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Abstract

In a time-harmonic setting, we show for heterogeneous acoustic and homogeneous electro-
magnetic waveguides stability estimates with the stability constant depending linearly on the
length L of the waveguide. These stability estimates are used for the analysis of the (ideal)
ultraweak (UW) variant of the Discontinuous Petrov Galerkin (DPG) method. For this UW
DPG, we show that the stability deterioration with L can be countered by suitably scaling the
test norm of the method. The stability analysis applies also to the UW DPG method based
on the “full envelope approximation”, based on an exponential ansatz function that allows for a
treating long waveguides.
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1 Introduction

Motivation. Acoustic and electromagnetic (EM) waveguide problems have many important appli-
cations and are therefore discussed widely in the literature |22} 34} |1}, |11}, |19]. For many applications
of interest, such as optical fibers, the propagating wave has high frequency and the waveguide
length, denoted by L throughout this work, is very large compared to the wavelength. It is there-
fore challenging to approximate the solution numerically; to obtain an accurate solution, one must
sufficiently resolve the wavelength scale and additionally counter the effect of numerical pollution

to overcome stability issues of the discretization |2, §].

While the stability of Finite Element (FE) discretizations of Helmholtz and time-harmonic
Maxwell problems has been analyzed in fixed domains for increasing wave frequency w |28, 5, [29|,
there is to the best of our knowledge no such corresponding analysis for the waveguide problem
where w is fixed and the waveguide length L increases. In practical applications, this is of great
relevance as the available computational tools become more powerful thereby enabling numerical
solution of waveguide models of realistic length scales. We discuss the present work in the context
of modeling optical fiber amplifiers but emphasize that the main results of this work are relevant to
FE discretization of acoustic and EM waveguide problems with the Discontinuous Petrov—Galerkin
(DPG) Method [4] in general.



Optical amplifiers. Optical fiber amplifiers can produce highly coherent laser outputs with great
efficiency, which has enabled advances in many engineering applications [20|. However, at high-power
operation, these fiber laser systems are susceptible to the onset of various nonlinear effects that are
adverse to the beam quality of the laser |1, 23, 33]. One particular challenge is mitigating the
effects of heating of the silica-glass fiber. Under sufficient heat load, the fiber amplifier experiences
a thermally-induced nonlinear effect called the transverse mode instability (TMI) |7, 21]. TMI is
characterized by a sudden reduction of the beam coherence above a certain power threshold. This
instability is a major limitation for the average power scaling of fiber laser systems [21]. While a
scientific consensus on the thermal origins of TMI has developed over the past years, finding effective
mitigation strategies that do not incite other power limiting nonlinearities remains an active field

of research in fiber optics.

In the context of studying TMI and other nonlinear effects in fibers, numerical simulations play
an important role. Typically, a model needs to account for two fields in the fiber amplifier: 1) the
signal laser, a highly coherent light source that is seeded into the fiber core; and 2) the pump field,
which provides the energy for amplification of the signal and is typically injected into the fiber
cladding. A variety of different models are employed in fiber amplifier simulations (e.g., |32, [35,
30, 10| and references therein). These models are usually derived from the time-harmonic Maxwell
equations, and by making additional modeling assumptions they become easier to discretize and

compute than a vectorial Maxwell problem.

Vectorial Maxwell fiber amplifier model. This work is part of a continued effort to build
reliable, high-fidelity FE models for investigating TMI in optical amplifiers |31 |12} (13} |15 14]. The
model consists of a system of two nonlinear time-harmonic Maxwell equations (one for the signal
field and one for the pump field) coupled with each other and with the transient heat equation to
account for thermal effects |31} |13]. Modeling of a 1-10 m long fiber segment involves the solution
with O(1-10 M) wavelengths. Solving such a problem with a direct FE discretization is infeasible,
even on state-of-the-art supercomputers. Hence, our initial efforts focused on so-called equivalent
short fiber models, which artificially scale physical parameters of the model, involving first O(100)
wavelengths (using OpenMP parallelization) |31} 13|, and then, more realistic models of (a tiny
segment of) the actual fiber with up to 0(10,000) wavelengths |12} |15, 14| (using MPI+OpenMP

parallelization and up to 512 manycore compute nodes).

Because the laser light in a meter-long optical fiber has millions of wavelengths, it is extremely
difficult to resolve the wavelength scale of the propagating light for the full length. For this reason,
even simplified models typically resolve a longer length scale. In the context of TMI studies, it
is common to resolve only the length scale of the mode beat between the fundamental mode and
higher-order modes since the mode instabilities occur at that scale. In a typical weakly-guiding,

large-mode-area fiber amplifier, the mode beat length is on order of O(1,000) wavelengths.

This brought forth the idea of the full envelope approximation, the solution to an alternative
formulation of our vectorial Maxwell model in which the field is less oscillatory in the (longitudinal)

z-direction. Consider the linear time-harmonic Maxwell equations in a non-magnetic and dielectric



medium, in the absence of free charges:

V x E = —iwuoH , (1.1)
V x H = iweE | (1.2)

where ¢ = /—1, w is the angular frequency of the light, o denotes permeability in vacuum, and
e = e(x,y,z) denotes permittivity. The idea of the full envelope approximation is very simple:
Instead of solving for the original EM field (E, H) using (|1.1)—(1.2)), we seek the solution in the

form:

E(z,y,2) = E(z,y,2)e %2, (1.3)
H(z,y,z) = H(z,y,2)e " (1.4)

where the envelope wavenumber k corresponds to a dominant frequency in the waveguide z-direction.
If the effective wavenumber of the propagating fields (E, H) in the z-direction is indeed close to k,
then the approximation of the new fields (E, H) requires orders of magnitude fewer elements along
the fiber than the approximation of the original fields (E, H). Upon substituting the ansatz into

Maxwell’s equations and factoring out the exponential, we obtain the modified Maxwell model

V X E —ike, x E = —iwuoH, (1.5a)
V x H —ike, x H=iweE, (1.5b)

where e, = (0,0,1)7 is the unit vector in z-direction. This idea has turned out to be very successful

enabling modeling of TMI in fiber amplifiers with several million wavelengths [16].

Scope of this work. The presented paper provides theoretical foundations for the full envelope
model and the convergence of the ultraweak DPG method for acoustic and EM waveguide problems
with increasing waveguide length L. Numerical studies to this extent were carried out in |12],

however the convergence of the method was not analyzed therein.

We begin by introducing in Sectiontwo model problems of interest: a (possibly non-homogeneous)
acoustic waveguide, and a homogeneous EM waveguide. In the same section, we provide a quick
overview of DPG analysis and demonstrate that the modified Maxwell model resulting from the
full envelope ansatz shares the boundedness below constant with the original Maxwell operator.
Section [3| analyses the Helmholtz problem (main result: Theorem , and Section 4] analyses the
Maxwell problem (main result: Theorem [2)). Section [5] presents numerical results and concludes

with a discussion on the non-homogeneous EM waveguide problem.

Notation. We use (+,-);2 and || - |2 to denote the standard sesquilinear form (antilinear in the
second argument) and associated norm on the Hilbert space L2. If clear from the context, we
write (-,-) and || - || respectively. For Sobolev spaces on Lipschitz domains w C R% we follow

the conventions of |24], i.e., for s > 0 we denote by H®(w) the closure of C*°(@) under the norm



| Il s (), H¥(w) is the closure of C§°(w) under the norm || - || s(ga), H~(w) is the dual of H*(w)
and H*(w) the dual of H*(w). The constant C' > 0 may be different in each occurrence but does
not depend on critical parameters such as the length L of the waveguide. The expression A < B
indicates the existence of C' > 0 such that A < C'B with the implied constant C' independent of

critical parameters.

2 Model problems and DPG formulation

We present two model problems whose stability we analyze in the following section. Throughout
this work, D C R%, d € N, is a bounded Lipschitz domain, L > 0 and we set Q = D x (0, L).

Throughout, we assume w > 0 given.

2.1 Helmholtz problem

On D let a : D — GL(R%*?) be a pointwise symmetric positive definite matrix with 0 < A\pi, <

a < Apaz < oo uniformly in x € D. Set

On Q = D x (0, L) C R we consider

iwu+aVp=f inQ (2.1a)
iwp+divu =g in Q (2.1b)
p=0 only,:=D x{0} (2.1c)

u-n=0 only =0Dx{0,L} (2.1d)
iwu-n—DtNp=0 on oy :=D x {L}. (2.1e)

Here, nn denotes the outer normal vector on 92. We describe the operator DtN in Section This
operator ensures that waves are “outgoing” on I'gy. That is, if one considers instead an infinite
waveguide D x (0,00) such that the right-hand sides f, g vanish on D x (L, c0), one requires that
waves be going to the right.

