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Abstract

We explore T-splines, a generalization of NURBS enablingalloe nement, as a basis
for isogeometric analysis. We review T-splines as a surflesign methodology and then
develop it for engineering analysis applications. We tesplines on some elementary two-
dimensional and three-dimensional uid and structurallgsia problems and attain good
results in all cases. We summarize current limitations aiaré opportunities.
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Fig. 1. Engineering designs are becoming increasingly éexn@\s the number of parts
comprising an object increases, so too does the amount efreiguired for it to be man-
ufactured. Such growth in complexity makes analysis a timesaming and expensive
endeavor. (Courtesy of S. Gordon, General Dynamics / Etdtvat Division.)

1 Introduction

Engineering design and analysis have reached a criticatyug Each has its own
geometric representation, and the design descriptionpdiatd in Computer Aided
Design (CAD) systems, needs to be translated to an analygele geometry for
mesh generation and use in a Finite Element Analysis (FEAgcdhis task is far
from trivial. For complex engineering designs it is now esited to take over 80
percent of overall analysis time, and engineering desigsbecoming increasingly
more complex. For example, presently, a typical automaaifesists of about 3,000
parts, a ghter jet over 30,000, the Boeing 777 over 100,@0@, a modern nuclear
submarine over 1,000,000 (see Fig. 1).

Engineering design and analysis are not separate ende®&sgn of sophisti-
cated engineering systems is based on a wide range of cotopalaanalysis and
simulation methods, such as structural mechanics, uidadyies, acoustics, elec-
tromagnetics, heat transfer, etc. Design speaks to arabysil analysis speaks to
design. However, analysis-suitable models are not autoafigtcreated or read-
ily meshed from CAD geometry. Although not always appresah the academic
analysis community, model generation is much more invotheah simply gener-
ating a mesh. There are many time consuming, preparatgpg gteolved. And
one mesh is no longer enough. According to Steve GordongiBahEngineer,
General Dynamics Electric Boat Corporation, “We nd thatlay's bottleneck in
CAD-CAE integration is not only automated mesh generaiidres with ef cient



Fig. 2. Estimation of the relative time costs of each compord the model generation
and analysis process at Sandia National Laboratories. tNateéhe process of building the
model completely dominates the time spent performing amalyCourtesy of Ted Blacker,
Sandia National Laboratories.)

creation of appropriate “simulation-speci ¢’ geometr{lii the commercial sector
analysis is usually referred to as CAE, which stands for QamerpAided Engineer-

ing.)

The anatomy of the process has been studied by Ted Blackeadéaof Simula-
tion Sciences at Sandia National Laboratories, and is surnedkin Fig. 2 along
with the breakdown in the percentage of time devoted to ezth Note that at San-
dia mesh generation accounts for only 20 percent of ovenallais time, whereas
creation of the analysis-suitable geometry requires abdyiercent, and only 23
percent of overall time is actually devoted to analysis pefffie approximate 80/20
modeling/analysis ratio seems to be a very common indusijeerience and there
is a strong desire to reverse it, but so far little progresstde®n made despite enor-
mous effort to do so. The integration of CAD and FEA has proaddrmidable
problem. It is our opinion that fundamental changes must fa&ce to fully inte-
grate engineering design and analysis.

Recent trends taking place in engineering analysis and-pégformance com-
puting are also demanding greater precision and tightegration of the overall
modeling-analysis process. We note that a nite elementmmesnly an approxi-
mation of the CAD geometry, which we will view as “exact.” Bhapproximation
can in many situations create errors in analytical restihe. following examples



may be mentioned: shell buckling analysis is very sensit\geometric imperfec-
tions, boundary layer phenomena and lift and drag are $engit precise geome-
try of aerodynamic and hydrodynamic con gurations, andisly contact between
bodies cannot be accurately represented without precismefeic descriptions.
Automatic adaptive mesh re nement has not been as widelptadidn industry as
one might assume from the extensive academic literatur@iseamesh re nement
requires access to the exact geometry, and thus it alsoresggeamless and au-
tomatic communication with CAD, which simply does not exisithout accurate
geometry and mesh adaptivity, convergence and high-poeaissults are in many
cases impossible.

