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Abstract

This paper is a continuation of Melenk et al., “Stability Analysis for Electromagnetic Waveg-
uides. Part 1: Acoustic and Homogeneous Electromagnetic Waveguides” (2023), extending the
stability result for homogeneous electromagnetic (EM) waveguides to the non-homogeneous case.
The analysis is done using perturbation techniques for self-adjoint operators eigenproblems. We
show that the non-homogeneous EM waveguide problem is well-posed with the stability constant
scaling linearly with waveguide length L. The results provide a basis for proving convergence of
a DPG discretization based on a full envelope ansatz, and the ultraweak variational formulation
for the resulting modified system of Maxwell equations.
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1 Introduction

This is the second part of our work devoted to the stability (and well-posedness) analysis of electro-
magnetic (EM) waveguides; see |5 for an introduction and the motivation for our work. In Part 1
of this work we considered the homogeneous waveguide only, and we showed that the operator cor-
responding to the first-order system of Maxwell equations is bounded below with a constant scaled

inversely with the length L of the waveguide (L is proportional to the number of wavelengths),
IE|? + || H|? < CL (|V x E —iwH|*> + |V x H +iwE|?),

where i = v/—1, w denotes the angular frequency of the light, and C' is a positive constant. We use
the formalism of closed operators; the electric/magnetic field (E, H) pair comes from the domain of
the operator. A simple perturbation argument, given at the end of |5, shows that for a sufficiently
small perturbation[] of the dielectric constant (or relative permittivity) e = 1 + de, the operator
remains bounded below but the linear dependence of the stability constant upon L is lost. In fact,
the smallness of perturbation de is expressed in terms of constant C'L; hence, the larger the length

L, the smaller de must be.

We use a non-dimensional version of the equations.



Step-index fibers. In this paper, we extend our stability result to non-homogeneous EM waveg-
uides. This case has importance in modeling a large number of EM waveguide applications, such as
optical amplifiers which are used to achieve high-power laser outputs very efficiently ﬂ§|, . A typical
optical fiber model is the double-clad step-index fiber—a cylindrical EM waveguide where the cross-
section (or transversal domain) consists of a silica-glass fiber core surrounded by a silica-glass inner
cladding and an outer polymer cladding (see Figure . The material refractive index n is slightly
higher in the core than the inner cladding which enables propagation of core-guided transverse
modes. Consequently, the permittivity € = e(x, y, z), which depends on the material refractive index
n = n(z,y, z), is discontinuous at the core-cladding interface Oeore := {(z,y, 2) : 2 +y? = 12, } of
a step-index fiber, as illustrated in Figure[ID] Analogously, the material contrast at the inner-outer
cladding interface 0Qcaa = {(7,y,2) : 22 + y* = r},4} enables propagation of cladding-guided

modes by total internal reflection at the glass-polymer interface.
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Figure 1: (a) Schematic of a small section of a double-clad step-index fiber, taken from ; (b) Transversal profile of
the relative permittivity e = ¢(r) in a double-clad step-index fiber.

We note that it is a common assumption in engineering literature to consider e differentiable.
Indeed, it is often the case that simplified models of EM waveguide applications (e.g., some beam
propagation models) entirely neglect the fact that € is not differentiable. More recently, partly thanks
to the increased computing capabilities, it has become possible to numerically solve EM waveguide
models of realistic length based directly on the Maxwell equations thereby avoiding such
simplifying assumptions. We emphasize that the analysis in this paper considers discontinuous

material parameters and is therefore directly applicable to step-index fibers.

Contributions. Extending the stability analysis to the non-homogeneous waveguide problem
turns out to be rather non-trivial. We begin by rewriting the Maxwell system in terms of four
unknowns: transversal — F;, Hy, and longitudinal — F5, H3 components of electric and magnetic
fields. Assuming the exponential ansatz ¢’?* in the (longitudinal) z-direction, we obtain a non-

standard eigenvalue problem for propagation constant 8. Upon eliminating Fs3, Hs, we obtain a more



standard system of second-order equations (in x,y) with a non-self-adjoint operator, even for the
homogeneous case. Only in the last step, after elimination of H; (or E;), we obtain a more standard
E-eigenvalue problem for Fy, and the corresponding H-eigenvalue problem for H;. The operators
in the E- and H-eigenvalue problems, for the homogeneous case, turn out to be self-adjoint. This
leads to the determination of an orthonormal eigenbasis and corresponding spectral decomposition
which, upon the substitution into the original first-order system, decouples the original system into
systems of first-order ordinary differential equations (ODEs). A stability analysis for the ODEs and

the spectral decomposition argument led to the final result in |5].

In the non-homogeneous case, the operators in the F- and H-eigenvalue problems are not self-
adjoint but they represent perturbations of self-adjoint operators. This invites the application of
the classica]ﬂ perturbation analysis for self-adjoint operators |7] that we pursue in this paper. The
arguments are far from trivial, as we lose the convenient orthonormal basis argument and have to
resort to series of non-orthonormal (perturbed) eigenvectors. The decoupling argument then involves
adjoint operators which need to be analyzed as well. As always with the perturbation argument,
the obtained results are formal, we proceed under the assumption that the non-orthogonal series

converge as needed.

Outline. The structure of the paper is as follows. We begin in Section [2| with the derivation of
the various eigenvalue problems and relations between them. In Section [3] we develop the classical
perturbation argument to compute the perturbed E and H eigenvectors and their counterparts for
the adjoint problems. In Section [d we arrive at our first main result; we reduce the problem to a
system of decoupled systems of small subsystems of two ODEs for the coefficients in the spectral
representations of F; and H;. Upon further reduction to a single second-order ODE, we arrive at
essentially the same ODE problem as in the analysis of the homogeneous waveguide. This leads
to the final estimates of Fy, H; (and their curls) in terms of the right-hand side and to our final
result presented in Section [5] We finish with short conclusions in Section [0} Finally, Appendix [4]
provides additional algebraic results from the perturbation analysis. In the main body of the paper,
we proceed under the customary, simplifying assumption that all perturbed eigenvalues are distinct.
In Appendix [A] though, we provide additional details for the case of multiple eigenvalues as it is in

the case of the step-index fiber.

In the end, our main stability result is identical with the one for the homogeneous waveguide,
we show the scaling of the stability constant with length L. The (formal) perturbation analysis
necessitates the assumption of a small perturbation but only in the L°°-norm. Nowhere in our
analysis do we require the dielectric constant to be differentiable, a common assumption in the

engineering literature. The presented analysis thus applies to step-index fibers.

2Dating back to Lord Rayleigh.



