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Abstract

We derive an explicit formula for the fine-scale Green’s function arising in variational mul-
tiscale analysis. The formula is expressed in terms of the classical Green’s function and a pro-
jector which defines the decomposition of the solution into coarse and fine scales. The theory
is presented in an abstract operator format and subsequently specialized for the advection-
diffusion equation. It is shown that different projectors lead to fine-scale Green’s functions
with very different properties. For example, in the advection-dominated case, the projector
induced by the HJ-seminorm produces a fine-scale Green’s function which is highly attenu-
ated and localized. These are very desirable properties in a multiscale method, and ones that
are not shared by the L?-projector. By design, the coarse-scale solution attains optimality in
the norm associated with the projector. This property, combined with a localized fine-scale
Green’s function, indicates the possibility of effective methods with local character for dom-
inantly hyperbolic problems. The constructs lead to a new class of stabilized methods, and
the relationship between H&—optimality and SUPG is described.
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1 Introduction

The variational multiscale method [13,14] was introduced as a framework for incorporating miss-
ing fine-scale effects into numerical problems governing coarse-scale behavior. It has provided
a rationale for stabilized methods, and a platform for the development of new methods (see,
e.g., [11,12,15-17] for application to turbulence modeling). The fundamental mathematical object
in the method is the so-called fine-scale Green’s function, introduced in [14]. Although it is a
simple matter to characterize coarse-scale and fine-scale subspaces, not much is known about the
fine-scale Green’s function. In this paper, we study the fine-scale Green’s function and present a
formula for explicitly computing it from the classical Green’s function. This is accomplished by
observing that the decomposition of a function into a sum of coarse-scale and fine-scale components
is uniquely specified by identifying a projector from the space of all scales onto the coarse-scale
subspace. Different projectors produce different decompositions. The problem for the fine-scale
Green’s function is then posed in terms of the fine-scale subspace. Compared with the problem
for the classical Green’s function, this amounts to a constrained formulation. The constraint can
be released by invoking the Lagrange multiplier method and the unconstrained problem can be
solved in terms of the classical Green’s function and the projector. The fine-scale Green’s function
enjoys orthogonality relations with respect to the projector. If a scalar product is introduced with
corresponding projector, the coarse-scale solution of the original problem is the optimal approxi-
mation in terms of the induced norm. The theory summarizing these ideas is presented in Section
2 in an abstract operator format for a general linear isomorphism.

These ideas are applied to the advection-diffusion equation in Section 3. The fine-scale Green’s
function is explicitly calculated in one dimension for linear, quadratic, and cubic finite elements
when the projector is defined by the Hj-seminorm. In this case, the fine-scale Green’s function is
local in that it is confined to individual elements and is not coupled from one element to another,
even in advection-dominated cases. This is a highly-desirable property in multiscale analysis and
in complete contrast with the classical Green’s function which exhibits global support in advection-
dominated cases. It also suggests that efficient, approximate, multiscale methods possessing local
character may be possible for dominantly hyperbolic phenomena. On the other hand, selecting



the L2-projector results in a fine-scale Green’s function with global coupling. These results show
clearly that the choice of projector is of key importance in the development of a multiscale method.

The fine-scale Green’s functions become increasingly complicated as the order of the coarse-
scale space is increased. However, it is observed that due to the orthogonality properties of the
fine-scale Green’s function, it only interacts with the highest-order polynomial term in the residual.
This means that for a kth-order coarse-scale space, the fine-space Green’s function modification
to the coarse-scale equation can be replaced by an equivalent stabilization term involving a com-
putable, elements-wise constant (i.e., a “7” in the notation of stabilized methods), and derivatives
of the residual and weighting operator of order £ — 1. Remarkably, the modification reduces
to element-wise constant terms requiring no quadrature despite the complexity of the fine-scale
Green’s function.

To assess the situation in multiple dimensions, the two-dimensional advection-diffusion equation
is studied. Here, rather than proceeding analytically, numerical procedures involving very fine
meshes are utilized to determine Green’s functions. As in the one-dimensional case, the classical
Green’s function exhibits global character with support in the form of a tail surrounding the upwind
characteristic through the point of application of the Dirac mass. When advection-dominated, this
tail is not attenuated with distance. However, the fine-scale Green’s function for the H}-projector
is highly attenuated under the same circumstances and is essentially confined to a small number of
elements (in the coarse-scale space) surrounding the point of application of the Dirac mass. The
L2-projector engenders a fine-scale Green’s function which is not localized and one concludes that
the main observations made for the one-dimensional case are essentially true in two dimensions.

The H}-projector produces a method which is highly localized and attains an optimal ap-
proximation in the H}-seminorm, a combination of desirable properties. It is also noted that the
modification it introduces to a classical Galerkin formulation involves an additional stabilization
term in which the coarse-scale residual is weighted by the fine-scale Green’s function convolved
only with the advective part of the operator, that is, the diffusive operator does not appear in the
weighting. These are features that the Hj-optimal method has in common with SUPG [9].

In Section 4 we draw conclusions.

