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Mixed Finite Element Methods for Flow in
Porous Media

Ivan Yotov

Abstract

Mixed finite element discretizations for problems arising in flow in porous medium ap-
plications are considered. We first study second order elliptic equations which model
single phase flow. We consider the recently introduced expanded mixed method.
Combined with global mapping techniques, the method is suitable for full conductiv-
ity tensors and general geometry domains. In the case of the lowest order Raviart-
Thomas spaces, quadrature rules reduce the method to cell-centered finite differences,
making it very efficient computationally.

We consider problems with discontinuous coefficients on multi block domains. To
obtain accurate approximations, we enhance the scheme by introducing Lagrange
multiplier pressures along subdomain boundaries and coefficient discontinuities. This
modification comes at no extra computational cost, if the method is implemented
in parallel, using non-overlapping domain decomposition algorithms. Moreover, for
regular solutions, it provides optimal convergence and discrete superconvergence for
both pressure and velocity.

We next consider the standard mixed finite element method on non-matching
grids. We introduce mortar pressures along the non-matching interfaces. The mor-
tar space is chosen to have higher approximability than the normal trace of the
velocity spaces. The method is shown to be optimally convergent for all variables.
Superconvergence for the subdomain pressures and, if the tensor coefficient is diago-
nal, for the velocities and the mortar pressures is also proven.

We also consider the expanded mixed method on general geometry multiblock
domains with non-matching grids. We analyze the resulting finite difference scheme
and show supercollvergence for all variables. Efficiency is not sacrificed by adding the
mortar pressures. The computational complexity is shown to be comparable to the
one OIl matching grids. Numerical results are presented, that verify the theory.
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We finally consider mixed finite element discretizations for the nonlillear multi-
phase flow system. The system is reformulated as a pressure alld a saturatioll equa-
tiOIl. The methods described above are directly applied to the elliptic or parabolic
pressure equation. We present all analysis of a mixed method on non-matching grids
for the saturation equation of degenerate parabolic type.
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Chapter 1

Introduction

Numerical modeling of physical processes has played an increasing role in solving
engineering problems in recent years. In many applications coupled systems of non-
linear partial differential equations describe the mathematical models. The need for
accurate solutions to these equations challenges numerical analysts to design new
methods. The finite element methods have been the preferred tool for both mathe-
maticians and engineers due to their simple physical interpretation, robustness, and
elegant mathematical form. The mixed finite element methods [67, 22] gained even
greater popularity in the last two decades. The reason is twofold. First, they provide
very accurate approximations of two physical quantities - the primary unknown and
its flux. Second, they conserve mass locally (on any element).

This work concentrates on applications such as ground-water contaminant trans-
port and reservoir simulation which require modeling of fluid flow in a porous medium.
Conservation of mass is a very important property in these cases and motivates the
choice of the mixed finite element method as the main technique for numerical ap-
proximation. Russell and Wheeler [70] showed that special quadrature rules reduce
a certain mixed method on rectangles to cell-centered finite differences, which have
been used by the petroleum engineers for many years.

We first consider a single phase, non-gravitational flow model for the pressure p

and the Darcy velocity u:

V'·u=q
J{

u = --V'p,
µ

where J{ is the absolute permeability or hydraulic conductivity tensor, µ is the viscos-
ity, and q is the source term. Even in this relatively simple model, some of the intrinsic
features of the differential problem impose serious difficulties on the formulation and
the analysis of the numerical method.
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• The conductivity J{ is a full tensor. Most of the existing results for the mixed
methods assume diagonal tensors.

• The medium can be highly heterogeneous with discontinuous conductivity.

• The domain can have general geometry. For very irregular domains a multiblock
structure may be desirable to describe the geometry.

• In the presence of faults, non-matching grids in different parts of the domain
may be needed.

• Accurate approximation of local phenomena (e.g., high gradients around the
wells) may require locally refined grids.

The governing equations for multi phase fluid motion through a porous medium
are mass conservation of phases [12,24]. We consider an immiscible two-phase model

8( 4>siPi)
8t + V' . Pi Ui = qi,

where i= w (wetting), n (non-wetting) denotes the phase, Si is the phase saturation,
Pi is the phase density, 4> is the porosity, qi is the source term, and

. - - ki(Si)K (V'Pi - PigV'D)
U, - µi

is the Darcy velocity. Here Pi is the phase pressure, ki( Si) is the phase relative
permeability, µi is the phase viscosity, 9 is the gravitational constant, and D is the
depth. The two equations are coupled via the volume balance equation

Sw + Sn = 1

and the capillary pressure relation

In addition to the above mentioned difficulties, in this case we have to deal with
a coupled system of highly nonlinear transient partial differential equations. The
equations are degenerate - the relative permeability ki(Si) vanishes at Si = 0, causing
lack of regularity for the solution; therefore, the standard techniques in the analysis
of the parabolic and elliptic equations cannot be applied directly.
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A common approach has been to reformulate the two-phase system as a pressure
equation of parabolic or elliptic type and a saturation equation of advection - diffusion
type [24]. Therefore, we first concentrate on the mixed methods for elliptic and
parabolic equations.

The mixed methods for second order elliptic equations have been extensively stud-
ied. Several mixed finite element spaces on triangles, rectangles, and prisms have been
developed [72, 67, 62, 21,19,20,26]. Their convergence and superconvergence prop-
erties are well understood [72,67,34,61,74,37,41]. The quasi-linear case has been
studied in [60,33,36], and mixed methods for parabolic equations have been analyzed
in [51,39].

Most ofthe above works assume a diagonal tensor coefficient, and while the conver-
gence results and the pressure superconvergence results can be easily generalized for
a full tensor, this is not the case for the superconvergence in the velocity. Recently,
a variant of the mixed finite element method, which we call "the expanded mixed
method", has been introduced [75, 52, 25, 9]. In [9], full tensor coefficients are han-
dled efficiently on rectangles by deriving an equivalent cell-centered finite difference
scheme for the pressure, which generalizes the result of Russell and Wheeler [70] for
diagonal tensors. Moreover, superconvergellce for the velocity is obtained at certain
discrete points.

Serious problems arise in the analysis and the implementation of the mixed meth-
ods on domains with irregular geometry. Partitions of triangles or tetrahedra lead to
unstructured data and much larger problems to solve, compared to logically rectan-
gular meshes of quadrilateral-type elements. Also, the computed velocities are not
superconvergent on triangles, even for diagonal tensors. This motivates the choice of
logically rectangular grids. Thomas [72] showed optimal convergence for both pres-
sure and velocity on quadrilaterals. In [5], a modification of the expanded mixed
method is considered for handling full tensors and general domains, leading to cell-
centered finite difference schemes on logically rectangular and triangular grids. All
computations are performed on a regular grid after mapping the problem to a refer-
ence computational domain. Under assumptions of smoothness of the mapping and
the coefficients, optimal convergence for the pressure and the velocity is obtained.
Moreover, superconvergence for both variables is obtained on quadrilateral-type el-
ements. Unfortunately, the theory breaks down if the assumption of smoothness is
omitted and no convergence can be obtained near discontinuities. This is confirmed
by numerical experiments.
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As we noted above, in many applications the medium is heterogeneous and the
permeability tensor is discontinuous. Also, in describing the geometry of a highly
irregular domain with a logically rectangular grid, a multi block structure has to be
used. The true domain is then mapped to a union of rectangles (parallelepipeds)
and the grid may be non-smooth across the interfaces. It turns out, however, that
this leads to a discontinuous tensor on the computational domain. Therefore both
problems can be attacked with similar techniques.

The macro-hybrid form of the mixed method (see [11]) has to be used for handling
discontinuities. In this formulation, pressure Lagrange multipliers are added along the
interfaces of discontinuities. This allows the pressure gradient to be approximated
by a discontinuous function. Numerical results in [5] indicate that convergence is
regained in this case. In Chapter 2 we present theoretical analysis for the macro-
hybrid form of the expanded mixed method for problems with piece-wise smooth
coefficients.

The presence of faults imposes another very interesting problem for the numerical
method. These natural discontinuities in the geological structure are very difficult
to follow by continuous grids. Therefore non-matching grids in different parts of the
domain are needed. Non-matching grids also allow for using a different coordinate
system in each block, leading to a greater flexibility in describing irregular geome-
tries. To the author's knowledge, no analysis has been done for mixed finite element
methods on non-matching grids.

In our applications, it is important to construct schemes that conserve mass across
the faults. To achieve this we employ "the mortar finite element method" (see [16]
for such work with Galerkin finite elements). The idea is to introduce an interface
finite element space (called a mortar space) and use it to impose continuity of fluxes
in a weak sense. In the mixed method this is the pressure Lagrange multiplier space.
In the case of matching grids, we may use the standard choice of the normal trace
of the velocity space on the interface. Therefore we recover the macro-hybrid form
of the mixed method on matching grids. If the grids on the two sides do not match,
a different mortar space is needed. We show theoretically and numerically that, in
order to preserve optimal convergence in this case, the mortar space must consist of
piece-wise polynomials of one degree higher then the degree of the normal trace of the
velocity spaces. Moreover, we are able to maintain the known pressure and velocity
superconvergence properties of the mixed methods.
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The mortar finite element method provides a new way to handle locally refined
grids. In fact, grids with local refinement are just a special case of non-matching
grids. In the previous research (see, e.g., [18, 40, 23, 59, 43]) authors use the notion
of "slave" nodes, forcing fluxes to be continuous across the coarse-fine interface. This
however, forces all fine interface velocities within one coarse cell to be the same, which
leads to large numerical errors on the interface. A special choice of the mortar space
recovers the known schemes. However, we can relax the strict continuity of fluxes by
taking coarser mortar space. As numerical examples indicate, this reduces the size of
the velocity error.

The above formulations are also computationally attractive when combined with
domain decomposition solution techniques. The Glowinski- Wheeler algorithm [48],
later generalized in [29], and the balancing domain decomposition [57, 58, 28] exploit
similar hybridization techniques. These methods were originally implemented for
the standard mixed method by Cowsar in the simulator ParFlowl, which was later
modified by San Soucie and the author to handle the expanded mixed formulation.
The code was later generalized by the author to handle general geometry domains
with non-matching logically rectangular grids in different subdomains.

Recently some authors showed that the Lagrange multiplier formulation allows
optimal order substructuring preconditioners on non-matching grids to be constructed
[1,53].

We next apply the above methods to the coupled system of multi phase flow equa-
tions. As we mentioned above, a common approach is to rewrite the system as a
pressure and a saturation equation. The latter is a degenerate advection - diffusion
equation with a. diffusion term vanishing at s = 0,1.

Many authors have addressed the issues of analysis and approximation of solutions
to degenerate parabolic equations. Existence and uniqueness of weak solutions have
been studied in [65, 46, 54, 3], and low regularity for the solutions have been shown.

A widely used technique is to regularize the original problem, and then approxi-
mate the regularized problem (see, e.g., [69, 50, 63, 45, 44]). A suitable choice of the
regularization parameter allows error estimates to be derived.

Another common tool is the Kirchoff transformation. For the saturation equation
or its simplified version - the porous medium equation, it allows one to simplify the
elliptic term, treating the degeneracy analytically [69,45,44, 10]. The obtained form
is very close to the form of the two phase Stefan problem, making the analysis of the
two problems similar [50, 63, 64].
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The only previous work that uses mixed methods for degenerate parabolic equa-
tions is [10]. No regularization is used there and via the Kirchoff transformation the
authors bound the discretization error in approximation theory terms.

Very limited work has been done on analysis of the coupled system of equations.
Existence of weak solutions to the incompressible model has been shown in [2, 4]. The
few studies of numerical approximation to the problem treat only the non degenerate
case [32, 27].

In this work we formulate and study mixed finite element schemes for the numeri-
cal solution of the multi phase flow system. We consider the expanded mixed method
applied to pressure-saturation formulation. The method is shown to conserve mass of
both phases locally. It is also extended to handle discontinuous permeability tensors,
multi block domains, and non-matching and locally refined grids. Analysis of a mixed
method with mortars for the degenerate saturation equation on non-matching grids
is presented.

The rest of the thesis is organized as follows. In Chapter 2 we recall the expanded
mixed method for linear elliptic problems with tensor coefficients on general geometry
and present theoretical and numerical results for the macro-hybrid formulation of
the method on multiblock domains and discontinuous coefficients. The subject of
Chapter 3 is the standard mixed methods with mortars on non-matching and locally
refined grids. In Chapter 4 we present and analyze the expanded mixed methods for
elliptic problems on irregular multiblock domains with non-matching grids. Mixed
finite element discretizations for the coupled system of multiphase flow equations are
discussed in Chapter 5.
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Chapter 2

The expanded mixed method on general
geometry

We consider a second order elliptic problem on a geometrically general domain n ~
Rd,d = 2 or 3, with a Lipschitz boundary an. In its mixed form we seek (u,p) such
that

u = -J{V'p in n, (2.1 )

V'·u=f in n, (2.2)

p =gD on rD (2.3),
u. v = gN on rN (2.4),

where J{ is a symmetric positive definite tensor with LOO(n) components, and v is
the outward unit normal vector on an, which is decomposed into rD and rN. In flow
in porous medium applications p is the pressure, u is the velocity vector, and J{ is
the conductivity tensor divided by the viscosity.

2.1 Some notation and formulation of the method

For a bounded domain 5 C Rd, let (', ')5 denote the L2(5) inner product or duality
pairing. We may omit 5 if 5 = n. The L2(5) norm is given by

We may also omit the subscript O. Let (', ')85 denote the £2(05) inner product or
duality pairing. Define

with a norm
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Let 11·llm,p,sdenote the norm of Wm,P(S), the Sobolev space of m-times differentiable
functions in LP(S). We will mainly use the Hilbert space Hm(s) = Wm,2(S) with a
norm

( )

1/2

IIUllm,s = L is 18°u12 dx
lol~m

For a non-integer r, m < r < m + 1, Hr(s) is defined by interpolation of Hm(s) and
Hm+I(S) (see [56]). Let, for any real r,

H~(S) = closure of C~(S) in Hr(S)

We denote by H-r(s) the dual space of H~(S) with a norm II . II-r.s. The Sobolev
spaces on as are defined in a similar fashion. For 0 < r < 1, Hr (as) is equipped
with the norm

{ 2 2 }1/2Ilullr,as = Ilullo,s + lulr,s ,

We recall two important trace theorems needed in the analysis. The proof of the
first result can be found in [56].

Theorem 2.1 (Trace) Let an be of class Ck and 1/2 < s :::;k. Then
the trace map I' with ,U = ulan for smooth functions u, can be extended
as a continuous map

The next theorem is proven in [67].

Theorem 2.2 (Normal trace) For a Lipschitz domain n, there exists a
continuous map

such that IVU = U . vlan for smooth vector functions u.

We now continue with the formulation of the expanded mixed method. Following
[9, 5] we introduce the adjusted pressure gradient

- M-I"U = - vp,

where M is some symmetric positive definite tensor related to the geometry of n.
Then

U = [{Mil.
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Let

We have the following expanded mixed variational formulation. A weak solution of
(2.1)-(2.4) is (u, ii,p, A) E V x V x W x A such that

(A1u, v) = (M [(i\1ii, v), VEV, (2.5)

(iV/ii, v) - (p, V' . v) (2.6)

= _(gD, v. v)rD - (\ v· v)rN, VEV,

(V' . u, w) = (I, w), wEW, (2.7)

(u . v, µ)rN = (gN, µ)rN, µ E A. (2.8)

Our main requirement is that there exists a smooth (at least 02) invertible map

where 0, is a computational reference domain with a standard shape. Let Th be a
quasi-uniform family of partitions of 0, into standard shaped elements. Then F defines
a curved element partition ~ of n. Denote by Vh x Wh C H(div; 0,) x £2(0,) any of
t?e known mixed finite element spaces defined on Th [72, 67, 6,2, 21, 19,20, 26]. Let

V h be a finite element subspace of (L2(O,))d such that V h ~ V h. Let At;! C L2(rN)

be the Lagrange multiplier space on rN, corresponding to the normal trace of V h.

The spaces V h, Wh, V h, and At;! on the partition ~ of n are defined by the Piola
transformation for the vector spaces and by the sta.ndar~ isomorphism for the scalar
spaces as follows (see also [72, 5]). For each v E V h (Vh), W E Wh, and µ E At;!,

- Ndefine v E Vh (Vh), W E Wh, and µ E Ah by

v(x) = (~DFV) 0 F-I(X),

w(x) = W 0 F-I(X),
µ(x) = µ 0 F-I(X),

where DF is the Jacobian matrix of F and

J = Idet(DF)I.