2 Eigensystems

We will be using the following 2D identities:
e, x (e, x By) = —E,
e, x (V x E3)=VE;, e; X VE3 = -V X Fj (2.1)
curl(e, x E;) = div Ey, div(e, x E;) = — curl B}y
where Fy, F3 denote the transversal and longitudinal components of a 3D vector field E. The
original system of equations,

VxFE—iwH=f, V x H+1iweE =g,

translates into:
VXE3+€Z X %Et—iWHt :ft

curl By —iwHs = f3

(2.2)
V x Hy+e, x 2H, +iweE, =g
curl H; +iweFE3 = g3.
Multiplying the first and third equations by iw e, x, we obtain:
ViwEs3 — %int +wle, x Hi =iwe, x f;
curl By —iwHs = f3 (2.3)

ViwHs — %int —w?e, xeE;, =iwe, X gt
curl H; +1weFE3 =g3.

z

The eigensystem corresponding to the first-order system operator, and €% ansatz in z, looks as

follows:
E; € Ho(curl, D), E3 € H&(D)

H; € H(curl, D), H3 € HY(D)
iwV Es +w?e, x HE = —wpE;
(2.4)
curl By —iwHs =0

iwV Hs —w?e, x eE;, = —wBH,;

curl H; 4+ iweFEs =0.
And the system corresponding to the adjoint is as follows:
F, € H(div, D), F3 € HY(D)
G; € Ho(diV,D), Gs € H&(D)
V x F3+w?e, x Gy = —wpFy
(2.5)
iw(div F; —eG3) =0

V x G3 —w?e, x F; = —wpGy

L iw(divGy + F3) =0.
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Eliminating E3 and Hs from system ([2.4)), we obtain a simplified but second-order system for E;, Hy
only.

;

E; € Hy(curl, D), curl E; € H'(D)
H; € H(curl, D), L curl H, € H}(D)

€

(2.6)
—V(%CurlHt) +w?e, x H, = —wBE,

V(curl By) — w?e, x By, = —wBH;.

Similarly, eliminating F3 and G3 from system ([2.5)), we obtain a simplified but second-order system

for Fi, G only.
( F, € H(div, D), 2 div F, € H}(D)

G; € H()(diV, D), divG; € HI(D) ( )
2.7
—V x div Gy + w?e, x €Gy = —wBE,

V x (%leFt) —w262 X Ft = —LOBGt .

One can check that the operator in (2.7)) corresponds to the adjoint of operator in (2.6]). Notice how
the boundary conditions (BCs) on Ej3,G3 have been inherited by curl H; and div F}.

Reduction to single variable eigensystems. Assume  # 0. Solving (2.6) for Hy,
1
H =-—[VculE — w?e, x eEy]
WP y (2.8)
curl Hy = — curl(e, x eE;) = = diveE}

g B
and substituting it into (2.6));, we obtain an eigenvalue problem for E; alone.

Ey € Hy(curl, D), curl E; € HY(D), L diveE, € H}(D)
(2.9)
V x curl By — w?eE; — V(L diveFE,;) = —5%E; .
Similarly, Solving (2.6]); for Ei,
1 1 9
Et = ——[—V(fcurlHt) + we, X Ht]
wht e y (2.10)
curl B, = —=curl(e, x H;) = —= div H,
s g
and substituting it into (2.6))2, we obtain an eigenvalue problem for H; alone.
H, € H(curl, D) N Hy(div, D), L curl H, € H}(D), div H, € H*(D)
(2.11)
eV x (L curl Hy) — w?eH, — V(div Hy) = —3%H, .

Note that BC n x E; = 0 implies BC: n - H; = 0. We proceed in the same way with the adjoint.

Solving (12.7)2 for G,
1 1.
G = _m[v X (gdlth) —w?e, x Fy]

' o " (2.12)
divG, = EdIV(eZ x Fy) = _B curl eFy



and substituting it into 1, we obtain an eigenvalue problem for F}; alone.
F, € Ho(curl, D) N H(div, D), L div F, € H}(D), curl F;, € HY(D)
{ V x curl F;, — w?eF, — V(L div F}) = —2F;.
Note that BC: n - Gy = 0 implies BC: n x F; = 0. Similarly, Solving 1 for Fy,

1 .
F = —@[—V x div Gy) + wle, x €Gy)
divF, = —% div(e, x eGy) = —% curl eGy

and substituting it into (2.7))2, we obtain an eigenvalue problem for Gy alone.
Gy € Ho(div, D), divG, € HY(D), L curleG, € H}(D)
V x (LewleGy) — w?eG, — V(divGy) = =Gy .

Lemma 1

(2.13)

(2.14)

(2.15)

(a) Let ((Ey, Hy),—wp) be an eigenpair for system @ Then (E;, —f3?%) solves , and

(Hy, —B?) solves ,

(b) Conversely, if (Ey, —B%) is an eigenpair for , and we define Hy by:
1
H, —
L wEh)

(—V curl By 4+ w?e, x eEt)

then (Ey, Hy), —w(£p)) is an eigenpair for system (2.6). Each eigenpair for (2.9) generates

two eigenpairs for (@

(c) Similarly, if (Hy, —B?) is an eigenpair for , and we define Ey by:

1 1
E, = —— | V(=curl H)) — w?e, x H,
¢ w(:l:ﬁ)( (ecur 1) —wey X t>

then (Ey, Hy), —w(£f)) is an eigenpair for system (2.6). Fach eigenpair for generates

two eigenpairs for (@

Proof: =~ We have already proved (a). To prove (b), check that the formula for H; and (2.9) imply

(just algebra) equation (2.6);. Same procedure to prove (c). |

In particular, Lemma [I| implies that eigenproblems (2.9 and (2.11]) have the same eigenvalues

B2

Lemma 2



(a) Let ((F, Gt),w7) be an eigenpair for system . Then (Gy, —+?) solves and (Fy, —?)
solves ([2.15).
(b) Conversely, if (Fy, —~?) is an eigenpair for , and we define Gy by:

1 1
Gi=—— -V x(=divF %e, x I
; w(:l:y)( ><(6 iv F}) + w?e, X t)
then (Fy,Gy),w(£7y)) is an eigenpair for system . Each eigenpair for generates
two eigenpairs for .

(c) Similarly, if (Gy, —~?) is an eigenpair for , and we define Fy by:

fi= w(+7)

then (Fy,Gt),w(%7)) is an eigenpair for system . FEach eigenpair for generates
two eigenpairs for .

(V x div Gy — w?e, x th)

In particular, Lemma [2| implies that eigenproblems ([2.13]) and (2.15)) have the same eigenvalues

v2.

