replacing the symmetry condition with an
integral condition,

/ 0ijqi; =0, Vg€ L*(Q,K)
Q

On the continuous level, the integral condition implies the pointwise condition
(understood in the L? sense), but on the discrete level, with an appropriate choice
of spaces, the integral condition does not necessary imply the symmetry condition
pointwise.

The extra condition leads to an extra unknown. The derivation of the weak form
of the constitutive equation has to be revisited. We start by introducing the tensor
of infinitesimal rotations,

1
pij = 5 Uiy = uj)
Upon eliminating the strain tensor, the constitutive equation in the compliance
form is now rewritten as,

1
Cijhon = 5 (Ui +uji) = ij = pij
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Multiplication with a test function 7 (now, not necessarily symmetric), integration
over (), and integration by parts, leads to a new relaxed version of the equation,

/Cijklﬂklﬂj :*/ Uﬂz‘j,j+/ui7'¢jnj*/p¢jﬂ'j
Q Q r Q

We obtain a new variational formulation in the form:
(1.6)
o € H(div,Q,M) : o;n; = g; on I'y, u € L*(Q, V), p € L*(Q,K)

0 .
/ Cijklo'leij + Ui Tij,5 -l-pijTij = / Uy TijMj V1 € H(dlv, Q,M) C TN = 0 on FQ
Q '

—/Uz'j,ﬂz'—wQ/puivi=/fivi Vo € L*(,V)
Q O Q

/ 0ijqi; =0 Vg€ L*(Q,K)

Q

In the above, H(div,,M) denotes the space of tensor-valued square integrable
fields with a square integrable divergence. The formulation for the static case can
again be derived formally by looking for a stationary point of the so-called General-
ized Hellinger-Reissner functional, and it is frequently identified as the Generalized
Hellinger-Reissner Variational Principle.

In the analysis presented in this paper, we consider the static case only and, for
the sake of simplicity we assume that the body is fixed on the entire boundary 052,
i.e. FQ = (Z)

To connect with the notations used in [6],[2], we denote by A the compliance
operator.

A:M> €ij — 045 = Uijki€kl € M.

The operator A maps tensors to tensors, is bounded, symmetric and, for piece-
wise constant material properties, uniformly positive definite. Symmetry proper-
ties (1.3) imply that A maps S into itself. In the isotropic case, A has the form

1 A
Ao=—o——"—Tr(o)1
o= (7 1),

where A (x),u (x) are the Lamé coefficients.
We can rewrite then formulation (1.5) with a more compact, index free notation.
Find o € H (div,Q;S), and u € L? (£;V), satisfying

(1.7) / (Ao : 7+ divr -u)dx =0, 7€ H (div,$;8S),
Q

/diva-vdq::/f-vdx, veL* (V).
Q Q
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Similarly, the formulation (1.6) becomes to seek o € H (div, ; M), u € L? (£;V),
and p € L? (Q;K) satisfying

(1.8) /(AUZT+diVT'u+TZp)d$=0, T € H (div, Q; M),
Q
/divo-vda::/f-vdx, ve L?(QV),
Q Q

/a:quzo, q€ L (K).
Q

Dual-Mizxed Formulation with Weakly Imposed Symmetry for Plane Elasticity. In
two space dimensions, the skew-symmetric tensors involve a single non-zero com-

ponent p,
0 p
—p 0

The formulation (1.8) reduces to seek o € H(div,;M), u € L?(Q;V), and p €
L?(Q) satisfying

(1.9) /(Aa:r—&—divr-u—Snp) dx =0, 7€ H(div,Q;M),
Q
diva-vdmz/fmdm, ve L*(V),
Q Q

/ Sioqdr =0, qc L*Q).
Q

where operator S; maps a real 2 x 2 matrix to a real number. For any o € R?*?2,
(110) 510':0'1270'21.

1.3. Review of the existing work. Besides the Hellinger-Reissner and general-
ized Hellinger-Reissner principles discussed in the previous sections, there are other
variational formulations for elasticity, see [18].

Stable finite element discretizations based on (1.7) are difficult to construct. A
detailed description of related challenges can be founded in [14]. A stable discretiza-
tion based on the strong enforcement of symmetry condition was developed in [2].
For the lowest order element, the number of degrees of freedom for stress tensor in
3D is 162.

Meanwhile, a number of authors have developed approximation schemes based on
(1.8). See [5, 6, 14, 1, 3, 4, 15, 11, 17, 20, 21, 22, 23]. For a brief description of these
methods, we refer to the introduction in [6]. Recently, Cockburn, Gopalakrishnan
and Guzman have developed a new mixed method for linear elasticity using a
hybridized formulation based on (1.8) in [10].

The work presented in this paper is based on mixed finite element methods
developed by Arnold, Falk and Winther for the formulation (1.8) in [5, 14, 6]. We
restrict our analysis to plane linear elasticity problem only.

At the first glance, a generalization to elements of variable order seems to be
straightforward. And this is indeed the case from the implementation point of
view. The stability analysis, however, is much more difficult. The canonical pro-
jection operators defined in [5] do not commute with exterior derivative operators
for variable order elements, a property essential in the proof of discrete stability.
In [19], we resolved the problem by invoking projection based (PB) interpolation
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operators. Unfortunately, the PB operators do not commute with the operator
S, _2, invalidating construction of operator W introduced in the stability analysis
presented in [5] We resolved the problem in [19] by designing a new operator Wj,.
However, in our first contribution we were only able to prove the well-definedness
of W), for n = 2 with orders varying from 0 to 3. In this paper, we propose PB
operators of new type and a new operator W), that enable the h-stability analysis
for 2D elements of variable order!. Additionally, we analyze curvilinear elements
and establish conditions for their asymptotic h-stability.

1.4. Scope of the paper. An outline of the paper is as follows. Section 2 in-
troduces notations. In Section 3, we discuss curvilinear meshes and geometry as-
sumptions. Section 4 reviews definitions of finite element spaces on a reference
triangle, on a (physical) curved triangle, and on curved meshes. In Section 5, we
return to the mixed formulation for plane elasticity with weakly imposed symme-
try, and recall Brezzi’s conditions for stability. In Section 6, we establish necessary
results for proving the stability. We design new PB operators and a new operator
Wy In Section 7 we prove that the Brezzi conditions are satisfied asymptotically,
i.e. for meshes that are sufficiently fine. We conclude the paper with numerical
experiments that illustrate and verify the presented theoretical results.

2. NOTATIONS
For U, a bounded open subset in R", we define:
C*(U) = {u € C*(U) : D* is uniformly continuous on U, V|a| < k}.
We also define
C*Y(U) = {u e C*(U) : D* is Lipschitz on U,V|a| = k}.

M will denote the space of 2 x 2 real matrices. For any vector space X, we denote
by L?(Q;X) the space of square-integrable vector fields on Q with values in X.
In the paper, X will be R, R?, or M. When X = R, we will write L?(Q). The
corresponding norms will be denoted with the same symbol L?(Q;M). The corre-
sponding Sobolev space of order m, denoted H™(£2; X), is a subspace of L?(£; X)
consisting of functions with all partial derivatives of order less than or equal to m
in L?(;X). The corresponding norm will be denoted by || - || gm(q). The space
H(div, Q; M) is defined by

H(div, ;M) = {0 € L*(Q; M) : dive € L*(Q;R?)},
where divergence of a matrix field is the vector field obtained by applying operator
div row-wise, i.e.,
Jo11  Ooip Qo L 0o | T
8x1 8.’52 ’ 8%1 8:@ '
We introduce also a special space

H(Q) = {w € H(div,Q) : w|gn € L*(0Q;R?)}

dive = (

with the norm,

lwllz) = Wl z@iv.e) + lwllz20), Yo € H(S).

1With an upper bound on the polynomial order.
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For any scalar function u, we denote

Ou ou
curl u = (87332’ ~ o T
For any vector valued function w with values in R?, we denote
Owq Owy
clw=| §rz Gl
0xs’ 0x1
Finally, by || - || we denote the standard 2-norm for vectors and matrices.

3. CURVILINEAR MESHES

Let 7' C R? be the master triangle,
T = {(.ﬁl,i‘g) : i‘l,.ffg, 1-— i‘l — i‘g Z 0}

We denote the set of subsimplexes of dimension k of T' by Ak(T), k=0,1,2, and
the set of all subsimplexes of T' by A(T'). Ao(T) consists of all vertices of T', A1 (T)
consists of all edges of T', and Aq(T) = {T'}.

3.1. Mesh regularity assumptions.

Definition 3.1. (curved triangle) A closed set T C R? is a curved triangle if there
exists a C'-diffeomorphism G from reference triangle 7" onto 7. This means that
G is a bijection from T to T such that Gy € CY(T) and G;' € CY(T). We assume
additionally that det(DGr (X)) > 0 for any % € T

We represent G in the form
(3.1) Gr = Gr + ®r,

where Gr : & — Br& + by, By = DGr(p) with p being the centroid of T, and &
a Cl-mapping from 7" into R2?. The images of edges and vertices of 7' by Gr are
edges and vertices of T respectively. We denote A;(T) = Gp(Ai(T)),i = 0,1,2,
and A(T) = Gp(A(T)).

Definition 3.1 is practically identical with the definition of curved finite elements
introduced in [7].

Definition 3.2. A curved triangle T is of class C*,k > 1, if the mapping G €
C*(T). Similarly, a curved triangle T is of class C*!, k > 1, if the mapping G €
CR(T).

We define 7}, to be a finite set of curved triangles T, where h denotes the maximal
distance between two vertices of T' € 7;,. We define vertices of 7;, to be vertices of
T € T3, and we define curves of 7 to be edges of T' € 7,. We assume that any
edge of T' € 7y, is either an edge of another curved triangle in 7}, or part of the
boundary of 7j,.

Each curve of 7}, is parametrized with a map from the reference unit interval
into R?,

[0,1] 3 5 — x.(s) € R?

The parametrization determines the orientation of the curve.
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Let ¢(s) be the local parameterization for a particular edge of a curved triangle
T € Ty, occupied by a curve e of 7. This means that ((s) is an affine mapping
from the reference interval onto an edge of the reference triangle T, whose image
under the mapping G is exactly the particular edge of T. We can choose ((s) so
that G (¢(s)) has the same orientation as x.(s).

Definition 3.3. (C°-compatible mesh) 7;, is called a C°-compatible mesh if, for
any curve e and any curved triangle T" which contains e as an edge, there is a local
parameterization ((s) of e satisfying

Gr(¢(s)) = xe(s).
The concept is illustrated in Fig 1.

FI1GURE 1. Compatibility of edge and triangle parametrizations.