(2.9)

(2.10)

(2.11)



10

In the expanded mixed method on general geometry we solve for Uh E V h, Uh E Vh,

Ph E Wh, and Ah E Af: satisfying

(Muh, v) = (!vII\" MUh, v), v E Vh, (2.12)

(Muh, v) - (Ph, V' . v) (2.1:3)

= _(gD, v. v)rD - (Ah, v· v)rN, v E Vh,

(V' . Uh, w) = (1, w), wE vVh, (2.14)

(Uh . v, µ)rN = (gN, µ)rN, µ E Af:. (2.15)

Optimal convergence for lip - Philo, IIA - Ahll-I/2,rN, Ilu - Uhllo, lIu - uhllo, and
IIV' . (u - uh)llo has been shown in [9, 5] under the assumption of smoothness of K
and M.

2.2 A Cell-centered finite difference scheme on logically
rectangular grids

The main motivation to study the expanded mixed method is that it can be imple-
mented as cell-centered finite differences for the pressure, even for problems with full
tensor coefficients on general geometry domains. Special choice of M simplifies the
interactions of the vector basis functions in (2.12) and (2.13). Define

(2.16)

A transformation of (2.12)-(2.1.5) through (2.9)-(2.1J) leads to the following problem
A A A _ A A AN

on the reference domain n. Find Ih E V h, Uh E V h, Ph E Wh, and Ah E Ah such
that

where

(Uh, ~)n = (J DF-1 K(DF-I f{h, ~)n'

(frh, v)n - (Ph, V . V)n

(AD A A) (' A A)= - g , v . v f'D - Ah, V . V f'N,

(V· Uh, W)n = (J j, W)n,

(A A A) (J AN A)Uh'V,µf'N= vg ,µf'N,

(2.17)

(2.18)

(2.19)

(2.20)
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To obtain cell-centered finite differences on logically rectangular grids, we consider the
lowest order Raviart- Thomas spaces [67] and take V h = V h. We employ quadrature
rules to approximate the vector integrals in (2.17), (2.18). The two equations are
replaced by

(Uh, {rhM,.o = (J DF-I J{(DF-I f flh, {r)T .0'

(fh, vhM ..o - (Ph, ~ . V).o
(AD A A) (' A A)= - g , v . V f'D - Ah, Y . V f'N,

(2.21)

(2.22)

where ( . , . )M,S, ( . , . h,s denote an application of the midpoint and trapezoidal rule,
respectively, to the L2(S) inner product with respect to 't, and (', . hM,S is the
trapezoidal-midpoint rule, defined for vectors v = (VI, V2, V3) and q = (qI, q2, q3) as

(2.23)

This choice of quadrature rules gives diagonal coefficient matrices for Uh in (2.21) and
for flh in (2.22), since the TM rule uses exactly the nodal velocity points. Therefore
the vector unknowns can be eliminated, leading to cell-centered finite differences for
the pressure with a 9 point stencil in two dimensions and a 19 point stencil in three
dimensions.

The convergence properties of this scheme have been analyzed in [9, 5] under the
assumption of smoothness of J{ and F. There, super convergence for the pressure,
velocity, and its divergence at the midpoints of the elements is shown.

2.3 The expanded mixed method for problems with discon-
tinuous coefficients on multiblock domains

The results of the previous section required the conductivity J{ and the mapping F to
be smooth functions. As we mentioned in the introduction, this is often not the case.
The conductivity of heterogeneous media can be discontinuous. On the other hand,
very irregular domains are difficult to map to a regular shape domain via smooth
mappings. In those cases: multiblock structures may have to be used, with different
mappings for the different blocks. Therefore the globa.l map is piecewise smooth and
could be non-differentiable across the interfaces.

Computational results in [6,5] indicate loss of convergence along interfaces of map
or coefficient discontinuities. Note that the transformed computational tensor is

(2.24)
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so a nonsmooth mapping leads to a discontinuous coefficient on the computational
domain. This implies discontinuous pressure gradient. In the scheme, however, tth =

VPh is continuous in the normal direction. This inconsistency causes the loss of
convergence along the discontinuities.

To correct for the above problem, we need to relax the continuity of V h across
the interfaces. However, we would like to keep the matrices arising from vector inner
products of type (v, v) square. In this case we can eliminate both vector unknowns to
obtain finite differences for the pressure. Therefore we also relax the continuity of V h

across the interfaces and then impose it weakly. We do so by adding pressure Lagrange
multipliers along the interfaces, obtaining a partially hybridized mixed formulation.

Assume that D can be decomposed into a set of non-overlapping subdomains such
that the restrictions of f( and F to any subdomain are smooth functions. This can be
achieved by aligning large discontinuities in f( (like interfaces between rock strata)
with subdomain boundaries. If f( varies on a smaller scale, homogenization can be
used to obtain conductivity that is smooth within a subdomain (see [15, 17,38] and
references therein).

Let

Let
n

V - ffiV·- \I7 1"

i=I

and

- 2 dVi = (L (Di)) ,
n

- ffi- 2 dV = \I7 Vi = (L (D)) ,
i=I

n

W = EB Wi = L2(D),
i=I

The following weak form for (u, il,p, >') E V x V x W x A can be obtained by
integrating the original equations over each ni and summing.

(Mu, v) = (Mf(Mil, v),
n

(Mil, v) = L ((p, V'. v)ni - (>', V· v)r;) - (gD, v· v)rD,
i=l

v E V, (2.25)

v E V, (2.26)
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2)V' .U, W)ni = (1, W),
i=I
n

L:(u. v, µ)ri = (gN, µ)rN,
i=I

13

wE W, (2.27)

µ E A. (2.28)

The flux continuity equation (2.28) implies that u E H( div; D), and we recover the
weak form (2.5)-(2.8).

Let F maps a union of reference sub domains n = Ui=I ni onto D, F( ni) = Oi. Let
Th,i be a curved element partition of Oi, 1 :::;i :::;n, defined by mapping a standard

A A

shape element partition Th.i of Di, and let Th,i and Th,j match on ri,j' Let

be any of the known mixed spaces on Di. Let
n

Vh = EBVh.i,
i=I

n

Vh = EBVh,i,
i=I

n

Wh = EB VVh,i,
i=I

and let Ah denote the Lagrange multiplier space on r associated with V h x Who For
convinience we assume that Ah is extended by zero on rD. We then solve for Uh E V h,
Uh E Vh, Ph E Wh, and Ah E Ah satisfying

n

(Muh, v) = L: ((Ph, V'. V)ni - (Ah, v· v)r.) - (gD, v· v)rD,
i=I

n

L:(V' . Uh, W)ni = (1, w),
i=l
n

L:(Uh' v,µ)ri = (gN,µ)rN,

i=l

V E Vh, (2.29)

v E Vh, (2.30)

wE Wh,(2.31)

µ E Ah. (2.32)

Following [5] we refer to (2.29)-(2.32) as the enhanced method. Note that the flux-
matching condition (2.32) guarantees that Uh E H( div; D), while Uh is discontinuous
across the subdomain interfaces.

With M defined in (2.16), (2.29)-(2.32) is tra~sformed into the following problem
on the reference domain n. Find Uh E Vh, th E V h, Ph E Wh, and ~h E Ah such that

n

(th, v)n = L: ((Ph, ~. V)ni - (~h, V· V)r.) - (fjD, V· V)rD,
i=I

V E V h, (2.33)

v E Vh, (2.34)
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n

I:(V· Uh, W)ni = (J j, W)n,
i=I

n

I:(Uh' [;,µ)ri = (JvgN'µ)rN'

i=l
µ E Ah' (2.36)

Now take V~ x Wh to be the RTo spaces on a curved logically rectangular grid ~,i

on ni. As in Section 2.2, quadrature rules are employed to approximate the vector
inner products. Equations (2.33) and (2.34) are replaced with

n

(th, vhM,n = I:((Ph, V· v)ni - (~h, V· [;)rJ - (gD, v· [;)rD, v E Vh. (2.38)
i=I

Elimination of the velocities leads to a sparse symmetric positive definite system for
Ph and Ah. The stencil is slightly modified only near the interfaces where Lagrange
multipliers are added. Therefore the computational cost for the enhanced method is
compatible with the one for the expanded method. Moreover, we use the Glowinski-
Wheeler domain decomposition algorithm [48, 29] to solve the linear system. There,
Lagrange multipliers are introduced on subdomain interfaces for the purpose of par-
allelism, so the solution to the enhanced method comes at no extra cost.

Computational results in [6, 5] show that convergence along the discontinuities is
regained for the enhanced method. Using techniques similar to those used in [9, 5]
we are able to confirm these results theoretically.

2.3.1 A regularity theorem

For the error analysis we need a regularity result for the solution of the transformed
problem. To avoid technical complications, we assume for the rest of the chapter that
the union of ni forms a rectangular block and rD = an.

We need some preliminary results. Let ei be the unit coordinate vector in the Xi

direction. For any function u on n, define the difference quotient in the direction ei

by
ofu(x) = u(x + he~) - u(x), hi- O.

The following two results can be found in [47], Lemma 7.23 and Lemma 7.24.
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Lemma 2.1 If u in HI(n), then ofu E L2(n'), for any n' CC .0 such
that Ihl < dist(n', an). Moreover,

Lemma 2.2 Let u E L2(n) and suppose there exists a constant A1 such
that Ofu E L2(n') and Ilofull£2(n/) ~ M for all h i- 0 and n' Cc .0
satisfying Ihl < dist(n',an). Then the weak derivative aujaxi exists and

satisfies Ilauj aXill£2(n) ~ AI.

We now state the regularity result.

Theorem 2.3 Let p be the solution to

- V' . I<V'p = f

p=g

in n,
on an,

(2.39)

(2.40)

where neRd, d = 2,3, is a rectangular domain decomposed into a union
of rectangular blocks ni, 1 ~ i ~n, I< is a symmetric positive definite
matrix with components that are uniformly Lipschitz continuous on ni,
f E £2(.0), and g E H2(ni) n HI(n). Let .or = ni\(UBe(e)), where e is
any corner of ni that is not a corner ofn if d = 2, or any point on an edge
of ni that is not an edge of n if d = 3, and Be( 0 is a ball with a center
e and a radius c. Then p E H2(nn and there exists a positive constant
C = C( I<, .0, c) such that

n n

L Ilplkni ~ C(llfllo + Ilgllt + L IlgIl2,nJ.
i=l i=I

Proof Cover the compact set n by open sets U1, ... , UN, where Ui cc ni, 1 ~ i ~n,
and the rest are balls Be(e) with centers e on r U an and a small radius c. Assume
that, for any corner e of ni, a ball with a center e is an element of the covering set.
If d = 3, assume also that the balls that cover the sub domain edges have centers on
the edges. Next, find a partition of unity cP1, ... , cPN subordinate to this cover, i.e.,

N

LcPj(X) = 1, xEn,
j=I
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Since Ilpll -:; 2:::;:1 lI<pjpll, it is enough to consider each <Pjp. Let Lp = - V' . J{V'p and
note that

L( cPp) = cPLp + pLcP - 2J{V' p . V' cP· (2.41)

First consider the open sets Uj Cc nj, 1 -:; j -:; n. With J{ Lipschitz on nj, we
have by elliptic regularity (see, e.g., [47], Theorem 8.12, Corollary 8.7) and (2.41)

II<pjplkUj -:; CIIL(<pjp)lIo,uj -:; C(lIfllo,uj + IlplkuJ -:;C(lIfllo + Ilglld, 1 -:; j -:; n.
(2.42)

Next consider any ball Uj = U on an interior interface away from the corners (and
the edges if d = 3). Let the interface divide U into two semi-balls U- and U+. To
simplify the notation, let u = cPjp. Since u = 0 on au, using Poincare's inequality we
have

therefore,
(2.43)

Let U/ CC U be the smallest ball that contains supp(u). For any h such that
o < 21hl < dist(U', aU), define Uh = {x E U : dist(x, aU) > Ihl}. Now consider
6hu = 6fu E H6 (Uh) for any direction Xi tangential to the interface. Let

A bound for 6hu on Uh, similar to (2.43), gives

usmg

for the last inequality. We claim that the right hand side of (2.44) is uniformly
bounded as Ihl ---+ O. For the first term, take any c.p E H6(Uh) and write

using Lemma 2.1 for the last inequality. Therefore, with an estimate similar to (2.42),

(2.45)
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For the second term, since L has Lipschitz coefficients on ni, Oh L is a second order
operator with coefficients bounded uniformly in h. Hence,

which, combined with (2.44) and (2.45), implies

uniformly in h. Lemma 2.2 now implies that all second order derivatives of u are
in £2( U), except a2uj aXk, where Xk is the direction orthogonal to the interface. We
now use the equation Lu = L(ePjp) = ePjf + pLePj - 2f{V'p' V'ePj to solve for 82ujaxk
in terms of the other derivatives. Thus we conclude that a2uj aXk E £2( U-) and
82uj8xk E L2(U+), and

Now consider any ball Uj = U with a center on an n ani away from the corners
(and the edges if d = 3). Let U+ = un ni. A similar argument as above gives

It remains to show that the solution is regular near the corners (edges if d = 3) of
n. Consider any such corner (edge) and assume it is shared by ni. Choose a sequence
nr of convex domains with 02 boundaries rr such that nr ~ ni and rr = ri U1'i,
where ri is fixed away from the corners (edges) of ni and dist hi,an) -t 0 as
m -t 00. By the Trace theorem and the above analysis, the trace of p on ri is in
H3/2(rn and

Now consider the sequence of problems

(2.46)

Pm =p

Pm = g

in nm, ,
on r*,,
on "V~ = anm\r*It t 't'

(2.47)

(2.48)

(2.49)

For the regular problems (2.47)-(2.49) we have
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using (2.46) and the Trace theorem for the last inequality. An argument by Grisvard
[49], Theorem 3.2.1.2, implies that Pm --+ P weakly in H2 and

where nr --+ nr as m --+ 00. This completes the proof of the theorem.

Remark 2.1 The above estimate is sharp. A two dimensional exam-
ple of a problem with a piese-wise smooth coefficient in [71], Section 8.1
shows that the solution may have a regularity H1+{3, 0 < j3 < 1, in a
neighborhood of an interior subdomain corner.

D

For the analysis, we assume that the solution is also regular near the corners
(edges ).

(HO) The solution P of (2.39)-(2.40) is in H2(ni) and
n n

2: Ilplkni ::; C(llfllo + IlgIII+ 2: IlglknJ.
i=I i=I

2.3.2 Error analysis of the finite difference scheme

We start with some relatively standard finite difference notation, given here in two
dimensions for simplicity. Denote the grid points on Ok, 1 ::; k ::; n, by

and then define

1
Xi = 2(Xi+1/2 + Xi-l/2),

1
Yj = 2(iJj+l/2 + Yj-I/2),

hx A A

i = Xi+1/2 - Xi-l/2,
hY A A

j = Yj+l/2 - Yj-I/2' j = 1 N~, Y'

These points are mapped to points in nk defined by the corresponding symbol without
the caret. We write v = (VX

, vY) for v E R2, and for any function .J;(x, y), let .J;ij
denote .J;(Xi,Yj), let .J;i+I/2,j denote .J;(Xi+I/2,Yj), etc., with a similar definition for
functions and points without carets.

We need the following definition.
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Definition 2.1 An asymptotic family of rectangular grids is said to be
generated by a C2 map if each grid is the image by a fixed map of a grid
that is uniform in each coordinate direction, where each component of the
map is strictly monotone and in C2(0).

Denote this map by G( x, y) = (Gx (x), GY (Y)) and note that in this case

hX hX GX 2Gx + GX d
2
GX(x) (hx)2

i+I - i = i+3/2 - i+I/2 i-I/2 = d'2 '
X

where x is between Xi-1/2 and Xi+3/2, and hX is the uniform grid spacing. This,
together with the smoothness of G, implies

(2.50)

In the analysis we will need several projection operators related to the mixed finite
element spaces on the reference grids. For 1 ::; i ::;n, let Ph. denote the U-projection
of Wi onto l¥h,i. For 'P E Mli, Ph.'P E Wh,i is defined by

(2.51)

(2.52)

We also need the standard mixed projection operator IT : (HI (Oi))d -+ V h,i satisfying,
for q E (HI(Oi))d,

(V'. (q - ITq),W)11; = 0,

((q - ITq) . v, v· v)a11; = 0,

wE Wh,i,

v E Vh,i'

(2.53)

(2.54)

Ilq - ITqllo11 ::; Cllql11 11h.
1 t , t

Equations (2.53) and (2.54) imply that V' . ITq = Ph. V' . q and ITq . v =

therefore, with (2.51) and (2.52),

11\7· (q - llq)llo,11i ::; CII\7· qllt,11i h,
II(q - llq). v1l0811 ::; Cllq· v111811h.

, 1 , l

(2.55)

(2.56)

(2.57)
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We next note that the quadrature rules (·'·)M' (·,·h, and (·,'hM introduced
in (2.21), (2.22) on Th, are naturally defined on Th via the mapping F. For w E

ltV n CO(1), v E V n (CO(O)) d, and h implicitly fixed, let

Ilwll~.s = (w, W)M,S, IIvll~M,s = (v, VhM,S, and Ilvll~.s = (v, vh.s,

where again we omit S if S = !1; these can also be defined on ltVh or V h, where they
are norms squared. Clearly for v E V h,

that is, these three norms are equivalent on the reference velocity space.
We are now ready to state the main result of this section.