Lemma 3

(Ey, —B3?) is an eigenpair for problem if an only if (e, x Ey, —[3%) is an eigenpair for .
Similarly, (Hy,—(%) is an eigenpair for problem if and only if (e, x Hy,—[3?%) is an eigen-
pair for , In particular, this implies that all four individual eigenproblems share the same

ergenvalues. |

Proof: Use identities (2.1). |

3 A Perturbation Analysis

In this section, we will use the classical perturbation theory for self-adjoint operators to analyze

two eigenvalue problems:
e the electric eigenvalue problem ([2.9):

1
V x curl By — w?eE; — V(= diveE;) = —p?E; (E problem) (3.1)
€

e and the magnetic problem (2.11)):

1
€V x (= curl Hy) — w?eH; — V(div H;) = —?H; (H problem). (3.2)
€

7



We have already argued that the problems share the same eigenvalues. Problem ({3.1)) is a per-
turbation of a self-adjoint eigenvalue problem for the electric field representing the homogeneous
waveguide,
V x curl E — w?E — V(div E) = —3*F (3.3)
=:AFE
where E = E;. We have learned in [5] that the problem admits two families of eigenvectors:
Ei =V x1; BE=w?—py
E; =Vog; ﬂ?:cﬁ—)\j

(3.4)

where (11;,1;) and (), ¢;) are Neumann and Dirichlet eigenpairs for the Laplace operator. We will
consistently use indices ¢ and j to denote the two families. Problem (3.2) is a perturbation of a
self-adjoint eigenvalue problem for the magnetic field representing the homogeneous waveguide,

V x curl H — w?H — V(div H) = —*H (3.5)

=:BE

where H = H; = G4. The problem admits two families of eigenvectors:
Hi=Vi;  B=u—pu (3.6)
Hj =V x¢; fj=w’=X ‘
where (p3, ;) and (A, ¢;) denote again the Neumann and Dirichlet eigenpairs for the Laplace opera-
tor. We will consistently use indices 7 and j to denote the two families as well. The two unperturbed
problems look the same but they differ with the boundary conditions. The corresponding perturbed
eigenpairs are:

(_ﬁ2_5ﬂ27E+5E)7 (_72_6727H+6H)

3.1 Perturbation Analysis for the E Eigenvalue Problem

We will present now in detail the analysis for the first perturbed problem. Operator A is self-adjoint
in L?(D), so the eigenvalues are real and the eigenvectors form an L2-orthonormal basis. Consider
now a perturbation,

€ := 1+ Je, E:=E+6E, p?:=p2+6p5°.

Plugging the perturbations into (3.1)) and linearizing, we obtain the corresponding linearized prob-

lem:
A(SEy) + B%0F; =w?SeE —V(SedivE) +Vdiv(éeE) —6B°E (SE problem) (3.7)

Consider now problem (3.3) and (3.7) for a specific eigenpair (—52-2, E;). Representing the pertur-
bation in eigenbasis F;, we have:

SE; =) (0E;, E))E;

J

AGE) = (0E;, E;)(-B})E;

(A((SE’L')’ Ek) = Z(_/BJQ)@E% Ej) (Ej7 Ek) = (_/Bl%)(dEiy Ek) .

J -5
=6,



Taking the L?-product of (3.7) with Ej, we obtain:

(=B (OE;, Ey) = —B2(6E;, Ey)—65? (B;, Ex) +w?(6eE;, By,)—(V (dediv E;), Ey)+(V div(0eE;), Ey) ,
=8k

or,
(87 — BY)(OE;, Ey) + 6576 = w?(8eE;, Ey) — (V(Sediv E;), Ey) + (V div(deE;), Ey) . (3.8)

Assumption A: We assume now that the eigenvalues are distinct (simple). This is a custom-
ary assumption in the perturbation argument to simplify the presentation. The case of multiple

eigenvalues is more complicated and it is discussed in Appendix [A]

Under the assumption of distinct (simple) eigenvalues, for k = i, we get a formula for perturba-
tion 552,
63?2 = W (0eE;, E;) + (dediv By, div E;) — (div(deE;), div E;) . (3.9)

For k # i, formula (3.8)) allows to compute perturbation § F;; the i-th component of 6 E; comes from
a normalization argument.
Assumption B: We assume:

(0E;, E;) =0. (3.10)
The assumption implies that the perturbed eigenvector E; + dF; is (approximately) of length one,
see the discussion in Section @l

We have:
(B2 — B2)(OE;, Ey,) = w?(6¢E;, Ey) + (e div By, div Ey) — (div(deE;), div Ey) .

Linearized mass matrices. We shall now compute linearized mass matrices for the E-eigenproblem,

and the two families of eigenvectors. Table [1| presents results for the (0E;, E;) term.

Table 1: Mass term (0F, E) for different families of eigenvectors.

(0F, E) Ery =V x4 E, =V
2 ) 2 _ )
SE; = 6(V x ;) w*(deE;, E) (w*® — N)(GeE;, Ey)
SE; = 5(V)) w (0eE), By)  (w* = N)(0eE;, Er) + A\ (0edy, i)
Hi — )\] Al — )‘j

We can now compute the linearized mass matrix:

((5Ei, Ej) + (EZ‘, 5Ej) = (5Ei7 Ej) + ((5Ej, Ez) .



The second term is obtained by swapping indices in Table [I| and changing the order of arguments

in the L?-inner products to account for conjugation. For instance, for the first term,

w?(deE;, Ey,) . W (deEy, E;) . w?(deE;, E,)
ke — i i — i i — g

Table [2| presents selected (those that we will need) elements of the linearized mass matrix.

Table 2: Linearized mass matrix (6F;, Fx) + (E;, 6Ey) for different families of eigenvectors.

(0E,E) + (E,0E) 0B, =46(V x ) 6B =5(Ve)

SE; = 6(V ;) —(0eE;, Ey)

Curl-curl coupling. Let E; + 0FE; be the perturbed eigenvectors for the electric eigenproblem.

We will now investigate the linearized curl-curl mass matrix:

(curl § E;, curl E;) + (curl E;, curl 0 Ej) .

We have:
0E; = Z(5E¢, Ey)E} (summation over both curls and grads)
k
curl0E; = Z(éEZ-, V X ¢p)prtr  (summation over curls only.)
k
Hence,

(curl 6B, curl Bj) = (D (0Ei, V xtg) by, curl By) =Y (6Es, Vxaby) (uptde, b)) = (6Bs, Vxaby)
k k

is non-zero only if F; is a curl, E; =V X 9.
Consequently, the linearized curl-curl mass matrix is equal to:

w2(8eE;, E; w?(8eE;, E;
(0E;, Ej)pj + (Ei, 0E;) i = 1) (0, B) + 1 (0B, Ej) =w2(5€Eian)
My — Mg Hi — [y

fOI‘Ei:VX¢Z',Ej:VX¢j.

3.2 Perturbation Analysis for the H Eigenvalue Problem

The linearized problem is:

B6H; +~%0H, = —6e V x curl H; — V x (e curl Hy) + w?de Hy — 6~* H,
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where operator B is formally the same as operator A for the E problem (BCs are different). Per-

forming the same analysis as for the E problem, we get:
(V2 =y (6 Hy, Hy,) + 0726 = w?(0eH;, Hy) — (€Y x curl Hy, Hy,) + (V x (decurl Hy), Hy,). (3.11)

Under Assumption A of distinct (simple) eigenvalues, for k = i, we get a formula for perturbation
077,
672 = w?(0eH;, Hy) — (6¢V x curl Hy, H;) + (V x (e curl H), H;) . (3.12)

For k # i, formula (3.11) allows to compute perturbation 0 H;; the i-th component of §H; comes
from a normalization assumption.
Assumption C: We assume:

(6H,;, H;) =0. (3.13)
The assumption implies that the perturbed eigenvector H; + dH; is (approximately) of length one,

see the discussion in Section [l

After integrating the last term by parts, we obtain:

(v = ~2)(6H;, Hy,) = w?(3e Hy, Hy,) — (6¢V x curl Hy, Hy) + (8e curl H;, curl Hy,) .