We denote

(3.2) cn = sup ((sup || D@7 (%)])] Bz I
Te€Th %eT

For each T € Ty, we define T = Gp(T). We denote by hp the diameter of 7' and
by pr the diameter of the sphere inscribed in T
We define A;(75) = Urer, AT, and A(Th) = Urper, AT

Remark 3.4. In order to simplify analysis, compared with [7], our definition of (3.2)
replaces | D®r - B3 '|| with the upper bound || D®7| - || B;".
Definition 3.5. The family (7},), of C°-compatible meshes is said to be regular if

sup sup ilT/ﬁT =0 <oo,and limc¢, =0
h TET, h—0

Lemma 3.6. There exist c1,co > 0 such that, for any triangle T,
arl|Brll - |B7 || < hr/pr < col|Br|| - | B,
where x = BrX + by is the affine homeomorphism from T toT.

Proof. hr/pr < ¢|Br| - ||B7Y|| comes from the geometric meaning of singular

values of matrix Br. ¢;|Brl - || B3| < hy/pr is a consequence of Theorem 3.1.3
in [9]. O
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Lemma 3.7. Let family (7p,)p, be reqular. Then, for any indices i,j,k,l € {1,2,3},
we have

lim sup sup|(BT)ij(D(I)T(X))kl

=0
h—0 TeT, %eT det(BT) |

Proof. For any T' € 7}, and any x € T, we have

(Br)ij (D®7 (X)) 1 . . 1
= |(D® B -|(Br)i;/ det(Br)|———.
By (PErERB 1B de U Bl
1
Since | B;!|| - || Br| > 1, IB- lH < ||Br||. Consequently,
(Br)ij (DP1(X)) . 1 2
< : .
| det(Br) | < ([D2r )| - 1B DI Brll”/| det(Br)|

Since supy, suprer, hy/pr = o < oo, | Br||?/| det(Br)| < % for some constant
o

c>0.
) |(BT)ij(D‘I)T(§<))kl‘
xeT det(BT)

Since limp, g ¢, = 0, we have limy, .o Supyez, Sup =0.
Lemma 3.8. If a family (7y,)y is regular, then we have

hm sup sup |Br(DGr(%x )) —I|| = hm sup sup (DGr(%x))~ 1B, —I||=0.
h=0TeT;, g —~O0TET ge

Proof. For any T € Tj, and any % € T, we have
1B (DG (%)™ = I|| = |Br(Br + D®¢(%)) " = I|| = (I + DOr(%) B ")~ = 1|
Since ¢, — 0 as h — 0, we have

lim sup sup || Br(DGr (%))~ -1 =o.
h=0TeT, et

Proof of the second property is fully analogous. O

Lemma 3.9. If a family (7p,) is regular, then we have

lim sup sup |det(DGr(X)Br H—1| = lim sup sup | det(Br(DGr (X))~ H—1]=0.
h=0TeT, gef h=0TeT, 3er

Proof. Since limy,_,q ¢, = 0, we immediately have

lim sup sup |det(DGr(%X)Br H—1]=0.
h—0 TeT), % xeT

According to Lemma 3.8, we have

lim sup sup |det(Br(DGr(%x))™') — 1| = 0.
h—=0TeT, 4 %eT
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3.2. Mesh generation. From now on, we assume that the domain Q is a (curvi-
linear) polygon, and that it can be meshed with a regular family (73), of C°-

compatible meshes (i.e. Q = UTeTh T, for all h) that satisfy the regularity assump-
tions discussed in the previous section.

We will outline now shortly how one can generate such meshes in practice.
Suppose the domain Q has been meshed with a C°-compatible initial mesh Tiy,
Q = Ullei, where {T;}", are curved triangles of class C*!'. We denote by
{Gl, -+, Gyp} the mappings from 7' to {T1,---,Tm}. Then G; € CY(T) and
G € CY(T;) for any 1 < i < m. For examples of techniques to generate an initial
mesh satisfying the assumptions above, see [12].

Lemma 3.10. Let T = Gp(T) be a closed triangle in R? with Gp € CVY(T). Let
& > 0 be a positive constant. For any h > 0, we denote by Th any triangle contained
in T such that the diameter of Th is h, and h/p < & where p is the diameter of the
sphere inscribed in Th Let T 5% — Hkx = Bk + b be an affine mapping from T
onto T;. Let p be the centroid of T. We put B = D(Gr o H)(p), b = (Gr o H)(D),
and ¥(X) = (Gro H)(x) — B(x —p) — b.
Then, we have

(sup [DWE)|)B| < Ch,

xeT
where C'is a constant independent of h, and TE'

Proof. Obviously, B = DG7(H(p))B. So B~! = B~Y(DGr(H(p)))~'. We have
D¥(x) = (DGr(H(%)) — DGT( (P)))B.

Since Gr is a C'-diffeomorphism from 7" onto T', we have supg 4 [[(DGr (%) 7! <
co. With G € C1(T), we also have

IDGr(H (%)) = DGr(H(p))| < M||H(X) = H(p)| for any x € T

where M is the Lipschitz constant for all first order derivatives of G on 7.
With h/p < &, we obtain that || B - [|B~!|| < 27 for some ¢ > 0. With h

denoting the diameter of T}, we have ||H (%) — H(p )|| < h for any x € Tj. The
definition of ¥ implies then

(sup | DY) DB~ < gM(SuL) (DG (3)~ DA

xeT yeT
Setting C = gM(supyeTA (DG (y))~!||) finishes the proof. O
&

Let T} be now multiple copies of the reference triangle corresponding to the initial
mesh, T; = G;(T;), i =1,...,m.

Definition 3.11. (Regular triangular meshes in the reference space) A family of
triangulations (’fz i,)j, of reference triangles T; is said to be regular provided two
conditions are satisfied:
(i) Partitions of edges of T, mapped into the same edge in the physical space
are identical.
(ii) supy, SUDpeq h/p < oo, where h and p are the outer and inner diameters

of T.
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Obviously, uniform refinements of reference triangles® are regular. A number
of adaptive refinement algorithms produces regular meshes as well. To this class
belong e.g. Rivara’s algorithm (bisection by the longest edge), Arnold’s algorithm
(bisection by the newest edge), the Delaunay triangulation (see [8]).

Using Lemma 3.10 and the fact that G; is C*-diffeomorphism from 7' to T}, 1 <
i < m, we easily conclude that any regular refinements in the reference space
produce curvilinear meshes that satisfy our mesh regularity assumptions.

3.3. Properties of Sobolev spaces on curved and reference triangles.

Lemma 3.12. Let T be a curved triangle. For any w € H'(T;R?), we define &(X)
onT by

DGr(%)
det(DGr(%))
Then &(x) € H(T). Divergence transforms by the classical Piola’s rule:

divw(x) = (det(DGr(%))) ™! divg(X)

w(x) = O(x) xeT.

forx € T almost everywhere.

Proof. Notice that &(x) = det(DGrp(x))(DGr (%)) 'w(x) for any x € T. Tt is
straightforward to see that det(DGr(X))(DGr(%X))~! is a matrix whose entries
contain first order partial derivatives of Gr(&). Notice that

O(%) = det(DGr(%))(DGr (%))~ w(x)

is the standard pull back mapping from H (div,T') to H (divg, T) So we immediately

have divw(x) = divg@(X) for X € T almost everywhere. Since Gy is

det(DGr(x))
a C'-diffeomorphism from 7" to T, we can conclude that &(%) € H(div, T).

Let e € A1(T). We denote by C( ) : [0,1] — &, the local affine parameterization
of é. We have then

Il Z2 e =/[071](Q(C(S)))T@(C(S))IIC(S>IIdS

- /[ , eUDGr G (GrC() TIDG(C(s) T DG((s) ]
(Cr (¢ (DG (C(5)  DGr(C(s)E(s)] | ds.

Since Gr is a C'-diffeomorphism from T to T, we can conclude that ©],; €

L2(dT;R?). So & € H(T). O

Lemma 3.13. There exist 6 > 0 and C > 0 such that, for any h <6 and T € Tp,
[wllzz(ry < Cll@l 27, Yw € L*(T;R?),

DO (R)o(%) _

det(DGr (%))
h > 0, then the above inequality holds for any h > 0.

where w(x) for any x € T. If T is a triangle for any T € T, and

2With the same number of divisions for each reference triangle.
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Proof.

el = | sepamEDEr ] Do (Ra(R)dx

— [ det((DGr) 6T (DGT DGrlid

= / det(DG;! Br) det(B;Y)o" By [Br ' DG1. DGy B | Brodx.
T

Since c¢p, — 0 as h — 0, limp, .o SUpper, SUPgep |B; " DG} DGy Byt —I|| = 0.
By Lemma 3.9, we have limp, .o suppeq, Supgeq | det(DG;'Br) — 1] = 0.

Since (7p)y is regular, there is a constant o > 0 such that o1/0y < o for any
T € 7Ty, where o1 and o9 denote the biggest and smallest singular value of the
corresponding matrix Br. Then ||qu|| = ||Br|| = o1 and det(Br) = o1 - 02. So
|BL || - | Br|| det(B;') = 01 /09 < o for any h > 0 and any T € Tj,.

We can conclude thus that there exist § > 0 and C' > 0 such that, for any h < ¢
and T € Ty,

lwll2(ry < Clloll oy Yw € L*(T;R?)

If, for all h, T € T}, are (regular) triangles, the asymptotic argument is not necessary,
and the above inequality holds for any A > 0. (Il

Lemma 3.14. There exist 6 > 0 and C > 0 such that, for any h < § and T € Ty,

1612, g, 2 + 19120 0 < Clolinery Voo € HY(T:RY),
DG (%) (X .
where cbt{l)(m =w(x) for any x € T. If T is a triangle for any T € T), and

h > 0, then the above inequality holds for any h > 0.
Proof.

lol72 =/f(det(DGT(f()))Qw(X)T[DGT(*)_TDGT(*)_l]w(X)d*
_ /T det(DGr(%))w(x) T [DGr (%) T DG (%)~ oo (x)dx

= /T det(DGp(%)Br") det(Br)w(x) " By "
(B DGr(%X)" T DG (%)~ Br]| By ' w(x)dx.

According to Lemma 3.8, limy, o supper, supges [|Bf DG (%)~ T DGr(x) ™' By —
I]| = 0. By Lemma 3.9, we have limy, .o Suppcr, Supgcq | det(DGr(x)B:")—1] = 0.

Since (73,)p is regular, there exists a constant o > 0 such that o1/00 < o
for any T € 7y, where o1 and o2 denote the biggest and smallest singular value
of the matrix By. Then |B; || = ||By'|| = 05" and det(Br) = o1 - 02. So
| Bz "||-||Bz" || det(Br) = 01 /02 < o. Consequently, there exist §; > 0 and C; > 0
such that, for any h < §; and T € T},

det(DGr(%)By") det(Br)w(x) " By " [BF DGr (%)~ DGy (%) ™' Br]By'w(x)
< C?uw(x) Tw(x)
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for all w € HY(T;R?),x € T. We can conclude that, for any h < 6; and T € 7y,
H@Hp(:ﬁ) < Cilwllpzery Yw € H'(T;R?)