Theorem 2.4 Assume that (HO) hold. For the cell-centered finite differ-
ence approximation of the enhanced mixed method (2.37), (2.38), (2.35),
(2.36) on a logically rectangular grid, if the corresponding computational
grids are generated by a C2 map, and if p E C3,1(Oi) n CO(O), U E
(-)d (- )dXdC1(Di) n W2,OO(!1i) n H(div; D), and f( E CI(Di) n W2,OO(Di) ,

then there exists a constant C, independent of h but dependent on the
solution and J( as indicated, and on IIPIl3,oo.ni, IIp-II13,oo,ni' IIDFllo,oo,
and IIDF-11Io,oo,such that

lIu - uhllM + Illl - llhllM ::; Ch3
/
2

,

IIV', (u - uh)IIM ::; Ch2
,

lip - phllM ::; Ch2
.

For the proof of Theorem 2.4 we need several auxiliary estimates.

(2.58)

(2.59)

(2.60)

I:emma 2.3 Under the assumptions of Theorem 2.4, there exist U E V h,

U E V h, P E Wh, and ~* E Ah such that

, n

(U, VhM = L ((P, ~. v)ni - (~*, v· v)r.)
i=l

v E Vh, (2.61)

v E Vh, (2.62)
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and there exists a constant C, independent of h, but dependent on the
solution, I<, and F as indicated in Theorem 2.4, such that, for all i, j,

(2.63)

(2.64)

(2.65)

where r = 2 for all points not on I'D and not on Ui.j=l ri,j, and f = 1
otherwise, r = 2 for points strictly in the interior of ni that lie on an edge

-;::D -;::
or face e such that en r = 0 and en ri,j = 0, and r = 1 otherwise.

Remark 2.2 The velocity space V h is discontinuous acros interior in-
terfaces. For such points, (2.64) and (2.65) hold for the values on both
sides of the interface, i.e.,

~ x,+ ~x.+ ~ y,+ ~y,+
IUi+1/2.j - 'Ui+I/2,jl + lUi,j+I/2 - 'Ui,j+I/21 S Ch,

~ X.- A X _ ~ y,- A Y _

IUi+I/2,j - Ui~I/2,jl + IUi,j+1/2 - Ui,j+I/21 S Ch,

where

(2.66)

(2.67)

with a similar expression for (2.65).

Remark 2.3 To avoid confusion, we note that i and j used for indexing
the sub domains differ from i and j used for indexing the grid points.

Proof (Lemma 2.3) On a subdomain ni, we apply a construction due to Weiser
and Wheeler (~ee [74], Lemma 4.1 and appendix) to (ti,p), that gives a P satisfying
(2.63), and a iT, satisfying (2.61) and (2.64) with f = 2 strictly in the interior. Note
that the constants in this construction depend on the Lipschitz constant of fpp on
ni, and, through (2.10), on the Lipschitz constant of a3p on ni and on 11F113,oo,ni' On
ani n rN we define ~* to give

therefore (2.64) holds with f = 2 on rN. Clearly (2.64) holds with f
Finally, let

A A A A

A:+1/2.j = Ai+1/2,j, A:,j+1/2 = Ai,j+I/2



22

on any interior interface ri,j' Then, with (2.61) and (2.63),

UX,- . = Pij --: ~i+I/2,j = Pij ~ ~i+I/2,j + O(h) = fix,- . + O(h).
'+I/2,J hi /2 hi /2 '+I/2,J

::,x,+ ::,Y.- ::,Y,+
Similar estimates for U , U , and U imply (2.66) and (2.67).

To show (2.65), we choose ~ in (2.62) to be the basis function associated with
node (i + 1/2,j). For the interior of ni we have

1 A x

Oi+I/2,j = 2 [(Kll)i+I/2,j-I/2 + (Kll)i+I/2,j+I/2] Ui+I/2,j

1 {+ A A

2(hf + hf+I)

[(KI2)i+I/2,j-l/2U~+I,j_l/2 + (KI2)i+I/2,j+I/2U~+1.j+I/2] hi+1

+ [(KI2)i+I/2,j-l/2Ui~j_I/2 + (KI2)i+1/2,j+I/2Ui~j+1/2] hi}, (2.68)

and on ani we have

A 1{[ ];:;XUi+I/2,j = 2 (Kll)i+l/2,j-I/2 + (Kll)i+l/2,j+I/2 Ui+I/2,j

+ [(K12)i+l/2,j-I/2U~+I,j_l/2 + (KI2)i+I/2,j+I/2U~+1,j+I/2] }, (2.69)

where i = i = 0 for the left boundary and i = i+ 1 = N~ for the right boundary.
Taylor's theorem for u = Kil gives

Ui+l/2,j = ~ [(Kll)i+I/2,j-l/2 + (Kll)i+I/2,j+I/2] fi~+I/2,j

1 {+ A A

2(hf + hf+1)

[
AY AY ] A

(KI2)i+l/2,j-l/2Ui+I,j-I/2 + (K12)i+I/2,j+1/2Ui+l,j+l/2 hi

[
AY AY ] A }+ (K12)i+I/2.j-l/2Ui,j_l/2 + (K12)i+I/2,j+I/2Ui,j+I/2 hi+l

+0(h2
), (2.70)

Ui+l/2,j = ~{ [(Kll)i+I/2,j-l/2 + (Kll)i+l/2,j+1/2] fi~+1/2,j

+ [(KI2)i+1/2,j-I/2fi~+I,j_l/2 + (KI2)i+l/2,j+I/2fi~+I,j+l/2] }

+O(h), i = i= 0 or i = i+ 1 = N~, (2.71)
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with constants depending on u and J{ as indicated in the assumptions, and on
IIFI13,ooJl; and IIF-Ilh,oo,!1;, because of (2.9) and (2.24). Note that the coefficients
in (2.68) and (2.70) differ only in the weights hi and hi+I' Adding and subtracting
hi+I and hi to the weights of the second and third term on the right side of (2.70),
respectively, and subtracting from (2.68), we have

(2.72)

where x' and x" are points between Xi and Xi+I. Estimate (2.65) follows in the interior
from (2.72), (2.64), and (2.50); and on ani from (2.69) and (2.71). 0

Since Ui=l ani is a set of dimension d - 1, the following corollary holds.

Corollary 2.1 For the functions in Lemma 2.3, there exists a constant
C, independent of it, such that

;,;, " ' 3/2liD - ulITM,n + liD - ulITM,n :::;Ch .

Lemma 2.4 Under the assumptions of Theorem 2.4,there exists a con-
stant C, independent of h, such that

Proof (Lemma 2.4) Subtracting (2.33)-(2.36) from (2.62), (2.61), the transformed
(2.27) and (2.28), respectively, we obtain the error equations

, n

(U - fih, vhM,n = L ((p - Ph, V· v)n; - (~* - ~h, v· z/)tJ, V E Vh, (2.74)
i=l
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2:)V. (fIu - Uh), W)ni = 0,
i=l

n

~](fIu - Uh) . v, Mri = 0,
i=I

24

W E Wh, (2.75)

µ E Ah' (2.76)

We take -e. = u- t.h, v = fIu - Uh, W = P - Ph, and µ = ~* - ~h to obtain

An application of Schwarz inequality gives

Take -e. = U - Uh in (2.73) to get

The Lemma now follows from Corollary 2.1 and the known estimate [37]

, '2IlIIu - ulITM,n :::;Ch .

D

Finally, we need a bound on P - Ph. From (2.33) - (2.36) and the transformed
(2.25) - (2.28) we get the error equations

(u - Uh, -e.)n = (K:(t. - t.h), -e.)n - ETM(Uh,~)

+ ET(K:t.h, -e.),
n

(t. - t.h,V)n = L: ((PhP - Ph, V· V)ni - (Qh~ - ~h, V· V)rJ
i=l

n

L:(V. (u - Uh),W)ni = 0,
i=I

n

L:((u - Uh)' v,µ)ri = 0,
i=I

where
EQ(q, v) = (q, v) - (q, v)Q, Q = Tl'vl or T.

v E Vh,(2. 78)

wE Whi2.79)

µ E Ah, (2.80)
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It is well known [30] that the error in approximating an integral by either of these
rules is of order '11,2:

IEQ(q, V)I ::; C ~ L II:;0 (q. V)II . '11,2.
E 101=2 O.I,E

The following lemma is proven in [9]. The proof is included for completeness.

Lemma 2.5 For the lowest order RTN spaces on rectangles, for any
q = (qX, qY) E HI(nd and E E 1h,

(2.81 )

and
£1 II 11

0
Y

~(IT)Y < ~
of; q o,E - ay lIo,E

Proof Without loss of generality, assume that E is the unit square. By definition,
IT satisfies on each edge e of E

fe(q· v - ITq· v) ds = O.

Writing this for the two vertical edges, we have

Subtraction of the above equations and the fundamental theorem of calculus imply

{I (I [a X(A A) a (IT )X(A A)] avX
dA dAlolo axq x,y -ax q x,y ax x y=o,

Therefore (ITqy is the HJ-projection of qX in the x direction. Similarly, (ITq)Y is the
HJ-projection of qY in the f; direction, which proves the lemma. 0

We now present a bound on P - Ph.

Lemma 2.6 Under the assumption of Lemma 2.3,there exists a constant
C, independent of '11" such that

Proof To estimate the pressure error, we use a duality argument. Let <.psolve

-V· KV<.p = Pj,P - Ph

<.p=0

in n,
on an.

(2.82)

(2.83)
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With (HO) we have
n

L 1I<P112,n;::; CllPhP - Phlln'
i=l

Take v = -ITKV<p in (2.78) and get

(2.84)

IIPhP - Phll~
n

= - L ((fi - fih, ITKV<p - KV<p )ni - (K(fi - fih), V<p - ITV<p)ni
i=I

-(K(fi - fih), ITV<P)nJ + ETM(fih, ITKV<p), (2.85)

and, using (2.77), (2.79), and (2.80), the third term on the right is

n

- L(K(fi - fih),ITv<P)n;
i=I

n

= - L ((u - Uh, ITV<p - V<P)n; - (u - Uh, V<P)nJ
i=I

-ETM(Uh, ITV<p) + ET(Kfih, rrv<p)
n

= - L ((u - Uh, ITV<p - V<P)ni + (V . (u - Uh), <p- Ph<p)ni
i=I

-((u - Uh)' V,<p - Qh<P)8nJ - ETM(Uh,ITV<p) + ET(Kfih,ITv<p).

Therefore,

IIPhP - Phll~
n

::; C{lIfi - fihllo,n + lIu - uhllo,n + L IIV . (u - uh)lIo,n;
i=l

n n

+L II(u - Uh) . vllo,8nJ L 11<P112,nJ~
i=l i=l

+IETM(fih, ITKV<p) I + IETM(Uh, ITV<p) I + IET(Kfih, ITV<p) I, (2.86)

using (2.55), (2.51), and (2.52).
Using (2.81) and the fact that the functions are in the discrete space, we have

IETM(frh, ITKVI')I ~ C L {II ~~ 110 J:x (ITKVl'l'L,
E, ,

~Y

+II~?Ilo,J;y (ITKV1')' IloJ h
2

(2.87)
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By the inverse inequality (valid for quasi-uniform grids) and Lemma 2.5,

A similar expression holds for the y-direction. Now, with (2.87) and Lemma 2.5,

IETM(fih, fIK~'P)1
:::;CL {llfih - fIfillo,Eh-I + IlfiIlI,E}IIK~'PIIt.Eh2

E

:::;C L {llfih - fIfillo,E + IlfiIII,E h }11'P112,Eh
E

n n

:::;C{llfih - fIfillo,n +L IlfillI,ni h} L 11'P112,nih.
i=I i=l

We bound the other two quadrature error terms similarly:
n n

IETM(Uh, fI~'P)1 :::;C{lluh - fIullo,n + L Ilulll,n; h} L 11'P112.nih,
i=I i=I

n n

IET(Kfih, fI~'P)1 :::;C{llfih - fIfillo,n + L IlfillI,ni h} L 11'P1I2,nih,
i=I i=I

(2.88)

noting that the constants depend on I:i=I 11K112,oo,n;'From (2.86), then,

IIPhP - Ph II~
:::;C{llfi - fihllo,n + Ilu - uhllo,n + Ilfih - fIfillo,n + Iluh - fIullo,n

n n n

+L II~ . (u - uh)llo,ni + L II(u - Uh) . vllo,ani + h} L 1I'P112,n;h. (2.89)
i=l i=I i=I

The first four terms on the right are bounded by Lemma 2.4 and (2.55). To bound
the fifth term, we note that (2.79) and (2.53) imply ~ . (fIu - Uh) = 0; therefore,
with (2.56),

II~ . (u - uh)llo,ni = II~ . (u - fIu)lIo,ni :::;Ch.
For the sixth term, using the inverse inequality, (2.57), the Normal trace theorem,
and Lemma 2.4, we have
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::; C(h + h-I/211(ITu - Uh) . V"-I/2,an)
::;C(h + h-I/21IITu - uhIIH(div;I1;))
::; C(h + h-I/2I1ITu - uhllTM.l1i
< Ch

With the above bounds, (2.89) gives
n

IIPhP - Phll~ ::; C L 11<f?1I2,11;h2
,

i=I

which, combined with (2.84), proves the result.

We are now ready to prove the main theorem.
Proof (Theorem 2.4) To show (2.58), we write

lIu - uhll~ = IIJ-I DF(u - uh)ll~ ::; Cllu - uhll~·
Now

o

IluX
- u!;II~= L(uX

- u!;);jIEI
E

<:: ~ U [w - U,)'-1/2,; + W - uh)i+ 1/2,;] + ch'r IE I

::; C(lIu - uhll~M + lIu - uhllTMh2 + h4
) ::; Ch3

, (2.90)

using Lemma 2.4 for the last inequality. A similar estimate for IluY - u~IIM completes
the proof of (2.58). To prove (2.59), we observe that V· Uh = Ph V . U implies

n

IIV. (u - uh)IIM::; CL IIV. uII2,11;h2
,

i=l

and, since V'~ = J-1V· U,

Finally, (2.60) follows from Lemma 2.6.

Remark 2.4 Theorem 2.4 implies super-convergence of the computed
pressure, velocity and its divergence at the midpoints of the elements. The
loss of half a power of h for the velocity is due to the O( h) approximation
on the interfaces and on an.

o
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2.4 Numerical experiments

We present computational results from the 3D parallel single phase flow simulator
ParFlowl. To illustrate the theoretical results, we solve a 2D problem with a known
analytic solution and mapping

for x ::; 1/2,
for x > 1/2,

I«x, y) =

{
xy

p(x, y) = xy + (x - 1/2)(y + 1/2)

(~ ~) for x < 1/2,

(~ ~) for x > 1/2,

() (
A) ( A )x =F x = x .

y fJ fJ+IIosin(6x)

The computational domain is the unit square. Neumann boundary conditions are im-
posed on the boundary. We compare the results from solvimg the above problem with
and without Lagrange multipliers on the interface of the discontinuity. In the first
case the domain is divided into two sub domains with an interface along the x = 1/2
line. The discrete norm errors and convergence rates are given in Table 2.1. The
results show loss of convergence for the expanded mixed method. Superconvergence
for pressure and velocity is regained by adding Lagrange multipliers. Note that this is
achieved at no extra computational cost, since the Glowinski- Wheeler sub structuring
algorithm, used in the code, is in fact a macro-hybrid formulation over subdomains.

No Lagrange multipliers With Lagrange multipliers
l/h lip - Phl\M Ilu - uhllTM lip - Phl\M I\u - uhllTM IIA - Ahl\M
8 1.23E-2 1.19E-l 5.11E-3 3.62E-2 6.90E-3
16 3.78E-3 1.01E-l 1.73E-3 1.57E-2 2.10E-3
32 1.83E-3 7.49E-2 4.99E-4 5.48E-3 5.83E-4
64 9.58E-4 5.39E-2 1.33E-4 1.85E-3 1.53E-4
128 - - 3.42E-5 6.34E-4 3.93E-5

levels 1-5 O(h1.21) O(hO.39) O(h1.82) O(h1.48) O( h 1.87)
levels 4-5 - - O(h1.96) I O(h1.55) O(h1.96)

Table 2.1 Discrete norm errors and convergence rates.
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The slight degradation from the theoretical convergence rates is due to only approxi-
mate computation of the derivatives of the map and the cell centers of the true cells,
where the error is computed. The relative importance of this approximation becomes
negligible for fine enough grids and the theoretical rates are reached asymptotically.

The computed solution in each case on a 16 x 16 grid is shown on Figure 2.1.
Although both solutions look the same, the errors from Table 2.1 indicate that they
actually differ. This can also be seen on Figure 2.2, where the magnified error is
shown.



A. No Lagrange multipliers

31

B. With Lagrange multipliers

Figure 2.1 Computed pressure (shade) and velocity (arrows).