7

Table [3| presents selected (those that we need) elements of the linearized mass matrix.

Table 3: Linearized mass matrix (6H;, Hi) + (H;, 0Hy) for different families of eigenvectors.

(5H,H)+(H,5H) 5Hk:6(V¢k) 5Hl:5(V><¢l)

0H; = 6(Viy) 0

(5Hj = 6(V X QZ)J) ((5€Hj,Hl)

Finally, the curl-curl linearized mass matrix for the grad eigenvectors vanishes, and for the curl

eigenvectors looks as follows:
(curl(V x ¢;) + curl 6(V X ¢;), curl(V x ¢;) + curl 6(V x ¢;))
~ (curl(V x ¢;),curl(V x ¢;)) + (curl 6(V x ¢;), curl(V x ¢;)) + (curl(V x ¢;), curl 6(V x ¢;))
= N\ (b, 05) + W2 (e V X 61, V X b7) + Nidj(5e ¢y, b5)

11 1 1
= M AZ((1+06)A2 01, A2 ;) +w?(3e Vi, V) .
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4 Stability Analysis

We return to system ([2.3]). We test the first equation with F}, and the third equation with Gy, n-G; =
0 on dD, to obtain:

—(iwFs,div F}) + w?(e, x Hy, Fy) — %iw(Et, F,) =iw(e, X fi, Fy)
curl By —iwHs = f3
—(’ing, div Gt) — w2(ez X GEt, Gt) — %iw(Ht, Gt) = w (62 X G¢, Gt)
curl Hy 4+ iwweEs = g3.

Note that, when integrating by parts the first terms, we have used the fact that F5 = 0 and
n -Gy =0 on dD. Solving the second and fourth equations in (2.2)) for E3 and Hs,

1 1 1 1
B3 =—g3 — — curl H;, Hy=——fs+ —cuwl by,
Twe Twe iw iw

and substituting into the first and the third equations, we obtain a system of two variational

equations for Ey, H; :
(2 cwrl Hy, div F)) + w?(ex x Hy, Fy) — Liw(Ey, F) = iw(es x fi, F}) + (1g3,div ) (4.1)
—(curl By, div Gy) — w?(e, x eEy, Gy) — %iw(Ht, Gy) =iw(es X g, Gy) — (f3,divGy) . .

Variational eigenvalue problem:
E; € Hy(curl, D), H; € H(curl, D)
(L curl Hy, div Fy) + w?(ez x Hy, Fy) = —wB(Ey, F)
—(curl By, div Gy) — w?(e, x €Fy, Gy) = —wB(Hy, Gy)
F, € H(div, D), Gy € Hy(div, D),

is equivalent to eigenproblem (22.6). Similarly, switching the role of (E;, H;) and (Fy, Gt) above, we
obtain the adjoint variational eigenvalue problem equivalent to (2.7)).

Consider now system (4.1). We expand the unknowns into series of the perturbed eigenvectors:

E, = Z o; By + Z TiEi2 5
i J

H, = Z 0;iHyp ;i + Z njHez,j
i J

where o, 75, 0;,7; are functions of z, and
Eun; =V XY+ 0Bk, Eip; =Vo;+0Ey
Hy1; = Vo + 0Hyp 4 Hi; =V X ¢j+dHpo
are the two E and H families of (perturbed) eigenvectors. Let
F; =V x4 +6F; Fyp; =V¢;+dF;
G, = Vi + Gy Gioj = V x ¢; + G2 j

be the corresponding families of perturbed adjoint eigenvectors.
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Scaling of the eigenvectors. The unperturbed E eigenvectors are scaled to provide an orthonor-
mal basis, i.e., ||V x 95| = ||V¢;|| = 1. This implies that the unperturbed H eigenvectors are also
unit vectors as ||V;|| = [|[V X 9;]|, etc. The unperturbed F' and G eigenvectors coincide with the
E and H eigenvectors. We learned in Section |3|that the perturbations 6 Fy; ; are scaled by the con-
dition (0E4 4, V x 1);) = 0. This implies that the perturbed eigenvector is, up to the linearization,

a unit vector as well,
(V X 1!)1 + 5Et1,i7 V x ¢z + (5Etl,i) =~ (V X ¢i7 V x ¢1) + (V X wiy(SEtl,i) + (6Etl,ia V x d)l) =1.

The same comment applies to all remaining perturbed eigenvectors. Note additionally that the

bi-orthogonality condition is also (approximately) satisfied,

(V X Tﬂz + 5Et1,i7 V x 1/11 + 5Ft1,i) ~ (V X wi, V x wz) + (V X wi75Ft1,i) + <5Et1,z'a V x 1/11) =1.

Decoupling the equations. Let —32 be an eigenvalue for eigenproblems (2.9) and (2.11)) with
the corresponding eigenvectors E, H; scaled as discussed above. In order to invoke Lemma (b),

we have to replace H; with cH; where constant ¢ is computed by comparing eigenvector cH; with

H, given by relation ({2.8)),

1
cH; = —[-Vcurl E; + w?e, x eEy].
wp

Pair (Ey, cH;) constitutes then an eigenvector for system corresponding to root 3 of 32 selected
in such a way that e*”* represents an outgoing W&VGH We proceed similarly with the adjoint
eigenvectors. Let —2 be an eigenvalue for problems (2.13) and with the corresponding
eigenvectors Fy, H;. After scaling the second component, pair (Fy, dG;) constitutes an eigenvector
for system corresponding to a root v of 42. Constant d is obtainedlﬂ by comparing dG; with

Gy given by (2.12)), comp. Lemma ,

1 1
th = m[—v X (E div Ft) + w262 X Ft] .

Case: (% # 42 and, therefore, 8 # 7. Multiplying system (2.6) with pair (F},dG), we obtain the
bi-orthogonality condition,
C(BHt, Ft) + d(OEt, Gt) =0

where B and C' denote the operators on the left-hand side of (2.6)). But, testing with the adjoint

eigenpair (Fy, —dH;) (corresponding to eigenvalue —v # 3, we obtain also
C(BHt, Ft) - d(CEt, Gt) =0

Consequently, we have,
(BHt, Ft) =0 and (CEt, Gt) =0.

3The choice depends upon the ansatz in time.
4We learn in Appendix that d is real.
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Case: 32 =42 and 8 = . Multiplying system (?2.6)) with pair (F}, G;), we obtain:
C(BHt, Ft) + d(CEt, Gt) = —wﬁ[l + Cd]

But, testing with the adjoint eigenpair (F}, —dGy) (corresponding to eigenvalue —v # ), we obtain
also
C(BHt, Ft) - d(CEt, Gt) =0

Consequently, we have,

0 := (BH, F;) = —%[1 + cd] and v:=(CEy,Gy) = —%[1 +cd].