2 The abstract framework

2.1 The abstract problem

Let V' be a Hilbert space, endowed with a norm || - ||y and a scalar product (-,+)y. Let V* be the
dual of V and let . (-, ), be the pairing between them. Let £ :V — V* be a linear isomorphism.
Given f € V*, we consider the abstract problem of finding u € V' such that

Lu=f. (1)
The variational formulation of (1) is: find u € V' such that
v (Lu, )y = v (f )y, Yo e V. (2)

The solution u can be expressed as u = G f, where G : V* — V is the Green’s operator, that is

g=rL"



2.2 The variational multiscale formulation

Let V be a closed subspace of V, and let P be a linear projector onto V, that is, P? = P and
Range(P) = V. We assume P to be continuous in V. We also have the obvious inf-sup condition

inf supm > 1. (3)

veVuwev lwllv[|ollv
We define V' = Ker(P), which is also a closed subspace of V. In the variational multiscale (VMS)
approach, V represents the space of computable coarse scales, while V' contains the unresolved
fine scales. Notice that

V=VaV, (4)
that is, any v € V can be written uniquely as v = o+, where ¥ € V and v’ € V': indeed, © = Pv
and v' = v — Pv. In particular, we split the solution u of (1) as u = w + «/. The aim of the VMS
approach is to obtain u = Pu.
The variational formulation (2) splits into

v (LU, D) + o (LU, D) = o (f, D)y, Vo eV, (5)
v (L, ) 4 (L 0y = () Yo' e V. (6)

We assume that (5) is a well-posed problem for @ alone, meaning that it admits a unique solution
u €V, given u' and f. Analogously, we assume that (6) is well-posed for v’ € V’, given u and f.
For that, we ask the inf-sup conditions for £ on V and V'

v (LW, 0)y v (L0, 0)y

inf sup > 0 and sup >0, YoeV,v#0, (7)

wcviey l@]lvollv wev  l@llv

v (Lw' 0"y v (Lw' 0"y

inf sup >0 and sup >0, YWeV v #£0. (8)

wevers [ oy wevr wllv

If £ is coercive on V, that is, .(Lv,v),, > C|jv||} for C > 0 and for all v € V, then (7)—(8) hold.
We associate with (6) the fine-scale Green’s operator G' : V* — V'  which gives v/ from the
coarse-scale residual f — Lu, that is,

u' =G'(f — Lu). (9)
Having G', we can eliminate «' from (5), and we obtain the VMS formulation for u:
v (LU, V) — (LG LU, D)y, = 1 (f, 00y — o (LG [, D)y, YOEV. (10)

Because of (4), the formulation (10) admits a unique solution, which is precisely u = Pu.

2.3 The fine-scale Green’s operator

We denote by PT : V* — V* the transpose of P, that is
% <,PT/_L>/U>V =y </]77)U>\77 Vu € ‘/7 RS V*a

where V* is the dual of V, and . (-, )y is the pairing between them.
In the next result we express G’ in terms of G and P.
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Theorem 1. Under the assumptions of Sections 2.1-2.2, we have

G =G - gPT(PGP")'PG. (11)

Furthermore,
Gg'P" =0, (12)
PG =0. (13)

Proof. Since (6) is a constrained problem, we can rephrase it making use of a Lagrange multiplier
in mixed (unconstrained) form: find «’ € V, and A € V* such that

Lu' +PIN=r, (14)
Pu’ =0, (15)

where r = f — Lu. The well-posedness of (14)—(15), for any r € V*, is guaranteed by our previous
assumptions (3) and (8) (see [2]). From (14) we get

u' = G(r —PTN); (16)

substituting in (15) gives B
PGr — PGPT A = 0;

the well-posedness of (14)—(15) guarantees the invertibility of PGP?, hence we obtain
A= (PGP")~'"PGr.
Finally, using this in (16) yields
v = (G — GPT(PGPT) PG, (17)

which gives (11).
From (11), we immediately have

GP" = gP" — GPT(PGP") {(PGPT) = GPT — GP” =0,

and

PG = PG — (PGPT)(PGP)'PG = PG — PG = 0.

Using the expression (11), in (10), we see that the left-hand side of (10) is
1% <[’ﬂ7 "7>V % <£g/£ﬂ, 17>V = v <(,PQIPT>71717 1_}>V : (18>

As (PGP")~" is obviously invertible, (18) confirms that (10) is a well-posed formulation.
In the cases of practical interest, V' is a finite-dimensional subspace of V. If the dimension of

-----

soliiv)y =0, Yi=1,....N &  Pu=0. (19)



In other words, the equations . (u;,v),, = 0, for 1 <7 < N, characterize v as a fine-scale function,

=1l,...,

Therefore, it is clear that (12) and (13) are equivalent to
o, Gv)y, =0, WweViVi=1,.. N, (20)
and
Gu =0, Yi=1,... N. (21)

Moreover, after introducing the vector g € (V*)" and its transpose
H1
HUN
the vector Gu® € V¥

Gu' =[G ... Gun],

the matrix pGu? € RV*V

v+ (11, gM1>v cee oy (p, gMN>V
pGu' = : - :

?