A. No Lagrange multipliers B. With Lagrange multipliers

Figure 2.2 Pressure (shade) and velocity (arrows) error.
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Chapter 3

Mixed finite element methods on non-matching
and locally refined grids

In many applications the geometry of the domain or the behavior of the solution may
require using different grids in different parts of the domain, possibly non-matching
on the interface. Typical examples are reservoirs with faults or locally refined grids for
accurate approximation of local phenomena such as high gradients around wells. This
chapter is devoted to mixed finite element approximations on non-matching grids.

A number of papers deal with the analysis and the implementation of the mixed
methods for elliptic problems on regular grids (see, e.g., [72,67,62,21,19,20,26,34,
61,74,37,41,9,5]). Mixed methods on nested locally refined grids are considered in
[40, 43]. These works apply the notion of "slave" nodes to force continuity of fluxes
across the interfaces. The results rely heavily on the fact that the grids are nested
and cannot be extended to non-matching grids.

In the present work we employ a partially hybridized form of the mixed methods
to obtain accurate approximations on non-matching grids. We assume that n is a
rectangular domain decomposed into a union of non-overlapping rectangular blocks,
each of them covered by a rectangular grid. Pressure Lagrange multipliers are in-
troduced on the interblock boundaries (see [11, 22]). Since the grids are different
on the two sides of the interface, the Lagrange multiplier space can no longer be
the normal trace of the velocity space. A different boundary space is needed, which
we call a mortar finite element space, using the terminology from previous works on
Galerkin and spectral methods (see [16] and references therein). As we show later
in the analysis, the boundary space has to possess higher approximability than the
velocity space. In the case of the lowest order Raviart-Thomas spaces considered in
the analysis, we take continuous or discontinuous piecewise lineal'S for the Lagrange
multiplier space. Both choices provide optimal convergence rates and superconver-
gence at certain discrete points. The discontinuous mortars, however, have better
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local mass conservation properties across the interfaces, because they force the fluxes
to match on every element of the boundary grid.

The considered scheme is also computationally efficient when implemented in par-
allel using non-overlapping domain decomposition algorithms. In particular, we mod-
ify the Glowinski- Wheeler algorithm [48, 29] to handle non-matching grids. Since this
algorithm uses Lagrange multipliers on the interface, the only additional cost is com-
puting projections of piecewise multilinear functions onto the normal trace of the
local velocity spaces and vice-versa.

3.1 Formulation of the method

For simplicity of the presentation we assume that rD

(2.1)-(2.3) is a pair u E H(div; n), p E £2(n) such that
an. A weak solution of

([{-IU, v) = (p, V' . v) - (gD, v· V)8n,

(\7. u,w) = (f,w),

v E H( div; n),

w E L2(n),

(3.1)

(3.2)

It is well known (see, e.g., [22, 68]) that (3.1 )-(3.2) has an unique solution.
We now introduce another weak formulation related to the mixed method with

continuous or discontinuous mortar elements.

Let n = Ui=IOi,ri.j = ani n anj, r = Ui,j=lri,j, and ri = ani n r. Let

n

W = EB Wi = L2(n),
i=l

Let ii E V, [1 E W, ~ E A satisfy, for 1 ::; i ::;n,

(I{-lii, vb; = ([1, V'. vb; - (~,V· V)ri - (gD, V· v)ani\r,

(V' . ii, w)ni = (f, w)ni'
n

L:(ii . v,µ)ri = 0,
i=1

VEVi, (3.3)

wE Wi, (3.4)

µ E A, (3.5)

We first observe that (3.3)-(3.5) has at most one solution. The proof of this fact is
essentially the same as the uniqueness proof in the finite dimensional case, Lemma 3.1.
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Next, under the assumption that the solution (u,p) of (3.1)-(3.2) belongs to
(H( div; n) nV) x HI(n), it is easy to see that (u, p, plr) satisfy (3.3)-(3.5). Therefore

u = u, p = p, plr = .\.

For the purpose of the analysis, we introduce a reduced problem involving only
the function.\. This reduced problem arose naturally in the work of Glowinski and
Wheeler [48] on substructuring domain decomposition methods for mixed finite ele-
ments and is closely related to the inter-element multiplier formulation of Arnold and
Brezzi [11]. Define a bilinear form d : A x A --+ R by

n n

d(.\, µ) = L di(.\, µ) = - L(u*(.\) . v,µ)ri'
i=I i=I

where (u*(.\),p*(A)) E V x W satisfy, for 1 :::;i :::;n,

([{-lU*(.\), V)Oi = (p*(.\), V'. v)o; - (.\, V· v)r;,

(V'. u*(.\),W)Oi = 0,

Define a linear functional g : A --+ R by
n n

g(µ) = Lgi(µ) = L(ii. V,µ)ri'
i=I i=l

where for 1 :::;i :::;n, (ii,p) E V x W solve

([{-Iii, vb; = (p, V'. v)o; - (gD, v· V)aOi\r,

(V' . ii, W)Oi = (1, W )Oi'

VEVi,

wE Wi.

v E Vi,

wE Wi.

(3.6)

(3.7)

(3.8)

(3.9)

Then, as shown in [48], the solution (u,p,.\) of (3.3)-(3.5) satisfies

d(.\,µ) = g(µ), µ E A,

u = u*(.\) + ii, P = p*(.\) + p.

3.1.1 Mixed finite element approximation

(3.10)

(3.11 )

Let Th,i be a quasi-uniform rectangular partition of ni, 1 :::;i :::;n, allowing for the
possibility that Th,i and Th,j need not align on rij. Let

Vh.i X Wh,i C Vi X Wi
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be the lowest order Raviart-Thomas-Nedelec (RTN) spaces on '!h,i (see, [67,62,68,
22]). Let

Recall that

n

Vh = EBVh,i,
i=I

n

Wh = EB l¥h.i.
i=I

and there exists a projection II onto V h,i, satisfying amongst other properties that
for any q E (HI(D.i))d

(V' . (IIq - q), W)ni = 0,

((q - IIq)· v, V· V)ani = 0, v E Vh.i.

(3.12)

(3.13)

Let '0tri,j be a quasi-uniform rectangular partition of ri,j. Denote by Ah,i,j c U(ri,j)
the space of either continuous or discontinuous piecewise multilinears on r[i,}. Let

Ah = EB Ah,i,j.
I:::;i<j:::;n

In the following we treat any function µ E Ah as extended by zero on an. An
additional assumption on the space Ah and hence rt,j will be made below.

Remark 3.1 We limit our presentation to the case of the lowest order
RTN spaces on rectangles. However, many of the results can be general-
ized in a straightforward way to any of the known mixed spaces of higher
order and to simplex-type elements.

In the mixed finite element approximation of (3.3)-(3.5), we seek Uh E V h, Ph E
Wh, )..h E Ah such that, for 1 :::;i :::;n,

(I{-IUh, v)ni = (Ph, V' . V)ni - ()..h, v . v)r; - (gD, v· v)ani\r,

(V'. Uh,W)n, = (f,W)ni'
n

2]Uh . v, µ)ri = 0,
i=l

v E Vh,i, (3.14)

w E l¥h,i,(3.15)

µ E Ah. (3.16)

For each subdomain ni, define a projection Qh.i : L2( ani) -+ V h,i . viani such that,
for any 4> E L2( ani),

(cjJ - Qh,i4>, v . v)ani = 0, v E V h,i. (3.17)
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Lemma 3.1 Assume that for any cp E Ah,

Qh.i4> = 0, 1 ~ i ~n, implies that 4> = o.
Then there exists a unique solution of (3.14)-(3.16).

(3.18)

Proof Since (3.14)-(3.16) is a square system, it is enough to show uniqueness. Let
f = 0, gD = O. Setting v = Uh, W = Ph, and µ = ).h, adding (3.14)-(3.16) together,
and summing over 1 ~ i ~n, we arrive at

n

L(I{-IUh, uhh~i = O.
i=I

Hence, Uh = O. Denote, for 1 ~ i ~n,

and consider the auxiliary problem

- V' . I< V' 'Pi = Ph - Ph.i

- I{V' 'Pi . V = - (Qh,i).h - Qh,i).h)

Note that the problem is well posed with 'Pi determined up to a constant. Setting
v = -ITI<V''Pi in (3.14), we have

(Ph, Ph - Ph,i)ni + \ Qh,i).h, Qh,i).h - Qh,i).h) ani = 0,

implying

Since

the divergence theorem implies Pi = Qh,i).h.

Note that ).h = 0 on an, therefore Pi = Qh,i).h = 0 for those domains with
ani n an -I- 0. For any i and j such that ani n anj = rij -I- 0, (3.17) implies that

Qh,i).hlrij = Qh,j).hlrij = Irll { ).h ds.
'J . r'J

We conclude that Qh,i).h = 0 for all 1 ~ i ~n; hence, ).h = 0 by the hypothesis of
the lemma. 0
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Analogous to the continuous variational formulation, we consider the following
equivalent reduced mixed finite element formulation. Define a bilinear form dh :

A x A -+ R by
n n

dh()..,µ) = Ldh,i(>',µ) = - L(Uh(>')' v,µ)r;,
i=I i=I

where for>. E A, (uk()..),Pk(>')) E Vh X Wh solve, for 1 ::; i ::;n,

([{-IUh(>')' v)ni = (Ph(>'), V'. V)ni - (>', V· v)r;,

(V' . uh(>'), w)ni = 0,

Note that, with v = uk (µ) for some µ E A, we have

wE Wh,i.

(3.19)

(3.20)

Define a linear functional gh : A -+ R by
n n

gh(µ) = Lgh,i(µ) = L(Uh' v,µ)r"
i=I i=I

(3.21 )

(l{-IUh, v)n; = (Ph, V' . Vbi - (gD, v· V)ani\r,

(V' . Uh, w)n; = (I, w)n;,

(3.22)

(3.23)

It is straightforward to show (see [48]) that the solution (Uh,ph, >'h) of (3.14)-(3.16)
satisfies

(3.24)

with
(3.25)

3.2 Error analysis

For the error analysis we assume that

This hypothesis is needed for the proof of Lemma 3.2 and may be omitted if a lower
order term with a positive coefficient is added to the equation.
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In the analysis we will use several projection operators. Let Ph be the L2 projection
onto Ah satisfying for any 1/J E A

Let, for any c.p E £2(n), <p E IIVh be its L2 projection satisfying

These operators, along with the defined earlier projections II and Qh,i, have the
following approximation properties:

Let

11c.p- <p11 :::; GIIc.pIIIh,
IIq - IIqllni :::;Cllqlh,n;h,

IIV', (q - IIq)llni :::;GIIV" qlkn;h,

111/J - Qh,i1/JlI-s,r; :::; GII'lj;III,r;hl+s, 0:::; l :::;1, 0 :::; s :::;1.

II(q - IIq)· vll-s,!,; :::; C1lqlll,r;hl+s
, 0:::; l :::; 1, 0:::; s :::;1.

(', . )S,M, (-, .)as,M

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31 )

denote an application of the midpoint rule associated with ~,i for computing the £2
inner product on S or as, respectively. Let

II . IIs,M, II· lIas,M

be the induced seminorms. The error in approximating integrals by the midpoint rule
is bounded by O(h2) (see [30]):

IEM(c.p,'lj;)1 = I(c.p,'lj;) - (c.p,'lj;)MI ~ CL L 11::cx(c.p'lj;)11 h2
.

E \cxl=2 a,I,E

(3.32)

Let t~f;be a refinement of ~,i Ian; with vertices at the centers of the elements
of ~,i Ian; and the vertices of ~,i Ian;. Let [Th,i be the space of continuous piece-wise
. 'an· 'Imears on ~,i '. Let, for any 4> E V h,i . v, Iani4> E Uh,z!an; be such that

Ian; 4> = 4>, at the midpoints,
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and

Ioni4> = the average of the adjacent midpoint values, at the other nodes.

Recall that two quadratic forms QI and Q2 are equivalent on 'D, if there exist
positive constants CI and C2, such that

When the constants CI and C2 are independent of h, we will denote this equivalence
by QI ':::'.Q2.

For the error analysis we need the following lemma.

Lemma 3.2 Assume that (HI) holds. Then for any ¢ E EB?=I Qh,iAh,

n

dh(¢,¢) ~ L IIIani¢lIi/2,oni'
i=l

Proof It is proven in [28] that

n

dh(4),4>) ~ L IIani4>li/2,an;'
i=I

The discrete bilinear form dh(·,·) in [28] is defined via the full hybrid form of the
mixed method, which is equivalent to our macro-hybrid formulation [11]. Since 4> = 0
on an, by Poincare's inequality,

(3.33)

o
Let us introduce, for any µ E Ah, the norm

We need the following hypothesis.
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Note that, because of the solvability assumption (3.18), both sides in (H2) represent
norms on Ah. Therefore (H2) holds with a constant possibly dependent on h. Since
the highest derivatives involved in both norms are of order 1/2, we should expect that
the constant is independent of h. The following lemma shows that this is indeed the
case for a particular choice of Ah and indicates why (H2) is reasonable in general for
any choice of Ah satisfying (3.18). Note also that the left norm requires only local
smoothness (on an element), so the inequality in the other direction does not hold.

Lemma 3.3
µ E Ah,

rLet ']h,i Ir;,j be a refinement by two of ~ ',J. Then, for any

Proof Denote s = rani Qh,iµ' It is easy to see that, for any element 7 of T[i,j , and
for any element f of t{i,j,

vertices
VI,Vk E 7

(3.34)

ISIL. ~ IfII-2/
d

vertices

vI:'ijk E f

(3.35)

Denote

IµIL ~ 171 L µ(vL)2,
vertices

VI E 7

(3.36)

(3.37)

µk = µ( Vk)'

Now consider an element 7 of T[i,j in the case d = 3. We note that the following
argument works also for d = 2. Denote the vertices of 7 by Vll, VI2, V21, V22' Let x
and y be the boundary variables and

~l(x, y) = c.p( x )'l/J(y).
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We have that

Let

T = U Tlk, Tlk E "h,i Ir;.j·
l,k=I,2

Let

(3.38)

Assume for simplicity that the grids are uniform. The generalization to non-uniform
grids is straightforward. Now we have

with similar expressions for q12 and q22. Denote by q the value of Ian; Qh.iµ at the
center of T. We have that

Similarly,

Therefore

(q - ql1)2 + (q - q2d2 + (q - q12)2 + (q - q22)2

~ C(c.pl - c.p2)2(~; + ~~)
= C[(µl1 - µ2d2 + (µI2 - µ22?]'

A similar argument gives

(q - qll)2 + (q - q2d2 + (q - qI2)2 + (q - q22)2

~ C [(µ11 - µI2)2 + (µ21 - µ22)2].

(3.39)

(3.40)



Combining (3.39), (3.40), (3.34), and (3.35) we conclude that

1µll,T:::; CIIaniQh,iµ!t,T'

Similar argument as above implies

2 2 1 (2 2) (0/' 1/;1 + 1/;2) 2qll + q21 2': 16 .'Pl + 'P2 'PI + <) ,
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(3.41)

and

Therefore,

2 2 2 2 > 1 (2 2)(0/.2 0/.2)qll + q21 + q12 + q22 - 16 'PI + 'P2 'PI + 'P2

1(2 2 2 2)= 16 µ1l + µ21 + µ12 + µ22 ,

which, combined with (3.36) and (3.37), implies

1µlo,T:::; CIIaniQh,iµlo,T' (3.42)

The interpolation theory of Sobolev spaces [56] and bounds (3.41) and (3.42) imply
the statement of the lemma. D

In the analysis we also need the following Lemma.

Lemma 3.4 For any function v E V h,i,

Proof Since v . 1/ is piece-wise constant on iHJi, we have

Ilv, 1/1I~,ani = L lelv(e)2,
eE7h,ilalli

(3.43)

where v( e) is the value of v . 1/ on e. Since the first component VI of v is piece-wise
linear in the first direction and piece-wise constant in the other directions, we have

IIvlll~,ni = L ~ITI(Vl(T, 1)2 + Vl(T, 2)2),
TE7h,i

(3.44)

where Vl(T, 1) and Vl(T, 2) are the values of VI on the left and the right face (edge) of
T, respectively. Similar expressions hold for V2 and V3. The lemma now follows from
(3.43), (3.44), and the fact that

o
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We continue with the error analysis by deriving a bound on .\ - .\h. Subtracting
(3.24) from (3.10) we get

dh(A - .\h,µ) = dh(,\,µ) - d(,\,µ) + g(µ) - gh(µ), µ E Ah. (3.45)

We have that

dh(A - .\h,µ)
n

= L (- (u~(A)· I/,µ)ri - (Uh' I/,µ)ri + (u*(.\)· I/,µ)ri + (u· I/,µ)ri)'
i=1

Define
Uh(.\) = u~(.\) + Uh, Ph(.\) = p~(.\) + Ph,

and note that (Uh(.\),Ph(.\)) E Vh x Wh satisfy for 1 :::;i :::;n

(J{-IUh(.\), V)ni = (Ph(A), \7 . Vbi - (.\, v . I/)r;

We now have

wE Wh,i.