According to Lemma 3.12, we have

||div,zw||2LQ(T) = /T (det(DGr(%)))2(divw(x))2dk = /T det(DG7(%))(divw(x))?dx

_ /T det(DGr(%)B31) det(Br) (divw(x))2dx.

By Lemma 3.9, limj, .o Suppeq, Supgeq | det(DGr(%X)B;') — 1| = 0. Obviously,
det(Br) < fz% There must exist then d; > 0 and Cy > 0 such that, for any h < do
and T € Ty,

det(DGr(%)By") det(Br)(divw(x))? < CZh%(divw(x))? Yw € HY(T;R?),x € T.
We conclude that, for any h < d; and T € 7y,

| divs@ || 27y < Cobrlldivw|| 2y Vo € HY(T;R?).
We take now an arbitrary e € Ay (T"). We denote by ((s) : [0,1] — é the local affine
parameterization of é. We have then

|12 = SN TDC(s)C(s)]|ds
@122 (¢ —/[071]( (€(s))) w(CsNIC(s)d

/[0 1](det(DGT(C(s))))zw(GT(C(s)))T[DGT(C(S))fTDGT(C(S))A]
w(Gr(C()IC(s)llds
:/[0 1](det<DGT(C(3))>B{“1)2(det(BT))Zw(GT(C(S)»TB;T

[B1 DGr(¢(s))” " DGr(((s)) " Br]Br w(Gr(¢(s)lI<(s)llds.

According to Lemma 3.8, we have that

lim sup sup sup ||By DGr(¢(s)™ " DGr(¢(s)™" Br — I|| = 0.
h—0TecT;, ecT s€[0,1]

By Lemma 3.9, limp—.o Supper, SUPeer SUPse(o,1] |(det(DG7(¢(s)))By')? — 1| = 0.
Consider again the singular values of By, o1 > 02. Then |B; | = |B'|| =

o5 ', and det(By) = o1 - 02. So |By | - ||B7Y||(det(Br))? = (01)? < h%. Conse-

quently, there exist d3 > 0 and C3 > 0 such that, for any h < 63 and 1" € 7,

(det(DG7(¢(s)))Br")? (det(Br))*w(Gr(((s))) " By "
[Bf DG1(¢(s))™ " DGr(¢(s) ™ Br]Br ' w(Gr(((s)))
<Cshtw(x)Tw(x) Ywe HYT;R?),e € A(T),s e [0,1]
and
=||Bx' [BrDGr(¢(5)) ] - [DG1(¢()S(s)]]
<Cshp' DG ((()){(s)] Ve € Ai(T), s € [0,1].

I¢(s)]
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We can conclude that, for any h < d3 and T € T,
I&]1Z2 ) < C3hr /[O . w(Gr(¢(9))) T w(Gr () IDGr(C(5)C(s) | ds
= O??ETHWHQL?(e)'
Obviously, sup, supyer, hr < oo. Since w € H'(T;R?), we can use the Trace

Theorem to conclude that there exist 6 > 0 and C > 0 such that, for any h < §
and T € Ty,

612 e,y + 19020 o) < Clllinry Vo € H'(TSR?).
It is easy to see that, if T is a (regular) triangle for any T' € 75, and h > 0, then
the inequality above holds for any A > 0. O
Lemma 3.15. There exist 6 > 0 and C > 0 such that, for any h <6 and T € Tp,
||curlw||%2(T) < Chp?|| curlyd| Yw € HY(T;R?)
Bro(x) .. ‘ ‘
where ———~ = w(x) for anyx € T. If T is a triangle for any T € Tj, and h > 0,
det(BT)

then the above inequality holds for any h > 0.
Proof. We have,

2
L2(T)

1

curlw(x) Zﬁ(mrlfu)(fi) = mBTCurl&@(i)(DGT(&))T
_ (det(B;'))? o o
~ det(B- DG (%) Breurlgé (%) B (DG (%) Br') 7.
and

_ (det(B7))*
||Cur1w||%2(T) _/T (det(B;lDGT()A()»
[Bf. Br|curly(%) B (DG (%) Brb) Tdx

S(DGr(%)By ') Br(curlio (%)) T

- (det(Bfl))g %)B:! curlg@(x) T
_/T (det(B7'DGr(X)))? (DG (x)By ") Br(curlyw(x))

[B} Brleurly(%) B (DG (%) Byt T dx.

Since cp, — 0 as h — 0, limp, o SUPpe7;, SUPge |DGr(%)B;* —I|| = 0.
By Lemma 3.9, lim, .o supper, supg.; |(det(B7' DGr(%)))? — 1| = 0.

Since (7p)p, is regular, there exists a constant o > 0 such that o1/0y < o for
any T € Tp, with 01 > 09 denoting the singular values of matrix Br. Then
IBE1 = 1Brll = oy and det(B;') = 07" - o3 So [|BF |- | Br|[*(det(Bz"))? =
01/03 < 0/o3 < /hp? for some constant ¢/ > 0.

Consequently, there exist §; > 0 and C' > 0 such that, for any h < §; and T € 7p,,

(det(B;1))? N o
/T (det(B;DTGT(i)))z (DGr(%)B;")Br(curlgd(%)) "

[Bf Brewrlxd (%) By (DGr(%) By ') ' dx

<Chz? /T | (curlg (%)) T (curlz (%)) d%.
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Again, it is easy to see that, if T' is a (regular) triangle for any T' € 7, and h > 0,
then the above inequality holds for any h > 0. This finishes the proof. O

Lemma 3.16. There exist 6 > 0 and C > 0 such that, for any h < d and T € Ty,

112, (i 2y < CUNZ2(ry + BT curlo| o)) Vw € HY(T;R?)

Bro(x)
det(BT)
then the above inequality holds for any h > 0.

Proof. We have,

where = w(x) for any x € T. If T is a triangle for any T € Ty, and h > 0,

+ [Jeurlg ||

= HQHQ LZ(T)ﬂ

112
Il H(curlg,T) L2(T)

and
613, = [ (et(Br) 0 By T By el
= /T det(Br) det(Br DG (%) w(x) " By " Brlw(x)dx.

By Lemma 3.9, limy o Supper, Supgeq | det(BpDGr(x)~!) — 1| = 0.

Since (73,)y, is regular, there exists a constant o > 0 such that o1/09 < o for
any T € T, where o1 > 09 are the singular values of matrix Br. Then |By | =
|Br'|| = 03" and det(Br) = o1 - 02. So, | Bz || - |By'|| det(Br) = o1/02 < 0.
Consequently, there exist §; > 0 and C; > 0 such that, for any h < §; and T € 7p,,

det(Br) det(Br DG (%) 1 w(x) "By " Brlw(x) < Clw(x)Tw(x)
for any w € HY(T;R?),x € T. We can conclude that, for any h < §; and T € Tp,,
101l L2y < Cillwll L2z, Yo € HY(T;R?).

At the same time,

curlg& (%) = det(Br) B,  curlzw(x)
=det(Br) By curlyw(x)(DGr (%))~ " det(DGr(%X))
=det(Br)By curlyw(x) By | (B DGr (%)™ ") det(DGr (%))
=det(Br)By curlyw(x) By | (DGr (%) *Br) " det(DGr(%)).

and
Jeurlel i, = | det(Br)? det(DGr (DG (%) Br) B (curlyo(x)
By ' Brlewrlww(x) By T (DGr(%) " Br) Tdx
- /T det(Br)? det(DGr (%)) (DGr(%) "' Br) By (curlxw(x))
By " Brteurlw(x) By T (DGr(%) " Br) Tdx
= | @et(Br)® det(B7 DG (%) (DG ()~ Br) B (curly(x))

By " Brleurlw(x) By T (DGr (%)~ Br) T dx.

According to Lemma 3.8, limy, o Suprer, Supgeq ||[DGr (%)™ By —I|| = 0.
By Lemma 3.9, limy .o suprer, Supger | det(B;'DGr (%)) — 1| = 0.
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Since (75,)p, is regular, det(Br)?|| By ||? - || B3t ||? < ahr, for some constant o > 0.
There exist thus 6o > 0 and Cy > 0 such that, for any h < ds and T' € 7Ty,

det(Br)? det(B;' DG7(%x))(DGr (%) ' Br) By (curlyw(x)) T
B;TB;lcurlxw(x)B;T(DGT(X) 1BT)de
<C2hZ || (curlyw(x)) Teurlw(x)|| Vw € HY(T;R?),x € T.
We conclude that, for any h < do and T € T,
[eurlx@| 125y < CgiLTchrleLz(T),Vw € HY(T;R?).

Again, it is easy to see that, if T is a triangle for any 7" € 7, and h > 0, then the
inequality above holds for any A > 0. This ends the proof. O

Lemma 3.17. Let T be a curved triangle. Let u(x) be defined on T and (%) be
defined on T and

u:ﬁOG;l or w=uoGr
where G is the element map. Then u(x) € L2(T) if and only if (&) € L*(T).

Proof. This is an immediate consequence of the fact that G is a C'-diffeomorphism.
O

4. FINITE ELEMENT SPACES

We begin by introducing the relevant finite element spaces on the reference tri-
angle. Then, for any curved triangle 7', we define the corresponding finite element
spaces on T by the pull back mappings associated with the inverse of Gp. Fi-
nally, we define the finite element spaces on a whole mesh 7, by ”gluing” the finite
element spaces on curved triangles.

4.1. Finite element spaces on the reference triangle. For any r € Z, :=
{n € Z : n > 0}, we introduce

(4.1)  P.(T) := {space of polynomials of order r on T},
PAYT) = PAX(T) = Po(T), P ANT) = [P(T)P,
PoAYT) := { € PoAY(T) : | = 0,Ve € Ay (T)},
Py ANT) = [Proa (D) + (81, 22) TPra (T),
PAT;R?) = PoA(T5 R?) = [P(T)]?,
P.AYT;R?) := {[ o o2 } S(o11,012) ", (091, 002) T € PTAl(T)}.

021 022

In [5, 14], spaces in (4.1) are defined in the language of exterior calculus. Here
we just rewrite them using the language of calculus. We refer to [5] and [14] for a
detailed correspondence before the exterior and classical calculus notations.