V*</vLN7g,U/1>V V*<,MN,Q,LLN>V

and the vector of functionals uG : (V*) — RY (ie., uG € (V**)V) such that

v, Gr)y,
“g(y) = , YveVr,
Vv <NN;gV>v

it is easy to see that (11) is equivalent to
g =G—Gu" [uGu"] " ug. (22)

2.4 Orthogonal projectors and optimization

An interesting case, and the only one considered in what follows, is when P is an orthogonal
projector.

Given a scalar product (-,-) defined on V x V| possibly different than (-, )y, the related
orthogonal projector P is obviously defined by

(Pw,v) = (w,v), Yw e V,Vo e V. (23)

Recall that, in order to fit in the abstract framework of Section 2.2, P must be a continuous
operator in V. However, when V is a finite-dimensional space, this holds for any scalar product
(+,-) which is continuous on V' x V.

In this context, the VMS formulation provides the optimal approximation @ € V of u, with
respect to the norm || - || induced by the scalar product (-, -).



3 The advection-diffusion model problem

Let d be the space dimension (d = 1 and d = 2 will be taken into consideration in the examples)
and let Q C R? be a regular domain. We consider the advection-diffusion model problem

Lu=—krkAu+ 3 -Vu=fin Q, with ujpq = 0, (24)

where f € L?(Q) is the source term, x > 0 is the scalar diffusivity and 3 : Q — R? is the advection
velocity, for which we assume div(3) = 0. For the variational formulation of (24), within the
framework of Section 2, we set V = H} = H}(2), whence V* = H~!. Typical finite element spaces
will be considered as coarse spaces V.

In this context, it is convenient to represent the Green’s operator G through the Green’s function
g :Q xQ — R such that

u(y) = / oz, 9)f () d. (25)

We have gpaxa) = 0 and, for all y € Q, L*g(-,y) = d(- — y), where § is the Dirac mass at the
origin and L* = —kA — 3 -V denotes the dual of £. Indeed

u(y) = / 5z — y)u(x) do / £ g(w, y)u(z) de = / o(z,y) Culz) dr = /Q o(z,9) () de.

We also recall that L*g(-,y) = Lg(y, ).

Furthermore, we introduce the fine-scale Green’s function ¢’ : 2 x  — R, which represents
the fine-scale Green’s operator G" and gives the fine-scale component v’ of u from the coarse-scale
residual r = f — Lu by

W(y) = / § (2, y)r(z) d. (26)

Recall, however, that the space of fine scales V' as well as the fine-scale Green’s function ¢’ depend
on the coarse-scale space V' and the underlying projector P. With an abuse of notation, in the
next sections we shall write V' and ¢’ without distinction among the different coarse spaces and
projectors taken into consideration. In particular, we will deal with the H}-projector P = Pz,
associated with the scalar product

(w,v) = (w,v) gz = /QVw(x) -Vo(z)dz,

and the usual L*-projector P = Pr.. Having a set of functionals {y;},_, , as in (19), that is,
giving

/ wi(z)v(z)de =0, Vi=1,...,N & Pv =0, (27)
0
then ¢’ is obtained straightforwardly by (22) as
g (z,y) = g(x,y) UQg oy () de ... [, 9@ y)un(T) di‘]
B o o B -1
o 9@ ) (B) i (§) dEdy .. [, 9(F, §) i (2)pa () didj)
X : :
o 9@ 9 (@) pn (@) didy ... [o 9(Z, 9)pn (2)pn (9) dzdy (28)

[ g(x 17 1(9) dy

_fQ g z, ?j MN(g> dﬂ



while (20) and (21) mean

[ 9@ on@ar =0 and [ g@ou@di=0  VYryeavi-i. N ()
Q Q

In this context, the VMS formulation (10) reads: find u € V such that

/(nVu() pa) - Vo(z dx—//ﬁu "2, y)L*0(y) dady

:/Qf(:c) da:—//f J'(,9)L0(y) dedy, VO EV,

Remark 1. Note that here and in what follows the integrals have to be intended in the sense of
distributions. We refer to [21] for details. Some explicit representations are given in [14].

(30)

3.1 Linear elements and H}-optimality in one dimension

Let d =1 and Q = (0,L). Consider a grid of nodes 0 = zp < 1 < ... < Zy,,-1 < T, = L and
the related subdivision of (0, L) into n. elements (x;_1,2;), i = 1,...,ny of size h = L/ng. Let
V C H{ be the space of piecewise-linear (with respect to the subdivision) functions, which is of
dimension N = n, — 1.

In this context, the Hj-projector P = Puy plays a special role. Indeed, it is easy to see that
(Pv)(z;) = v(x;), for all ¢ = 1,..., N. Actually, in this case it is well known in the literature
(see [3,8,13,14]) that the VMS approach provides a nodally exact approximation u of the exact
solution u.