We define the operator
Ahelm p - iwu +- avP (2 2)
u ) iwp + divu '
with domain D(A"™) that includes the boundary conditions and is given by

DA™ = {(p,u) € H'(Q) x H(div, Q)| plr, =0, u-n =0 in H /().
iwu-n —DtNp=20in ﬁflﬂ(rou‘c)}



2.2 Maxwell problem

Let d = 2. We consider the homogeneous Maxwell system for the electric field E and the magnetic
field H that satisfy

VxXxE—iwH = f in Q=D x (0,L) CR?, (2.4a)
VxH+iwE=g in Q C R3, (2.4b)
wE =0 on [ip, (2.4c)

wE =0 on Iy, (2.4d)

E. H outgoing on T'gyt. (2.4e)

Here, vFE = E x n is the tangential trace on 9€). We will discuss the condition to be “outgoing” in
more detail in Section

Problem ({2.4) can be written in operator form
E f E V x E —wH
maxwell _ maxwell o
4 <H>_<g>’ 4 <H>'_<V><H+in>' (2:5)

2.3 Ultraweak DPG formulation and DPG essentials

Suppose we are given an injective closed operator representing a system of first-order linear Partial
Differential Equations (PDEs),

A L*(Q) D D(A) — L*(9Q),

where D(A) is the domain of the operator incorporating (homogeneous) Boundary Conditions (BCs).

We want to solve the problem,
u € D(A)
{ Au=f.
The problem is trivially equivalent to the so-called strong variational formulation:
u € Ha(Q)
{ (Au,v) = (f,v) Vve L),

where H () := D(A) is a Hilbert space equipped with the graph norm:
lullfr, == llull® + || Aull?.

The ultraweak (UW) variational formulation is obtained by integrating by parts and passing all

derivatives to the test function. It reads as follows:

{ u € L3(Q)

(2.6)
(u, A*v) = (f,v) Vv € Hy=(Q),

where

A* 1 L) D D(A*) — L*(Q)



is the L2-adjoint of the original operator in the sense of closed operator theory, assumed to be
injective as well, and the test space H4+(Q2) := D(A*) has been equipped with the scaled adjoint
graph norm:

[0l = B2lol” + [ A%

with 5 > 0. As the test functions are now more regular (and the solution less regular), the right-hand

side may be upgraded to an arbitrary continuous and antilinear functional [(-) on H 4+(£2).

Lemma 1

Assume that that the operator A is bounded below with a (boundedness below) constant o > 0:
allul < Au|  Vue D(A).
The UW formulation @) is then well-posed with the inf-sup constant

7"

Y2

Proof: The Closed Range Theorem implies that adjoint A* is bounded below with the same
constant . Take an arbitrary u € L?(Q) and consider the corresponding solution v, of the adjoint

problem,

A*v, =u.

{ vy € D(A*)

We have:

and, in turn,

[SIE

* 2
sup ‘(U,A U)| > |(u7u)‘ > [1+ (ﬁ> ]—

ven(ar) lvllas ™ floulla- a

wwl gy (ﬁ)zréuun-

[l

Finally, the conjugate operator coincides with the strong operator A and its injectivity implies the
existence of the solution for any right-hand side I € Ha- (). |

Note that, for 8 = 0, the inf-sup constant is one. The DPG Method with Optimal Test Functions
is based on extending the UW formulation to a larger class of broken test functions Ha«(£2p) [3].
Unfortunately, for § = 0, the form b(u,v) = (u, A*v) is not localizable, i.e. the adjoint test norm
cannot be extended to the broken test space and we must use a positive scaling constant 3 > 0. In
principle though, by employing a sufficiently small constant 3, we can make the inf-sup constant as
close to one as we wish. It is not intuitive at all that the UW formulation allows for improving the

stability of the original operator A in the strong setting.



Finally, the stability of the UW formulation is inherited by the broken formulation |3|. In the
tdeal DPG method, the optimal test functions are assumed to be computed exactly; the discrete
inf-sup constant is bounded from below by the continuous inf-sup constant which indicates the
relevance of understanding the continuous variational problem. The ideal DPG method is merely a
logical construct on the way to analyze the practical DPG method where the optimal test functions
are computed approximately. The additional error resulting from the approximation of the test

functions is analyzed with the help of appropriate Fortin operators [4].

2.4 The full envelope approximation (|1.5|

The analysis of the stability of the full envelope approximation method (1.5 turns out to be sur-
prisingly simple.

Lemma 2

Let A be the operator corresponding to the full envelope ansatz, i.e.,
Al = e A7)
where A € {Abelm Amaxwelly denotes the operator corresponding to the acoustic or EM waveguide

problem. Then, the operator A is bounded below if and only if operator A is bounded below, and the

corresponding boundedness below constants are identical:

[Au]| = aful] & [|Au]| > o] .

|
Proof: We observe
~ " ik ik ik N
Al = [[e"* A(e™*u)|| = |[A(e™u)|| = afle™ ul| = o] .
|

3 Stability

Section [2.3]shows that at the heart of the analysis of the ultraweak DPG method is the understanding
of the stability properties of the operator A. In this section, we provide the stability of operator
Abelm of the Helmholtz problem making the dependence on the length L of the waveguide
explicit. In view of Lemma (I this analysis then provides a guideline for selecting the parameter 3
in the DPG method.

3.1 Analysis of the 1D Helmholtz equation

Since the domain 2 = D x (0, L) has product structure and the coefficients of the Helmholtz equation

are independent of the longitudinal variable, a decoupling into transversal modes is possible and



leads to a stability analysis analysis of 1D equations. In the present section, we present the necessary
1D stability results.

Lemma 3 (|27, Thm. 4.3])
Let T := (0,1). Let & € Cso := {z € C: Re > 0} satisfy |k| > 1. Introduce H( (I) = {u €
H'Y(I): u(0) = 0} and the sesquilinear form

iDI(U v) = (Ula U/)LQ(O,l) + "%2(“7U)L2(0,1) + Ru(1)o(1).

Introduce on H'(I) the norm || - Il nlP by [|wll? I = |||%,, ; + |&%]ul? Then there is ¢ > 0

L2(1) L2(fy’

independent of k such that for both choices V.= H*(I) and V = H(1 (I) there holds

1D
A Rea NJ(u v) 1
% := inf sup s (3.1)
07£U€V07£V HU||1|,.@\1||UH1‘,{‘[ 1+01+Re/%
|
Proof: The proof follows essentially from |27, Thm. 4.3], where a similar sesquilinear form in
2D and 3D is considered. Details are given in Appendix |
It is convenient to introduce for x € C and an interval I = (0, L) the sesquilinear form a:P and
the norm |« |14 by
alD(u v) == (v, ) 2y + K 2(u, v) 2y + ku(L)o(L), (3.2)
112, 2= 1 Wy + 15120l (33)
Lemma 4

Let I = (0,L) and V. = HY(I) or V = H(lo(l) = {w € H'(I): w(0) = 0}. Let K € C>o with
|k| > 1. Consider the two problems: Find q1, g2 € V' such that
/1f (QL ) (faw) 2(I) VUJGV,
}€ (QIa ) (fa )LQI Vwe V.

Then the following holds:

(i) There are C, ¢ > 0 depending only on a lower bound for L|k| such that with
1
VT T M@
| Im(Lk)|
L+ e13ReTny

there holds

L _
g1l < Cmﬂf\\m(f)a lazll1e < CY ez



(ii) If k € iR, then we have for a constant C' > 0 depending only on a lower bound for L|k|,

a1l e < CLfllL2(ry » lg2ll1,x) < CLI&|[ fllL2(r) 5

(111) If k > 0, then we have for a constant C > 0 depending only on a lower bound for Lk

lgllie < ™M f 2y s lazllie < Cllfllrzry -

Proof: Rescaling the equation posed on (0, L) to an equation posed on (0,1) =: I, we get by
denoting the rescaled functions with a * and & := Lk and spaces V = H(I) if V = H'(I) and

V= H(I) it V = H(I)
(@1, w') 201y + £2(d1, ) p2(0,1) + AL (Dw(l) = LA(f,w) 2y Yw €V,
(dé,w’)Lg(I) + f%Q((jg,w)Lg([) + kG2 (Dw(1) = L(f, w') 2y Yw e V.
In terms of the inf-sup constant 4; of (3.1)), i.e.,

jaz” (¢, w)|

v := inf sup
1,41 lwll1,14)

qEV U)GV ”q

we have

ldlly, 5 < CY MR Fll iy
ldall1 i) < CY LAl o sy

with C' > 0 depending only on a lower bound for |&|. Scaling back to (0, L) yields

il gmg ~ L7l ey < CL2L™2y A1 Fll oy < CLy &I L2,
lgzllugeg ~ L™ 2ldel e < CLY2 ML oy < Cv I ll2o,

Proof of @) By Lemma (3| v has the form (3.4). The result follows.

Proof of : For k € iR, the inf-sup constant v of (3.4)) satisfies v ~ |#|~! with a implied
constants depending on a lower bound for |%|. The result follows.