(3.46)

(3.47)

n

dh(.\ - .\h,µ) = L (- (Uh(.\)· I/,µ)ri + (u· I/,µ)ri)
i=1
n

= L (- (Uh(.\) . 1/,µ)r; + (TIu . 1/,µ)r; - ((TIu - u) . 1/,µ)ri)
i=1
n

= L (- ((Uh(.\) - TIu)· I/,µ)ri - ((TIu - u)· I/,µ)ri)' (3.48)
i=1

Since µ = 0 on an, for the first term on the right we have

((Uh(.\) - TIu)· I/,µ)r;

= ((Uh(.\) - TIu) . 1/,Qh,iµ)ani,M

= ((Uh(.\) - TIu) . 1/,Ian; Qh,iµ)ani,M - ((Uh(.\) - TIu)· 1/,Ian; Qh,iµ)ani

+((Uh(.\) - TIu)· 1/,Ian; Qh,iµ)an;

:::;C L lI(uh(.\) - TIu) '1/IIo,TIlIaniQh,iµlkTh
TE7h,ilri

+11(Uh(.\) - TIu)· 1/11-l/2,ani IIIani Qh,iµ1I1/2,an;
::; C (h -1/2I1uh(A) - TIullo,nih -1/2I1Ian; Qh,iµlll/2,an;h

+lIuh(.\) - TIuIIH(div;n;j IIIani Qh,iµ1I1/2,ani)
::; CllulknihllIani Qh,iµ1I1/2,ani: (3.49)
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where we used (3.32) for the first inequality, Lemma 3.4 and the Normal Trace
Theorem for the second inequality, and the standard mixed method estimates for
(3.3)-(3.4) and (3.46)-(3.47) (see [72,67,34]) for the last inequality.

For the second term on the right in (3.48), using the fact that TIu . 1/ is the
L2-projection of u . 1/ onto V h,i . 1/ and (H2), we have

((TIu - u) . 1/,µ)r;,j

::; C L II(TIu - u) . 1/1I-1/2,TIIµ1I1/2,T
TET!'i,j

h

:::;Cllulll,n;h(IIIaniQh,iµ1I1/2,ani + IIIanJQh,jµ1I1/2,anJ. (3.50)

Combining (3.48), (3.49), and (3.50) we obtain

n

dh(A - Ah, µ) :::; C L Ilulll,nihllIani Qh,iµlh/2,ani'
i=1

(3.51)

n

:::;Idh(PhA - .\, PhA - Ah)1 + C L lIulkn;hIIIan, Qh,i(PhA - Ah)1I1/2,anA3.52)
i=1

Since, for any 4>,1/; E A,

an application of Lemma 3.2 and Schwartz inequality for dh,i(·'·) gives

n n

L IIIaniQh,i(PhA - Ah)lIi/2,ani :::;CL (dh,i(PhA - A, PhA - A) + Ilulli,nih2) (3.53)
i=1 i=1

To bound the first term on the left, in (3.19)-(3.20), we replace A by PhA - A, and
take v = Uh(PhA - A) and w = Ph(PhA - A) to obtain

(I{-lu'h(PhA - A), u'h(PhA - A))n; = -(PhA - .\, U'h(PhA - A) . I/)r;

::; IIPhA - Allo,dluh(PhA - A) . I/lIo,ri
:::;CIlAI13/2,rih3/21Iu'h(PhA - A)lIo,nih-I/2, (3.54)

using (3.26) and Lemma 3.4 for the last inequality. Therefore, with (3.21),
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implying, together with (3.53),

Now, with (H2) we have

and, with (3.26),

n

lilA - Ahllll/2,r::; CL(lIplkn; + lIulll,nJh.
i=1

(3.56)

We next derive estimates for U - Uh and P - Ph. Subtracting (3.14)-(3.16) from
(3.3)-(3.5) we get the error equations

(I\'-I(U - Uh), v)ni = (p - Ph, \7. vb; - (A - Ah, v· I/)r;,

(\7. (u - Uh),W)n; = 0,
n

L((u - Uh)' I/,µ)ri = 0,
i=1

Note that (3.58) implies

Take v = TIu - Uh, W = P - Ph, and µ = PhA - Ah to get

n

L(I{-I(U - Uh), TIu - Uh)ni
i=1

v E V h,i, (3.57)

w E Wh,i, (3.58)

µ E Ah. (3.59)

(3.60)

n

= L ( - (A - Ph'\' (lIu - Uh) . I/)r; + ((u - TIu) . 1/,PhA - Ah)r;)
i=1
n

:::;LIlA - PhAllo,rill(TIu - Uh) '1/IIo,ani
i=1

n

+ L L lI(u - TIu) . 1/1I-1/2,TIIPhA- Ahlll/2,T
i,j=1 TE~i,j

n

:::;CL(llplknihlllIu - Uhllo,ni+ Ilulh.nihlllPhA - Ahllll/2,r;, (3.61)
i=1
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using Lemma 3.4, (3.26) and (3.31) for the last inequality. Therefore, with (3.28) and
(3.55),

The estimate

n

lIu - Uhllo :::;C L(lIpII2,ni + lIulh.nJh.
i=1

(3.62)

(3.63)

follows from (3.60) and (3.29).

We next use a duality argument to derive a superconvergence estimate for p - Ph.
Let 'P be the solution of

- V . Kv'P = -(p - Ph)

'P=O

in n,
on an.

Assuming that K restricted to any subdomain is smooth, we have by (HO)

n

L 1I'Plkni :::;Clip - Philo.
i=1

Take v = lIKv'P in (3.57) and get

(3.64)

n

lip - Phll~ = L(p - Ph, V . TIKV'P)ni
i=1
n

= L ((I{-1 (u - Uh), TIKv'P )ni + (A - Ah, lIKV'P . I/)ri)' (3.65)
i=1

The first term on the right can be manipulated as

n
L(I{-I(U - Uh), TIKV'P)ni
i=1

n

= L ((I{-I(U - uh),lIKV'P - KV'P)ni + (u - Uh, V'P)ni)
i=1
n

= L ((I{-I(U - Uh), lIKv'P - KV'P)n;
i=1

+ (V· (u - Uh), 'P - <P)ni - ((u - Uh) . 1/,'P - Ph'P)ani) (3.66)
n n

::;CL (liu - uhllo,ni + IIV· (u - uh)lIo,ni + II(u - Uh)' 1/11-l/2,anill)h L 1I'P112,ni,
i=1 i=l

using (3.28), (3.27), and (3.26) for the last inequality with C = C(maxi IIKIh.oo,nJ.
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For the second term on the right in (3.65) we have

n

L(A - Ah, lIJ{\7'P . I/)ri
i=1

n

= L(Qh,i(A - Ah), J{V'P' I/)ri
i=1
n

= L:(Qh,i(A - Ah) - (A - Ah), K\7'P' I/)r;
i=1

::; C L L (IIQh,i(A - Ah) - (A - Ah)II-1/2,T
l~i<j~n TET!'i,j

h

n

+11 Qh,j(A - Ah) - (A - Ah)II-1/2,T) L 1I'P1I2,n;
i=1

n

:::; chlllA - Ahlill/2,r L: 1I'Plkni'
i=l

(3.67)

using (3.30) for the last inequality.
Combining estimates (3.65), (3.66), and (3.67) with elliptic regularity (3.64) we

obtain
n

lip - philo:::; C(lIu - Uhllo+ L 11\7·(U - Uh)lIo,ni + IliA - Ahllh/2,r )h. (3.68)
i=1

With (3.56), (3.62), (3.63), (3.68), and (3.27) we have shown following theorem.

Theorem 3.1 For the mixed method on non-matching grids (3.14)-
(3.16), if (HO)-(H2) hold, then there exists a positive constant C depen-
dent on maxi IIKIII,oo,n;, but independent of h, such that

n

Ilu - uhllo ::; C L(lIpII2,ni + lIulknJh, (3.69)
i=1

11\7. (u - uh)llo,ni :::;CII\7 . ulknih, (3.70)
n

IliA - Ahlill/2,r:::; CL:(lIplkni + lIulknJh, (3.71)
i=1

n

lip - philo:::; CL(lIpII2,n; + Ilulkni + 11\7·ulknJh, (3.72)
i=1
n

IIp- Philo::; CL(lIplkni + lIulh.ni + 11\7·ulknJh2. (3.73)
i=1
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3.2.1 Superconvergence for the velocity

To obtain a velocity superconvergence estimate, we need a better bound on the
Lagrange multiplier error. For the rest of the section we assume that the tensor
K is diagonal. We now modify the last inequality in (3.49) to get

using a superconvergence estimate for the standard mixed method derived in [37] (see
also [61,41]). Estimate (3.50) can be modified as

((TIu - u) . 1/,µ)ri,)

::; C L II(TIu - u) . 1/1I-1/2'TIIµIII/2,T
TET!'i,j

h

:::;ClluIl3/2,nih3/2 (IiIani Qh,iµ1I1/2,an; + IIIan) Qh,jµII 1/2,an) ), (3.75)

using (3.31). Combining (3.74) and (3.75) with (3.48) we obtain
n

dh(A - Ah, µ) :::; C L lIuI12,n;h3/21IIani Qh,iµlh/2,an;. (3.76)
i=l

Take µ = PhA - Ah and continue the argument as in (3.52)-(3.53), to obtain
n n

L: IIIan; Qh,i(PhA - Ah)lIi/2,an; :::;C L: (dh,i(PhA - A, PhA - A) + Ilull~,nih3) (3.77)
i=1 i=1

To bound the first term on the left, we proceed as in (3.54), using a sharper bound

from (3.26) for the last inequality of (3.54), to conclude that

dh,i(PhA - A, PhA - A) :::;Cllpll~/2,nih3.

Combining (3.77), (3.78), and using (H2) and (3.26), we obtain
n

IliA - Ahllll/2,r:::; CL(IIPIl5/2,ni + lIuIl2,nJh3/2.
i=1

(3.78)

(3.79)

To obtain a superconvergence estimate for the velocity, we modify the last in-
equality in (3.61), using (3.26) and (3.31):

n

L(I{-I(U - Uh),TIu - Uh)ni
i=1

n

::;CL (1IpII5/2,n;h3/21ITIu - uhllo,ni + lIuI13/2,n;h3/211IPhA - Ahllll/2,r}(3.80)
i=1
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Now, a combination of (3.80), (3.79), and an estimate by Duran ([37], Theorem 3.1)

gives that
n

IllIu - uhllo :::;C L:(lIulkni + IIpIl5/2,nJh3
/
2.

i=1

(3.81 )

This estimate implies superconvergence of the velocity at Gaussian points. Recall
that II . 1ITl\'1is a semi norm in V, induced by the quadrature inner product (.,' hM
(see (2.23)). Note that this semi norm only involves function values at the Gaussian
points and is equal to the U-norm on V h.

Now (3.81) and the bound (see [37])

imply that
n

lIu - uhllTM :::;C L(lIuIl2,n; + IIpIl5/2,nJh3
/
2.

i=1

We have shown the following theorem.

(3.82)

Theorem 3.2 For the mixed method on non-matching grids (3.14)-
(3.16), if (H1) and (H2) hold, and K is diagonal, then there exists a
positive constant C dependent on maXi IIKlkoo,n;, but independent of h,
such that

n

lIu - uhllTM + lilA - Ahllll/2,r::; CL(lluIl2,ni + IlpIl5/2,nJh3
/
2.

i=1

3.3 Numerical experiments

The method described above has been implemented in the parallel simulator ParFlowl.
The domain decomposition algorithm by Glowinski and Wheeler [48] has been modi-
fied to handle non-matching grids. The algorithm solves the interface problem (3.24)
using the conjugate gradient method. On every iteration Dirichlet subdomain prob-
lems (3.19)-(3.20) has to be solved. Because of the property

the conjugate gradient is performed in the space EBi=1 Qh,iAh and the sub domain
solves use Dirichlet data Qh,iAh. Therefore the local solves are the same as the solves
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in the case of matching grids and standard Lagrange multipliers. The only additional
steps are projecting the local boundary flux onto Ah using QL and then projecting
the jump in the flux back to V h.i· 1/, using Qh,i. This makes the computational effort
for non-matching grids comparable to that for matching grids.

We present some numerical tests that exhibit the theoretical convergence rates.
In the first example we solve a problem on the unit square with a known analytic
solution

and conductivity tensor

K ~ ( 10 + 5~OS(xy ) ~).

The boundary conditions are Dirichlet on the left and right edge and Neumann on
the rest of the boundary. The domain is divided into four subdomains with interfaces
along the x = 1/2 and y = 1/2 lines. The domains are numbered starting from the
lower left corner and first increasing x. The initial non-matching grids are shown on
Figure 3.1 We test both continuous and discontinuous mortars. The initial mortar
grids are chosen as shown in Table 3.1. Convergence rates for the test case are given
in Table 3.2. The rates were established by running the test case for 5 levels of grid
refinement and computing a least squares fit to the error. We observe numerically
convergence rates corresponding to those predicted by the theory.

In the second example we would like to compare the mortar element mixed method
on locally refined grids to the more common "slave" nodes local refinement technique
[40, 43]. In the latter, the fine grid interface fluxes within a coarse cell are forced
to be equal to the coarse grid flux. We note that this scheme can be recovered as a
special case of the mortar element method with discontinuous mortars, if the trace of

Continuous mortars Discontinuous mortars
interface # elements # d.o.f. # elements # d.o.f.

f12 4 5 2 4
f13 3 4 1 2
f24 3 4 1 2
f34 4 5 2 4

Table 3.1 Initial mortar grids.
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Figure 3.1 Initial non-matching grids.

Continuous mortars Discontinuous mortars
l/h lip - phllM Ilu - uhllTM IIA - AhllM lip - phllM lIu - uhllTM IIA - AhllM
8 1.45E-3 5.37E-2 2.75E-3 1.71E-3 9.36E-2 9.76E-3
16 3.56E-4 1.66E-2 7.80E-4 3.97E-4 3.32E-2 1.47E-3
32 8.72E-5 4.99E-3 1.96E-4 8.90E-5 7.16E-3 2.71E-4
64 2.17E-5 1.40E-3 4.87E-5 2.20E-5 2.52E-3 6.74E-5
128 5.42E-5 3.90E-4 1.21E-5 5.46E-6 8.76E-4 1.66E-5
rate O(h2.02) O( h 1.78) O( h 1.96) O(h2.08) O( h1.72) O(h2.28)

Table 3.2 Discrete norm errors and
convergence rates for the first example.

the fine grid is a refinement by two of the interface grid. Indeed, in this case the flux
matching condition (3.16) becomes a local condition over two (four if d = 3) fine grid
boundary elements and forces all fine grid fluxes to be equal to the coarse grid flux.
Our theory also recovers the convergence and superconvergence results derived by
Ewing and Wang [43]. In the mortar method however, the flux continuity condition
can be relaxed by choosing a coarser mortar space. In this case the fine grid fluxes are
not forced to be equal and approximate the solution better. Our numerical experience
shows that choosing the mortar grid to have one element less in each direction than
the coarse grid, generally reduces the flux error on the interface by a factor of two.
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We solve the problem of the first example on locally refined grids. The initial
grids are 4 x 4 on n1-n3 and 16 x 16 on n4. We use discontinuous piese-wise linear
mortars on the non-matching interface. We report the numericall error on four levels
of refinement for two cases. If the coarse grid is n x n, we take a mortar grid with
n -1 elements in the first case and 2n elements in the second case, which is equivalent
to the "slave" nodes method. The results are summarized in Table 3.3. The pressure
and velocity error on the second level of refinement are shown on Figure 3.2 and
Figure 3.3.

Disontinuous mortars "Slave" nodes
l/hc lip - phllM lIu - uhllTM IIA - AhllM lip - phllM lIu - uhllTM IIA-AhIlM

8 1.12E-3 6.70E-2 3.80E-3 1.30E-3 1.45E-1 5.74E-3
16 2.67E-4 2.48E-2 1.03E-3 2.90E-4 5.00E-2 1.39E-3
32 6.57E-5 9.77E-3 2.72E-4 6.86E-5 1.74E-2 3.41E-4
64 1.64E-5 3.62E-3 6.93E-5 1.66E-5 6.09E-3 8.42E-5

rate O(h2.03) O(h1.40) O(h1.93) O(h2.09) O(h1.52) O( h2.03)

Table 3.3 Discrete norm errors and
convergence rates on locally refined grids.
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Chapter 4

The expanded mixed method on non-matching
grids and general geometry

In this chapter we combine techniques from the previous two chapters to formulate
and analyze efficient and accurate mixed methods for elliptic problems on multi block,
irregularly shaped domains with non-matching grids on the interface. By introduc-
ing piece-wise linear mortar pressures on the subdomain boundaries we recover the
superconvergence properties of the expanded mixed method on matching grids. We
do not sacrifice the ease of the implementation. The mixed method is reduced to
finite differences for the pressures and all computations are performed on a union of
reference rectangular blocks.