THEOREM 1
Testing in with (Fy1 5,dGp ;) and with (Fio j,dGya j), we obtain a decoupled system of ODEs
for the coefficients o, 0;:

) ) 1 .
019 — iwal; =r1(z) = (iwe, X fi, Fuj)+ (Egg, div Fy1 5)

J (4.2)
viaj —iwd; =ry(z) = (iwe. X g, G j) — (f3,div Gy )
and Tj,1;:
Oomj — z'oJTJ'» =51(2) = (iwey x fi, Fyo5) + (%gg, div Fy ) (4.3)
VaTj — iwn} = 59(2) == (iwe; X 9:G25) — (f3,divGy)
where 0;,v;, 1 = 1,2, are the values of coefficients 6,v for the two families of eigenvectors. |

We refer to Appendix[A] for the computation of constants ¢, d, 6, v using the perturbation anal-
ysis, and the final values of 6, v listed in Table The constants take different values for the two
families of F and F eigenvectors. For the homogeneous waveguide, the systems reduce to the ones
in [5].

REMARK 1 While we use the perturbation analysis to evaluate constants ¢, d, 6, v, the decou-
pling result in Theorem [1|is general, and valid for arbitrary e. |

5 Estimation of E;, H;, and curl E;, curl H;

Recall that iwHs = curl By — f3. An estimate for curl E; is thus equivalent to an estimate for Hs.

Similarly, iweFEs = — curl H; — g3, an estimate for curl H; is equivalent to an estimate for Fj3.

14



5.1 Estimation of E; and H; with Their Spectral Components

If the L? mass matrix corresponding to the perturbed eigenvectors represents a bounded operator in

L?, then we can bound the L?-norm of E; with the sum of its spectral components. More precisely,

o o
IEN? <2 |11 aiBaal® + 1) 7Bl

i=1 =1
[~ N N N
=2 lim (Z @i, Y apEug) + (Z TiE2j, Y mE))
L i=1 k=1 j=1 =1
[~ N
=2 lim Z ;o (B i, By ) + Z 771 (Er2,5, Era1)
N—o00
i k=1 =1
N N
< lim 20 > fail® + )|l
N—o00 1 =

oo oo
=20 Y lail + ) Inl
i=1 j=1

where C' is assumed to be independent of N. Note that we do not need any information about the off-

diagonal terms (Fi 4, Ey2,5). According to the results from the previous section C' = 1+ [[d¢| 0 (p)-

Similarly,

o0 (0.0
IH 2 <2 |12 6 Hmall® + 1D nyHioylI?
i=1 j=1

o o
<20 | D[P+ Ingl?
i=1 j=1

where, by the results from Section C =1+ ||d¢| poo(p) as well.

After integrating in z, we get

L o L oo L
/ |E||*dz <2C Z/ |ai|2dz+2/ ERE
0 —1 /0 —1Jo
? J
L > L o L
/ |Hy||?dz < 2C Z/ |5i|2d2+2/ In;|* dz
0 =1 J0 =0

(5.1)
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5.2 Estimation of curl E;, curl H; with Spectral Components of FE;, H;

By the same token,

oo o
leurl Byf* <2 |1 escurl Buy|® + | D 7 curl By 4|

i=1 j=1
[ N N N N
=2 lim (Z a; curl By 4, agcurl By ) + (Z 7j curl By 5, Z T curl Ep )
N=eo | i=1 k=1 =1 =1
[ N N
= 2]\}21100 Z a;ag(curl By 4, curl By g) + Z 77 (curl By j, curl Eyg )
k=1 jl=1
o]
~ 2 (i + w2 16e]| oo )il
i=1

Note that, like for the homogeneous case, the perturbed gradients do not contribute (the linearized

perturbed curl mass matrix is zero).

Similarly, using results from Section

o o
| curl Hy||? <2 ||| Zai curl Hyy 4||* + || ZTj curl Hys ;2
i=1 j=1

S 2 (Nllellzoe py + w?[18el| oo o))l
i=1

Note again that the perturbed gradients do not contribute.

5.3 Estimation of Spectral Components «;, d;

We focus now on the ODE boundary-value problem for coefficients o and 6,
a(0) =0, (L) = \/%a(L)
00 — iwa =1 (5.2)
va — iwd =1y
where § = 6; and v = v; are the coefficient values for the first family of eigenvectors. Testing
the second equation with da, da(0) = 0, integrating the derivative term by parts, and utilizing the
impedance BC, we obtain:
iw(d,00)) = —v(a, da) + iwa(L)da(L) + (ra, da) .
Testing the first equation with da’ and using the formula above, we obtain the ultimate variational
problem for coefficient a:
a(0)=0
(o, 8a) + K2(av, 6c) + ke(L)de(L) = L(ry,60) — %(rg, dar) (5.3)

Vo : da(0) =0
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where Kk = i@. For the homogeneous waveguide, k = i and the equation coincides with that

derived in [5]. For the non-homogeneous waveguide,

K =i/ B2+ w20V, V).

The perturbed & is still of order 3. As 6 = §; = —w?, the right-hand side reduces to:

7

;(rl, 5a) + (ro, ) . (5.4)

The following lemma was proved in [5].

Lemma 4
Let I = (0,L). Consider two problems: Find qi,q2 € H(lo(I) = {v e HY(I) : v(0) = 0} such that:

(a1,v") + X(q1,0) + Aai(L)o(L) = (f,v) v € Hi(I)
(4, v") + N(a2,0) + A2(L)o(L) = (f,v') v € Hi(I)

where f € L?(I). Then, denoting HqH%B = ||¢|I> + B%||q]|?, we have:

e Case (i): N\=1ip, > 0. There exists a constant C > 0, depending only on a lower bound for
Lj such that
lallfs < CL?|fI

la2lli 5 < CL2B2(I£]?

e Case (ii): A= [, > 0. There exists a constant C > 0, depending only on a lower bound for
Lj such that
lallf s < CB2IA? = lall® < OB~

la2ll 5 < CII? = lel* < CB72If]?

We will use Lemmato estimate the L?-norms of coefficients o, 0; by the L?-norms of the right-
hand sides r1 j,72; and, in turn, the L?(0, L)-norms of r1,j,72,; by the L?-norms of fi, f3, g¢, g3
While the stability of propagating modes (Case (i) in Lemma [4)) implies the linear dependence
of stability constant upon L, the stability of evanescent modes (Case (ii) in Lemma [4)) provides
the desired asymptotic scaling properties in terms of eigenvalues |5;| ~ Nz‘%’)‘i%' Note that, since
the number of propagating modes is finite, their stability does not affect the asymptotic scaling
properties with |3;|. We will skip the dependence of stability constants C' upon L but keep track of

1 1
2 )2

the dependence upon the eigenvalues |3;| = p?, A\?.