Proof of : For xk > 0, the inf-sup constant « of (3.4]) satisfies v ~ 1 with implied constants
depending only on a lower bound for |&|. The result follows. i

3.2 The DtN operator

We describe the DtN-operator at the outflow boundary I'oyt. This is achieved in terms of a modal

decomposition obtained by a suitable eigenvalue problem in transverse direction.



Let (¢n, An)nen € HY(D) \ {0} x RT be the eigenpairs of the operator p — — div(aVu), i.e.,
—div(aVey,) = Anpn,  in D, (3.5a)
n-aVy, =0 on 0D (3.5b)

with the normalization ¢n | z2(py = 1 for all n € N. Here, the normal vector n is the outer normal
on OD. We have the orthogonalities

(¢n, ‘Pm)LZ’(D) = Onm, (aVen, vSOm)L2(D) = OnmAn. (3.6)

The positive values A, are assumed sorted in ascending order and listed according to their multi-
plicity. We collect them in the spectrum o = {\,: n € N}. It is convenient to derive the operator
DtN in (2.1d)) using the second-order formulation for (f,g) = (0,0), i.e., consider

—div(aVp) —w?p =0 on D x (L,00).
Making the ansatz p(x, z) = >, pn(2)en(z) yields the 1D equations
—p"(2)+ (M —wHpa =0 on (L,0)
with the fundamental solutions e**"% where
Kn =V An — w? (3.7)

and the square root is taken to be the principal branch. Writing plr.,, = >, Pn(L)¢n(z), the

“outgoing” solution is defined on (L, c0) to be
§w:2) = Y pulDypala)e G
n
The operator DtN is given by p|r, ., — (0:p(z, 2))|.=1L, Viz.,
DINp:=—> pnkngn(®),  Pni=(p,%n)r2(n).
n
The indices n € N with &, > 0 are called evanescent modes, those with x, € iR\ {0} are the
propagating modes. We assume throughout that

kn#0  VneN (3.8)

so that we can write N = propOIeva with the finite set I;op of propagating modes and the infinite

set Ievs Of evanescent modes:
Invop := {n € N| s, € iR}, Ieva := {n € N|k, > 0}. (3.9)
Concerning the mapping properties of DtN, we have
DtN : HY?(Tout) = H V2 (Cows) = (HY?(Tou))’

is bounded, linear, which follows from the representation of DtN: Since H/ 2(Tyyt) is the inter-

polation space between L?(I'oyt) and H'(Ioyt) (see, e.g., [24]), we we have the norm equivalence

IPllzr1/2rony ~ X [Pl vAn, where p = 3, pugn with pn = (p,¢n)12(p). Hence, writing p,
q € HY?(Toy) in the form p = 3", ppn and ¢ = 3", gnipn, We estimate

- Z EnDndp

n

[(DtNp, g)| = S Pl 72 gu gl 172 o) -

10



3.3 Stability estimates for Abe™

Introduce Hy = {v € H'(Q)|v|r,, = 0}. In the ensuing analysis, we will need the following obser-
vation about the sequences {\, },, and {k,},: Noting that there are only finitely many propagating

modes and that we assumed (3.8) we have, for a constant that depends on w,

max (|/1n\_1 + |kn|) < C, (3.10a)
n€lprop
max |\/\,| < C, (3.10b)
n€lprop
‘ | (3.10c)
nGN ’h}n’

Lemma 5
Let f € L2(Q). The solution p € H%m of

(aVp, Vo) r2q) — wz(p,v)Lz(Q) —(DtNp,v) = (f,v)r20) Yv € H%m (3.11)
satisfies

Ipll 1) < CL| fll2(0)-

Proof: We make the ansatz p(z, 2) an z)en(x) and set frn(2) = (f(-,2), ¥n)r2(p)- By

orthogonality properties of the functions {cpn}n we have
1912y = S 12220,
n
IVaVaplZeg = 3 A2 lpalz
n
102911720y = Y 15172 00.0)
n

Hf”%%n) = Z anH%?(O,L)'

Testing li with v(x, 2) = v, (2)@n(z) with arbitrary v, € H(IO(O, L) (cf. Lemma D gives due to
the orthogonalities satisfied by the functions {¢p }n

(pn7 n)L2(0 L)tk (pnavn)LZ(O L) — pu(L)kn0n(L) = (fna'Un)L2(0,L)-

From Lemma [4 we conclude

L if n € Iprop,
HanL'NTL' S C N{TLHLQ(OyL) 1 n prop (312>
Kn ||anL2(O,L) if n € leva.

11



We arrive at

B12)
IVaVapllZaoy = D Anllpallzo.r S, L? Z ,2 1 FnllZ20,z) + Z ‘4anHL2(O L)
n nelprop ne[eva
6D ,
S Loz
10:p172 (0 Z P17 20,1 = 7 MfallZeony + D 1al Pl fallZz0) S N7
TLGIprop n€leva
i
Ipl72) = D IPnllZ20.) < LY fmal” 2MfallFeory + Do Iwal " fallZo0n)
n nEIprop ne]prop
S LG+ D ImnlHIfallZoo0) S L2IFI172 0
n€leva

|
Lemma 6
Let f € L*(Q). The solution q € Hllm of

(aVp, V) 12(9) — w*(p, v)r2(0) — (DtNp,v) = (£, V0)12(0) Vv € Hf, (3.13)
satisfies
1Pl @) < CLI fll2(e)

|

Proof: We write the vector f as f = (fs, f.)" with a vector-valued function f, and a scalar

function f,. By linearity of the problem, we may consider the cases (f,0)" and (0, f.)" as right-
hand sides separately. For f, = 0, we proceed as in Lemma [5| by writing f. = >, fu(2)en(z) and
get with Lemma [] for the corresponding functions p,

Lkl full L2 (0.1 if n € Irop,
1Pnll1, 1k, < C nlllnllzzo,n prop
an||L2(0,L) if n € Iova

< CL||fallz200,1)

since maxpe;,,,, |5n| < C. We may repeat the calculations performed in Lemma [5| to establish

An

IVaVeplaiey = 3o Anllpnliage. < CF 3 1l nllia o) < el
n n

10:2l320) = 3 IPhl320.0) < CL* S I fallaory < CL2 2y

P72 = D IpalFoco.n) < CL*D  lknl 2 falliz0.0) < CLAN N7 ()

12



For the case of the right-hand side f = (f,,0)", we define

fn(z) = (fz(uz)u v()On)L?(D) - (a_lf:c('yz)yav§0n)L2(D)

and note by the fact that the functions {|[v/aVe,| s L2(D V@n}n are an orthonormal (with respect
to (a-,-)r2(py) basis of its span that

L
1
)‘7;1 fn 7 :/ ail.fac 2 ,CLV@Dn 2 2 < ail.fac 7
2 Ml = 20 Vol @ o002 aVonl < 0 felz

We expand the solution p as p = Y pn(2)¢n(x). Testing the equation with functions of the form

vn(2)en(z) yields again an equation for the coefficients g,:
—Fi(Pny Un) £2(0,2) + (P 0) £2(0,L) £ FonPn(L)0n(L) = (fasvn)r2002)  Vom € Hf(0, L).
By Lemma [ we get

£ r
1Pnll1,jk,) < C L”f’i‘l|L2(07L) if n € Lorop »
[kl " full2o,ny 1 € Leva -

Hence,

H\/Zlvpo%ﬂ(Q) Z/\ HanL2 (0,L) < CcrL? Z An an”L2(0 L) +C Z R 4an”L2(O L)y = < CLHszL2(Q )

nelprop n€leva
10:pl220 = S 100 B2 0y < €L S0 Wal2epory +C 2 Iral 2 fulaoy < Cllelaey
n ne[prop n€leva
P12y = S Ipala sy < CLE 3 kal 2 falBaony + 3o Ioal ™1 Ful20.0) < CllFelZeon
n ne]prop n€leva
Putting together the above results proves the claim. |
THEOREM 1

Assume (@ There is a constant C' > 0 (depending on a and w but independent of L) such that
for all (f,g) € L*(Q) the problem has a unique solution (p,u) € D(A"™) with

/| ez aiv.) + IPllar ) < CL (1l 220) + llgllzz(o)] - (3.14)
In particular, [todo: check this!| for all (u,p) € D(Ab™)

1AM (p, w) T 20y = CL7H|(w, ) 22 (0)- (3.15)

Proof: Proof of : First, we note that Ahe™ . D(AMI™) — 12(Q) is injective. Indeed,
Abelm(p 40)T = 0 implies u = —iwVp and therefore p € H'(Q) satisfies a homogeneous second-order

equation. Together with the boundary condition, one checks that p = 0 so that also u = 0.
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Abbreviate for the two components of AM™(p, u)T

g = iwu + aVp € L*(Q), f=divu +iwp € L*(9).
Hence, (p,u) satisfy for smooth (p,u)