In order to have (27), we set pu; = 6(x — x;). The abstract property (29) becomes, in this case,

g/(iU,Ii):g/($i7y):O Vi:]-u"‘aN7 OSnySLJ (3]')

that is, ¢’ vanishes if at least one of its two arguments is a node of the grid. Moreover, (28) gives

-1
9(1’1,1’1) g(iUN,xl) 9(95,1’1)

gz, y) = glx,y) — [9(z1,y) .. glon.y)] : : : - (32)
g(xi,zn) ... glzn,zN) g(x,xN)
Recalling that L*g(-,y) = 0(- — y), from (32) we get

-1

g(x,z1) ... glay,x) S(-— 1)
L (y)=6(-—y)— [g(x1,y) ... glzwn,y)] : ' : :
g(xlaIN) 9($N7$N) 5('—$N)
=1+11I.
If x;,_1 <y < x; then
fkﬂ’(wy) = 5(' - y) n (551'71,%‘)7 (33)
while, when y > x; or y < z;_1,
L*gl<,y) =01in (1'1'71, Il) (34)



This, with (31), fully characterizes ¢': by (31) and (34), we see that ¢'(z,y) = 0 if x and y belong
to two different elements; moreover, (31) and (33) say that ¢’ is, on each (z;_1,x;) X (x;_1, x;), the
so called element Green’s function g¢, that is, the Green’s function for the restriction of £ to the
element (x;_1,z;), with homogeneous Dirichlet boundary conditions at the endpoints x; 1 and x;.
Since ¢'(x,y) # 0 only when 2 and y belong to the same element, (26) can be localized within each
element

u'(y) =/$ g (x,y)r(v)de, Yy € (zi1, 7). (35)

See a plot of ¢’ in Figure 1, where we consider the case of a uniform mesh of 16 elements (for
k=1073 8 =1and L = 1), and we compare with the plot of the Green’s function g.

As said, the structure of ¢’ for this case is well known in the literature [3,8,13,14]. Indeed.
recognizing that V' is the space of bubbles

V' = | @ Hy (21, 7;), (36)

the fine-scale variational equation (6) splits element by element, and admits the strong form
Lu' = f— Lau, on (x;_q,1;), with o' (z;_1) = u'(z;) = 0, (37)

for each i = 1,...,ny: o' is the solution of the advection-diffusion problem at the element level,
with the coarse-scale residual acting as right-hand side. This is why ¢’ = ¢, at the element level.

Moreover, assuming piecewise-constant coefficients x, § and source term f, the fine-scale effect
on the coarse-scale variational equation is

/0 ’ /0 LE*T)(y)g'( dxdy_fl: / / L5(y)g (x, y)r(x) drdy

38
Tl x f (x,y) dedy (38)
Z — / r(z)L*0(x) dz,
i — Li-1 i1
which is recognized as a classical stabilization term depending on the parameter [13,14]
fx f (x,y) dxdy
= Ti_1,T — 39
7-1 7-17( i—1 ’L) xi _ :Uif]_ ( )
We recall (from [13,14]) that the expression of ¢/(x,y) = g% (x,y) on (0,h) x (0,h) is
(1= 20D (1)
if x <y,
| i)
9" (z,y) = N o (40)
()t ct)
ifxr>y
)

Introducing the mesh Peclét number



Figure 1: Comparison between the Green’s function g (above) and the fine-scale Green’s function
g’ (below) for the one-dimensional problem and linear elements, with P = Py, £ = 1073, B =1,
L =1 and a uniform grid of n,; = 16 elements. Note that the support of ¢’ is local in that there
is no coupling between elements. This is an advantage of P = Pp.
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one obtains the canonical result

B h (62(1 _a7162a ‘I’ 1 —f-Ozil)
28 (€20 —1)

L (e 1),

We show plots of ¢’ on (0,h) x (0,h) in the diffusive and in the advective regime in Figure 2. A
plot of 7y is presented in Figure 5.

T1

(41)

3.2 Higher-order elements and H}-optimality in one dimension

We consider now higher-order piecewise-polynomial coarse scales on the grid 0 =2y <27 < ... <
Tp,,—1 < Tpn, = L, that is, we set

V= {@ € H}(0, L) such that Dj(wsr,e) € Py 1 <0 < nel} ,

where PPy, is the space of polynomials of degree at most k. We still deal with P = Pyz. The case
of higher-order elements (k > 2) has not been studied in the literature of VMS methods, as far as
we know. There are indeed additional difficulties with respect to the case of linear elements: V'
is still a space of bubbles, but, unlike the case k = 1, V also contains some (polynomial) bubbles,
which are therefore missing in V’. This means that V' is a strict subset of bubbles

Ve @ Hwi, ). (42)

or, equivalently, V' is a space of bubbles with additional constraints. As a result, the fine-scale
variational equation (6) can still be split element by element into

/ Eu/(x)z/(x)dx:/xi (F(z) — La(@)/ () dz, Yo €V, =1, ng  (43)

however, (43) is no longer equivalent to the strong form (37).