We denote by 7 a mapping from A(T) to Z4 such that if e, fe A(T) and é C f
then 7(¢) < 7(f). We introduce now formally the FE spaces of variable order.
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Definition 4.1.
PrA(T) i={i € Py A(T) : Ve € A(T), e € Prey ()},
PrA° (T) = PF(T)AQ (T) = PF(T) (T),
PrlhM(T) := {& € Prppy AN(T) : Ve € A1(T), & - 8o € Prey ()},
PANT) = {0 € PFT(T)Al(T) Ve € Ay(T), & hle € Prey_1(6)},

PfAO(T;RQ) = PFA2(T§ Rz) = [PF(T)]Qv

,P;Al(T; RZ) = {|: o1 012 :l . (0'1170'12)T, ((’)’21,0’22)T € PfAl(T)} .

021 022
Here n is the outward normal unit vector along or.
Remark 4.2. According to [5], for any é € A1 (T), we have
PrA(T)|e = Prey(€), PrAN(T)]e - 12 = Prey (€), Pr A (T)]e - 2 = Prey—1 ().

Lemma 4.3.

PrAN(T) € Pry  ANT) C Pyt ANT),

divg Pri1 A (T) € PrAX(T), curly Pry1 AX(T) € PrAYN(T).
Proof. The inclusions are a straightforward consequence of Definition 4.1. O

4.2. Finite element spaces on a curved triangle. Let T be a curved triangle

from Definition 3.1 with G denoting the corresponding C*-diffeomorphism from
T to T, x = Gr(x). We begin by introducing formally the mapping 7 from A(T)
to Z, specifying the local order of discretization.

Definition 4.4. We denote by 7 a mapping from A(T) to Z; such that if e, f €
A(T) and e C f then 7(e) < 7(f). With the same symbol 7 we denote the cor-
responding mapping from A(T) to Z, 7(f) := 7(f) for any f € A(T), where

f=Gr(f).
We define now the following FE spaces on T":
Definition 4.5.
PeA(T) = {u(x) : 4(x) € P=A°(T) where u(x) = @(x)},
1

PrAY(T) = {w(x) : &(X) € PrAY(T) where w(x) = mp@(ﬁ)@(x)},
PANT) = {w(x) : ©(%) € P7AY(T) where w(x) = det(DéT(i))DGT(k)dj(f{)},
PrA2(T) = {u(x) : 4(x) € PrA%(T) where u(x) = mﬂ(k)},

'P;AO(T; RQ) = {(ul,ug) UL, U € PfAO(T)}7
PiA%(T;R?) := {(u1,u2) : uy,up € P;A%(T)},

PFAI(T; Rz) = [ Z; g;z } : (6711,012)7—,(021»022)—r € PFAI(T)}-
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Remark 4.6. Since Gp : T'— T is a C"'-diffeomorphism with det(DGr(%X)) # 0, for
any X € T, the formulae in Definition 4.5 are well-defined. The mappings used in
the definition are the standard pull back mappings for differential forms A®, A1, A2,
see e.g. formulas (2.24), (2.26), (2.27) in [13].

Lemma 4.7. For any edge e € A\1(T), let {(s) be the local parameterization for e
discussed in Definition 3.3, i.e. the affine mapping from the reference interval onto
é € N (T). We have then,

PrA(T)|e = {u(x) where x € e : u(Gr(((s))) € Prey(€)},
PrAN(T) - . = {u(x) where x € e : u(G7(¢(5))|D(Gr 0 ¢)(s)]| € Prey(e)},
’PTAI(T) -l = {u(x) where x € e : u(Gr(¢(8)))|D(Gr o) (s)| € Prey—1(€)}-

In addition, the above equalities do not depend on the choice of the orientation of
the local parameterization ((s).

Proof. These are trivial observations on pull back mappings and their restrictions
to edges. (]

Lemma 4.8.
PN (T) C P AN(T) C Pra AN(T),
divPr AN (T) € PrA%(T), curtPrp A°(T) € PrAYN(T).
Proof. The embeddings are a straightforward consequence of Definition 4.5, Lemma 4.3,

and the commutativity of pull back mappings with exterior derivatives (curl, div).
O

4.3. Finite element spaces on a C°-compatible mesh. Let 7}, be a C°-compatible
mesh from Definition 3.3. We extend the 7 mapping to a global map defined on
A(Ty) with values in Z, such that if e C f, then 7(e) < 7(f).

Definition 4.9. We put Qy :=Upcr, T
CAY(Ty) := {u € H(Q,) : u is piece-wise smooth with respect to 75},
CAY(Tp,) := {w € H(div,y,) : w is piece-wise smooth with respect to 7},
CA*(Ty) := {u € L*(Q,) : u is piece-wise smooth with respect to 7, }.
We define

PiA°(T;,) := {u € OAN°(T},) : u|r € P-AY(T),VT € Ty},
PN (Tp,) = {w € CAN(Ty) : w|r € PAN(T), VT € Tp,},
PoANT) = {w € CANTy) : w|r € PZ ANT), VT € Tp,},
PiA*(T) == {u € CA*(T},) : ulr € P;A*(T),NT € Tp,},
PrA(T3; R?) := [PrAY(T3))?, PrA*(Th; R?) := [PrA%(Th)]?,

PFAl(l];L;RZ) = {{ o1 012 ] : (0’11,012)T7 (021,022)T S PfAl(ThaRQ)}-
021 022

Remark 4.10. According to Lemma 4.7 and the fact that 7;, is C°-compatible, we

can conclude that PzA%(7)|r = PrAY(T), P AY(Th)|r = P-ANT), P AN Th)|r =

P=ANT), PrA%(T)|r = PzA*(T), for any T € Tj,. For standard (not curved)
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triangulations 7y, spaces PrA%(7,), PrAY(Ty,), P; AY(Ty), PrA%(7},) coincide with
those analyzed in [19].

Lemma 4.11.
Pih (Th) C Pry AN(Th) C Pra A (Th),
divP;HAl(Th) C P;Az(ﬂ), curlP,:HAO(’Z}) - P;Al(’fh).

Proof. This is an immediate consequence of Lemma 4.8. (]

5. MIXED FORMULATION FOR ELASTICITY WITH WEAKLY IMPOSED SYMMETRY

We assume that there is rmax € N such that, for any h > 0 and f € A(73),

'F(f) S Tmax-
We recall the mixed formulation (1.8): Find (o, u,p) € H(div, ;M) x L?(; R?) x
L?(2) such that

(5.1) (Ao, 7) + (divr,u) — (S17,p) =0, 7 € H(div,Q;M),
(divo,v) = (f,v), ve L*(4R?),
<S107 q> = 07 qe L2(Q)
Here (-, -) is the standard L? inner product on 2. This problem is well-posed. See
[5] and [14] for the proof.
We consider now a finite element discretization of (5.1). For this, we choose
families of finite-dimensional subspaces
AR(M) C H(div, ; M), Az (R?) € L*(R?), A}, € L*(),
indexed by h, and seek a discrete solution (o, up,pn) € A} (M) x A7 (R?) x A? such
that
(5.2) (Aop, ) + (divr, up) — (S17,pn) =0, T € Aj (M),
(divap,v) = (f,v), v € A7 (R?),
<510h7q> =0, g€ Ai
The stability of (5.2) will be ensured by the Brezzi stability conditions:
(5.3) (S1) ||T||§{(div7Q;M) < c1(Ar,7) whenever 7 € A} (R?) satisfies (divr,v) =0
Vv € A2 (R?) and (S;7,q) = 0 Vg € A3,

(5.4) (S2) for all nonzero (v,q) € A7 (R?) x A3, there exists nonzero
7 € AR (R?) with (divr,v) — (S17,4) 2 &2 |17l gaiv.0mn) (1022 @m2) + llall 2(0)):

where constants ¢; and c¢o are independent of h.

For meshes of arbitrary but uniform order, conditions (5.3) and (5.4) have been
proved in [5] and [14]. In what follows, we will demonstrate that they are also
satisfied for (2D) meshes with elements of variable (but limited) order.

Before presenting our proof, we would like to comment shortly on difficulties
encountered in proving stability for generalizing AFW elements with variable order.
As we have shown in Section 3, it is rather straightforward to generalize AFW
elements to the variable order case. The following commuting diagrams are essential
in the stability proof from [6, 5, 14],
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(55)
HY(Q;R?) 4y 12 HY(Q; R?) v 2 HY(Q;R?) ELN
e weoom meoong -
— a1 div. 2 1 div 2 0 5y My ord — a1
PT+1A (Th) — PrA (Th) Pr+1A (Th) PrA (Th) ’PT+2A (Th,; R ) — PT+1A

When uniform order r is replaced by variable order 7, then the left and middle
diagrams do not commute if H,ll’_ and II} are natural generalizations of canonical
projection operators introduced in [6, 5, 14]. A counterexample is given in the
appendix of [19]. To our best knowledge, the only operators which make these two
diagrams commute for meshes with variable order, are projection based interpola-
tion operators introduced in [19]. But then we need to construct an operator II9
that would make the right diagram commute if H,ll’7 is the projection based interpo-
lation operator. In [19], we constructed such an operator Wy, which take the place
of IT9. But we were only able to prove its well-definedness for 0 < 7(7) < 3. In
the following sections we pursue a different strategy, defining new projection based
interpolation H,ll’_, I} operators, and a new operator W), so that we can make all
three diagrams commute.

6. PRELIMINARIES FOR THE PROOF OF STABILITY

We begin by recalling our assumptions on the domain and meshes: 2 is a (curvi-
linear) polygon and it is meshed with a family (73); of C°-compatible meshes of
class C2. For any mesh 75, mapping 7 : A(7;,) — Z defines a locally variable order
of discretization that satisfies the minimum rule, #(e) < 7#(f) for e C f, e, f € Arp.
The maximum order is limited, i.e. sup; suppcz, 7(1) < oo.

Definition 6.1. For any T € 7}, we define a linear operator IT3 . : L*(T) —
PzA?(T) by the relations

(61) [ (02 1)~ ux)dx0) dx =0 i€ Py ()
T
Above, X(x) signifies the inverse of the element map x = Gp(x).

Definition 6.2. Operator Hi . L2(T) — PA2%(T) will denote the L2-projection
in the reference space,

(6.2 [ (@ 50— () 5(x) d =0 Vi € Prcry (1)

Remark 6.3. Operator H%T is a weighted L2-projection in the physical space. For
a regular triangle (affine element map), the jacobian is constant, and H%T reduces
to the standard L2-projection in the physical space.

Lemma 6.4. For any T € Ty, and arbitrary u(x) € L3(T), we define a(X) by the
relation:

Sy ax)
ux(%) = G DEr @)
Then @(x) € L*(T), and
I (%)

) O i s
17 ru(x(x)) = det(DGr(x)))

H'(Q;R?)