(iww, @) 2y + (aVp, ) r2(0) = (9, U)12(0)
(divw, p)r2(q) + (iwp, D) r2(0) = (f,D)12(w) -

Considering p with p|r,, = 0 and using the boundary conditions satisfied by (p,u) (i.e., (p,u) €
D(ABeIm)) yields after an integration by parts

(iwu, w) 20y + (aVp, @) r2(0) = (9, %) 20 »
. 1
—(u, Vp)2(q) + (iwp, P)L2() + a(Dth?@Fout = (f,P)r2 @) -

Selecting u = —%Vﬁ yields
1
w

<Dth’@Fout = (f’ﬁ)LQ(Q) ’

1
(w, VD) p2(0) + - (aVp, VD) 2() = —(9: VD) r2(0) »

. 1
—(u, VP)r2(0) + (iwp, D)r2() +

so that, by adding these two equations and multiplying by iw, we arrive at

(aVp, VD) 12(0) — W’ (9, D) r2(0) + (DN P, )1 = (9, VD) 12(00) + iw(f. P)12() VP € HE,, . (3.16)

From Lemmas [5] [6] we infer

1Pl 1) < CL [llgll2) + 1 fll 2] -

which in turn yields

| (p, U)H%?(Q) < HPH%Z(Q) + HUH%%Q) < HPH%%Q) + 2"‘)_2“VPH%2(Q) + 2‘*J_QHQH%‘Z(Q)'

In total, we arrive at [|(p, u)[|2() < OL [llgll2@) + | fll2@)]s i-ees 10 w) [l 20) < OLIAM™ (p,u) | 12,
which is (3.15).

Proof of : To see solvability for any (f,g) € L?(), we reverse the above arguments.
Lemmas |§| imply solvability of forp e Hllin. Next, setting u := (iw) (g — aVp), one infers
from that w € H(div, Q) with diva = f € L*(Q). This implies the estimate (3.14)). To see
that (p,u) € D(AP™) we infer, using the fact that diva = f, that w-n = 0 in H~Y/2(T'},) and
u-n—DtNp=0in H_I/Q(Fout). To see that in fact w-n =0 in f[‘l/2(Flat), we note that u-n €
H~12(00\ Ty,) with suppu - n C Toge. Hence, by [24, Thm. 3.29], we have u - n € H™Y2(Tyy).
Since by construction DtN p € ﬁ*1/2(Fout), the difference z :=u-n —DtNp € H~1/2 (Tout). Since
2|r,.. = 0, we conclude that the zero extension Z to H~/2(9Q\T}y) is a distribution on 90\ Ty, with
supp z C Ol out. However, since H/2 (0Q \ T'jy,)-functions do not admit traces on lower-dimensional
manifolds, the support of the distribution z € H~1/ 2(002 \ Tiy) must be empty. Hence, z = 0 in
H-12(00\ Th), ie., z =0 in H Y/2(T4y). This shows that (p,u) € D(Abm™) |
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4 Stability for Maxwell’s equations

The stability analysis of the Maxwell system (2.4]) proceeds similarly to the case of the Helmholtz
equation in that the use of a suitable system of functions in the transverse direction reduces the

stability analysis to one for a decoupled ordinary differential equation (ODE) system.

4.1 Motivation: the waveguide eigenproblems

We motivate our choice of transversal expansion system by deriving appropriate transversal eigen-
value problems for the electric field E and magnetic field H. We write the electric field E = E(x, z),
H =H(x,z) withz € D, 2 € (0,L) as

_ ([ E: _( Hi
E_<E3>’ H_<H3>
with the transversal components E;, H; : D x (0, L) — R? and the longitudinal components FEj3,
Hs : D x (0,L) — R. The 2D curl operators V x and curl are defined by V x ¢ = (9gtp, —012)) "
for scalar functions 1 and curl ¥ = 011py — J21)1 for vector-valued functions 0. The vector e, is the

unit vector in z-direction and the notation e, x @ for a 2D-vector field is understood by viewing )

as 2D-vector field with vanishing third component.

We will be using the 2D identities:

e, X (62 X Et) = —Et
e, X (V X Eg) = VEg e, X VEg =-V x E3 (41)
curl(e, x E;) = div E, div(e, x E;) = —curl E; .

The original system of equations ([2.4)) translates into:

V xEBs+e,x 2E —iwH, =f
curl By —iwHs = f3

o (4.2)
VXHg—FGZX&Ht—FZ'WEt = g;
curl H; +iwks =g3.
Multiplying (4.2)); and (4.2)3 by iw e, x, we obtain:
Viwksg — %int +wle, x H =iwe, x f
curl By —iwHs = f3
(4.3)

ViwHsz — %int —wle, x B, =iwe, X g,

curl H; +iwks; =g3.

The eigensystem corresponding to the first order system operator and e”?* ansatz in the variable z
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is as follows:
(E; € Hy(curl, D), E3 € H&(D)

H; € H(curl, D), H3 € H (D)
iwV Es +w?e, x H = —wfE,
curl B, —iwHs =0
iwVHs —w?e, x B, =—wfH,;

curl Hy +iwFEs =0.

(4.4)

Eliminating F3 and Hj from the system (4.4), we obtain a simplified but second order system for

Et, Ht only:
E; € Hy(curl, D), curl E; € HY(D)

H; € H(curl, D), curl H; € H}(D)
—V(curl Hy) + w?e, x H; = —wBE;

V(curl Ey) — w?e, x By, = —wBH;.

4.2 Reduction to single variable eigensystems.

Assume 5 # 0. Solving (4.5)2 for Hy,

1
H, = -——[VculE; —w?e, x Ey
wp

curl H; = %curl(ez x Ey) = %div E;

and substituting it into (4.5));, we obtain an eigenvalue problem for E; alone:

E; € Hy(curl, D), curl E; € HY(D), div E; € H}(D)
V x curl E; — w?E; — Vdiv E; = —5%E; .

Similarly, solving (4.5); for E,

1
E;, = ——[-VcwlH; +w’e, x Hy
wp

curl B, = —%Curl(ez x Hy) = —% div H;

and substituting it into (4.5)2, we obtain an eigenvalue problem for H; alone.

{ H, € H(curl, D) N Hy(div, D), curl H; € H}(D), div H; € H (D)

V X curl Ht — wQHt — V(le Ht) = —52Ht .

Note that the BC n x E; = 0 implies the BC n - H; = 0.
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4.3 Structure of the single variable eigenproblems

Lemma 7 (Helmholtz decompositions)

Let D C R? be a simply connected domain. For every E € L*(D)? there exist a unique ¢ €
H{}(D) and a unique » € HY(D), [;,1 =0, such that

E=V¢+V x1. (4.10)

Similarly, for every H € L*(D)? there exist a unique ¢ € H} (D) and a unique » € H*(D), Jpv =0,
such that
H=Vx¢+Vp. (4.11)

Proof: Standard. |

Consider now the eigenvalue problem (4.7) and Helmholtz decomposition of E. The boundary
condition FE; = 0 implies that g—fj =0 on 0D. Substituting 1’ into 1 , we obtain:

V X (=AY + (82 —w’)) + V(=Ag + (52 — w?)¢) = 0. (4.12)
= =:P

The equation above represents the Helmholtz decomposition of zero function. Indeed, div E = §¢
is zero on the boundary and, therefore, ® is zero on the boundary as well. Multiplying (4.12)) by
V x ¥ and integrating the second term by parts, we learn that:

U = Ay + (8% — w?)y) = const .

Consequently, .
(\Ilvl) = (V¢7 Vl)_ <771>+(/B2_w2) (1/}7]-) =0.

Uniqueness of ¢ and v in the Helmholtz decomposition implies now that ® = ¥ = 0. Let (\;, ¢;)
and (u;15) be the Dirichlet and Neumann eigenpairs of the Laplacian in domain D. Vanishing of

® and V¥ implies that there exist ¢, j such that
=i, w? =2 =N and ¢ =10’ -5 =p;.

If the Dirichlet and Neumann eigenvalues are distinct, the eigenvector E must reduce to either
gradient or curl. This is the case, e.g., for a circular domain D. In the case of a common Dirichlet
and Neumann eigenvalue, \; = p;, we obtain a multiple eigenvalue B2 =w? -\ =w?— fj, with

the eigenspace consisting of vectors:

E=AV x ¢+ BV¢;, A BeC.
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Lemma 8
Let (N, ¢i) and (pj4);) denote the Dirichlet and Neuwmann eigenpairs of the Laplacian in the domain
D. The eigenvalues 32 for are classified into the following three families.

(a) B2 =w?— p; with p; distinct from all A;. The corresponding eigenvectors are curls:
E=Vxu;,
with multiplicity of B2 equal to the multiplicity of f -
(a) B? =w? — \; with \; distinct from all pj. The corresponding eigenvectors are gradients:
E=V¢,
with multiplicity of B2 equal to the multiplicity of \;.