De ciencies in current engineering analysis procedures greclude successful
application of important pace setting technologies, suzhiesign optimization,
veri cation and validation (V&V), uncertainty quanti cadn (UQ), and petascale
computing. The bene ts of design optimization have beegdbrunavailable to in-
dustry. The bottleneck is that to do shape optimization tA® @eometry-to-mesh
mapping needs to be automatic, differentiable and tightlggrated with the solver
and optimizer. This is simply not the case as meshes arergiscted from the
CAD geometries from which they were generated. V&V requegsr estimation
and adaptivity, which in turn requires tight integratior@AD, geometry, meshing,
and analysis. UQ requires simulations with numerous sagflmodels needed to
characterize probability distributions. Sampling putsranpium on the ability to
rapidly generate geometry models, meshes, and analysies$ adain leads to the
need for tightly integrated geometry, meshing, and anslyBhe era of peta op
computing is on the horizon. Parallelism keeps increasingthe largest unstruc-
tured mesh simulations have stalled because no one trulykhow to generate
and adapt massive meshes that keep up with increasing cencyrTo be able to
capitalize on the era dd(10°) core parallel systems, CAD, geometry, meshing,
analysis, adaptivity, and visualization all have to run tigatly integrated way, in
parallel and scalably.

Our vision is that the only way to break down the barriers leemvengineering
design and analysis is to reconstitute the entire processalieve that the funda-
mental step is to focus on one, and only one, geometric matieth can be utilized

directly as an analysis model, or from which geometricalgic analysis models
can be automatically built. This will require a change froliassical nite element

analysis to an analysis procedure based on exact CAD repaties. This concept
is referred to as Isogeometric Analysis, and was rst preggas Hughes, Cottrell,
and Bazilevs [26] and further developed in [3, 4, 6, 7, 16,119,20, 24, 42, 45].

Isogeometric analysis is based on the same computatiooalejey representation
as the CAD model.

There are a number of candidate computational geometrynoéaties that may
be used in isogeometric analysis. The most widely used itheegng design is
NURBS (non-uniform rational B-splines), the industry stard (see, e.g., [21, 22,



31, 33]). The major strengths of NURBS are that they are auewe for free-form
surface modeling, can exactly represent all quadric sesfasuch as cylinders,
spheres, ellipsoids, etc., and that there exist many eftcand numerically sta-
ble algorithms to generate NURBS objects. They also possesal mathematical
properties, such as the ability to be re ned through knoeitisn,CP 1-continuity
for orderp NURBS, and the variation diminishing and convex hull projesf .
NURBS are ubiquitous in CAD systems, representing billiohdollars in devel-
opment investment. The major de ciencies of NURBS are tlegdsgand overlaps
at intersections of surfaces cannot be avoided, compligatiesh generation, and
that they utilize a tensor product structure making the eegntation of detailed
local features inef cient. Furthermore, it is impossibke represent most shapes
using a single, watertight NURBS surface. T-splines arecardy developed gen-
eralization of NURBS technology (see [37]). T-splines ectrthe de ciencies of
NURBS in that they permit local re nement and coarseningl arsolution to the
gap/overlap problem. Commercial T-spline capabilitiegehbeen recently intro-
duced in Maya [38] and Rhino [39], two NURBS-based designesys.