We can use the theory of Section 2 for dealing with (43). Taking advantage of (42), we restrict
from the beginning to a single element (x;_1,x;) and to the bubbles supported on it. Then, we
take as the fine-scale space V; = V|Exi_1’xi). The space of the bubbles which are polynomials of
degree at most k plays the role of a coarse space on (z;_1,7;): we set V; = V‘(xi_wi) NH (251, ;).
The space of unconstrained bubbles is V; = H} (x;_1,2;) = V; & V;. Precisely w € V; belongs to V/
if and only if (integrating by parts)

T4 d d B ZT; d2 - ) B
o/ ) o) de = - / | wle) i) dn, i ”

K3

The second-order derivatives of V; functions are the polynomials of degree at most k —2. We need,
as {p;}j=1,.n (where N =k — 1, now) a basis of P,_,. For example, we can set

pi(z) = (x —z;,)"",  1<j<N.

The constraint is expressed, as in (19), by N scalar equations: v € V; belongs to V/ if and only if
| meh@ds,  1<j<N (45)
Ti—1
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Figure 2: Fine-scale Green’s functions ¢’ at the element level (0, h) x (0, h), for the one-dimensional
problem and linear elements. In the diffusive regime e = 1072 (above), and in the advective regime
a =107 (below). P = Pp;.
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The Green’s function of the unconstrained bubble problem is the element Green’s function g¢
given in (40). Then, we can now use the formula (22) and derive an expression for ¢’ in terms of
g°: on (0,h) x (0,h) we have

J(x,y) = [fo (z,9)dT ... foh th=2g¢ (7, y)dx]
fo s o (@ )iy a2 gel (7, g)didy ]
X : :
fo h 20 (5, §)didy . .. foh foh 220l (7 §)dEdy (46)
g, ) d
x s
Jy 72 (. )

We recall that ¢'(x,y) = 0 if x and y belongs to different elements, while ¢’ on each (x;_1,x;) X
(;—1,2;) can be obtained from (46) straightforwardly.

We discuss now more in detail the case of quadratic (k = 2) and cubic (k = 3) coarse-scale
elements. If k = 2 then (46) yields

Jo 9°'(&,y) dsffo" “(x, 5)dj
fo fo (z,9)dzdy

Then ¢ is the sum of the element Green’s function (term /) and a correction /1. Assuming positive
and piecewise-constant coefficients x and (3,

—I+1I. (47)

g(z,y) = g% (z,y) -

h l (ye%—he%—kh—y)
/ 9 (&, y)di = m :
o 1o
Bh

hel o ( m—he~+’ h~|—e?x>
/Og (z,9)dy = — 6<€%_1> ,

h ok h(he%ﬂ—Qe%/ﬁ—%ﬁh—l—Zm)
/ / gd(ia:@di‘d:& = 8h
232 (67 . 1)

+ )

?

and then 71 becomes

2<ye%—h6%+h—y)< x— he' e h+exx

Bh

h<e~ —1) <h€%ﬁ—2€%/€+ﬁh+21€)

B(= h+x) Bh
+e¥o)
17 =

Plots of ¢’ on (0, h) x (0, k) for quadratic elements are shown in Figure 3.

13
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yih xih

Figure 3: Fine-scale Green’s functions ¢’ at the element level (0, k) x (0, h), for the one-dimensional
problem and quadratic elements. In the diffusive regime o = 1072 (above), and in the advective
regime o = 10? (below). P = Py.
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For k = 3, (46) gives
J(z,y) = g% (z,y) — [ foh g (@, y)dE [ :igel(fi’,y)da?]
" fo fo (Z,7)dzdy j;? J;? (T y)dxdy
_fo I g9 (@, g)dzdy [y [ @597 (7, §)dzdg
fgh (@, §)dj
| Jy G9! (x.§)dg
=T+ 111

(48)

X

Now the correction term [/17 is

IIT=6h"3 [2 hire's + 2 e%ﬁy2h2 12 yh/m — 2y5h267x2

+ ﬂhg’eﬂﬂ x ﬁy2h3e ~ + By — Bh* er + h3e B?

oMK — 12 Y 2e% hisa + 16 eTthHx — 2R3N ak
-2 yh?’/ﬁe% +2 yh?’fie’ﬂ(_zﬂ) + yﬁh‘le% — yBhte”
Z_pt ﬂyﬁx —2e wyh% — ﬁy%‘wh?’
+ h'e Bx + 2 h3e” n')xﬁ+35y2e2%hx2—262%y6h2x2
+ 6y 258 hiar + ﬁy2e2%h3 + 3¢? %yﬁhsx + 662%yﬁhx2

— 862%3/}12533 3™ mﬁaz’ —e*x yﬁh4 + 26" yh3
—onte™ K +2 phe™ + 6_Wyﬁh — 6% 250 2
— 4ﬁy262%h2x B — 61y*ka® + Bhix + 6y hak
— 3 By*ha’® — Bh*2* + 6 yhka® — Syh*wk + 4yBh*s? + 2 hixk

+ 2 By*h*x — 3yﬁh3x} . [eﬁnh — 1} -

B(=h+a)

Bh
+ 12 y2/<ae R
4 B +y)

-1

. ﬂthG% + 12 eR K2 — 6€%h/€ﬁ — 3*h? —12K% — Gﬁh/f]

The expression for 111 was obtained by a symbolic MATLAB evaluation and is elaborate. More
significant are the plots of ¢’ provided, for cubic elements (k = 3), in Figure 4.