(c) B2 =w?— = w2 — N\ for t; = Ai. The corresponding eigenvectors are linear combinations
of curls and gradients:
E=AV x9¢;+BV¢;, A, BecC,

with multiplicity of B equal to the sum of multiplicities of i and ;.

In the same way, we prove the analogous result for eigenproblem (4.9)).

Lemma 9
Let (N, ¢i) and (pj5) denote the Dirichlet and Newmann eigenpairs of the Laplacian in the domain
D. The eigenvalues B2 for are classified into the following three families.

(a) B2 =w?— p; with p; distinet from all A;. The corresponding eigenvectors are gradients:
H=vy,,
with multiplicity of 5% equal to the multiplicity of 1.
(a) B? =w? — \; with \; distinct from all ;. The corresponding eigenvectors are curls:
H=Vx¢,
with multiplicity of B? equal to the multiplicity of ;.

(c) B2 =w?— = w? =\ for t; = X;. The corresponding eigenvectors are linear combinations
of gradients and curls:
H=AVy;+BV x¢;, A BeC,

with multiplicity of B2 equal to the sum of multiplicities of i and A;.
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The following example shows that multiple eigenvalues can arise.

Example 1 (Cylindrical waveguide)

Consider the Dirichlet or Neumann Laplace eigenvalue problem in a unit circle,
—Au= X u, A=1%.

For the Dirichlet problem the operator is positive definite, so v > 0, for the Neumann problem,
u = const corresponds to zero eigenvalue, all other eigenvalues are positive as well. Rewriting the

operator in polar coordinates r,0,
10, ou 1 6%u 9

=ru

Trorar) T o
and separating variables, u = R(r)©(0), we get

Lerye - %R@” = 1’RO
r r
or,
/\/ "

where k? is a real and positive separation constant. We obtain,
O = Acoskf + Bsinkf

and periodic BCs on u and, therefore, ©, imply that k = 0,1,2,.... This leads to the Bessel equation
mr,

r(rR + (v*r? —k*)R =0
with solution:

R = CJi(vr) + DYy(vr).

The requirement of finite energy eliminates the second term, D = 0.

Dirichlet BC: R(1) = 0 leads to v being a root of the Bessel function Ji(v) = 0. We have a family
of roots (and, therefore Dirichlet Laplace eigenvalues v?) : v = Vekm, k= 0,1,2,...,m =

1,2,.... For k=0, the roots are simple, with corresponding eigenvectors given by:
u = J()(V()’mr) .
For k > 0, we have double eigenvectors with eigenspaces given by:

u = Jo(Vgmr)(Acoskd + Bsinkf).

Neumann BC: The situation is similar except that we are dealing now with the roots of the deriva-
tive of Bessel functions: Ji(A) =0, A= Xgm, £ =0,1,2,...,m=1,2,....
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4.4 Stability analysis

In this section, we show

THEOREM 2
There is C > 0 independent of L such that the solution (E,H) of satisfies

I(E, H)llL2(0) < CLII(f; 9)ll 20 -

Let (pi,%i) and (Aj, ¢;) denote the Neumann and Dirichlet eigenpairs for the Laplace equation

in D. We normalize the eigenvectors as follows:

1

IVl =1V x 9l =1, [VelP = Vx> =1 = [ill>=n", llgi1* ="
Consistently with Lemma [§ and Lemma [9] we make the following ansatz for E and H:
E =3V x(2) + 32, V§;Bi(2) + 32 €:057;(2)
H =5, Vidi(z) + 3,V x ¢m;(z) + 32, e:hiGi(2) -
Substituting into the system and multiplying (in the sense of L2-product) the first equation

with V1);, V X ¢, e.1;, and the second equation with V x ¢;, V¢;, e.¢;, we obtain a system of six
ODEs:

(4.13)

ol —iwd; = (f, Vi) r2(p) =: fi, (4.14a)

—B; +j —iwn; = (f,V X ¢j)r2(p) =: fa, (4.14b)
a; —iwp; G = (Foeti) 2oy = fs, (4.14c)
=0, + ¢ +iwa; = (g, V X Vi)r2(p)y =: 91, (4.14d)
mj+iwB; = (9, Véj)2py =i g2 (4.14e)

0 +iwA; 1y = (g, €:0)12p) =i g3 (4.14f)

Note that the system decouples into two subsystems consisting of two first-order ODEs and one
algebraic equation. The ODE system is complemented with boundary conditions. The condition
(2.4b)) requires the conditions
a;(0) =0 VieN, (4.15a)
Bj(0) =0 VjeN. (4.15b)
The condition ([2.4d]) that waves be outgoing takes the following form. Assuming f =0 and g =0
on (L, 00), one obtains for o and f; the second-order ODEs (see the proofs of Lemmas for

some more details)

o~ =0, = - (1.16)
32 32 2
—B) —\2B; =0, A=)\ —w (4.17)
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with fundamental solutions e*#+* and e*%%. For solutions to be outgoing, we select the minus sign

and realize this with the boundary conditions at z = L given by
af(L) + iy (L) = 0, (4.18a)
B4(L) + X;B;(L) = 0. (4.18b)

REMARK 1 From (4.14)) with f = 0 = g, one can infer alternative conditions, e.g., iwd;(L) =
—fie(L) and A\jn;(L) = iwp;(L). 1

Representing E using the ansatz (4.13));, we obtain:

[ 1By ) dedy = 3 [l + |3 + X il

(2

Consequently,
2 g 2 3.2
1B = [ [ 1B drdyas = 3 0w B X 0 sy
Similarly,
1
1> = 1 mi 1 2617200 -

Now, let f denote the right-hand side in the first equation. Using the mutual orthogonality of V);,
V X ¢;, e,1; in L?(D), we can represent f in the form:

f= Z |:(f7 Vi) 20y Vi + (f, V X ¢i)12(0)V X ¢i + (s 6zM¢%¢z’)L2(D)€zM§¢i

Consequently,

/D |f(z,y,2)]° dedy = Z (S, V¢1)L2(D)(z)|2 +[(f,V x ¢i)L2(D)(Z)|2 + |(fa€z¢i)L2(D)(Z)|2Mi]

7

and
2 L 2 3 2
171 = [ [ 15w )R dedyds = S T00.(F. 9 % 005 (£t o1
Similarly, for the right-hand side g in the second equation in (2.4)) we have
1
HgH2 - Z ”((97 V x 1/%)7 (ga V¢Z)7 )‘1'2 (g7 ez(z)i))H%?(O,L) :

Now, the formulas for | E|? || H|* and ||f|% |lg]?>, and the system of ODEs (4.14)) imply that
sufficient (and necessary) for the boundedness below are the L?-estimates for the subsystems of
ODEs:

”(alﬁ 0i M;ECZ')”%Q(O,L) < CH((f? Vi), (9, V x 5), (f, ezﬂ?"/}i))”%%ol)a (4'193‘)
||(Bl’7717)‘z_§ryl)”%2(0,L) < CH((f?V X 1/)1)7 (97V¢z), (g7e2)\f¢l))||%2(07[/) (419b)
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with some constant C' independent of i. We have from Lemma [4}

Lemma 10

Let (o, 65, ) solve (4.14d), {4-14d), (4-14d) together with the boundary conditions (4.15d), ({4-18d).
Assume that inf; ;| > 0. Then the following holds:

(i) (evanescent modes) There is C > 0 independent of i such that for all i with p; > 0

o4l + vlledll < C 1Al + vl fsl + ol (4.20)
16:l1 < C (1Al + Vil fsll + llgall] (4.21)
p G < CULAN + Vil sl + o] (4.22)

(it) (propagating modes) For all i with [i; € iR the estimates ({{.20)—(4.29) hold with p; replaced
by 1 and an additional factor L on the right-hand side.

Proof: The component «; satisfies the following weak form: For all v € H (10(0, L) there holds

(v p2(0,0) + B3 (s 0) p2(0.1) + Fac(LYO(L) = (f1,0")r2(0.1) + iw(g1,v) r2(0,0) + 1i(f3,v) £2(0,1)-

(4.23)

This is obtained by the following steps (see Appendix [B.1)) for details): first one eliminates the vari-

able (;; second, one multiplies (4.14al) (in the form obtained after removing (;) by v’ and integrates

over (0, L); third, one multiplies (4.14d]) by v and integrates over (0, L); fourth, in the thus obtained

equation the term (0',v) 2 ) is integrated by parts and the condition iwd;(L) = —jfi;c;(L) from
Remark [l is used.

Proof of (@) We note f1; ~ /p; with implied constant independent of 4. Lemma together with

the condition a;(0) = 0 from (4.15a) then readily implies (4.20). Combining (4.20) with (4.14al)
provides (4.21)). Finally, (4.20) and (4.14d) yield (4.22)).

We remark that the estimate for «; is a better by a factor ,/u; than required.