(Tn)
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Above, x(X) signifies the element map x = Gr(X).
Proof. Proof follows immediately from Lemma 3.17 and the definitions of the two

projections. ([

Lemma 6.5. For any € > 0, there exists § > 0 such that, for any h < § and
T €Ty,
02 7w — Prrull 2 (ry < ellullp2(r), Yu € L*(T).

Here P is the standard L*-projection onto PrA*(T).

Proof. We put r = #(T). We assume {&(X),---,&(X);,} is a basis for PrA2(T).
Then

I pu(x(%)) = - m e DGT Zazfz

and

2 ~
PEru(x(%)) = o= DGT Zﬂz@

Coefficients (ay, -+ ,ay,) " and (B1,---,0;,) " are obtalned by solving the following
two linear systems,

Ay(ar, - ,oq)T =by and  Ax(B1,---,0,)" =bs

with
_ [ GEE))E (R(x))dx } 2 s
(Al)ij_ - det(DGT(A(x))) (bl)] / ( )57( ( ))
§i(%(x))§; (X(x))d _ &(x(x))dx
(A2)i; = / (det(DGr(%(x)))) - det DGT Tt (DGr(xe))) ")

for 1 <i,j < .. By pulling back to T we obtain, for any 1 <4,5 <l,,

(A1) = /T ()6 (R)dx (by); = det(Br) /T det(B7 ' DG (%)) u(x)E; (%(x) )%
(A2)ij = Tcm (bz); Z/TU(X(X))fj(i)dﬁ

Since det(Br) is a non-zero constant, (det(Br)A2)(B1,--+,6,.)" = det(Br)bs.
So we can redefine A, and by in the following way.

(2)i = [ s GG RId% (ba); = dec(Br) | ulx()6 (R)dx

T
According to Lemma 3.9, limy .o supper, |41 — Az|| = 0. And, for any € > 0,

lim sup [[b; — b g(sdet(BT))Q/ W2 (x(%))d%
OTE Th T

=¢? det(BT)/Tdet(BTDG’T(ﬁ(x))*l)uz(x)dx

§4€2 det(BT)HuH%z(T)
The last inequality holds when h is small enough. This implies that

lim sup [[by —bo|| < 2ev/det(Br)|jull L2
h—0 TeTh
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So, for any € > 0, there exists § > 0 such that, for any h < § and T € 7, we have

(s = Br, o, — A,)l| < 3e/det(Br) |[ull 2.
We have then

2 2 1 F2 (5 2
M g = Prerilen = | GparaaE S S ko) e — )

2>

! 25 (s — B:)2d%
/m ; (%) (a; — B;)°d

<ee?||ulZa e, / det(Br DG (% 252 (%)di

Here c is a positive constant which depends on [, only. By Lemma 3.9, there exists
M > 0 such that, for any h small enough and any T € 7p,,

/ det(Br DGy (% Z§2 (X)dx < M?
T

We can conclude that, for any € > 0, there exists 4 > 0 such that, for any h < ¢
and T € Ty,
HHT U — PfT’LLHLz <EH’LL||L2 VUELZ( )

Here P; 7 is the standard LQ—prOJectlon onto P;.A2( ). O
6.1. Projection Based Interpolation onto Py, 1A (7).

Definition 6.6. For any T' € 7j,, we define a linear operator I}, | - : H'(T;R?) —
Pr41AY(T) by the relations

(6.3) /lev(l_LJrl sw —w)(X)h(X(x))dx =0 Vi € Pr1y (T)/R

(6.4) / (I}, pw(x) — w(x)) T DGr(%) ™ curlgp(%(x))dx = 0 Vp € Prery12(T)

(6.5)

/[O 1][(111~-+1,Tw—w)(Xe(S))'n(Xe(S))]fI(S)||X'e($)||d$ =0 Vi) € Pre)+1([0, 1])Ve € £,(T)
Here x = Gp(X) for any % € T, x.(s) : [0,1] — e is the parameterization of e, and

n is a unit normal vector along e (the choice of its direction does not matter).

Definition 6.7. (Projection Based Interpolation operator onto Prp1AYT)) We
define a linear operator IT! . H(T) — P41 AY(T) by the relations

1,71
(6.6) /T Qivi(ILL, ;& — D)k =0 ¥ € Py (1)/R
(6.7) / (I, | 0 — @) - curlg@dk = 0V € Py o(T)
T :

(6.8) /(H;+1,Tw @) -0idd =0 Vi) € Preyra(€) Ve € Lq(T)
€
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1
Remark 6.8. The operator HMLT

onto Pry1AY(T) defined in [19]. The operator H%H,T is defined by the pull back
mapping from T to T.

is the Projection Based Interpolation operator

Lemma 6.9. For any T € Tp,, any w € [H(T)]?, we define & by the relation

oy DGr(x)
w(x(x)) - det(DGT()AC))W(x)
Then &(x) € H(T), and

H%H,T‘U(X(f{)) = mﬂiﬂjw(x)

Proof. Obviously, ©(X) = det(DGr(%))(DGr (%)) 'w(Gr(x)). Using Lemma 3.12,
we can conclude that & (%) € H(T).

By pulling back to T’ and using the definition of Pr A (T), we can see that (6.4)
is the same as (6.7), and (6.3) is the same as (6.6). Thus, we only need to show
that (6.5) is the same as (6.8). Since 7}, is C°-compatible, then G ({(s)) = x.(s)
for any s € [0,1] where ¢ : [0,1] — ¢é is an affine local parameterization of é.

We have then

- /[o : [w(Gr(¢(s)) - n(Gr(C(s)NA(s) | DG (C(5))E(s) || ds

:/ [DGT(C(S))@(g(S)). (DG (¢(
o, L det(DGr(C(s)))  [[(DGr(¢(

] ()| DG (C()C (5)]ds

B oes) a(C(s " -
/[0,1] [dethT(c(s)» ||<DGT<<<s>>>—Tﬁ<<<s>>||} M) IDGr ()=l

Notice that ((s) = ct where { is a unit tangent vector along é, and ¢ is a nonzero

constant, n(((s)) = (ta, —t1) ", and (DG7(¢(s)))~ " with

B A
~ det(DG7(¢(s)))

A { (DGr)2a(C(s))  —(DGr)a1(C(s)) ]
—(DGrha(C(s))  (DGT)ia(¢(s))

Therefore, we have

o¢ls) n(¢(s)) A(s $))¢(s)||ds
fin R e R Terer e e KOLE GBI

—c / [B(C(s)) - AC(s)] A(s)ds
[0,1]

We conclude that (6.5) is equivalent with (6.8). This finishes the proof. O

Lemma 6.10. For any T € Ty, and any w € [HY(T)]?, we have 113 pdivw =
dinll} | rw.

Proof. By Lemma 3.12, we have &(x) € H(T), and

1
—dived (%)

divo(x(%)) = 3 Ber@)
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for x € T almost everywhere, provided we define w(x) on T by

DGr(x)

W) = Gt (DGr )

@(x)
for any x € 7.

Using Definition 6.1, Definition 6.2, Lemma 6.4, Lemma 6.9, and Lemma 10 in
[19], it is easy to see that

1 1
l—[% . A~ _ A ~
7 rdivw(x(X)) det(DG7 (%)) lewa( X) = det(DGr(% ))dwx r+1,Tw(X)
. . . DGr(x) o .
I} = 71_[1 ———divgIl!
div 7+1,TW(X(X)) div det(DGT( )) 741, Tw( ) det(DGT( ))dlv 741, it (X)
We have thus 12 pdivw = divII}, pw. O

Lemma 6.11. There exists § > 0 and C > 0 such that, for any h < §, we have
10} pwlz2¢ry < Clwllgr(ry VT € Th,w € H(T;R?)
For affine meshes, the inequality above holds for any h > 0.

Proof. According to Lemma 3.13 and Lemma 3.14, there exist § > 0 and C; > 0
such that, for any h < § and T € Ty,

”H TWHL2 y < ClHH;,TAQJHLz(T) Yw € LQ(T; RQ)

ol @ive.ry + 10172 o7 < Cullwllmery Vo € HY(T;R?)

By Lemma 6.9, & € H'(T;R?) for any w € H'(T;R?).
The definition of operator Il ; implies that there exists a constant C; > 0 such
that '

[ G 60) T 68005 < Call1 gy, 3y + 101 V1R € [ (D

It is easy to see that for affine meshes the above inequality holds for any A > 0.
This finishes the proof. (I

6.2. Modified Projection Based Interpolation onto P;;lAl(T) and modi-
fied operator W onto P,;,A°(T). In order to prove the stability of the mixed
FE method, we need to make the left and right diagrams in (5.5) commute. In [19],
the definition of Projection Based (PB) interpolation operator onto P-. +1Al(T) was
very similar to P41 A(T). From the proof of Lemma 10 in [19], we can see that
only conditions (6.6) and (6.8) are used to prove the commutativity of the middle
diagram in (5.5). This implies that we may be able to change condition (6.7) for
the PB interpolation operator onto P _HAI(T) in such a way that we can design
a new operator Wj, which makes the right diagram in (5.5) commute, and can be
proved to be well-defined, for an arbitrary order of discretization.

Definition 6.12. Let 7 : A(T) — Z4 be a mapping that prescribes the local
order of discretization and satisfies the minimum rule, ie. ifé, f e A(T Jand é C f
then 7(¢) < 7#(f). We put kx = dim curlg 71 T)+1(T)' Let {f71(X), -+ ,fr 1. (%)} be
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a basis of curlg 77~ (F)+1 (T) Let {g71(X),- - ,8r k- (X)} be a linearly independent
subset of P77 (T R?) such that

span{gz1(X), -, &k (X)} ® gradg Py 4 (T ) = [Pty (D)
For ¢ € [0,1], we define hy ;(X,t) = (1 — t)fs 1 (X) + t871(X), 1 <i < kj.
Remark 6.13. It is easy to check that kz = dim PF(T)—l(T; R?)—dim gradﬁpf(f)(TA).

Definition 6.14. (One-parameter family of PB interpolation operators onto Pr  A'(T))
Fort € [0,1], and for any T' € T}, we define a linear operator H~+1 re s H(T;R?) —
P AY(T) by the relations

09 [ @ g = w)(0B0) dx =0 Vi € Prn(T)/R

(6.10) / (I, (%) — w(x)) T DG (%(x)) Thy(%(x), )dx =0 1< < ks

(6.11)

/[0 T o)) e (DA 5) s = 0 i € P (0,11 e € 8 (T)
In the above, X = %(x) signifies the inverse of the element map.