Observe that, from (20)—(21), ¢’ is orthogonal to Px_» with respect to each variable x and y,
on each (x;_1,2;) X (x;_1,2;). Still assuming that the coefficients x and [ are piecewise-constant
and the source term f is a piecewise-polynomial of degree at most k£ — 1, then on (z;_1, z;) we have

d'“_lr xk—l

r(z) = Wm + “polynomial of degree <k — 27

and

dk—l £* ¥ yk—l
Cdabt (k- 1)
Therefore, exploiting both the locality and the orthogonality of ¢’ with respect to polynomials of

+ “polynomial of degree < k — 2”
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Figure 4: Fine-scale Green’s functions ¢’ at the element level (0, k) x (0, i), for the one-dimensional
problem and cubic elements. In the diffusive regime @ = 1072 (above), and in the advective regime
a =107 (below). P = Pp;.
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degree k — 2, the fine-scale effect on the coarse-scale equation can be written as

/OL /OLE*E(y)g,(x’y)r(‘”) dxdy
nd/ / £ Jy)r(z) dady

Nel

dk 1£* 7dk
,Z// kldklg( )t S dudy (49)

drF—1
Tel fm, 1fccl 1 k—1 /33 y) k— 1d:rdy /:(:Z dk_lr dk_lﬁ*qj
=1 ((k - 1)') (Q?z — xi*l) zi1 dxk—l dxk:—l

K
Ne ) _ _ _
l X4 dk 1,’,. dk) 1£*,U
= § :Tkv(xi—lvxi) dz.
=1 i

k=1 Jpk—1
vy dx dx

dx

The stabilization term only acts locally and only depends on the derivative of degree k — 1 of the
residual; its effect is modulated by the parameter

T = T flefle kl/my>k1dxdy
F T T = D (- )

2671

10_ L L L PRI | L L L PR | L L L Lo L L L
107 107 10° 10" 10
a

Figure 5: Stabilization parameter 7 versus a.

In the case of quadratic elements (k = 2), from the previous formulas one can derive

h =3¢ a4+ e? +3e* a2 —-3a2—-1—a!

= 50
E 723 e2 — 201 414! ’ (50)

17



il

10

10_3 -2 ‘ ‘ — ‘—1 ‘ ‘ — 0 ‘ ‘ "
10 10 10 10
!

Figure 6: Stabilization parameter 7 versus a.

72008373

l

10

107 B T T
10 10

107 10
a

Figure 7: Stabilization parameter 73 versus a.
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while, for cubic elements (k = 3),

B h?  15e**a 2 — 6e* ot — 15e* a3 + 2 + 15a 3 + 60" + 15+ 1
72003 e2x — 3e2aq~1 4 3e20q-2 — 1 — 302 — 3a~!

(51)

T3

Plots of 75 and 73 are presented in Figure 6-7.

Remark 2. From Figure 5-7 we see that the 7, are positive and of order h**=1/3 and ah®*~1/3 =
h* /K in the advective and in the diffusive regimes, respectively.

Remark 3. For linear elements, in one dimension, the H}-optimal @ is the nodal interpolant of u,
which is a monotonicity preserving approzimant. For higher-order elements, the Hj-optimal @ is
still nodally exact at the endpoints of each element, but we lose monotonicity inside the elements.

Remark 4. The format of (49) is reminiscent of the gradient least-squares stabilized method pro-
posed by Franca and Dutra do Carmo [10].

3.3 [L’-optimality in one dimension and the localization of ¢

X

Figure 8: Fine-scale Green’s function ¢’ for the one-dimensional problem and linear elements, with
P =P, k=103, 3=1, L =1 and a uniform grid of n,; = 16 elements. Note that in the case
of P =Pre2, ¢ is global and unattenuated when advection dominates.

We have shown that, for the one-dimensional problem and for the H}-projector based VMS
formulation (i.e., with P = Ppy), the fine-scale Green’s function is supported on the union of the
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(i1, x;) X (wi_1,m;), for 1 <7 < mg. In this case, the ¢’ is fully localized within each element, in
that there is no coupling between elements. This allows a convenient evaluation of the fine-scale
effect in the VMS formulation (see (38) and (49)). This feature, though, is not guaranteed for any
projector P. Take, for example, the L?-projector P = P2, with piecewise-linear elements. We
can still compute ¢’ from (28), where now, in order to have (27), {y;}i=1.. n is a basis for V itself.
For k = 1073, 3 =1, L = 1 and n, = 16 elements, a plot of ¢’ is presented in Figure 8: we see
that the support of ¢’ includes the entire upwind region = < y.

Remark 5. In practical applications, g needs to be approrimated, leading to classical stabilized
methods. It is obviously more convenient and easy to approximate a highly-localized g' than one
that is global. This strongly suggests that the selection of the projector is crucial in the development
of a multiscale method.

3.4 Linear elements in two dimensions

Turning to problems in two dimensions (as well as in multiple dimensions), we face two important
differences.