Proof of : This case is shown in the same way as (i) noting that for the finitely many
propagating modes one has p; ~ 1 so that |g;| ~ 1. i

Analogously, we have for the subsystem involving (5;,7;,7;):

Lemma 11

Let (Bj,nj,7;) solve (4.14Y), (4.14€), (4-14]) together with the boundary conditions , .

Assume that inf |Xj\ > 0. Then the following holds:
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(i) (evanescent modes) There is C > 0 independent of j such that for all j with A\; >0

1851+ VX851 < € [ILf2ll + Aslgsll + VAl (4.24)
Nillmill < € [0+ A llgall + VAl ll] (4.25)
Xl < € 1Al + Vsl + llgall] - (4.26)

(ii) (propagating modes) For all j with Xj € iR the estimates f hold with X\; replaced
by 1 and an additional factor L on the right-hand side.

Proof: =~ The component j3; satisfies the following weak form: For all v € H (10 (0, L) there holds

A A2
(B30 L2(0.0) + A2 (85, 0) p20.0) + NB (L)T(L) = —(f2,0") 1201 +ﬁ(93avl)L2(O,L)+ (92,v)12(0,1)-
(4.27)

This is obtained by the following steps (see Appendix [B.2)) for details): first one eliminates the
variable v;, which yields the additional equation

—iwﬁé- - X??]j = iwfg - )\jgg. (4.28)

Second, one multiplies ([£.28) by v’ and integrates over (0, L); third, one multiplies (4.14¢) by v and
integrates over (0, L); fourth, in the thus obtained equation the term (n], v) 12(0,1) is integrated by
parts and the condition zw)\]Bj( )= —)\jzﬂj( ) from Remark I 1s used.

Proof of (H) We note X ~ y/A;j with implied constant 1ndependent of j. Lemma [ together

with the condition 3;(0) = 0 from (4.15b]) then readily implies (4.24). Combining ([4.24) with (4.28)
provides (4.25)). Finally, (4.24) and (| m 4.1414)) yield (4.22 -

Proof of : This case is shown in the same way as (i) noting that for the finitely many
propagating modes one has A\j ~ 1 so that |A;| ~ 1. |

Proof of Theorem [2} The stability bound follows from Lemmas [10] and [T1] together with the
observation that the estimates (4.19)) imply Theorem . O

5 Numerical results and conclusions

To test the dependence of the ultraweak DPG Maxwell discretization on the waveguide length L
and the scaling constant 5 in the test norm, we solve the linear time-harmonic Maxwell equations
in a homogeneous rectangular waveguide with transverse domain D = (0.0,1.0) x (0.0,0.5). At

INin, the waveguide is excited with the lowest-order transverse electric (TE) mode by prescribing the
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corresponding tangential electric field. The cross-section is modeled with two hexahedral elements,
which is justified by the simple transverse mode profile. In the longitudinal direction, we use a
“fixed discretization” of two elements per wavelength; that is, as the waveguide length L increases,
the number of elements per wavelength remains the same. The DPG discretization uses uniform

polynomial order p = 5 with enriched test functions of order p + 1. All of the computations were

done in Ap3D , .

100 [ —w—p2 =107

|[—e—p2=10"°
[ B2 =10"*

B 1L —e—ﬁz =102

=107 —A— 3 =100

o r 2 _— 102
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Figure 1: Relative field error of the ultraweak DPG Maxwell solution for the fundamental TE mode in a homogeneous
3D rectangular waveguide. The discretization is uniformly fifth-order with a fixed number of elements per wavelength.
Choosing a small scaling constant  in the DPG test norm improves the stability of the method significantly, but
choosing f too small results in round-off errors that adversely affect the solution.

We recall the scaled adjoint graph norm from Section [2}
111F . () = 14KV + 820l

The analysis of Lemma |I| and Theorem [2| suggests scaling 8 with L~! to maintain stability of
the method as the waveguide length L increases. Figure[l|shows the relative L?-error of the electric
field E for various choices of § and increasing waveguide length. The numerical results confirm
that the choice of 5 indeed significantly affects the stability of the discretization. In practice, of
course, scaling (8 is limited due to rounding errors as  becomes very small (or very large). In
our experiments, the best results were obtained for 82 = 107%. In other words, by choosing 3
sufficiently small, ultraweak DPG can compensate (to a certain extent) the loss of stability due to

the L~! dependence of the boundedness-below constant.

Conclusions. Non-homogeneous waveguide. The convergence analysis for the DPG method
for the modified Maxwell model resulting from a full envelope ansatz led us to the stability analysis

for EM waveguides. We started with a simpler, acoustic waveguide, and then proceeded to the
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homogeneous Maxwell model. For both models, we have obtained the same result: the stability

constant depends linearly on the length of the waveguide, i.e.,
|E| + |H| <CL(|V x E —iwH||+ ||V x H+iwE|), C>0.
For the non-homogeneous optical waveguide, u = 1, € = 1 4 J¢, the triangle inequality implies:

|E| + |H| < CL(|V x E —iwH|| + |V x H +iw(1 + de — ¢) E||)
<CL(|VXE —iwH| +||V x H+iw(1+de)E|| + wl|de| = E|) -

Consequently,
(1 = CLw||d¢€||pew) (| E|| + |H]||) < CL(||V x E —iwH]| + ||V x H 4+ iw(1 + de)EJ|) ,

which proves that, for a sufficiently small perturbation de, the operator remains bounded below.
However, the information about the linear dependence of the stability constant upon L is lostE] In
fact, the larger L, the smaller de is allowed. In the second part of this work [6], we generalize our

results to the case of non-homogeneous waveguides using perturbation theory.
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A Proof of Lemma [3

For the convenience of the reader and to clarify some arguments from [27] we provide some details

of the proof of Lemma 3| To simply the notation, we write in the present section

at? (u,v) = (U,aU/)LQ(O,l) + ’f2(UaU)L2(0,1) + ku(1)v(1),

el ey = 1172 0,1) + 151 el 20,1

Lemma 12 (|27, Lemma 4.1])
For any r € Csq \ {0}, the sesquilinear form alP satisfies

Real”(u,v) Rek

inf p = .
ueV\{0} ye1\{0} HU||1,|/<\HU’ 1,|x| ||
|
Proof: Given u € V take v := ﬁu € V and compute
K Rek Rek
Real?(u,0) = Re (5 s + lallul sy + (D ) = SEF Tl g = S bl g o
|

The following is a corrected version of |27, Lemma 4.2] although the statement of |27, Lemma 4.2]
is correct (cf. Cor. 1] below).
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Lemma 13 (|27, Lemma 4.2])
Let V.= HY0,1) or V = H(lo((), 1). There is C > 0 such that for all k € Cso with |k| > 1 and all
f € L?0,1), g € C the solution u € V of

atP (u,v) = (f,v)12(01) + 99(1) Yo €V

satisfies the stability bound

ull e < C [ f1Ir200,0) + l9l] -

Proof: This is taken from |27, Lemma 4.2|, where the multidimensional case is covered. We
repeat the arguments, which are based on the multiplier technique worked out in detail in |26,
Lemma 4.2], |9, Cor. 2.11], |25, Prop. 8.1.3].

Case a: For a parameter § > 0, consider the case |Imk| < fRex. In view of |k| > 1, this

implies

Rex > #W > #
ViR i
By the inf-sup condition satisfied by al” in view of Lemma [12]so that the solution u satisfies by
the variational formulation
) 1 1
[ullf 1o < Ca [z lull 20,1y + lgllu(D)]] < Cs | =l fllz20,1) + ﬁm [|u

Id

LJrl]:

In view of Rex > 1/4/(1+ 2) and |k| > Rek, this is a stronger result than needed (cf. Cor.
ahead).

Case b: We consider the case |Im x| > S Rex so that

|Imk| < |&] < (1+B7") [Imxl.

Taking as the test function v = u gives by taking the real part
o2 0.1y + Re w2[ullZa0 1) + Reslu(DP S Ifl 2o lull 2o + lgllu@]. (A1)
Taking as the test function v = (Im x)u gives by taking the imaginary part

2| Im k| Re s [[ulF2(g,) + [Tm sl [u(D)]* < 1F ]l z20,) el 220, + lgllu(1)]. (A.2)
—_——

>0

The multiplier technique amounts to taking as a test function v = zu/. Using the relations

/ —
, Imuzu =0

1 1
Reu/(zu') = 3% (|u'|2)/ + /%, Reuxu = % (Jul?)
we get for the test function v = zu/

RealP (u, zu') = Re(v/, (zu')") r2(0,1) + Re w2 (u, xu)r2(0,1y + Reru(1)a'(1)

1 1 1 1 _
= HU/||2L2(0,1) — §||u/||%2(071) + 5’u’(1)|2 — Re /{'2§HUH2L2(0,1) + Re 52§‘U(1)|2 + Re mu(l)u/(l),
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so that we arrive from the weak formulation of u at
112 0,1 — Re &2 ullFao 1y + [0/ (DI < 2 (11| 20,1l | 20,1y + gl (D] + | Re sl [u(1)]u' (1)])
(0,1) (0,1)
We note that for sufficiently large 3 we have Re k? = (Re x)? — (Im k)% ~ —|k|2. Hence, appropriate
Young inequalities yield
' 120,06 el T2 0,0y + [0 (WP S 112200y + 1917 + Re ) |u(D) .