Definition 6.15. (One-parameter family of PB interpolation operators onto P, A! (1))

For any ¢ € [0,1], we define a linear operator H : H(T) — P;HAl(T) b

F1,T ¢
the relations
(6.12) / dwx(nl+1 e O)X)(X)dx =0 Vi € Py (T)/R
L= oy AN TR (< 5 . N
(6.13) /:ﬁ(HF+1)T’tw(x) —w(x)) hi(x,t)dx=0 1<i<k;
(6.14) /e[(Hi;Ttd; —@)-njnds =0 Vi€ Prey(é),Ve € A (T )

Definition 6.16. In the sequel, the phrase “for almost all” (parameters) will mean
“for all except for a finite number” (of parameters). For example, a sequence x,, in
a topological space converges to x if, for every neighborhood of x, almost all values
of x,, belong to the neighborhood.

Lemma 6.17. +1 o H(T) — P Al (T) is a well-defined linear operator for
almost all t € [0,1]. Moreover,
o rrl— a2 o
dwaMLT’tw = HF,T divgw

for any & € H(T).

Proof. The linearity of the operator is obvious, for any ¢ € R. The point is to show

that the operator is well-defined. For ¢ = 0, the operator It 7+1 7.0 reduces to the

PB interpolation defined in [19] and, according to Lemma 9 and Lemma 20 from
[19], is well-defined. Moreover,

o [ divg@(X)1h(X)di 1 ds is a continuous functional of &, for any ) € Pr (1) (T)/R,
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° fT (%X, t)dZ1dio is a continues functional of @, for any 1 < i < ks
and any t E R, and
e [.[& - n]jds is a continues functional of &, for any 7 € Pr(e)(€), and any

e e Ay (D).
Therefore, in order to demonstrate that Hl’_1 Y is well-defined, it is sufficient to
show that © = 0 if © € P, AY(T [') and IT% e w=0.
We take an arbitrary & € P;,A'(T) such that HJ e = 0. According

to the definition of P, A'(T [') and (6.14), we know that & € 75;+1A1(T). Set
r = #(T). We denote by C(t,r) the matrix associated with conditions (6.12) and
(6.13), corresponding to a particular basis for P, ; A'(T') (the solution space), and

a particular basis for Pyp (T)/R. We argue that matrix C(t,) is non-singular
for almost all t € [0,1]. Notice that, for any r, det(C(¢,r)) is a polynomial in

t. Since II' 7+1 .0 is well-defined, det(C'(0,7)) # 0. So det(C(t,7)) is a non-zero

polynomial. By the fundamental theorem of algebra the polynomial has a finite

number of real roots. We can conclude thus that II' g H(T) — P{HAl(T)

is well-defined for any t € [0, 1] except for the roots of det(C’(t, r)). The number of
roots is independent of the choice of the bases and depends only upon r = f(T)

= A2(T - 3 2 L— o=
Since dlva 1, Ttw € PrA*(T), for any @ € H(T), then I .divgIL? r =

eI o=
+ LT w. In order to show that divgIl AL t HF’leva, it is sufficient to

show that H dlvxw = 0, for any @ such that H_+1 ts w = 0. We have

divgIl

[ divﬁmﬁdﬁ = / div@ (R + ¢)dk = / divg@ydx + c / & - hds = 0.
T T T

aT
Here II' ’+1Tt = 0, z/A) € P*(T)( [, ¢ = fT z/A)dfc The last equality holds due
to the definition of IT%~ and the fact that 1>~ . & = 0. We have thus
1,1t 1,1t
1,— _ N 1. 2
divg Il 1, Tt = HF’levxw for any & € H'(T;R?). O

Theorem 6.18. Lett € [0, 1] be any value for which I ’+1 it is well-defined. Then

the operator Hf’_H’T’t : HY(T;R?) — Pz AY(T) is well-defined as well, and we
have the following result.
There exist § > 0 and C > 0 such that, for h < §, T € Tp,, and w € H'(T;R?),
the corresponding function @ defined by
. DGp(x) .
w(x(x)) - det(DGT()A())w(x)

belongs to H(T), and

I, () = i IS | (R)
Additionally,
clwl'L+1 W= H%Tdivw
and

||HF+1 TtWHL2 < C”WHHl(T)
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Proof. The proof is analogous to that of Lemma 6.9, Lemma 6.10, and Lemma 6.11.
O

Definition 6.19. For any T € 75, we define a linear operator Cp, : [H(T)]? —
ProA%(T; R?) by the following relations
(6.15) / dive O 0(X) ) (X)dx = / divs@(R)p(R)d& Vi € Prp (T)/R

T T

(6.16) /T (Crao(%)) (%, £)d5k = /T (@) Thi(%, )dx 1< i< ks

(6.17) /[O . [(Cr,1@)(C(s)) - a(C(s))]A(s)ds = /[0 : [(@)(¢(5)) - n(¢(s))]A(s)ds

(6.18) / [(Ca@)(¢(5)) - £(¢(s)))ii(s)ds = / [(@)(C(s)) - £(C(s))]i(s)ds
[0,1] [0,1]
Vi € Prey([0,1]), Ve € Aq(T)

(6.19) Crs& =0 at all vertices of T

Here ((s) : [0,1] — € is the affine local parameterization of é.

Lemma 6.20. Operator Cr,; : H'(T;R?) — PjoA%(T;R?) is well-defined for
almost all t € [0, 1].

Proof. Take an arbitrary ¢ € [0,1]. Since & € H'(T;R?), then all right hand
sides of (6.15),(6.16),(6.17), (6.18) are continuous functionals with respect to @.
In order to show the well-definedness of Cr,, it is sufficient to show that & = 0
if w e 777:+2A0(T;]1:R2)7 & = 0 at all vertices of 7', and Crw = 0. According to
conditions (6.17) and (6.18), & € Pr42A%(T; R2). Define now Crp, : HY(T;R%) —
Pry2A%(T;R?) by the relations

(6.20) / dive Cp & (X)h(X)dx = /

T T

dive@(R)P(R)d&  Vih(X) € Py (T)/R
(6.21) /(éT,ta(x))Tﬁi(x, t)dx = /(Q(k))Tﬁi(ﬁ7t)dX 1<i<ks

T T
It is sufficient to show that operator Cpy : H(T;R2) — PryoA0(T;R2) is well-
defined.

Obviously, the right-hand side of conditions (6.20) and (6.21) are continuous
functionals with respect to ©. Set r = 7(T) and denote by C(¢,7) the matrix
associated with the left-hand side of conditions (6.20) and (6.21) corresponding to
some basis of ’P,?HAO(T; R?) (tohe solution space), and some basis of Py (T)/R.
We need to show that the det(C(¢,r)) # 0 for almost all ¢ € [0, 1].

Since @ vanishes on the boundary, we can integrate by parts (6.20) without
getting any boundary terms. So (6.20) is the same as
(6.22)

[ (Cra@)60)T - gradsdiix = [

7 .

| @3)7 -gradg P(R)d& Vi € Py (T)/R,
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Notice that Py oA°(T;R?) = R(x NPr ) _,(1)]? where ¥ is a third order poly-

nomial vanishing along boundary 97" and p051tlve in the interior of 7' (a “bubble”).
And notice that

{h71(%,1), - ,hs . (%k,1)} @ gradg 73~(T)( )/R
={gr1(X), -+, 8r k(X)) © grads Py (1) = [Py, (T))*.

Consequently, det(C(1,7)) # 0. Since det(C(t,r)) is a polynomial in ¢, by the
fundamental theorem of algebra argument again, det(C(1,r)) vanishes at a finite
number of roots only.

We can conclude thus that operator Cr; : Hl(T; R?) — 73;+2A°(T; R?) is well-
defined for almost all ¢ € [0,1]. Notice that the number of roots is independent of
the choice of the bases, and depends upon 7(T") only. O

Definition 6.21. For any 7' € 75, we define a linear operator Wr, : H'(T; R?) —
Pr2A%(T;R?) by the following relations

(6.23) /T div(Wr o — ) (x)D(E))dx = 0 Vi € Prry (T)/R

(6.24) /T(WT,tw(x) w(x)) DG (%(x))” Thy(](x),8)dx =0 1<i<ks

(6.27) Wrw = 0 at all vertices of T

Here n, t denote the normal and tangent unit vectors along 07

Theorem 6.22. For any t € [0,1] such that Cry : H'(T;R?) — PjyoA%(T; R?)
is well-defined, there exist § > 0 and C' > 0 such that, for any h < 9§, T € Ty,
operator W : HY(T; R?) — Pj 1oAY (T;R?) is well-defined as well and,

||Cu7”lVVT)thL2(T) < C(il;l||w||L2(T) + Hw”Hl(T)) Yw € Hl(T; R2>
For affine meshes, W is well-defined and the above inequality holds for any h > 0.

Proof. For any h > 0 and any T € 7, we define a linear isomorphism A7 from
. . . Bro(x)
HY(T;R?) to H'(T;R?) by (A = — .

( ) ) o ( ’ ) Yy ( Tw)(x(x)) det(BT)
linear isomorphism from Pz, oA (T;R?) to Pri2A%(T;R?).

We define an operator Er; : H (T;R?) — Py oA (T;R?) by Wi (Ard) =
Ar(Er ). Obv1ously, Wy is well-defined if and only if Er; is well-defined. We
denote by {&,---,&.} a particular basis of PryoA°(T; R2).

According to Lemma 3.15 and Lemma 3.16, it is sufficient to show that there
exist 6 > 0 and C7 > 0 such that, for any h < § and T' € 7, B is well-defined,
and [|(z1,- -+, 21;) | < C1l|@[[ g1 () for any @. Here Zij:l 2k&e = Er 0.