Estimation of a;. We will consider the four terms contributing to the right-hand side (5.4) and
estimate the corresponding solutions «;, one at the time. By linearity, this will imply the estimate

for the ultimate coefficients a;.
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Term 1: iw(e, x fi, Fy1 ;) contributing to . Skipping factor iw, we have:
L L
Z/ [HREESS Z/ 5]-_2‘(% X fo, Fy1j + 6F )7 (Lemma (ii)2)
i 70 i 70
L
S 22/ ﬁj_2[|(€z X ftaFtl,j)|2 + |(ex x ft75Ft1,j)|2} (Young’s inequality)
~Jo
oL
< 22/ (e % fi, Faj)|? (linearization, 6]72 <1)
—Jo
j

L
< 2/ le- x fi||* dz
0

L
=2/ 1l dz.
0

REMARK 2 Note that the application of Young’s inequality and neglection of the second-order
terms reduces the estimation of coefficients a; to the case of the homogeneous waveguide. The
ODE systems and are identical with those for the homogeneous waveguide except for the
values of 6;, v; which are different but of the same order as for the homogeneous system. Hence the
estimation of coefficients o, d;, 7;,7n; in the perturbed case is identical with the estimation for the
homogeneous waveguide. For the reader’s convenience, we estimate explicitly each term, repeating

arguments from 5. 1
Term 2: (%gg,div Fy1,5) contributing to 1.
L LS| 2
S [ClasPdz £3° [ 8o div(Fing + 6F ) (Lemma (i)2)
- 0 . 0
j j
b ] . 2 1 . 2 )
§2E B; H(gQg,le(FﬂJ)” —|—|(Egg,dlv(5Ft1J))]] (Young’s lemma)
—~Jo
j

L
1
S 22/ |(g93»diV(Ft1,j))|2 (linearization, B;Q <1)
—~Jo
j

5 0 (diV Ftl,j = O)

Term 3: iw(e, X g¢, Gy1,j) contributing to r. We follow exactly the same reasoning as for Term

1. Note that Lemma (ii); gives us even a better factor 54,
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Term 4: (f3,divGy ;) contributing to 7.
L L
2/ ‘%"2 dz S Z/ 53-_4|(f3a div(Gn,; + 5Gt1,j))|2 (Lemma (ii)y)
: 0 - 0
J J

L
<2)° /O B3, div(Ga )2 + |(f3, div(8Ga,))I?] (Young’s lemma)
J

L
SQZ/O ﬁ;4\(f3,diV(Gt1,j))|2 (linearization)
J
L
<9 -4, 1/2
< Z/Oﬁ il (f 105
522 / B721(fs, 1) (8725 ~ O(1))

<2Z/ (far 1/205)2 (525 1)
<2Z\ Fao1 2012 = 20| 5112

Estimation of curl E;. In the estimation of curl E;, we need to estimate:

L
3 /0 (1t + 15l e () il dz

~ B2

We follow exactly the same strategy as above. In all cases, we can accommodate the extra p; ~ Biz

factor.

Estimation of §;. The first equation of system ([5.2)) implies:
2||5HL2 1y < w2y + Il 2y -

Estimation of the derivatives ), Ha;H%Q( ) || is done in exactly the same way as for «;’s, except that
Lemma (ii) delivers now less by a factor of ,6’]-_2. However, we can spare it in all of the four discussed

cases. It remains to estimate 1. We proceed in the same way as before.

Term 1: (e, x fi, Fy15) contributing to r1. We have:
L
S [ e s Fay + 6
~ Jo
! L
<2} / (62 % fo, F)I? + (e x f1,Fn)] (Young’s inequality)
—~Jo
L
< 22/ l(ex % fr, Fr1j))? (linearization)
—~ Jo
L L
<2 [ lex sl dz =2 [Pz,
0 0
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Term 2: (%gg,div G ,j) contributing to 7.

L
1 .
Z/ \(gg3,dIV(Ft1,j+5Ft1,j))\2
j 0 5
1 ) 1 . )
<23 [ iv(Fng )P + (g div(6F, )P (Young's lema

L
1
$2) /0 (g5, div(Fin )" (linearization)
j
S‘ 0 (le Ftl,j = O)

5.4 Estimation of Spectral Components 7;,7;

We use exactly the same techniques to estimate the spectral components corresponding to the second
families of ¥ and H eigenvectors. We will point out only to the differences between the two cases.
The ODE boundary-value problem for coefficients 7 and 7 takes the same form as system ([5.2)),

B(0) =0, n(L) =/ GB(L)
On —iwp' = s1 (5.5)
v —iwn = s9

where 1
s1 = (iwe, X fi, Fyaj) + (Eg?ndiv Fi ;)

So = (iw e, X thtQJ‘) — (fg,diV GtQ’j) .
The coefficients 0, v are now different. By the results from Appendix

0=0,=P02+\0eX2,\20), v=u1=w?+w?(0eV, Vo).

This gives for the homogeneous waveguide k = i3, and for the non-homogeneous case,

V(B2 4 ABeNb 6,11 6) (2 + w2(5¢ V6, V)

KR =1

w
which is still of order 8.

The first essential difference is the scaling in the right-hand side of the second-order prob-

lem ,
(B2 + A(8e A2, A7)

w2

1

0 }
;(31, §a') — w—(sQ, da) = é(sl,éo/) —

5 (s2,0a).

The coefficient in front of s1 is the same as before, but the coefficient 6 in front of so is now of order

B2
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Estimation of 7;. We now discuss the four terms contributing to the right-hand side above.

Term 1: iw(e, X f;, Fy2 ;) contributing to s;. The estimate is identical with that for ;. Skipping

constant terms, we have:
L L
Z/ |Tj|2dz S Z/ 5]2|(6z X f, Fyaj + 5Ft2,j)\2 (Lemma (ii)2)
7 /o 7 /0
L
S 22/ 5;2[’(6z X fis Fro)|? +|(ex X fi,6F2.)|*] (Young’s inequality)
j OL
S 22/ (e x ft,Ft2,j)|2 (linearization, B;Q <1)
—Jo
i ;
<2 e x sz =2 [P e,
0 0

Term 2: (%gg,div Fip j) contributing to s;. The situation is now different as div Fyp; =
div grad ¢j = —)\jgﬁj.

L L
9,1 . ..
Z/ 7 |* dz SZ/ B; 2|(Eg3ad1V(Ft2,j+5Ft2,j))|2 (Lemma (ii)2)
—~ Jo ~ Jo
J J L . 1 ' ) 1 . ) ’
§2Z/ B; [|(Eg3ad1V(Ft27j))| +’(Eg37d1V(5Ft27j))|] (Young’s lemma)
~ Jo
i :
522/ 5{2|(*93,diV(Ft2,j))|2 (linearization)
- 0 €
j
L 4 i , B
$2Y [CiGmaien (522 5 1)
j
1
<0l < sl

Term 3: iw(e; X g;, Gy2,j) contributing to so. We follow exactly the same reasoning as for Term

1. Lemma (ii); gives us a better factor 3~% but there is a factor of order 32 in front of so.

Term 4: (f3,divGy ;) contributing to sp. Compared with the estimate for o, we lose again

factor [3;2 due to the term in front of so.