Young’s inequality applied to (A.2) allows us to remove the term (Rex)?|u(1)2. 1

We are now in position to prove Lemma [3}

Proof of Lemma (3} We follow |27, Thm. 4.3]. For Rex > 1/4/2 we have by Lemma

) Rea(u,v) Rer Rer Rer 1
S Tl oo = Tl : 52 R+ [Tmn] = 1y olmi’ ST LV
vev llullyellvll)x) Vv (Rek)? + (Im k) R mAL 14 ciRen

Let Rex < 1/\/5 Given u € V, we seek v in the form v = u 4+ z with z solving
ag(z,w) = a2(u,w)L2(0’1) Yw eV, o? = |k|? — k2 = —2i(Im k).
By Lemma we get
120111y < Clalull 20,1y < Ol Tm ][] |ull 20,1
and note

Reag(u,u+ z) = HUIH%Z(OJ) + Re ,%QHUH%Q(OJ) + Re k|u(1)|* + Re ax(u, 2)
= ||U/H%2(0,1) +Re HQHUH%%OJ) + Re slu(1)|* + Re ar(z, u)
— )220y + Re a2 0 1) + Renfu(DI + Re a2l

= [ullf o + Be s [u(1)]* 2 [|ullf
>0

as well as
Ju+ 2[5 ) < lulle) + 12l < A+ ClIms])|sll[ull 20,y < 1+ ClIme])|ullys — (A3)

so that we arrive at

[l 1w 1w+ 2[]1, 1) - [l 1w 1w+ 211,14

1+ ClImk| — 1+01|41rmR:;|~;

Rea.” (u,v) = Rea” (u,u+2) = [Jul§ |, >

From the inf-sup condition, we can actually infer the statement of [27, Lemma 4.2]:
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Corollary 1

Let V.= HY0,1) or V = H(lo((), 1). There is C > 0 such that for all k € Cso with |k| > 1 and all

f € L?0,1), g € C the solution u € V of
CL;D(Uﬂ’U) = (f?v)L2(0,1) + g@<1) VoeV

satisfies the stability bound

]| <C [1 A1l 71 | |]
|14 + .
LIl 1+ Rek £2(0.1) v1+ Rexw g

Proof: With the inf-sup constant 7, of Lemma [3|in hand, we get
C

K

llull,0) <

1 1
=l 20,0y + ’9’] .

|| Vsl
We have

11 1 1
Vi K| 1+C%|Im”|+f{e’f

and now distinguish between the cases | Im x| < 1/2 (which implies Re x > 1/3/4 by the requirement
|k| > 1) and the case |Im k| > 1/2. In the first case, we have |Im x|/ Rek < ¢ for some ¢ > 0 and
can simply

1 1 1 1 1 1

[Tm | ~ [Tm | [tmn| — :
1+Cm\lm/§]+Reﬁ Re/ﬁ1+m1+m Rek

In the second case, we have |[Imk|/Rex > ¢ > 0 and can estimate

1 1 1 1 1 11
| Im & - |[Imk| |Imk| — o
1+0m|lmn|+Re/@ Reml+cl+Reﬁ e Rek c

We conclude that the prefactor of the term |[[f|[12(p,1) has the desired form. The estimate for the

prefactor of |g| is analogous. 1

B Reduction of the first-order system to second equations for Maxwell’s
equations

B.1 The system for «;, 6;, ;

We consider (4.14al), (4.14c)), (4.14d), viz., (skipping the subscript i)

o —iwd = fi, (B.1)
o — ioopC = fo, (B.2)
-8+ ( +iwa = gj. (B.3)
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Multiplying (B.2)) by iw and eliminating ¢ yields

o —iwd = fi, (B.4)
—iwd’ + (p— w?) o = iwgy + 1 fs. (B.5)
72

On (L, o0), this system corresponds to the right-hand sides f; = f3 = g1 = 0. By eliminating ¢ we
get
o —ita=0

+n

with fundamental system e™#?. The requirement of outgoing waves implies that we seek solutions

of the homogeneous system as multiples of e #2, which provides us with the boundary condition at
z=1L
o (L) + pa(L) = 0. (B.6)

In view of on (L,00) with f; = 0 we obtain
0D 1) —iws(L) B _fia(L) — iws(L). (B.7)

We also have the boundary condition
a(0) =0 (B.8)

We now turn to the weak formulation. For v with v(0) = 0 we get by multiplying (B.4) by v" and
integrating over (0, L) and by multiplying (B.5) by v and integrating over (0, L)

(@', v") p2(0,0) — 1w0(0,0") 20,0y = (F1,v") 12(0,1) (B.9)
—iw(5/7 U)LZ(O,L) + ﬁ2(047 U)LQ(O,L) = iw(g1, U)L2(0,L) + p(fs, U)L2(0,L)~ (B.10)

Integrating the term (0, v) 12, ) by parts and using v(0) = 0 as well as iwd(L) = fia(L) by (B.7)

gives

(@, ") p2(0,0) — 1w (8, v") 20,y = (f1,v)12(0,1) (B.11)
iw(8,") 20,1y — Ba(L)0(L) + 1 (a, U)L?(O,L) = iw(g1,v)r2(0,0) + #(f3,v)12(0,L)- (B.12)

Adding these two equations yields

(@', v") 20,y + ﬁz(a’v)Lz(O,L) + fia(LYO(L) = (f1,0") p2(0,1) + iw(g1,v) 2(0,) + 1(f3,0) 12(0,1)-

(B.13)
B.2 The system for 3;, v;, n;
We consider (4.14b)), (4.14€), (4.141), viz., (skipping the subscript j)
—B + v —iwn = fo (B.14)
n +iwB = ga (B.15)
N4 iwA "ty = g3 (B.16)
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Eliminating v in 1} and multiplying 1} by A2 =\ —w? yields
—iwp — X27] = iwfy — Ags, (B.17)
X+ iwd?B = X2gy, (B.18)
On (L, ), this system corresponds to the right-hand sides fo = g2 = g3 = 0. By eliminating n we
get
_61/ + }\/26 — 0

+X

with fundamental system e*=*?. The requirement of outgoing waves implies that we seek solutions

of the homogeneous system as multiples of e”‘z, which provides us with the boundary condition at
z=1
B'(L) + A\3(L) = 0. (B.19)
In view of (B.17] - on ( ) with fo = g3 = 0 we obtain
B.17) . -B [B19]
0 =" —iwf'(L) = \*n(L) iwAB(L) = N*(L). (B.20)
We also have the boundary condition
B(0) = 0. (B.21)

We now turn to the weak formulation. For v with v(0) = 0 we get by multiplying (B.17)) by v" and
integrating over (0, L) and by multiplying (B.18) by v and integrating over (0, L)
—iw(B,v') 20,0y = A2(0,0) 20,1 = iw(f2,0) r2(0,) — Mg3, V'), (B.22)
N2, v) 120,y + iWAA(B,0) 12(0,0) = A2(92,0) 12(0,1)- (B.23)

Integrating the term (1',v)r2(0,z) by parts and using v(0) = 0 as well as X2p(L) = iwAB(L) by

(B-20) gives

—iw(B', ") 20,0y — A (0,0) 1200y = iw(f2, ) 12(0.0) — Mgss V'), (B.24)
=X (0, 0") p2(0,1) + iWAB(L)V(L) + iwA*(B,v) r2(0.0) = A* (92, V) 12(0.1)- (B.25)

Subtracting these two equations yields

—iw(B',v) 12(0,0) — WAA(B,v) 12(0,1) — WAB(L)T(L) = iw(f2,v') 20,0y — My, ') — N2(g2,v) 12(0.1)
(B.26)

ie.,

A
(B, 0") 20,1 + 22 (B,v) 20,1 +)\5( Jo(L) = _(f%v/)L?(O,L) + 5(9370/)+)\2%(9271})L2(0,L)-
(B.27)

C Stability analysis of the adjoint operator for the Helmholtz prob-
lem (2.1)

Our goal is the proof of Theorem [3| which parallels Theorem [T}
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C.1 The ultraweak formulation of (2.1
The operator A is given by
A<p>:<iwu+an>
u iwp + divu
where D(A) includes the boundary conditions

D(A) = {(p,u) € H(Q) x H(div,Q):
plr, =0, w-n=0in H*I/Q(Flat), wu-n—DtNp=0 in ﬁ[fl/z(l“out)}.