4.1 Formulation of the method

We again consider problem (2.1 )-(2.3), assuming fD = an for simplicity. Here n
is a union of non-overlapping irregularly shaped blocks ni, 1 ::; i ::;n. We assume
that there exists a continuous piece-wise smooth (at least C2) map F from a union
of rectangular blocks n = Ui=1 ni onto n, such that

Recall that in the expanded mixed formulation u = -M-1\7p is the adjusted
pressure gradient, for some symmetric positive definite matrix M. Using the notation
from Section 3.1, we have the following variational formulation. Find u E V, u E V,
pEW, and A E A, such that, for 1 ::; i :::;n,

(Mu,v)ni = (MKMu,V)ni'

(Mu, v)ni = (p, \7. v)ni - (A, v 'I/)r; - (gD, v 'I/)ani\r,

(\7 . u, W)ni = (f, W)ni'
n

L(u, I/,µ)ri = 0,
i=l

VEVi, (4.1)

v E Vi, (4.2)

wE Wi, (4.3)

µ E A, (4.4 )
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where Vi = (£2(ni))d and V = EBf=l Vi. The argument that (4.1)-(4.4) is equivalent
to the more standard variational formulation (2.5)-(2.8) is similar to the one from
Section 3.1.1.

To formulate the expanded mixed method, we first define the reference mixed
finite element spaces, as in Section 3.1.1. Let ~,i be a quasi-uniform rectangular

A A A

partition of ni, 1 :::;i :::;n, allowing for the possibility that ~,i and ~,j need not align
on fij. Let

Vh . X Wh . C V· x W·
l~ ,t Z Z

be the lowest order RTN spaces on t",i' Let

n

Vh = EBVh,i'
i=1

n

vh = EB Wh,i.
i=1

A A

Let Vh,i be a finite element subspace of (£2(ni))d such that Vh,i <;:; Vh,i and let

V h = EBi=l V h,i· Let tt') be a quasi-uniform rectangular partition of fi,j. Denote
by Ah,i,j C Ai,j the space of either continuous or discontinuous piecewise multilinears

Aton ~ 7,). Let

Ah = ffi Ah·· .\J7 ,t,J

l~i<j~n

Given the reference grids, the mapping F defines logically rectangular grids ~,i on
ni and 7[;,j on fi,j. The finite element spaces on these curvilinear grids are defined
via (2.9) for Vh and Vh, (2.10) for Wh, and (2.11) for Ah.

In the expanded mixed method for (4.1)-(4.4) we solve for Uh E Vh, Uh E Vh,
Ph E Wh, and Ah E Ah such that, for 1 :::;i :::;n,

(MUh, V)ni = (MKMuh, v)ni'

(MUh, v)ni = (Ph, \7 . v)n; - (Ah, V· I/)ri - (gD, v· I/)ani\r,

(\7 . Uh, W)ni = (f, w)n;,
n

L(Uh . 1/, µ)r; = 0,
i=1

V E Vh,i, (4.5)

VEVh,i, (4.6)

wE Wh,i, (4.7)

µ E Ah. (4.8)

The choice M(F(x)) = (J(DF:1)TDF-1)(x) leads to a significantly simplified
problem after a transformation to n. In Theorem 2.4 we showed that, if F is piece-
wise smooth, the analysis of the original problem is reduced to the analysis of the
transformed problem. We therefore concentrate on solving the following variational
problem on the reference domain n, wherein we omit the hats and the Jacobian
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factors that appear after the transformation. Find u E V, ii E V, pEW, and A E A,
such that, for 1 :::;i :::;n,

V EVi, (4.9)

v E Vi, (4.10)

wEWi, (4.11 )

µ E A, (4.12)
n

L(u . 1/, µ)r; = 0,
i=1

(u, v)ni = (Kii, V)ni'

(ii, v)n; = (p, \7 . V)ni - (A, v . I/)r; - (gD, V . I/)ani\r,

(V· U, W)ni = (J, w)ni'

For the purpose of the analysis, we consider the following equivalent variational
formulation. Define a bilinear form d : A x A --+ R by

n n

d(A, µ) = L di(.\, µ) = - L:(U*(A) . 1/, µ)r;,
i=1 i=1

where (U*(A), ii*(A),p*(A)) E V x V x W satisfy, for 1 :::;i ::;n,

(U*(A), v)n; = (I<ii*(A), v)ni'

(ii*(A), V)ni = (p*(A), V· V)ni - (A, V· I/)r;,

(\7 . U*(A), w)n; = 0,

(4.13)

(4.14)

(4.15)

Define a linear functional g : A --+ R by

n n

g(µ) = Lgi(µ) = L(ii· I/,µ)r;,
i=1 i=1

where, for 1 :::;i :::;n, (ii, u,p) E V x V x W solve

(u, v)ni = (p, \7. v)ni - (gD, v· I/)an;\r,

(\7. ii, w)n; = (J, W)ni'

(4.16)

(4.17)

(4.18)

It is easy to see that the solution (u, ii,p, A) of (4.9)-(4.12) satisfies

d(A,µ)=g(µ), µEA,

U = U*(A) + ii, ii = ii*(A) + U, p = p*(A) + p.

(4.19)

(4.20)
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We now formulate the expanded mixed method on non-matching grids with quad-
rature for approximating (4.9)-(4.12). We take Vh,i = Vh,i to be the lowest order
Raviart-Thomas spaces on ni and seek for Uh E Vh, Uh E Vh, Ph E Wh, and Ah E Ah
such that, for 1 :::;i :::;n,

(Uh, VhM.n; = (KUh, Vh,ni' v E Vh,i, (4.21)

(Uh, VhM,n; = (Ph, \7. v)ni - (Ah, v· I/)ri - (gD, V· I/)an;\r, v E Vh.i, (4.22)

(\7. Uh,W)ni = (J,Wbi' wE Wh,i, (4.23)
n

L:(Uh . 1/, µ)ri = 0,
i=1

µ E Ah, (4.24)

The proof of the following lemma is a trivial modification of the proof of Lemma 3.1.

Lemma 4.1 Assume that for any 4> E Ah, Qh,i4> = 0, 1 :::;i :::;n, implies
that 4> = O. Then there exists a unique solution of (4.21)-(4.24).

Analogous to the continuous variational formulation, we consider the following
equivalent reduced mixed finite element formulation. Define a bilinear form dh :

Ah X Ah -t R by
n n

dh(A, µ) = L dh,i(A, µ) = - L(U~(A) . 1/, µ)ri'
i=1 i=1

where (Uh(A), Uh(A),Ph(A)) E Vh x Vh X Wh satisfy, for 1 :::;i :::;n,

(Uh(A), VhM,n; = (KU;;'(A), vh,n;,

(U'h(A), VhM,ni = (Ph(A), \7 . V)ni - (A, v· I/)r"

(\7 . Uh(A), w)n, = 0,

Define a linear functional gh : Ah -t R by
n n

gh(µ) = Lgh,i(µ) = L(Uh' I/,µ)ri'
i=1 i=1

(Uh, VhM,ni = (J{Uh, vh,n;,

(Uh, VhM,ni = (Ph, \7 . V)ni - (gD, V· I/)ani\["

(\7 . Uh, 10)ni = (J, w )ni'

v E Vh,i,

v E Vh,i,

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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It is easy to see that the solution (Uh, Uh,Ph, Ah) of (4.21)-(4.24) satisfies

dh(Ah,µ) = gh(µ), µ E Ah,

Uh = U'h(Ah) + Uh, Uh = U'h(A) + Uh, Ph = P'h(A) + Ph.

(4.31 )

(4.32)

We finish the section with a characterization of dh (', .), needed later in the analysis.
Let A~i be the standard space of interelement Lagrange multipliers on ni, i.e.,

A~i = {µ E £2(Ue) : µ = constant on any face (edge) e}.

Given A E A, define Ah(A) E A~i as follows. For any internal face (edge) e, let Ah(A)le
be the average of the values of pj;(A) on the two adjacent elements. Let Ah(A) = Qh,iA
on ani. For any element T E Th,i, let the set of nodes on T be the center of T and the
centers of the faces (edges) of T.

Lemma 4.2 Let q = [ph(A), Ah(A)] E Wh,i x A~i. Then

dh,i(A, A) ~ L ITI1-2/d L (q(nt) - q(nd)2
TET.h·

,I nodes

n[, nk E T

with constants dependent on the maximum and minimum eigenvalue of
K, but independent of h.

Proof For any µ E Ah, take v = uh(µ), v = uh(µ), and w = pj;(µ) in (4.25)-(4.27).
We have

Therefore

(4.33)

dh,i(A, A) ~ L ITI
TE7h,i edges

e C aT

(uj;(A) '1/Ie)2 ~ L ITII-2/d
TE7h,i nodes

where the last equivalence follows from (4.26) and the definition of AI:(A). D

Remark 4.1 We introduce the space A~i only for the purpose of the
analysis. It is not involved in the actual computation. The above result is
a counterpart of Theorem 4.3 in [28] and allows us to employ the theory
developed there.
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4.2 Error analysis of the finite differences scheme

Let Iani be the interpolation operator defined in Section 3.2. Because of Lemma 4.2,
the theory of [28] applies to give

n

dh (4),4>) ~ L IIani 4>li/2,ani' \;f 4>E EB Vh,i . 1/.
i=1

The proof of the following lemma is analogous to the proof of Lemma 3.2.

Lemma 4.3 Assume that (H1) holds. Then for any 4> E EBi=1 Qh.iAh,

n

dh(4),4>) ~ L IIIani4>lIi/2,ani'
i=1

Throughout the analysis we assume that the subdomain grids are generated by a
C2 map (see Definition 2.1). We proceed by deriving a bound on A - Ah. Following
the argument (3.45)-(3.48), we have, for any µ E Ah,

n

dh(A - Ah,µ) = L: ( - ((Uh(A) - TIu)· I/,µ)r; - ((lIu - u)· I/,µ)r;), (4.34)
i=1

where Uh(A) = Uh(A) + Uh, Uh(A) = Uh(A) + Uh, and Ph(A) = Ph(A) + Ph satisfy, for
1 ::; i ::;n,

(Uh(A), VhM,ni = (KUh(A), Vh,ni'

(Uh(A), VhM,ni = (ph(A), \7. V)ni - (A, v . I/)ri

- (gD, V . I/)ani\r,

(\7 . Uh(A), W)ni = (f, W)ni' wE Wh.i.

(4.35)

(4.36)

(4.37)

Now, as in (3.49), we have for the first term on the right in (4.34)

((Uh(A) - lIu)· I/,µ)ri ::; Clluh(A) - TIullo,niIIIaniQh,iµlh/2,an;

::; Ch3/2I1IaniQh,iµ1I1/2,ani, (4.38)

where the last inequality follows from the analysis of the finite difference scheme
(4.35)-(4.37) in [9], Theorem 5.6, with a constant C depending on P E C3,I(Di),

(
- ) d (- 2 ) dxdU E C1(ni) nW2,OO(nd , and f{ E C1(ni) nw ,OO(ni) . For the rest of the

section C will be a generic positive constant that may depend on the above quantities.
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With (4.34), (4.38), and (3.75), we have
n

dh(A - Ah,µ) :::;CLh3
/
21IIaniQh,iµlll/2,an;.

i=1

(4.39)

dh(PhA - Ah, PhA - Ah)
n

::; Idh(PhA - A, PhA - Ah)1 + C L h3
/
21lIani Qh,i(PhA - Ah)lll/2,ani' (4.40)

i=1

Since, for any 4>,1/; E A,

an application of Lemma 4.3 and Schwartz inequality for dh,i(·'·) gives

n n

L IIIani Qh,i(PhA - Ah)lli/2.ani :::;C (L dh,i(PhA - A, PhA - A) + h3
) (4.41)

i=l i=l

To bound the first term on the left, we replace in (4.25)-(4.27) A by PhA - A, and
take v = uh(PhA - A), v = Uh(PhA - A), and w = Ph(PhA - A) to obtain

(KU'h(PhA - A), Uh(PhA - A)h,ni = -(PhA - A, U'h(PhA - A) . I/)ri

::; IIPhA - Allo,dluh(PhA - A)lIo,r;
::; CIlAI12,r;h21Iu;;'{PhA - A)1I0,nih-I/2, (4.42)

using (3.26) and Lemma 3.4 for the last inequality. With v = Uh(PhA - A) in (4.25),
we have

and, since the norms 11·IITM.ni' II· i1T,ni' and 11'lIo,ni are equivalent on V h,i, we conclude
from (4.42) that

Therefore, with (4.33),

implying, together with (4.41),
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Now, with (H2) we have

(4.43)

and, with (3.26),
(4.44)

Next, we derive an estimate on U - Uh. In the following we use the 2D finite
difference notation from Section 2.3.2. We start with the following auxiliary result.

CU, VhM,nk = (P, \7 . v)nk - (A*, V· I/)rk

- (gD, v 'I/)ank\r,

(U, VhM,nk = ([{U, vh,nk,

v E V h,k, (4.45)

v E V h,k, (4.46)

and there exists a constant C, independent of h, but dependent on the
solution, and J{ as indicated, such that, for all i,j on a sub domain nk,

IP. -p··1 < Ch2
ZJ ZJ - ,

IUf+l/2,j - ui+l/2,jl + IU;'j+l/2 - U;,j+l/21 :::;Chi',

IUf+l/2,j - ui+l/2,jl + IUi~j+l/2 - UL+1/21 :::;Chr
,

IIIA* - Allh/2,rk ::; Ch3
/
2
,

(4.4 7)

(4.48)

(4.49)

(4.50)

where f = 2 for all points not on f U an, and f = 1 otherwise, r = 2 for
points strictly in the interior of nk that lie on an edge or face e such that
en afh = 0, and r = 1 otherwise.

Proof On a subdomain nk, we apply a construction due to Weiser and Wheeler (see
[74], Lemma 4.1 and appendix) to (ii,p), that gives a P satisfying (4.47), and a U,
satisfying (4.45) and (4.48) with f = 2 strictly in the interior and f = 1 on ank nan.
Note that the constants in this construction depend on the Lipschitz constant of a3p

on nk. Let
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therefore, with (3.26), (4.50) holds. For any point (Xi+l/2,Yj) on the left edge of fk,
(4.45) gives

[;ftl/2,j = h~1 (1~llA* - Pi+1,j) ,
where e is the element edge with a center (Xi+l/2' Yj), and by Taylor theorem,

Uf+l/2,j = h= (Ai+l/2,j - Pi+l.j) + O(h).
l+1

Then, with (4.47),

[;x -x 2 1 1 *i+l/2,j - Ui+1/2,j = -hx -I I (A - A) + O(h) = O(h),
i+l e e

where the last equality follows from the approximation properties of Ph' Treating
similarly the rest of fk, we conclude that (4.48) holds on fk with r = 1.

The proof of (4.49) is analogous to the argument (2.68)-(2.72) from Lemma 2.3.

D

Since Ui=lani is a set of dimension d - 1, the following corollary holds.

Corollary 4.1 For the functions in Lemma 4.4, there exists a constant
C, independent of h, such that

Subtracting (4.21)-(4.24) from (4.46), (4.45), (4.11), and (4.12), respectively, we ob-
tain the error equations

(U - Uh, VhM,n; = (J{(U - Uh), Vh,ni'

(U - Uh, VhM,n; = (P - Ph, \7. V)ni - (A* - Ah, V· I/)r;,

(\7 . (TIu - Uh), w)n; = 0,
n

L((u - Uh) . 1/, µ)r; = 0,
i=1

With v = lIu - Uh, W = P - Ph, and µ = A* - Ah, we obtain

V E Vh,i, (4.51)

v E V h.i, (4.52)

wE Wh.i, (4.53)

µ E Ah, (4.54)

n

(U - Uh, TIu - uhhM = L((u - TIu) . 1/, A* - Ah)ri
i=1

n

:::;L L lI(u - TIu) . 1/1I-1/2,TIIA* - Ahlh/2,T
i,j=1 TE~i,j

(4.55)
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using the triangle inequality, (4.44), and (4.50) for the last inequality. Now, with
v = U - Uh in (4.51),

(K(U - Uh), U - uhh = (U - Uh, U - TIuhM + O(h3
).

An application of Schwarz inequality gives

using Corollary 4.1 and the bound [37]

(4.56)

for the last inequality. Taking v = U - Uh in (4.51) implies

An application of Corollary 4.1 now gives the following bound on the velocity error.

(4.57)

To bound \7. (u - Uh), we observe that (4.53) implies \7. (TIu - Uh) = 0; therefore,
with (3.29),

11\7· (u - uh)llo,ni = 11\7. (u - TIu)llo,ni :::;ell\7· ulknih. (4.58)

We next use a duality argument to derive a superconvergence bound for p - Ph.