It is easy to see that A is a
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According to the definition of Wr;, Er+ can be defined by relations
(6.28) /T div(Ar Er & — Ar@)(x)h(x(x))dx = 0 Yab € Prery(T)/R

(6.29)
L (ArEr, o) (x) — (A7) (x)) T DG (%(x))” Thi(%(x),)dx =0 1<i < ks

(6.30)

o 1][(ATET,t@J—AT@J)(Xe(S))-n(Xe(S))]ﬁ(é»’)||X'e($)||ds =0 Vi € Pre([0,1]), Ve € £,(T)

(6.31)
/[0 1][(z‘lTET,t@J*@)(Xe(S))-t(Xe(S))]ﬁ(S)IIX'e(S)Hds =0 Vi) € Pre)([0,1]), Ve € Ay(T)

(6.32) Er& =0 at all vertices of 7'
Denote:

= Br,J =det(Br), | . =FE P N =W, U j = 7 Wij = -
[ ba1  bao T’ et(Br) Ug T | iy o Uiy 0% Wi 0z

By pulling back to T, E7: can be defined by relations
(6.33)

/ Jﬁl[(bu(DGT)w — b21(DGr)12)t1,1 + (bi2(DG7)22 — baa(DGr)12) 2,1
T

+ (b21(DGr)11 — b11(DGr)21)t1,2 + (bao(DG1)11 — b12(DG1)21 )iz 2] (X)dX

=/ JH(b11(DGr)22 — ba1 (DGT)12)1011 + (b12(DGT)22 — baz(DGT)12)ta 1

T
+ (ba1 (DGT)11 — b11 (DG )21 )i g + (baa(DGr) 11 — bia(DGr)ar )t o]t (X)dX,
V’L/AJ S 'P;(T) (T)/R
(6.34) / (Er,0(%))" By DGr(%)™ "hy(%,t) det(B ' DGr(%))d%
T

:[(w(k))TB;DGT(fc)*TBi(k,t) det(B-'DGr(%))dx 1 <i< ks
T

(6.35) /[O ; [BrEr,:&(C(s)) - (DG7(((s))) ™ Ta(¢(s)))ii(s) det(By ' DG (((s))ds
= /[O ; [Bra(¢(s)) - (DGr(¢(s)) ™ Ta(¢(s))]A(s) det (B DG (((s))ds

(6.36) Vi) € Pre)([0,1]), Ve € A(T)

(6.37)

/[0 [BrEEB(Ce) - (DG C))Eie) deB7 s

- /[0 ; [Bra(¢(s)) - (DGr(¢(s))C(s)]ii(s) det(Brt)ds Vi € Prey([0,1]), Ve € Aq(T)
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(6.38) Erp:& =0 at all vertices of T
Notice that vector ( (s) is constant tangent vector along each edge of T. Set

_aTRTR./ -1 _ det(Br)[[¢(s)]
a=1n0'B;yBr((s)det(B;"), b= () Bl Brl(s)

Obviously, b # 0.
Perform now the operation: b x (6.37) — a x (6.35). We have,

(6.39) /[ Er (o) Fr(oito)ds = / B(C(s)) - Fr(s)]A(s)ds

[0,1]
vn e 77;.(6)([0, 1]),Ve € A (T)
where
Fr(s) = det (BB (DG (¢(s)) (9
(B DGr(C) PG €))7 B Brdtam] S

Then the definition of operator Er; can be rewritten by using conditions (6.33),(6.34),
(6.35), (6.39), and (6.38).

Using the fact that ﬁJ.é(s), Lemmas 3.7,3.8,3.9, and the assumption that (7).
is regular, we obtain

lim sup sup sup ||Fr(s)- C(S) —1|| = lim sup sup sup ||[Fr(s)-n| =0
h=0TeT;, ceni(T) s€[0,1] 1)l h=0TeT), cenny(T) s€[0.1]
Consequently,

lim sup sup sup ||Fr(s)—t||=0

h=0TeT;, ec i (T) s€[0,1]
We denote now by E(T,t,7) the matrix corresponding to the left-hand side of
conditions (6.33),(6.34),(6.35), (6.39),(6.38), a particular basis of Py oA°(T;R?)
(the solution space), some basis of Py (T)/R, and some basis of Pre)([0,1]) for
each e € Ay(T). We denote by {&1,---,&.} a basis for ProA°(T;R?). Finally,
we denote by C(T,t,7) the matrix corresponding to the left-hand side of conditions
(6.15), (6.16),(6.17), and (6.18), and the same bases as above.

Using the fact that

lim sup sup sup ||Fr(s)—t||=0
h—0 TeTh ee N1 (T) s€[0,1]

and Lemmas 3.7,3.8, 3.9, we conclude that, for any ¢ € [0, 1],

lim sup |E(T,t,7) — C(T,t,7)|| =0

h—071ecT;,
Then, for any given t € [0,1], and any given 7 with non-singular C(T,¢,7), the
matrix E(T,t,7) is non-singular for any T € 7, when h > 0 small enough. Notice
that the right-hand sides of conditions (6.33), (6.34),(6.35),(6.39), and (6.38) are
continuous linear functionals of @ € H 1(T; R?). We can conclude thus that the
operator Wr; is well-defined for any 7" € 7}, with small enough h.

Since for any t € [0,1], lim, o suppeg, [|E(T,t,7) — C(T,t,7)|| = 0, and the

matrix C(T,t,7) depends only on ¢,7, we can conclude that there exists C; > 0
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such that when h > 0 small enough, then ||(z1,--- ,2)
T € Tp,. Here Y0 &) = Er .
Finally, it is easy to see that the operator Wr; will be well-defined and the

inequality in the statement of this theorem holds for any A > 0 for affine meshes.
This finishes the proof. O

| < Cil|@]l g1 7y for any

6.3. Projection operators on the whole mesh. According to Lemma 6.17,
Theorem 6.18, Lemma 6.20, and Theorem 6.22, there exist 6 > 0 and {¢1,ta, -} C

Z such that, for any h < § and T € 7Ty, H};’J:LT’MT) and WT taery L€ well-defined
by

. 1,—
linear operators. From now on, we rename II. T

o) by 11 r+1 7, and W
Wr.

(T)

Definition 6.23. We define the following global interpolation operators,
I 7, : LX(Q) — PrA*(Tn), (I 7,u)lr = 112 7 (ulr)

2 7« L(R?) — PrAX (T3 R?),  (II2 7, (ur,u2) )|r = (02 1 (us |7), T2 g (uz| 7)) T

I g s HUQRY) — PLANT), (L @)l = 15 p(wlr)

Tl Ti2
H~+1 7, H (M) — Prp AN (Ty; R?), (H~+1Th o)lr = [ o1 Tag ]

where
T11 1 011\T T21 1 021|T 011 012
= H.. = H.. =
[ T12 } 1T { o2l ] ’ [ T2 } LT { o22|T ] 7 [ 021 022 }
Wz, : H' (4 R?) — ProA%(Th;R?),  (Wrw)lr = Wr(wlr)
for all T € Ty,

Remark 6.24. Since (73)p, is C°-compatible, operators H.+1 T H}’+1,Th and Wy,
are well-defined.

Theorem 6.25. For any ¢ > 0, there exists 6 > 0 such that, for any h <9,
T2 7w = Prgull 2o < ellullze) Vo€ L2(Q)
Here Pr 7, is the standard L*-projection onto PrA*(Ty,).
Proof. This is an immediate result of Lemma 6.5. O
Theorem 6.26. There exist 6 > 0 and C > 0 such that, for any h < 6§, we have
17,002 < Cllollm@), 155 7,@ll2@) < Clwllm @),

for any o € HY(Q; M) and w € HY(;R?). For affine meshes, the inequalities above
hold for any h > 0. Moreover,

dwl_L_H 17,0 = %Th divo, deF_~_1 W= H%Th divw
Proof. This is an immediate result of Lemma 6.11 and Theorem 6.18. O

Definition 6.27. Let R}, denote the generalized Clement interpolant operator from
Theorem 5.1 in [7], mapping H!(£2;R?) into P;A%(7,;R?). We define

Wh = Wh(I — Rh) + Ry,
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Theorem 6.28. There exist § > 0 and C > 0 such that, for any h < 6,
|curlWyw| 120y < Cllwllmiy VYw € HY(R?)
For affine meshes, the inequality holds for any h > 0. Operator W, maps H* (Q;R?)
into Py 1oA(T;R?) and satisfies the condition
Opn =100 7 Wiw Vwe HY (O R?)

Proof. We utilize Example 2 from [7] with uniform order equal 1 to construct
operator Ry. Since (73,)5 is C%-compatible, and ¢;, — 0 as h — 0, operator Ry,
maps H1(Q;R?) into P1A%(T;R?) C Pr2A%(T;R?). According to Theorem 5.1

from [7], there exists a constant ¢ > 0 such that, for sufficiently small &, and any
T €Ty,

(6.40) |lw — Rawl|2(r) + hrllw — Rawlmi(ry < chrllwllm ey Yo € H(Q;R?)
where K stands for the patch of elements adjacent to T', K1 = UT/GTh,,T’ﬁT;é(]J T.
As (Tp)p, is regular, supy, suppeg, #{1" € 7, : T' C K7} < oo. For sufficiently
small h, we have
[ewrlWhwl| 20y <[lcurlWi, (I — Rp)w|r2(0) + |lcurlRywl|12(q)
<c(hp' (I = Ru)wll 2 (@) + (1 = Ru)wl (o) + leurl Ryw|| 12(0))
SCHWHHl(Q) Yw € Hl(Q; RQ)
The third inequality above holds by Theorem 6.22 and the fourth one by (6.40).
According to the definition of H;’J:LTh, and the definition of W, H;:LThw =
H}:’J:LTh Whw, for any w € H'(Q;R?). Notice that (I — Rp)w € P1A(T;) € HY(Q).
This implies
Upo 7 (= Wi)w =T - (I = Wi)(I — Ry)w =0

So H;:l W = H;’;l Thth. For affine meshes, Rj; reduces to the standard
Clement operator. It is easy to see then that the discussed inequality holds for
any h > 0. (I

7. STABILITY OF THE FINITE ELEMENT DISCRETIZATION
We need the following well-known result from partial differential equations, see
e.g. [16].
Lemma 7.1. Let Q be a bounded domain in R? with a Lipschitz boundary. Then,
for all € L*(R), there exists n € H'(Q;R?) satisfying divn = p. If, in addition,
Jo 1 =0, then we can choose n € H'(Q).

The main result of this paper is Theorem 7.3 below. Its proof follows the lines
of Theorem 9.1 from [14], Theorem 7.1 from [6] and Theorem 11.4 from [5]. The
main difference is the use of operator Wj, in place of the operator I}~ 2 in [14].

Lemma 7.2. There exist 6 > 0 and ¢ > 0 such that, for any h < § and any
(w, 1) € PzA%(T3,) x P-A%(T1,;R?), there exists 0 € Pri 1A (Tp,;R?) such that

divo = p, fnijhsla =w
and
loll e (aie) < clllpllzz@) + lwllz2@))
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Here, the constant c depends on supy, suprcr, 7(T). For affine meshes, the inequal-
ity above holds for any h > 0.

Proof. (1) By Lemma 7.1, we can find € H*(Q; M) with divyy = g and |9 g1 (o) <
cllullizzo)- R
(2) Since w + H§7,L51H71~,+17h77 € L*(Q), we can apply Lemma 7.1 again to find

7 € HY(Q;R?) with divr = w + H%hSll:[%_H’hn such that

171l () < c(lwllpz) + (T2 4 S0 i)

(3) Define ¢ = curlW,7 + 1:[71:+1,hn € Prr1AY(7h;R?).  According to Theo-
rem 6.28, W, is well-defined, for sufficiently small h. o € Pri1 AN (T R?) by
Lemma 4.11. o R

(4) From Step (3), Theorem 6.26, Step (1), and the fact that IIZ , 112 , = 117,
we obtain

dive = divﬁ%+1’hn = f[%hdivn = ﬁ%h,u = pu.