First, it is technical and more difficult to obtain the analytical expression of the Green’s function
g, and therefore of the fine-scale Green’s function ¢’ through (28). To overcome this difficulty, in
this section we propose to numerically compute g and ¢’ on a fine mesh of 512 x 512 x 2 elements,
which is able to resolve the fine scales of the problem under consideration. We take here Q2 = (0, 1)?,
the diffusivity is & = 1072, and the unit advection velocity is 3 = [1/2 1]/4/1.25. Since both
g and ¢ are defined on (0,1)* x (0,1)?, for the purposes of a graphical representation we fix
y=y"=1[39/64 51/64] ~[0.6 0.8] (see Figure 9) and we plot the Green’s function ¢g and fine-
scale Green’s function ¢’ versus the argument x. The plot of x — g(x,y*) is presented in Figure
10. As is known, x — g(z,y*) is singular when = = y*, and indeed the graph in Figure 10 has been
truncated at g = 50. Roughly speaking, ¢ is supported around the upwind characteristic passing
through y*.

The second major difference, compared to the one-dimensional case, is that if the coarse scales
are piecewise-polynomial, then the fine scales are not localized within each element (i.e., they are
not bubble functions), and this happens for any choice of projector P, including the H}-projector.
Indeed, since the coarse scales are polynomials on the edges of the elements of the triangulation,
while the exact solution is arbitrary, the fine scales do not vanish there. Our aims here are the
calculation of ¢’ and the assessment of its attenuation compared with g and its locality for different
choices of P. We test both P = Py and P = Prz, which gave, in the one-dimensional case, a
fully-localized and a globally-supported ¢, respectively. We take the space V formed by linear
elements on the uniform triangulation shown in Figure 9. The plots of z — ¢'(x,y*) for P = Pz
and P = P2 are presented in Figures 11 and 12, respectively. The singularity at x = y* is still
truncated at ¢’ = 50. Observe that in the case P = Py, the fine-scale Green’s function is more
localized around y*, compared with the case P = P2, for which oscillations are spread over the
entire domain. In addition, the ¢’ for the case P = Py seems to be negligible outside a layer of a
few elements around y*. This is better seen in the two-dimensional contour plots of z +— ¢'(x, y*)
in Figure 14 and 15, where the coarse mesh is overlaid. The two-dimensional plot of x +— g(x, y*)
is given for reference in Figure 13.

Changing the position of y* inside €2, and taking y* on an edge or a vertex of the coarse
triangulation, produces similar results (not shown).

Remark 6. The upwind tail of g is global in the advection-dominated case, whereas it is highly
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Figure 9: Mesh of the coarse-scale space V used for the calculation of the Green’s functions in the
two-dimensional case, and location of y* = [y v3].
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Figure 10: Plot of z +— g(x,y*), for g < 50.
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Figure 11: Plot of x — ¢'(x,y") for P = Py, and ¢’ < 50.
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: Plot of x +— ¢/(z,y*) for P = Prz2, and ¢’ < 50.
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attenuated for g when P = Py (cf. Fig. 10 with 11, and Fig. 15 with 14). This has important
implications for multiscale analysis of dominantly-hyperbolic phenomena. In addition, the ¢ for
P = Py is much more localized than that for P = Prz. These results are consistent with the
one-dimensional case and suggest that local approximations of g for P = Py may achieve near
H{-optimality in multi-dimensional, advection-dominated cases.

0.9 4
0.8
0.7

0.6

0.4

0.3

0.2

0.1

0.7 0.8 0.9 1

Figure 13: Contour plot of x — g(z,y*).

Let us return to the model problem (24), that is,
Lu=—kAu+ (- -Vu=finQ, with ujpq = 0, (52)

where k and 3 are defined as above. We now consider a right-hand side f as defined in Figure 16.

The exact solution, shown in Figure 17, has an internal layer, due to the discontinuity of f,
and boundary layers at x; = 1 and x5 = 1.

We consider three meshes, shown in Figure 18 (note that the third mesh is the same as in Fig.
9). The three meshes are quite coarse for the problem considered. The coarse-scale approximations
u are given in Figures 19-21 for Py and Prz. In Figure 19 it is very clear that the solution for
Pz is much better than that for Pre. In Figure 20, the solution for Py is better than that for
Pz, but not by as wide margin as in Figure 19. The trend continues in Figure 21, but the solution
for Py is only slightly better than that for Pr2. We have tested other meshes, obtaining results
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Figure 14: Contour plot of z +— ¢'(x,y*) for P = Py, and the associated coarse mesh.

26



1 5
0.9 4
0.8 3
0.7 X g = -2
0.6 n | F| _ | ¢ 11

05 - -0
0.4 - -1
; 4
0.3 -2
»
0.2 -3
0.1 L -4
0 5
0 0.1 0.2 0.3 0.4 05 0.6 07 0.8 0.9 1

Figure 15: Contour plot of x +— ¢'(x,y*) for P = P2, and the associated coarse mesh.
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Figure 16: Right-hand side for the two-dimensional model problem.

(not shown) similar to the ones of Figure 19-21. The superiority of PH(% seems to be a general
fact, though it is more apparent for finer meshes than coarser meshes. One might conclude that
H_j-optimality is not as strong condition than is often thought, and may not be enough in many
practical cases for which monotonicity is deemed essential.