From (4.21)-(4.24) and (4.9)-(4.12) we get the error equations

where

(U - Uh, V)ni = (K(u - Uh), v)ni - ETM(Uh, v)ni

+ ET(Kuh, vb;,
(u - Uh, V)ni = (p - Ph, \7 . v)ni - (A - Ah, v . I/)r;

- ETM(Uh, V)ni'

(\7 . (u - Uh), W)ni = 0,
n

L((u - Uh)' I/,µ)ri = 0,
i=1

(4.59)

(4.60)

(4.61 )

(4.62)

EQ(q,v)ni = (q,v)ni - (q,v)Q.n;, Q = TM or T.
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Let i.p solve

- V . 1(\7 i.p= P - Ph

i.p= 0

in n,
on an.

(4.63)

(4.64 )

With (HO) we have
n

L 1Ii.plkni :::; Clip - Phil·
i=1

(4.65 )

Take v = -lIK\7i.p in (4.60) and get

lip - Phll~
n

= - L ((u - Uh, lIJ{\7i.p - K\7i.p)ni + (K(u - Uh), \7i.p - lI\7i.p)ni
i=1

+(K(u - Uh), lI\7i.p)ni + (A - Ah, lIJ{\7i.p· I/)ri) + ETM(Uh, lIK\7i.p),(4.66)

and, using (4.59), (4.61), and (4.62), the third term on the right is
n

- L:(I{(u - Uh), lI\7i.p)ni
i=1

n

= - L: ((u - Uh, lI\7i.p - \7i.pbi + (u - Uh, \7i.p)n;)
i=1

-ETM(Uh, lI\7i.p) + ET(I{Uh, lI\7i.p)
n

= - L ((u - uh,lI\7i.p - \7i.p)ni - (\7. (u - Uh),i.p - <p)ni
i=1

+((u - Uh) . 1/, i.p - Phi.p)ani) - ETM(Uh, lI\7i.p) + ET(Kuh, lI\7i.p).

The fourth term on the right in (4.66) is
n

L(A - Ah, lIK\7i.p . I/)r;
i=1

n

= L(Qh,i(A - Ah), K\7i.p· I/)r;
i=1
n

= L( Qh,i(A - Ah) - (A - Ah), I<\7i.p . I/)ri
i=1

n

+IIQh,j(A - Ah) - (A - Ah)ll-l/2,T) L 11i.plkni
i=1

n

:::; ehlllA - Ahllh/2,r L 11i.plkn;,
i=l

(4.67)
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using (3.30) for the last inequality.
Therefore, using (3.28), (3.27), and (3.26),

lip - Phll~
n

:::;e{llu - uhllo + Ilu - uhllo + L 11\7. (u - uh)llo,ni
i=1

n n

+L lI(u - Uh) . 1/11-1/2,ani+ IliA - Ahllll/2,r} L 1Ii.p112,n;h
i=1 i=1

+IETM(Uh' lIK\7i.p)! + IETM(Uh, lI\7i.p) I + IET(J{Uh, II\7i.p) I. (4.68)

The quadrature error terms are bounded as in the proof of Lemma 2.6 (2.87)-(2.88):
n n

IETM(uh, lIK\7i.p) I :::; C{lIuh - lIullo,n + L lIulll,ni h} L 11i.plknih
i=1 i=1

n n

IETM(uh, II\7 i.p)I :::; C{lIuh - lIullo,n + L lIulkn; h} L 1Ii.plkni h,
i=1 i=1

n n

IET(Kuh, lI\7i.p) I :::; e{lluh - lIullo,n + L lIulll,n; h} L 11i.plknih,
i=1 i=1

with constants depending on L:i=1 IIKlkoo,ni'
From (4.68), then,

lip - Phll~
:::;C{llu - uhllo + lIu - uhllo + Iluh - lIulio + lIuh - lIullo

n n

+L 11\7. (u - uh)llo,ni + L lI(u - Uh) . 1/11-l/2,an;
i=1 i=1

n

+IIIA - Ahllh/2,r + h} L 1Ii.p112,nih.
i=1

(4.69)

The first four terms on the right are bounded in (4.57) and (4.56); the fifth term is
bounded in (4.58)

For the sixth term, using the Normal trace theorem, we have

II(u - Uh) . 1/1I-1/2,ani::; Cllu - uhIIH(div;ni)'
With (4.44), (4.65), and the above bounds, (4.69) gives

(4.70)

With (4.44), (4.57), (4.58), and (4.70), we have shown the following theorem.
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Theorem 4.1 For the cell-centered finite difference approximation of
the expanded mixed method on non-matching grids (4.21 )-( 4.24), if (HO)-
(H2) hold, and if P E C3,I(nd n eO(n), U E (c1(nd n W2,OO(nd t

(
-. ) dxdnH( div; D), and J{ E C1(nd nW2,OO(ni) , then there exists a con-

stant C, independent of h but dependent on the solution and ]{ as indi-
cated , such that

Ilu - uhllTM + Ilu - uhllTM ::; Ch3
/
2

,

11\7 . (u - uh)lIo :::; Ch,

lip - phllM :::; Ch2
,

lilA - Ahllh/2,r:::; eh3
/
2

.

(4.71)

(4.72)

(4.73)

(4.74 )

4.3 Numerical experiments

The parallel simulator ParFlow1, developed originally as a rectangular code, was
modified to handle logically rectangular grids. A preprocessor was added to modify
the coefficients of the problem as described in Section 2.2, and a postprocessor was
added to transform the reference solution (Ph, lh, ~h) to the solution (Ph, Uh, Ah) on
the physical domain.

Our first example exhibits the theoretical convergence rates. We solve a problem
with a known analytic solution and mapping

for x ::; 1/2,
for x > 1/2,

K(x, y) =

{

xy
p(x, y) = xy + (x - 1/2)(y + 1/2)

(~ ~) for x < 1/2,

(~ ~) for x > 1/2,

() (,) ( , )x =F x = x .
y Y y+ 110sin(6x)

The computational domain is the unit square. The boundary conditions are Dirichlet
on the left edge and Neumann on the rest of the boundary. The domain is divided
into two sub-domains with an interface along the x = 1/2 line. The non-matching
grids are initially 4 x 8 on the left and 4 x 11 on the right. Continuous mortars on
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a grid of 7 elements with 8 degrees of freedom or discontinuous mortars on a grid of
3 elements with 6 degrees of freedom are introduced on the interface. Convergence
rates for the test case are given in Table 4.1. As in the example from Section 2.4, we
observe slight degradation from the theoretical convergence rates due to approximate
computation of the derivatives of the map and the cell centers of the true cells. The
relative importance of this approximation becomes negligible for fine enough grids
and the theoretical rates are reached asymptotically.

Continuous mortars Discontinuous mortars
l/h lip - phllM Ilu - uhllM IIA - AhllM lip - phllM lIu - uhllM IIA - AhllM
8 5.97E-3 3.62E-2 7.80E-3 5.97E-3 3.62E-2 7.78E-3
16 2.07E-3 1.58E-2 2.29E-3 2.07E-3 1.58E-2 2.28E-3
32 6.11E-4 5.50E-3 6.08E-4 6. llE-4 5.51E-3 6.09E-4
64 1.65E-5 1.86E-3 1.55E-4 1.65E-5 1.87E-3 1.56E-4
128 4.26E-5 6.34E-4 3.91E-5 4.26E-5 6.39E-4 3.93E-5

levels 1-5 O(h1.80) O(h1.48) O( h 1.92) O( h 1.80) O(h1.47) O(h1.91 )
levels 4-5 O(h1.95) O(h1.55) O(h1.99) O( h 1.95) O(h1.55) O(h1.99)

Table 4.1 Discrete norm errors and convergence rates for
the example with a known analytic solution.

Figure 4.1 Computed pressure (shade) and velocity
field (arrows) for the more practical example.
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Our second example shows a more practical application. We model flow through
a three dimensional aquifer with a vertical fault cutting the domain near its middle.
A vertical cross-section, perpendicular to the fault, of the computed pressure and
velocity field is shown in Fig. 4.1. The injection well on the left and the production
well on the right penetrate through half the aquifer depth; no flow is specified on
the boundary and gravity is neglected. The aquifer is divided into four sub-domains.
The fault coincide with two sub-domain boundaries, and the grid is refined around
the wells for a better approximation of the velocities.
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Chapter 5

Mixed finite element methods for multiphase flow

In this chapter we discuss mixed finite element discretizations of the coupled system
of two-phase flow equations. The original system is reduced to a pressure equation
of elliptic type and a satura.tion of degenerate parabolic type. The mixed methods
developed in the previous chapters are then directly applied to the pressure equation.
For the saturation equation, following [10], we employ the Kirchoff transformation to
handle the degenerate diffusion.

5.1 Fractional flow formulation

We consider two phase immiscible flow in an irregular, heterogeneous reservoir n. It
is modeled by the system of conservation equations [12, 24]

i = w (wetting), n (non-wetting), coupled with

Sw + Sn = 1,

in n x (0, T],

in n x (0, T],

(5.1 )

(5.2)

(5.3)

(5.4)

where Si is the phase saturation, Pi is the phase density, 4> is the porosity, qi is the
source term, Ui is the Darcy velocity, Pi is the phase pressure, [{ is the absolute
permeability tensor, ki(sd is the phase relative permeability, µi is the phase viscosity,
g is the gravitational constant, and D is the depth. For simplicity we assume that no
flow boundary conditions are imposed, although more general boundary conditions
can also be treated. Initial wetting phase saturation so( x) is specified on n.

We start by reformulating the problem in a fractional flow form (pressure and
saturation equation). Later we show that the proposed numerical scheme is equivalent
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to direct discretization of the conservation equations. Let

kiAi = -, z = w, n,
µi

denote the phase mobilities, and let

be the total mobility. Let
U = Uw + Un

be the total velocity. For simplicity of the presentation, assume incompressible flow
and medium (constant Pi and 4», and neglect gravity effects. Multiplying (5.1) by
1/ Pi and adding them together, we get

\7. U = q,

where q = qw/ pw + qn/ pn· Let s = Sw, and define the global pressure [24] to be

(PC(s) (An) (-1 )P = Pw + Jo T Pc (C) d(.

Thus
U = -AK\7p.

(5.5)

(5.6)

Equation (5.5) is referred to as the pressure equation. Since A > 0 and K is a
symmetric positive definite tensor, this is an elliptic equation. For compressible flow
the pressure equation is parabolic.

To derive the saturation equation, we first observe that

Aw AwAn ( )TU = Uw - ---s:- K\7pc s .

Substituting this expression into the water conservation equation (5.1), we get the
saturation equation

(5.7)

where (3(s) = Aw/A, o(s) = AwAn/A, and qw = qw/Pw. Note that Pc(s) is a strictly
monotone decreasing function. We can write the last term on the left in (5.7) as

o(s)KO;:c\7s == -a(s)J{\7s.
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Therefore (5.7) is an advection-diffusion equation. The diffusion term vanishes at
s = 0, 1 - the minimum and maximum values of the saturation. This is due to the
behavior of the relative permeability and the capillary pressure functions (see [13]).

This double degeneracy is the main source of difficulties in the numerical approx-
imation. The solutions of degenerate parabolic equations have very low regularity. It
has been shown that (see [65, 46, 54, 3, 2, 4]

s E £00(0, T; L1(n)),

St E £2(0, T; H-1(n)).
(5.8)

(5.9)

The solutions can have compact support, thus behaving very differently form the so-
lutions to non-degenerate parabolic problems. Many authors introduce a regularized
problem and then approximate it [69, 50, 63, 45, 44]. The numerical error is then a
sum of the discretization error for the regularized problem and the difference between
the solutions to the regularized and the original problems.

Another difficulty in the analysis comes from the treatment of the degenerate
diffusion term. Because of the degeneracy, certain error terms cannot be directly
bounded. A common technique is to handle the degeneracy analytically via the
Kirchoff transformation [69, 45, 44, 10]. Let

Then
\7 D(s) = O'(s)\7s,

and (5.7) becomes

4> ~~ + \7. (;3(s)u - K\7 D(s)) = qw.

5.2 The expanded mixed method for multiphase flow

(5.10)

In the following we omit the porosity 4>, assuming that a linear change of variables
s' = 4>s has been made. To obtain the expanded mixed variational formulation of
(5.1)-(5.7) we introduce the variables

u = -Vp,

~ = -\7 D(s),

1/; = ;3(s)u + K~.

(5.11)

(5.12)

(5.13)
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Because of (5.9), St is not in L2(n) for a given t, thus we integrate (5.7) in time to
obtain the equivalent equation

S + \7 ·It 1/; dT = lt qw dT + So. (5.14)

Let
v = {v E H (diVj n) : v . 1/ = 0 on an}

We now have, for every time t E [O,T], the variational form for u(·,t) E V, ii(·,t) E

(U(n))d, and p(', t) E L2(n) as

(u, v) = (A(s)I\"ii, v), v E (L2(n))d, (5.15)

(ii, v) - (p, \7 . v) = 0, v E V, (5.16)

(\7. u,w) = (q(s),w), wE L2(n), (5.17)

and the variational form for 1/;(-, t) E V, ,(f;(., t) E (L2(n))d, and S(-, t) E U(n) as

(1/;, v) = (,8(s)u, v) + (I{,(f;, v),

(,(f;,v) - (D(s), \7 . v) = 0,

(s,w) + (\7 ·It 1/;dT,W) = (It qW(S)dT,W) + (so,w),

v E (L2(n))d,(5.18)

v E V, (5.19)

w E L2(n). (5.20)

Let V h X Wh C V x L2(n) be any mixed finite element spaces on a partition 'Tit of
n, and let Vh be a finite element subspace of (L2(n))d such that Vh ~ Vh. We then
have the following semi discrete expanded mixed finite element approximation to the
system (5.15)-(5.20). For each t E [0, T], let (Uh(', t), iih(', t),Ph(', t)) E Vh xVh X Wh
be the approximation of (u(', t), ii(·, t), p(" t)) such that

(Uh, v) = (A(Sh)Kiih, v),

(iih, v) - (Ph, \7 . v) = 0,

(\7 . Uh, w) = (q(Sh), w),

(5.21)

(5.22)

(5.23)

E V h X V h X Wh be the approximation ofand (1/;h(" t), ,(f;h(" t), Sh(-, t))
(1/;(.,t),,(f;(.,t),s(·,t)) such that

(1/;h, v) = (,8(Sh)Uh, v) + (I{,(f;h, v),

(,(f;h, v) - (D(Sh), \7. v) = 0,

(Sh,W)+ (\7·1t1/;hdT,w) = (ltqw(Sh)dT,w) + (SO,h,W),

v E Vh, (5.24)

v E Vh, (5.25)

w E Wh,(5.26)
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where SO,h is an approximation of so.
We next consider a backward Euler time discretization. Let {tn};;=o be a monotone

partition of [0, T] with to = 0 and tN = T, let !ltn = tn - tn-I, and let fn = f(tn)'
In the fully discrete mixed method we seek, for any 0 :::;n :::;N, (uh, uh, Ph) E

Vh X Vh X Wh such that

(Uh'V) = (A(sh)Kuh, v),

(uh, v) - (Ph' V . v) = 0,

(\7 . uh, w) = (q(sh), w),

(5.27)

(5.28)

(5.29)

(1/;'h,v) = (,6(sh)uh, v) + (K(f;'h, v),

((f;'h, v) - (D(sh)' \7. v) = 0,

(8;:, w) + ('V. t."bU,ti, w)

= (t.</w(8iJLlti, w) + (SO.k, w),

v E Vh,

(5.30)

(5.31 )

(5.32)

Equation (5.32) can be rewritten in the usual backward Euler form

(

n n-l )
sh ~/nh , w + (\7 .1/;'h, w) = (qw(Sh)' w),

(s~,w) = (SO,h,W),

(5.33)

(5.34)

Remark 5.1 The choice offully implicit time discretization is motivated
from the fact that all explicit or semi-implicit schemes suffer from severe
stability limitations when advection processes are dominating.

Remark 5.2 Equation (5.33) is a locally mass conservative approxima-
tion of the wetting phase conservation equation (note that by construction
1/; = uw). Subtracting (5.33) from (5.29) we get

w E Wh, (5.35)

which is an element by element approximation to the non-wetting phase
conservation equation, so the scheme conserves the mass of both phases
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locally. Therefo-re the mixed method for the pressure-saturation formu-
lation preserves the conservation properties of the cell-centered finite dif-
ference scheme applied directly to the phase conservation equations, a
method commonly used by the petroleum engineers [66, 12].

In the case of RT0 mixed spaces, the use of quadrature rules for approximating
the vector inner products in (5.27)-(5.32) (see Section 2.2, (2.21)-(2.22)) allows the
vector unknowns to be trivially eliminated, if V h = V h. Thus, a coupled cell-centered
finite difference system for the pressure and the saturation is obtained. The stencil
for the pressure or the saturation is 5 points for d = 2 and 7 points for d = 3 if K is
a diagonal tensor, 9 points for d = 3 and 19 points for d = 3 if K is a full tensor.