L L
Z/o EFIRERS Z/o 5]'_2‘(f3adiV(Gt2,j +38G5))|? (Lemma (ii)1)
J J
L
< QZ/O ﬁj_QH(f&diV(Gﬂ,j))‘Q + ‘(f&diV((SGtz,j))\Q] (Young’s lemma)
J
L
S QZ/ ﬁj_Qf(fS,diV(Gtzj))!Q (linearization)
j OL
<2 / BN (3, A 202 (div Gra,j = —Ad))
j OL
23 [ o) (8727 ~ O(1)
J
= 2| 3|
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Estimation of n;. From the first equation in system (5.5)), we get:

1,. 1 1
n= 5( wh' +s1) = HUH%%I) S pHT’H%m) + pHSlH%m)

as |s1| &= \. In order to estimate curl H;, we need a more demanding estimate for
~1 ~1
> NilnilEay S AT T2 + A silFe -
J J

In the estimation of derivatives 7/, we lose a factor of ﬁjz but we gain it back with the factor /\j_1

]7
above. We also need the additional factor when estimating the second term. The details are as

follows.

Term 1: (e, x fi, Fio ;) contributing to s;. This terms in painless. We do not need the additional
factor )\j_l ~ Bj_?.

L
Z/ (2 X ft, Froj + 0F ;)|
i 70 .

S 22/0 [l(ex x ft, Fraj)|* + [(ex X fi,6F25)1?] (Young’s inequality)
oL

S 22/ |(e2 X fr, Fia ) (linearization)
~ Jo
j

L L
sz/ Hezxft||2dz=2/ 1l de.
0 0

Term 2: (%gg7div Gya,j) contributing to s;. The presence of the additional factor is now

essential.

L
) 1
) BjQ/O (293, div(Fiaj + 0Fia )
J

L 1 . 1 )
SQZ / By 2[\(293,d1V(Ft2,j))I2+!(ggs,dW(éthj))!Q] (Young’s lemma)

0
< EPR A S 2 N
S2 Z B; \(Egg, div(Fy2 )] (linearization)
- 0
J
ST P S TN :
S2) 67N ; (293, A7 ¢5)) (div Fizj = —X;j$;)
L 1 3 2 —2
2 [iGmaio) (8720 51
j

1
<2 gsl* S s *-

5.4.1 Final Result

We arrive at our final result.
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THEOREM 2
Assume that € = 1 + de where the perturbation de is suﬂﬁcientlgﬂ small in L°°-norm, and that it

vanishes near the boundariff) There exists then a constant C' > 0 such that
IE|I” + | H|* < CL* (|V x E — iwH|* + |V x H + iweE|?)

for all (E, H) from the domain of the operator. |

Proof: We have proved the theorem under the simplifying assumption of distinct (simple)
eigenvalues 32 of the homogeneous waveguide problem, see Assumption A in Appendix Extending
the proof to the case of multiple eigenvalues requires techniques discussed in Appendix |

6 Conclusions

We have extended the stability analysis for homogeneous electromagnetic waveguides from [5] to the
case of a non-homogeneous waveguide with a perturbed dielectric constant € = 1+ de. The analysis
was done using the classical (formal) perturbation theory for eigenproblems involving a self-adjoint
operator under the assumption of ‘smallness’ of perturbation de but with no assumptions on its
derivatives. In particular, the results hold for discontinuous perturbations de and are therefore

applicable to the case of step-index fibers.
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A Perturbation Analysis Continued

In this section we provide additional results obtained from the perturbation analysis. The results
below require the perturbation analysis for the adjoint F' and G problems that follows the same
lines as for the &£ and H problems. We skip the details and present only the final results that were
used in Section

A.1 Computation of Scaling Coefficients c,d, 0, v

A.1.1 First Family of Eigenvectors

We first investigate perturbations of E, I’ eigenvectors V x v; and the corresponding H, G eigen-
vectors V);.

Perturbations of coefficients ¢,d. Let V x ¢+ §E and Vi + 6 H be the perturbed E and H
eigenvectors corresponding to a perturbed eigenvalue 8 + §3. Here 1 is a Neumann eigenvector of
the Laplacian, —Aw = 1), and 82 = w? — u. The perturbed coefficient ¢ 4 dc is defined by the

relation:

-0
(c+0c)(VY+6H) = Bwﬁf [-V ewrl(V x ¢ + 6E) + w?e, x (1 +6¢)(V x 1+ 6E)] .
We first compute the value of c¢. Testing with V1, we get,
1 2 1 0 _ B
c=—([-V (-Ay) +w(e. x (V X)), Vi) = — [—p+w] = —.
wﬁ N—— N e —— wﬁ N—_—— w
=uyp =V =32
Linearizing both sides, and testing with V), we get,
6¢(V, V) +¢(0H, Vi) = _5752 (=Veurl V x ¢ + w?Ve), Vi)
=1 =0 :ng
+25 (- VewldE + wle, x 6E, V1))

=0
—l—ﬁwQ (dee, x (V x 1), V) .
=(6eV1), V)

In the end,
08 w
oc = —U‘Fg(éﬁcw, vw)

Similarly, perturbation dd is defined by the relation:

B—4
w32

(d+6d) (Vi) + 6G) = [—V x (1 = 6€) div(V x ¢ + 6F)) + w?(e, x (V x ¢+ 6F))] .

This yields:
w

w
d=2 and 6d=—6B— .
B 32
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Perturbations of coefficients entering the decoupled system of equations.

ready to compute the perturbation of coefficient

__wh _WBL L o
0 = 26[1+cd]— 2[C+d]— w
We have: .
50 = %[E+d]5ﬁ+%—5 —‘“’—ﬁad
w? w3 6B w?
=——00+ —=[——+ =(0eV,V Jr—é
R 50V, V)] + 5208
w w?
= —?66 + — 232 (6eV), V).
Finally, using formula for 682 and utilizing 682 = 23 §3, we obtain,
Wl Wl
60 = ~op (0eV x 9,V x ¢) + 252 (0eV), Vih) =0.
We proceed with the coefficient
_ _ﬁ wﬁ 1 2
V= 2d[1+ cd) = 2[d+c] 8.
We have: ) 51 5
w w w
ov = Q[d }554—7?561——5
w )
= 568~ 205~ L1 4 L 5ewy, )

E
= 55 (0690, V).

Using again formula (3.9)) for 3%, we obtain,

2 2

o =~ (06V X,V x ¢) = T-(0eV1, Vi) = —w2(6eV, V).

A.1.2 Second Family of Eigenvectors

We are now

Next, we record the results for similar computations for perturbations of the second family of F, F’

eigenvectors: V¢, and the corresponding H, G eigenvectors V x ¢;.

LW
B
g -8
w
__wp _ a2
0= 50 —[1+4+ecd =8
v=— (;g[ +ed =w?.
The perturbations are as follows:
dc 52 66 25 (56 Vo, Vo)
0B A
od = 7ﬁ( €p, )
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and,

50 = BB+ fzac— %ﬁad
62 )\2
= B(SB_ ?(66V X ¢7V X ¢) + ?(5€¢7¢)
=\ (e ,9)
B w? w3 wp
w? w22 w?