The adjoint operator if]
«( a\ _ —iwv — Vgq
4 < v ) N < —div(av) — iwg ) (C.1)
and the domain is

D(A*) ={(q,v)|q € H'(Q),av € H(div,Q),
qgr, =0, (av)-m=0 in H*1/2(F1at), —iwav -n +DtN* ¢ =0 in f[fl/Q(Fout)}.

We recall that the operator DtN is defined in Section in terms of the eigenpair (¢, A\n)Nen
of (3.5) and that the values k,, are defined in ({3.7).

We also record that the computation shows that the adjoint of the operator DtN is given by
(p,DtN*q) = (DtNp,q) = =Y purnta
n
so that

DtN* ¢ = — anqn (C.2)

C.2 Stability estimates for A*

Introduce H}. = {v € H'(Q)|v|r,, = 0}. In the following, we will need the following observation
about the sequences {\, }, and {ky},: Noting that there are only finitely many propagating modes
and that we assumed (3.8)) we have

max (|rn| ™+ [Kn|) < C, (C.3a)
n&lprop
max |/, <C, (C.3b)
nelprop
max [V <C (C.3¢)
neN  |kp|

2we use that a is real-valued
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for a constant that depends on w.

Lemma 14
The solution q € H%m of

(Vo,aVq)12(0) — w(v,q) 12() — (v, DIN*q) = (v, )12y Vv € Hp,, (C4)
satisfies
lall @) < CLIf 20
|
Proof: We make the ansatz
=3 Gu()pn(a)
and set '

fn(2) = (o, F(2)) 12(D)-
By orthogonality properties of the functions {¢y,}, we have
lallZ 2y = D lanll 720,00
||\/ava:QH%2(Q) = Z )‘iH‘InHzLQ(O,L)’
||8zqui2(9) = Z H%H%%o,m’
£ 17200 = D I Falli2(0.1)-

Testing 1} with v(z, z) = v, (2)pn(z) with arbitrary v, € H(lo((), L) gives due to the orthogonal-
ities satisfied by the functions {¢y, }n
(vn, @) 120.2) + K2 (Uns @n) £2(0,2) — Un(L)FnGn (L) = (vn, fu) 22(0,1)

From Lemma [4, we conclude

L|| fnll 2 ifnel s
Kn an||L2(O,L) if n € leva-

We arrive at

||ﬁvxq||i2(m=ZA£||ani2<O,L) S D |2||fn||L20L D3N |4an||L20L> < L2\|f||L2 1
nelprop ne]eva
Haqu%? ZanHL2 0,L) <L Z ||fn”L2 0r) T Z |Kon| ™ 2an||L2(0L S L2||f||L2(Q)a
n€Iprop n€leva
ll1Z2 0 anHL2 or) S L [ton] "2 fallZ2 0,1y + [nl " fall 220,y S L1 F 72y
( (0,L) ~
nEIprop nEleva
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Lemma 15
The solution q € H%m of

(Vo, qu)Lz(Q) — wQ(v, q)LQ(Q) — (v, DtN* ¢) = (Vu, f)LQ(Q) Yov € Hllm (C.5)
satisfies
lgllz1 @) < COL| fllr2(0)-
|
Proof: We write the vector f as f = (fs, f.)" with a vector-valued function f, and a scalar

function f,. By linearity of the problem, we may consider the cases (f,,0)" and (0, f,)" as right-
hand sides separately. For f, = 0, we proceed as in Lemma by writing f, = fu(2)en(x) and

get with Lemma [ for the corresponding functions g,

L‘ﬂn|||anL2(07L) ifn e Iprop7
a1, < P
anHLQ(O,L) N e leva-

< CL|| fallz2(0,1)

since maxner,,,, |Fn| < C. We may repeat the calculations performed in Lemma [14] to establish
IWaVealZai = S AallaalBa ) < CL2 S |fj;“‘|2||fnu%2<o,m < UL,
1924ll720) = > lanlZ2(0,0) < CL? > £l 220,y < CL2Nf2 11720,
n n
gl 720y = D lanllizo.0) < CL* D lknl I fall 200y < CLA N f=l72(0)-

For the case of the right-hand side f = (f,0)", we define f,(z) := (Veoon, fu(-:2)) 120y =
(anpn,a_lfx(-,z))Lz(D) and note by the fact that the functions {||\/5Vg0n|]221(D)V<pn}n are an
orthonormal (with respect to (a-,-)r2(p)) basis of its span that

L
1
> Nl =/ > aVeon, a” fo(2) 2 < lla™ fellF2(0)-
~ H ”LQ(O,L) 0 H\/av@nH%Q(D)K ( ))L (D)’ || ”LQ(Q)

We expand the solution ¢ as ¢ = ), gn(2)pn(x). Testing the equation with functions of the form

vn(2)en () yields again an equation for the coefficients g,:
_Hi(vm qn)LQ(OvL) + (U;w Q;L)LQ(O,L) - Envn(L)qn(L) = (Una fn)LQ(O,L) Yy, € H(l()(O, L)
By Lemma @ we get
L fallze ifne o,
1dnll1, ) < C{ 1 £nllz20,) o

’K”‘ile'rL”LQ(O,L) if n € Ioya -
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Hence,

An
Y Mallfallizon +C > W”JCRH%Q(OL) < CL||f:)12(0;

nEIprop n€leva

IVaVadl3aiy = 3 Aulltul3ago ) < OL?

10411720y = Y lanlF20,0) < CL* DY fallizony +C D Ikl M fallZzo,r) < ClFellZa

TLEIprop n€leva

lal3ey S laalBaor) < CL2 2 kal 21 alBeor + 3o 1oal ™ fal2e0s < CllFelzy-

TLEIprop n€leva

Putting together the above results proves the claim. |

THEOREM 3
There is a constant C' > 0 (depending on a and w) such that for all (v,q) € D(A¥)

14%(q,v) "l 12(0) = CL™|(v, )l 12(0)-

Proof: First, we note that A* : D(A*) — L?() is injective. Indeed, A*(¢,v)" = 0 implies
v = iwVq and therefore ¢ € H'(Q) satisfies a homogeneous second-order equation. Together with
the boundary condition, one checks that ¢ = 0 so that also v = 0.
Abbreviate for the two components of A*(q,v)"

fi=—iwv—Vqge L*Q), f:=—div(av) —iwq € L*(Q).

Hence, (q,v) satisfy for smooth (p,u)
(w0, —iwv)r200) — (U, V@) r2(0) = (@, f)r2(0)5
(p, — div(av)) 20y — (D, iwq) r2() = (D5 f)r2(w)

Considering p with p|r,, = 0 and using the boundary conditions satisfied by (q,v) (i.e., (¢,u) €
D(A*)) yields after an integration by parts

(u, —iwv)r2(0) — (U, V@) 12(0) = (U, f)12(0),
- o 1 N ~
(VP av)p20) = (P, iwa) r2() = Py -~ DIN" @)row = (b, f) 2 @)

Selecting u = %aVﬁ yields

~ 1 - 1,
(VD av)2(0) — @Vp. Va2 = — (VP f)r2(q),
~ ~ . _ 1 N ~
<VP7 cl’U)LQ(Q) - (pa ZWQ) - <p7 a DtN q>F0ut = <p7 f)LQ(Q)
so that, by subtracting these two equations, we arrive at

1 . 1 1 _
— (VB Va)12(0) + (B iwa) 12() + (B, - DN @)roue = (VD £)12(0) = (B, F12()
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Rearranging terms yields
(VD, V) 12(0) — (D, 0)12(0) — (- DIN* @)1y = —(VB, F)r2(0) + iw (B, [ r2(0)
From Lemmas we infer
lall i) < CL [ fllr2) + £l 22 »
which in turn yields
(g 0) 1720y < llallZ2(q) + 1001Z2q) < llallZ2q) + 20721Vl 720y + 207211 1720

In total, we arrive at [|(q, v) || L2() < OL [ fll2) + 1fllz2()]s e (g5 0)l 2) < CLIA*(q,0) Tl 22 (),
which is the claim. |

37



	Introduction
	Model problems and DPG formulation
	Helmholtz problem
	Maxwell problem
	Ultraweak DPG formulation and DPG essentials
	The full envelope approximation (1.5)

	Stability
	Analysis of the 1D Helmholtz equation
	The DtN operator
	Stability estimates for A-helm

	Stability for Maxwell's equations
	Motivation: the waveguide eigenproblems
	Reduction to single variable eigensystems.
	Structure of the single variable eigenproblems
	Stability analysis

	Numerical results and conclusions
	References
	Proof of Lemma 3
	Reduction of the first-order system to second equations for Maxwell's equations
	The system for alpha-i, delta-i, zeta-i
	The system for beta-j, gamma-j, eta-j

	Stability analysis of the adjoint operator for the Helmholtz problem (2.1)
	The ultraweak formulation of (2.1)
	Stability estimates for A*