5.2.1 Extensions to general geometry domains, discontinuous coefficients,
and non-matching grids

An advantage of the pressure-saturation formulation is that the methods discussed in
the previous chapters can be applied to handle irregularly shaped domains, discon-
tinuous coefficients, and non-matching grids. For the case of general geometry, we
only need to modify definitions (5.11)-(5.13) by

- M-1"U = - vp,

;j; = -M-1\7 D(s),

1/; = ,6(s)u + J{ M;j;,

(5.36)

(5.37)

(5.38)

where M is defined in (2.16). Now, the procedure from Section 2.2 can be applied to
give cell-centered finite differences for p and s on logically rectangular grids.

If the permeability tensor is discontinuous, or the domain has a multi block struc-
ture with non-smooth grids across the interfaces, the macro-hybrid form of the ex-
panded mixed method has to be used. It introduces Lagrange multipliers for p and
s along the discontinuities. If the grids match, we may use the usual normal trace
of the vector space. If the grids do not match, a higher order mortar finite element
space, as described in Chapter 3 and Chapter 4, must be used on the interface.

The expanded mixed method for the pressure equation has been analyzed in the
previous chapters. In the next section we concentrate on the saturation equation.
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5.3 A mixed method for the saturation equation on non-
matching grids

Let n be a union of n non-overlapping subdomain blocks ni, 1 < i < n. The
saturation s (x, t) satisfies

~; + \7. (iJ(s)u - f{\7 D(s)) = <lw(s)

(iJ(s)u - f{\7 D(s)) . 1/ = 0

S (x, 0) = So (x)

in n x (O,T],

on an x [0, T],

on n.

(5.39)

(5.40)

(5.41)

We need several assumptions on the coefficients of the above equation. Recall that
D( s) = 1; 0'( () d(, and assume that

o ::; s ::;0'1,

0'1 :::; S :::; 0'2,

0'2 ::; S ::; 1,
(5.42)

where iJi, 1 :::;i :::;3, are positive constants, and O'i and I/i, i = 1,2, satisfy

o < 0'1 < 1/2 < 0:2 < 1, 0 < I/i ::; 2.

Note that (5.42) controls the rate of degeneracy of the diffusion. It is based on the
physical behavior of the relative permeabilities and the capillary pressure (see, e.g.,
[13, 55]). We also have that there exists a positive constant C such that

A sufficient condition for (5.43) is

aD
0:::; as (x,t;s)::; e for (x,t) E n x [O,T], 0:::; s:::; 1,

which again follows from the behavior of the relative permeabilities and the capillary
pressure (see also [10]). Finally, we assume that, for 0 ::; SI, S2 ::; 1,

liJ(sI) - iJ(S2W :::; e(D(sd - D(S2))(SI - S2),

l<lw(sd - <lw(S2W :::; e(D(sd - D(S2))(SI - S2)'

Bounds (5.44) and (5.45) are justified by the following lemma, proven in [45].

(5.44)

(5.45)
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Lemma 5.1 Suppose (J satisfies (5.42). If f E Cl[O,l] and 1'(0) =

1'(1) = 0 with l' Lipschitz at 0 and 1, then there exists a positive constant
C such that

If(a) - f(bW :::; C(D(a) - D(b))(a - b), for 0:::; a,b:::; 1.

Note the fractional flow function j3(s) satisfies the conditions of Lemma 5.1. The
well term qw( s) satisfies the conditions of Lemma 5.1 at the injection wells. At the
production wells, qw(s) rv kw(s), so q~(O) = O. Therefore (5.45) holds, if s ::; s* < 1
at the production well, which covers all cases of physical interest.

Remark 5.3 The fractional flow function j3( s) and the integrated dif-
fusion function D( s) are both S-shaped with zero derivatives at the end
points. Bound (5.44) relates the rates of degeneracy of the derivatives of
the two functions and indicates, in a sense, that the diffusion dominates
the advection.

n

W = EB Wi = L2(n),
i=1

With a = K-l, 1/;= j3( s)u - J{\7 D( s), and "/ = the trace of D( s) on f, we have the
following variational formulation. For every time t E [0, T], 1/;(', t) E V, s(" t) E W,
and ,,/(·,t) E A satisfy, for 1::; i::; n,

(a1/;, V)l1i = (D(s), \7. V)l1i - ("!, v· I/)ri + (aj3(s)u, V)l1i' v E Vi, (5.46)

('" w )n, + (V .!.'1/J dT, w) n, = ([ iiw(s) dT, W) n, + (so, w)n" w E Wi,(5.4 7)

n t

{;; (11/; . 1/ dT, µ)ri = 0, µ E A. (5.48)

Let ~,i be a finite element partition of ni with maximal element diameter h. We
allow for the possibility that ~,i and ~,j need not match on fi,j' Let Vh,i X Wh,i be
the RTo spaces on ~,i' Let 7[i,j be a finite element partition of fi,j with maximal
element diameter h. Let Ah,i,j C Ai,j be the space of continuous or discontinuous
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piece-wise multi-linears on Tt,). An additional assumption on Ah,i,j and hence on
r .Th I,) will be made later.

In the continuous time mixed finite element method for approximating (5.46)-

(5.48) we seek, for each t E [0, T], 1/;h(-, t) E Vh, Sh(', t) E llVh, and '"'th(-, t) E Ah such
that, for 1 ::; i ::;n,

(a1/;h, v)n; = (D(Sh), \7 . v)l1; - ('"'!h,V· I/)r; + (a,B(Sh)U, V)l1i'

(Sh, w)n, + (V' .1' <Ph dT, w) n;

~ (1' iiw( Sh) dT, wt;+ (SO.h, W)n"

n t'f (11/;h . 1/ dT, µ)ri = 0,

where SO,h E Wh is an approximation of so.

5.3.1 Error analysis of the semidiscrete scheme

v E V h,i, (5.49)

w E Wh,i,(5.50)

µ E Ah, (5.51)

We combine ideas from [10], where the mixed method for the saturation equation on
a single block is analyzed, with techniques from the previous chapters, to analyze the
mixed method for the saturation equation on a multi block domain with non-matching
grids.

We need the following projections onto the finite element spaces. The standard
mixed projection operator II : (Hl(nd)d -+ Vh,i satisfies, for q E (Hl(nd)d,

(\7. (q - IIq),w)ni = 0,

((q - IIq) . 1/, V . l/)al1; = 0,

(5.52)

(5.53)

In the analysis we apply II to f~1/;, which is justified, since f~1/; E (Hl(ni x (0, T]))d,
as shown in [10].

Let, for any i.p E W, <p E Wh be its L2-projection, satisfying

(i.p - <p,w) = 0, wE Who

In a similar way we define the L2-projections Ph : A -+ Ah, and Qh,i : A -+ V h,i .
1/. For smooth enough functions, these operators have optimal order approximation
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properties:

IIq - IIqlll1i :::;C1lqlh.l1ih,

1Ii.p - <p1I :::; CIIi.p1l1hl
, 0:::; l :::; 1,

1I1/J - Ph1/Jllo,r ::; CII1/JIII,rhl, 0::; l ::; 2,

1I1/J - Qh.i1/Jllo,ri ::; CII1/JIII,rihl, 0::; l ::; 1.

We make explicit the following assumption on the mortar space Ah.

(5.54)

(5.55)

(5.56)

(5.57)

which is a weaker version of hypothesis (H2) from Section 3.2 and is justified by
Lemma 3.3.

We now proceed with the error analysis. Subtracting (5.49)-(5.51) from (5.46)-
(5.48), we obtain the error equations

(a(1/J -1/Jh), vb; = (D(s) - D(Sh), \7 . v)l1;

- b -,h, V· I/)ri + (a(,8(s) - ,8(Sh))U, V)l1i'

(s - Sh, w)u. + ('V ·1'(,p - ,ph) dT,w) u,

= (1' (ijw( s) - qw( Sh)) dT, w) u, + (so - SO,h, w)n"

n t

{; (fa (1/J -1/Jh) 'l/dT'µ)r; = 0,

v E V h.i, (5.58)

w E VVh,i, (5.59)

µ E Ah, (5.60)

To simplify notations, let <1>( t) = II fd (1/J - 1/Jh) dT. We choose SO,h = So and take- -v = <1>, w = D(s) - D(Sh), and µ = Ph,-,h in (5.58)-(5.60). We then have

(s - Sh, 0s) - D(;h)) + (a(1/J -1/Jh), <1»

= (l\iiw(S) - iiw(Sh)) dT, D(s) - D(;h))
n

+(a(,8(s) - ,8(Sh))U, <1» - Lb - Ph" <1> . I/)r;
i=1

n t t
+{; (( 10 1/JdT - II10 1/JdT) '1/, Ph,-,h)ri (5.61)

We integrate (5.61) in time form 0 to t. The first term on the left becomes

1o\s - Sh, 0s) - D(Sh)) dT = 10t
(s - Sh, D(s) - D(Sh)) dT + Tl, (5.62)
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where
Tl = 1t

(s - s, D( s) - D( Sh)) dT.

The second term on the left-hand side of (5.61) becomes

where

T2 = 1t
(a(1/J -1/Jh),1I 1T

1/Jd~ -1T
1/Jd~) dT.

Combining (5.61)-(5.63), we obtain

where

T3 = fat (faTUiw(S) - qw(sh))d~, DC;) - Drs-h)) dT,

T4 = 1t
(a((3( s) - (3( Sh) )u, <p) dT,

n r
T5 = - t;io b- PhI, <P . I/)ri dT,

T6 = ~ fat (( faT 1/Jd~ - IIfaT 1/Jd~) . 1/ d~, PhI - Ih)ri dT.

We now bound each Tk, k = 1, ... ,6. For any E > 0, we have

(5.63)

(5.64)

ITll ::; e 1t
lis - sll~ dT + E 1t

IID(s) - D(sh)ll~ dT,

IT31 ::; e fat faT (s - Sh, D(s) - D(Sh)) d~ dT + E1t

IID(s) - D(sh)lI~ dT,

IT41 ::; E1t

(s - Sh, D(s) - D(Sh)) dT + C1t

II<PII~ dT,

IT5\ :::;c{h-l fat III - Ph/ll~,r dT + fat II<PII~ dT},

using (5.45) for the bound of T3, (5.44) for the bound of T4, and Lemma 3.4 for the
bound of T5. To estimate T2 we integrate by parts in time:

T2 = - fat (faT a( 1/J-1/Jh) d~, :T (II faT 1/Jd~ - faT 1/Jd~) ) dT

+ (fat a( 1/J-1/Jh) dT, IT fat 1/JdT - fat 1/JdT );
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therefore,

IT21 ::; c { fot II foT (1/J-1/Jh) d~ll:dT + fot II:T (n foT ~ d~ - foT 1/Jd~) II: dT

+111Ifot 1/JdT - fot 1/JdTII:} + c:11 fot (1/J-1/Jh) dTII:

Integration by parts in time for T6 gives

Therefore,

IT61 :::; c{ lot II :T (loT 1/Jd~ - II foT 1/Jd~) . 1/11:,r dT

+11(fot 1/JdT - IIfot 1/JdT) . vll:,r dT} + c: fot II foT (Phi - ,h) d~II:,r dT

+c:11 fot (Phi -,h) dTII:,r'
To bound the last two terms, we consider, for 1 ::; i ::;n and any fixed t E (0, T], the
auxiliary problem

i.p - !:::..c.p = 0,

\7i.p' 1/ = fot Ial1;Qh,i(Phl-,h) dT,

in ni,

on ani,
(5.65)

(5.66)

where Ial1; is the interpolation operator, defined in Section 3.2. By elliptic regularity,

1Ii.pII m,l1; ::; cillt Ial1
i Qh,i(Phl -,h) dTllm_3/2,al1i' m = 1,2. (5.67)

We now integrate in time from 0 to t and take v = II\7i.p in (5.58) to obtain

( r Qh,i(Phl -,h) dT, (t Ial1i Qh,i(Phl -,h) dT)io io al1i
~ - (J.' a(.p - .ph)dT, II'V<pt + (J.\D{s) - D(;h)) dT, <p) 0,

+ (J.' a(fJ(s) - fJ(Sh))U dT, II'V<p t,+ (J.' Qn,;(Pn -,) dT, 'V<p . v) 80.

= T7 + T8 + T9 + TIO' (5.68)
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It is easy to see, from the definition of Ial1i, that

(5.69)

and

We bound the terms on the right-hand side of (5.68) as follows. For any 0> 0,

IT71 :::; e{11 fat 1/JdT - IIfat 1/JdTII:,l1i + 1I~(t)II~'l1i} + o(IIII\7i.p - \7i.pIl~,l1i+ 11\7i.pIl~,I1J

::;c{ II fat 1/JdT - IIfat 1/JdTII:,l1i + 1I~(t)II~'l1i} + 011 fat Qh,i(Ph,-,h) dTII:.al1i'

using (5.54), (5.67), the inverse inequality, and (5.70) for the last bound. Similarly,

Combining together (5.68), (5.69), the bounds on T7-TlO, and (H3), we obtain

II fat (Ph, -,h) dTII:,r
::; e{11 fat 1/JdT - IIfat 1/JdTII: + 1I~(t)lI~ + fat IID(s) - D(sh)lI~dT

+ fat (s - Sh, D(s) - D(Sh)) dT + h-l fat IIPh,-,II~.rdT} (5.71)

Combining (5.64), the bounds on T1-T6, (5.71), and using (5.43) and Gronwall's
inequality, we arrive at the following result.

Theorem 5.1 Assume that (5.42)-(5.45) and (H3) hold. For the semi-
discrete mixed finite element approximation (5.49)-(5.51) of problem
(5.39)-(5.41), there exists a positive constant C such that, for every
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Theorem 5.1 bounds the size of IID(s) - D(sh)lIo by (5.43). It also allows us to derive

a bound on lis - shll-l'

Theorem 5.2 Assume that (5.42)-(5.45) and (H3) hold. For the semi-
discrete mixed finite element approximation (5.49)-(5.51) of problem
(5.39)-(5.41), there exists a positive constant C such that, for every
t E [0, T],

lot (s - Sh, D(s) - D(Sh)) dT + lilt (1/J -1/Jh) dTII:
::; c{ lot lis - slI~dT + Ilnlt 1jJdT -lot 1/JdTII:

ft ft r 2
+h -1 Jo 111- Ph'YII~,rdT + II (Jo 1/JdT - IIJo 1/JdT) . I/llo,r

+ lot II%T (loT 1/Jd~ - IIloT 1/Jd~) II: dT

ft a r r 2}+ Jo II aT (Jo 1/Jd~ - IIJo 1/Jd~) . I/llo,r dT .

Proof For any i.p E HJ(n), we have

(S - Sh,i.p) = (s - Sh,i.p - <p) + (s - Sh,<p) = (s - s,i.p - <p) + (s - Sh,<p).

By (5.59) we have that
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For the first term on the right we write

n( t t ) n( t t )-E \7.(IIlo1/JdT-lo1/JhdT),<P l1i=-E \7.(lIlo1/JdT-lo1/JhdT),'P l1i
~ ~ (II l' ,p dr - ].',ph dr, V<pt,-~< (II ].' ,p dr -1' ,ph dr) V,<p)r,

= ~ (II 1.' ,p dr - 1.',ph dr, V<pt,-~< (II 1.' ,p dr - 1.' ,p dr) v, <p)r,
n t

-L (lo (1/J -1/Jh) . 1/ dT, 'P - Ph'P )r,'
t=1

using (5.60) for the last equality. Therefore

l(s-Sh,'P)1

:::;C{ hils - silo + IIII lot 1/JdT -lot 1/JhdTllo + II(II lot 1/JdT - lot 1/JdT) . I/llo,r
+lllo

t
(1/J -1/Jh) dTllo + lot(s - Sh, D(s) - D(Sh)) dT }1I'Plll'

using (5.55) for the first term on the right, Lemma 3.4 and (5.56) for the fourth term,
and (5.43) for the last term. An application of Theorem 5.1 completes the proof. D

We end the section with some remarks on the approximation of the advective
term in the saturation equation. The issues here are time step limitations because of
stability problems and numerical diffusion that smears the sharp fronts. The method
that is commonly used by the petroleum engineers is upstream-weighting [73]. It can
be shown to be unconditionally stable when used in implicit schemes. However, it
introduces an excessive amount of artificial diffusion. Explicit Godunov schemes [14]
have time step stability limitations. The modified method of characteristics-Galerkin
[35, 42, 31] does not conserve mass locally. A characteristics-mixed method for linear
transport problems developed by Arbogast and Wheeler [7] is locally mass conser-
vative and allows larger time steps. The trace-back integrals needed in the method
can be difficult to evaluate. This method, in conjunction with the expanded mixed
method, has been successfully used for advection dominated transport problems [8].

The schemes described earlier in the chapter do not treat the advective term in
any special way. They can be improved by incorporating some of the above mentioned
transport methods to allow for larger time steps without adding too much numerical
diffusion.
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