Remark 7. In the present setting, one cannot ask for a nodally exact u, because the functions
of Hy are not necessarily continuous. Formally, a g for this purpose is given by (32), as for the
one-dimensional case, but g(x;,x;) is infinite, because g is singular.

Remark 8. In the case P = Py, because of (29), we have, in the sense of distributions,

/g’(fv,y)M(y) dy = 0, Vo e V.
Q

Therefore, the fine-scale effect on the coarse-scale equation (30) becomes

/Q / (f(2) — La(x)) ¢ (v, y) L*0(y) dady = — / / (f(x) - La(2)) g (z,9)B - Vo(y) dady. (53)

In one dimension, where g’ is fully localized, the right-hand side of (53) is precisely the classical
SUPG stabilization (see [9]), that is, the residual is weighted only by the advective part of the
operator and the g’ gives rise to the element-wise optimal T, as described in Sections 3.1 and 3.2.
(Recall that f was assumed to be a piecewise polynomial of degree at most k —1.) Note also that
the diffusion operator in the residual in (53) may also be eliminated due to the aforementioned
orthogonality property. These observations hold in higher dimensions as well, except g’ is not fully
localized within individual elements. In the classical multi-dimensional SUPG method [9], in place

of (53), we have

Nel

- Z/ﬂ (f(x) = Lu(x)) 7(z) 6 - Vo(z) dz,
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Figure 17: Exact solution u of the two-dimensional model problem.

where e, e = 1,...,ng, are the elements of the mesh on ). The primary difference between SUPG
and (53) is that ¢ is replaced by the element-wise constant 7. This approzimation may be justified
in light of the localized nature of ¢'. Indeed, SUPG has been shown to converge at optimal rates in
higher dimensions (see, for example, [18]), although, in advection-dominated cases, the “stability”
norm is not as strong as the Hy-seminorm in that it only contains the streamline derivative.

Remark 9. The residual-free bubble approach [4=8, 19, 20] has been shown in [3] to be equivalent
to a multiscale method in which the fine-scale Green’s function is approximated by a local, element
Green’s function [13, 14]. Use of a local Green’s function, in light of the framework described
herein, can only be rigorously justified in the one-dimensional case in which the Hi-projector is
employed. Howewver, this amounts to a very convenient approximation in practice, and one that
is known to generate effective stabilized methods [1,5, 6, 19]. With a better knowledge of ¢' in the
multi-dimensional case, we would anticipate that improved stabilization schemes could be devised.

4 Conclusions

In this paper we have derived an expression for the fine-scale Green’s function arising in variational
multiscale analysis. The specification of a projector, defining the direct-sum decomposition into
coarse-scale and fine-scale components, renders the problem for the fine-scale Green’s function well-
posed. Different projectors give rise to different fine-scale Green’s functions, and their properties
can vary considerably. It is felt to be beneficial if the fine-scale Green’s function is more attenuated
than the classical Green’s function and its support is dominantly local. It is found that the projector
induced by the H}-seminorm enjoys these properties whereas the projector induced by the L?-norm
does not.
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Figure 18: Meshes of the coarse-scale spaces V used for the calculations of the coarse-scale com-
ponents 4 of the model problem (52).

30



0.5

/
I3

-05 =

-1
15l .

1

05
0 o 0.2 0.4 06 0.8 1

15

1

05

| I
-05 “ﬁ"

-1.5

0.5

0.8 1
0 o 0.2 0.4 0.6

2
X1

Figure 19: Coarse-scale component u for problem (52). P = P (above) and P = P2 (below).
The coarse-scale space V is based on the first mesh of Figure 18.
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Figure 21: Coarse-scale component u for problem (52). P = Py (above) and P = P2 (below).
The coarse-scale space V is based on the third mesh of Figure 18.
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The primary practical result of these studies is in the development of a framework for approx-
imate multiscale methods. Indeed, in general it is not possible to exactly calculate the fine-scale
Green’s function. Despite its complexity, its orthogonality properties suggests simplified con-
structs in the form of stabilized methods. This is instantiated precisely in one dimension for the
Hj-projector and its possibility in higher dimensions is suggested as well. In fact, it is shown that
the Hj-optimal method and SUPG have features in common.

The results obtained clarify the relationship between the fine-scale Green’s function and the
properties of the coarse-scale solution. However, we only considered projectors associated with
inner products and, in particular, we only studied the H}- and L*projectors. The coarse-scale
solution achieves optimality in terms of the corresponding norm. One could conceive of requiring
the coarse-scale solution to achieve optimality in other measures giving rise to nonlinear structure.
This is an intriguing possibility in that one could, for example, require monotonicity, or other
desirable behavior. In the past, ad hoc procedures have been used to instill such properties in
numerical methods, but the present ideas seem to have the potential for studying these issues in
a more fundamental way.

Presently, most numerical methods are given as recipes and they are evaluated ex post facto by
the way they satisfy desired objectives. The present developments suggest a different approach:
designing numerical methods to satisfy desired objectives ab initio. We are a long way from making
this a practical reality but we believe some small steps have been taken in this direction.
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