(5) Notice that divw = —Sjcurlw, for any w € H'(Q;R?). Here operator S is
defined in (1.10). Then T2, divII; ], jw = —II2 , Srcurlw, for any w € H' (3 R?).

(6) Also from Step (3), —H72;7h510' = —H%hSlcurIWhT — H%,h81H}:+17hn. Apply-
ing, in order, Step (5), Theorem 6.28, Theorem 6.26, Step (2), and the fact that
I1Z 112 ;, = I1Z ;,, we have

—112 , SyeurlWi,r = 102, divITy, Wi = 102, divITyy, 7 = 102, divr
= H%h(w + H%,hslﬁ}’+l,hn) =w+ H%,h‘slﬁ}"-&-l,hn-

Combining, we have —H%hSlU =w.

(7) Finally, we prove the norm bound. From Theorem 6.25, the boundedness of
S in L2, Theorem 6.26, and Step (1), for sufficiently small h, we obtain

T2, SuTTE s 2 () < ell ST wnll 2 o) < el pnllze o)
< clnll gy < dllpllzz@)-
Combining the result with the bound in Step (2), we get ||7 g1 (o) < c(llwllz2(0) +
|1l 2 (o)) Theorem 6.28 then yields
lewrlWyr || 20y < ellTllm @) < elllwllz@) + el L2 @)

for sufficiently small h. From Theorem 6.26 and the bound in Step (1),

1l 2(0) < ellnll i) < ellullzzo)
for small enough h. In view of the definition of o, these two last bounds imply that
lollzzo) < cllwllz2) + lull2(e)), while |[dive |12y = |1l L20) by Step (4). It is
easy to see that, for affine meshes, all the discussed steps hold for any h > 0. This
finishes the proof. O

Theorem 7.3. There exist 6 > 0 and ¢ > 0 such that, for solution (c,u,p) of elas-
ticity system (1.8), and corresponding solution (o, un,pr) of discrete system (5.1),
we have
llo = onllm(aie) + lu = unllr2@) + [P — PrllL2@)
<cinf[||o — [l g(ai,0) + lu = vl[L2) + P — dllr2 )],
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where the infimum is taken over all 7 € Pry1A (T, R?),v € P-A%(7;,,R?), and
q € PzA?(Ty,), for h < §. For affine meshes, the inequality holds for any h > 0.

Proof. We need to show that conditions (5.3) and (5.4) are satisfied asymptotically
in k. Condition (5.3) follows from the fact that, by construction, divPz, 1A' (75, R?) C
PrA?(T;,;R?), and the fact that A is coercive.

We turn now to condition (5.4). According to Lemma 7.2, there exist 6 > 0
and ¢ > 0 such that, for h < ¢ and (w,u) € PrA%(T,) x PrA%(Th;R?), there
exists 0 € Pry1A(Tp; R?) such that dive = p, =112 7 S10 = w, and ||o]| g(aiv,0) <
cllellzz) + [lwllz2(a)). We have then

<diVU7 M> - <Slg7w> :<diVO', /1’> - <H%,Th5107 w> + <(H%,Th - P’f‘yTh)SIO—> w>

>cllol| g aiv.0) (el @) + lwllz2 @) + ((Hg,n — Pr1,)S10,w).
According to Theorem 6.25, for sufficiently small h,

c
(7, = Prz)Sio,w)] < Slollz@llwlli@
So, asymptotically in A, we have
. c
(divo, p) — (S1o,w) > §||0||H(diV,Q)(||MHL2(Q) +llwllz2))-

For affine meshes, H%Th reduces to the standard L2-projection. The inequality
above holds then for any h > 0. This finishes the proof. O

8. NUMERICAL EXPERIMENTS

We continue numerical experiments initiated in [19] where we investigated rates
of convergence for uniform h-refinements in presence of non-uniform polynomial
order p, and tried out p-adaptivity (with no underlying theory at presence). The ex-
periments confirmed the optimal h-convergence rates and indicated the p-convergence
as well.

Following [19], we consider the L-shape domain, and use a manufactured solution
corresponding to the exact solution of the homogeneous equilibrium equations (zero
volume forces), and the corresponding unbounded L-shape domain extending to
infinity. The manufactured solution is designed in such a way that both p and all
stress components have the same singularity at the origin characterized by term
r~0-39596 where r is the distance to the origin.

Experiments presented below focus on h-adaptivity for meshes with uniform
order p, and the ultimate goal of this research - the hp-adaptivity. We investigate
both affine and curvilinear meshes. We use the standard “greedy algorithm” for
h-refinements, and the two-grid hp-algorithm for hp-refinements, see [12] for details.
The hp-algorithm is based on the standard Projection Based (PB) interpolation.
All convergence plots are displayed on log-log scale, error vs. number of degrees-
of-freedom (d.o.f.). The error is always measured in terms of percent of the total
norm of the solution.

Uniform h-refinements on affine meshes. We begin with a verification of sta-
bility on uniform meshes. Fig. 2 presents the L-shape domain with an initial mesh
of six elements. Fig. 3 displays the actual approximation error compared with the
best approximation error for a sequence of uniformly refined meshes of zero order?.

3We always refer to the order of approximation for the displacement.
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u;=u,=0

FiGURE 2. The L shape domain with initial mesh.

As expected, the two curves are parallel to each other. We repeat now the same

—6— best approximation error
—+— uniform h-order 0

10

error
=
3

10
number of d.o.f

F1GURE 3. Uniform h-refinements for p = 0. FE error vs. best
approximation error.

experiment starting with an initial mesh of elements with order varying from zero
to four, shown in Fig. 4. The corresponding FE error is compared again with the

a (4

FI1GURE 4. The L shape domain with initial mesh.

best approximation error in Fig. 5. The two lines are again parallel to each other
with the slope determined by the lowest order elements in the mesh (same as in the
first example).
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—o— best approximation error
—+— uniform h-variable ordel

.
10 10* 10

number of d.o.f

FIGURE 5. Uniform h-refinements for a mesh of variable order. FE
error vs. best approximation error.

Adaptive h- and hp-refinements on affine meshes. We continue now the
numerical verification of stability for non-uniform meshes resulting from h- and
hp-refinements. Unfortunately, we face a slight discrepancy between the presented
theory and the numerical experiments as the code is using 1-irregular meshes which
we have not accounted for in our theoretical analysis.

Fig. rates presents convergence history for adaptive h-refinements for meshes of
order p =0, 1,2 and adaptive hp-refinements starting with the mesh of zero order.
The approximation error is compared with the best approximation error computed
on the same meshes (generated by the adaptive algorithm). Results for h-refined
meshes of order p = 1,2, and the hp-refinements confirm the stability result. The
result for the lowest order elements, though, reflects some loss of stability. The
only possible explanation that we have at the moment, is the use of meshes with
hanging nodes.

Finally, in Fig. 7, we compare the convergence history for all tested refinements.
The hp-algorithm delivers clearly an exponential convergence.

Adaptive h- and hp-refinements on curvilinear meshes. We use the same
manufactured solution on the circular L-shape domain shown in Fig. 8. The six
triangles in the initial mesh are parametrized using the transfinite interpolation
technique, see [12], p. 201, for details. The FE error is compared again with
the best approximation error for a sequence of h-adaptive meshes and p = 0,1, 2,
in Fig. 9. The results indicate again a slight loss of stability for the elements of
lowest order. Finally, in Fig. 10, we compare the convergence history for all tested
refinements. The hp-adaptivity delivers again the best results but the exponential
convergence is questionable. This may indicate that the use of standard Projection-
Based interpolation operator in the reference domain is not optimal.

9. CONCLUSIONS

We have presented a complete h-stability analysis for a generalization of Arnold-
Falk-Winther elements to curvilinear meshes of variable order in two space di-
mensions. The stability analysis for both generalizations: variable order elements,
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(a) Adaptive h-refinements, p = 0. (b) Adaptive h-refinements, p = 1.

T 2

—o— best approximation error
—— adaptive h-order 2 —&— best approximation error|
—+— adaptive hp

error
error
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number of d.o.f number of d.o.f

(c) Adaptive h-refinements, p = 2. (d) Adaptive hp-refinements.

FIGURE 6. Comparison of FE error for adaptively refined affine
meshes with the best approximation error.

and curvilinear elements proved to be rather non-trivial. The case of variable el-
ements has been tackled with a novel logical construction showing the existence
of necessary interpolation operators rather than constructing them explicitly. The
presented construction departs from operators used by Arnold, Falk and Winther
and modifies the Projection-Based (PB) interpolation operators as well.

The analysis of curvilinear meshes for elasticity differs considerably from that
for problems involving only grad-curl-div operators. Piola maps transform gradi-
ents, curls and divergence in the physical domain into the corresponding gradients,
curls and divergence in the reference domain. Consequently, problems involving the
grad, curl or div operators only (e.g. Maxwell equations or the mixed formulation
for a scalar elliptic problem) can be reformulated in the parametric domain at the
expense of introducing material anisotropies reflecting the geometric parametriza-
tions. This is not the case for elasticity where the strain tensor (symmetric part of
the displacement gradient) in the physical domain does not transform into the sym-
metric part of the displacement gradient in the reference domain*. Consequently,
the analysis for affine meshes cannot be simply reproduced for curvilinear ones,

4The same problem is encountered in the case of complex stretchings introduced by Perfectly
Matched Layers, see e.g. [13].
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—6— adaptive hp
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—+&— adaptive h-order 1
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FIGURE 7. Convergence history for adaptive h- and hp-refinements
on affine meshes.

u=0
u=0

FI1GURE 8. A circular L-shape domain with an initial mesh of six elements.

and new interpolation operators have to be carefully drafted. We have managed to
prove only an asymptotic stability for the curvilinear meshes.

Presented numerical results on h-adaptivity go beyond our analysis as we use
1-irregular meshes with hanging nodes supported by an existing hp software.

The hp-adaptive algorithm used in the experiments is based on the standard PB
interpolation which does not reflect the special operators introduced in this paper.
This does not seem to affect the case of affine meshes where we clearly observe
the exponential convergence, and indicates that the construction of operator W,
based on PB interpolation and presented in [19] may still be optimal. However,
the experiment for the circular L-shape domain shows that the algorithm based on
PB interpolation in the reference domain does not deliver exponential convergence.
This seem to confirm the essential difference between the interpolation done in
physical and reference domains for elasticity problems.

Finally, the paper presents only a two-dimensional result. We continue working
on the 3D case using different ideas and hope to present new results soon.
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(a) Adaptive h-refinements, p = 0. (b) Adaptive h-refinements, p = 1.
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FIGURE 9. Comparison of FE error for adaptively refined curvi-
linear meshes with the best approximation error.
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