= w?(0e Vo, Vo).
The results for both families are summarised in Table [l

Table 4: Coefficients § and v for the two familes of eigenvectors

First family Second family

0+ 60 w2 —B2% — w2(5e Vb, Vi)

v+ B2+ XN (0eg,¢)  w (14 (6 Ve, Vo))

A.2 Are the Perturbed Eigenvalues 32 + §3% Real?
We recall the main results concerning the E eigenvalues for the homogeneous waveguide obtained

in [5].

Lemma 5
Let (i, ¢i) and (pj1)5) denote the Dirichlet and Neumann eigenpairs of the Laplacian in domain

D. The eigenvalues (32 are classified into the following three families.
(a) B2 =w?— p; with p; distinct from all \;. The corresponding eigenvectors are curls:
E =V x1;,
with multiplicity of B2 equal to the multiplicity of [ -
(a) B? =w? — \; with \; distinct from all ;. The corresponding eigenvectors are gradients:
E=Va¢;,

with multiplicity of B2 equal to the multiplicity of ;.
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(c) B2 =w? — = w? — \; for w; = Ai. The corresponding eigenvectors are linear combinations
of curls and gradients:
E=aV x9; +bVe;, abeC,

with multiplicity of 5% equal to the sum of multiplicities of i and A;.

Analogous results hold for the H eigenproblem (2.11]).

In Section 3| under the assumption of distinct (simple) eigenvalues, we derived the following

formula for the perturbation of F eigenvalues and eigenvectors:
(87 = BY)(Ei, Ex) + 0870, = W (6e By, Ey,) — (V(dediv E;), Ey,) + (V div(6eE;), E) . (A1)
For k = i, we obtain the formula for the perturbation 5,812:
687 = w?(6eE;, E;) — (V(Sediv E;), E;) + (V div(6eE;), E;) . (A.2)

The case of multiple eigenvalues will be discussed momentarily. We investigate now whether the
perturbed eigenvalues remain real. The first term on the right-hand side of (A.2)) is always real.

The second term is real as well as,
—(V(dediv Ey), E;) = (de div E;, div E;) .

Assumption D: Perturbation de is zero near the boundary 9D.

We use the assumption to rewrite the third term as:
(V div(deE;), E;) = —(div(deE;), div E;) .

Consider now the three cases discussed in Lemma [5] In the first case, F; = V x 1;, the term is

zero. For the second case, F; = V¢;, the term is:
—(div(6eE;), div E;) = —(div(0eVg;), —Aid;) = Xi (div(6eV ¢y), ¢i) = —Ni(6eV dy, V)

which is real as well. This concludes the analysis for the case when Dirichlet and Neumann eigen-

values of the Laplace operator are distinct.

Multiple Eigenvalues

The third case is the most difficult to analyze as we are dealing with a multiple eigenvalue. The
standard perturbation theory does not cover the case. Formula is invalid for the case of
a multiple eigenvalue because the right-hand side may depend upon the choice of an eigenvector
from the eigenspace. Additionally, formula does not allow to compute components of §FE;
corresponding to other eigenvectors from the same eigenspace. Instead, we have to restrict the

original perturbed operator to the eigenspace corresponding to the multiple eigenvalue, and consider
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the perturbed eigenvalue problem directly. Let us assume for simplicity that both A = u are simple

2

eigenvalues, i.e., we are dealing with a double eigenvalue 82 = w? — XA = w? — pi. Recall the linearized

operator:

AE =V xcullE — w?E — V(1 div(eE))
~V xcurl E — w?(1+ §e)E — V((1 — de) div((1 + 6¢)E))
~ V x curl E — w?E — V(div E) + V(dediv E) — V(div(d€)E) — w?SeE .

=AFE 0AE

Let 9, ¢ be Neumann and Dirichlet Laplace eigenvectors corresponding to a common eigenvalue
pw=M\ and let £ =V x ¢ and Es = V¢ be the two eigenvectors spanning the two-dimensional

eigenspace corresponding to eigenvalue % = w? — X of operator A. We have:

SAE, =-V(div(éeEr)) — w?beEy
SAE, = (V(dedivVe)—(Vdiv(6eVe)) — w?deVe.
~———
=—AV(dep)

The perturbed operator restricted to the eigenspace in terms of its spectral components looks as
follows.

—w? (5eV x 1, V x ) (A — w?) (6eV x 1, V)
—_——

(BAEL, B (SAE1, Ey)
(5AEy, Ey) (5AEy, Es)

W20V X B, VE) (A —w?) 56V, V) — N (8¢, )
—_—— —_—— ~——

=:c =:b =:d

Let further simplify the matrix notation to
(¢ 5)
C D J-
The characteristic equation for perturbed eigenvalues d A reads as follows.
(68%)? = (68)(A+ D) + (AD — BC) =
with the discriminant
A= (A+D)?—4(AD — BC) = (A—D)?+4BC.

This gives:
A = (—w?a—(A—w)b+ /\2d)2 — 4w (N — w?)c?
= (W?a+ (A —wh)b— A\2d)? — ()\ w?)c?.
Can discriminant A be negative ? It is certainly positive for A < w?. In other words, the propagating
modes remain propagating or become purely evanescent. However, for A > w?, it is difficult to

exclude the possibility of the discriminant becoming negatlveﬂ

"Among other things, we tried to compute the derivative dA/dX at A = w?, but we could not show that it must
be positive.
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The analysis of multiple eigenvalues can now easily be extended to the case of multiple Neumann
and Dirichlet eigenvalues for the Laplace operator. For simplicity, let us consider only the case of
double eigenvalues, relevant for the cylindrical waveguide and the step-index fiber. Recall again the

formula for the perturbed operator,
(JAE,F) = —(0ediv E,div F) + (div(deE), div F) — w?(0eE, F).

In the case of multiple Neumann eigenvalue pu, B4 =V X 91, By = V X 19, and we obtain

(0eV x 91,V X 1h1) (deV X 11,V X 1)9)

(06 % 1n. ¥ % 1h1) 66V X 10 ¥ X h)

=:B =:D

(OAE,E1) (BAELEy) \
(5AE2,E1) (5AE27E2)

Upon inspection, we see that the discriminant of the characteristic equation, is always positive.
6= (A4 D)? —4(AD — B*) = (A— D)’ +4B?.

For the step-index fiber, B = 0, and A = D. The perturbed eigenvalue remains a double eigenvalue.

In the case of multiple Dirichlet eigenvalue A, E1 = V¢, Fs = Vs, and we obtain
(DA E;, Ej) = (A — w?)(0eV i, V) — N (Jedi, ¢;) 1,5 =1,2.

For the step-index fiber, the off-diagonal terms are zero, and the diagonal terms are equal. The
perturbed eigenvalue remains double. One can show in a similar way that, in the general case,

perturbed eigenvalues 3% remain real.

Lemma 6

Assume that the perturbation de vanishes near the boundary 0D. In the first two cases discussed in
Lemma @ and in the third case for X\ < w?, the perturbed eigenvalues ﬁf + 5@2 are always real. In
the third case, for A > w?, they may be complex. i
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