A NURBS surface is de ned using a set of control points, wHiehtopologically,
in a rectangular grid, as shown in Fig. 3a. This means thatge lpercentage of
NURBS control points are super uous in that they contain igmiscant geometric
information, but merely are needed to satisfy the topoligionstraints. In Fig. 3c,
80 percent of the NURBS control points are super uous (cadared). By contrast,
a T-spline control grid is allowed to have partial rows of tohpoints, as shown in
Fig. 3b. A partial row of control points terminates in a T-gtion, hence the name
T-splines. In Fig. 3c, the purple T-splines control points &-junctions. For the
head modeled by NURBS and T-splines in Figs. 3c and 3d, thaifes model
requires only 24 percent of the control points comparede¢dNblRBS model. For
a designer, fewer control points means faster modeling. firhe artist that created
the T-splines model of the car in Fig. 3e estimated that ik tmoe-fourth the time
it would have taken using NURBS. Re nement, the process direginew control
points to a control mesh without changing the surface, isngportant basic op-
eration used by designers. A limitation of NURBS is that remnent requires the
insertion of an entire row of control points. T-junctionsaéle T-splines to be lo-
cally re ned. As shown in Fig. 4, a single control point candmiled to a T-splines
control grid. Another limitation of NURBS is that becauseiagte NURBS sur-
face must have a rectangular topology, most objects mustlokeled using several
NURBS surfaces. The hand in Fig. 5 is modeled using seven N&Jpgd&ches, one
for the forearm, one for the hand, and one for each nger. dfifigult to join mul-
tiple NURBS surfaces in a single watertight model, as itaistd in Figs. 5a and
5b, especially if corners of valence other than four areoshiced. However, it is
possible to merge together several NURBS surfaces intagesyap-free T-spline,
as shown in Figs. 5c.

6 The standard variation diminishing property holds for NUR&urves but does not ex-
tend to surfaces.



Other methods have been devised for creating watertighbgnsurfaces of arbi-
trary topology. A notable example is subdivision surfaggd,[which are de ned
in terms of various re nement rules that map a control pobtfoa of arbitrary
topology to a smooth surface. They have been used for shalysis by Cirak et
al. [13-15]. The appeal of subdivision surfaces is thag Tiksplines, they create
gap-free models and there is no restriction on the topoldgiyeocontrol grid. Sub-
division surfaces are gaining widespread adoption in theaton industry. Most
of the characters in Pixar animations are modeled usingiwshh surfaces [44].
The president of Pixar Animation Studios, E. Catmull, wag of the inventors
of subdivision surfaces in 1978 [12]. The CAD industry has adopted subdi-
vision surfaces very widely because they are not compaiite NURBS. With
billions of dollars of infrastructure invested in NURBSetmancial cost would be
prohibitive.

Another serious problem with NURBS is that it is mathemadiyaanpossible for a
trimmed NURBS to accurately represent the intersectiomofNlURBS surfaces
without introducing gaps in the model. A reason for this stta generic curve of
intersection between two bicubic patches is degree 324 {@4d¢reas the degree
of the image of a conventional trimming curve is only 18. Fgllustrates how
these gaps occur. Fig. 6a shows the Utah teapot model in vitedhody and spout
are modeled as two distinct NURBS surfaces. Using surfaeesection operations
that are standard in CAD systems, the spout cuts a hole indtig Bnd the body
cuts away the excess portion of the spout. The white ringsgn@b show where
the cuts will occur, and Fig. 6¢ shows the resulting cuts. ffinemed teapot body
and spoutin Fig. 6¢ are represented using trimmed NURBSgLr6H, the trimmed
spout is moved back into position relative to the trimmedybdtbwever, they do
not form a watertight model, as the blowup in Fig. 6e shows.

An NSF-sponsored workshop in 1999 [1] identi ed the unawatil® gaps in trimmed
NURBS as the most pressing unresolved problem in the eld ADCThis prob-
lem is a major cause of the interoperability between CAD amalyesis software
[29], which was once estimated to cost the U.S. automotidestry alone over
$1 billion annually [11]. One existing approach is to emptbgaling” software,
which does not x the problem, but only reduces the size ofgydjne problem is
a signi cant ingredient in the design-to-analysis botdek because a CAD model
must be closed in order to generate an analysis-suitablb.niesplines provide a
way to close the gap [36]. Fig. 7 shows how T- splines can sgmiethe NURBS
model in Fig. 6 as a single, gap-free T-splines surface uiagnerge capability
of T-splines shown in Fig. 5c. In addition to the fact thatplises solve many of
the problems with NURBS that have vexed the CAD communitytioge decades,
T-splines are forward and backward compatible with NURB®erizf NURBS is
a special case of a T-spline (i.e., a T-spline with no T-jior or extraordinary
points) and every T-spline can be converted into one or m&fBBS surfaces by
performing repeated local re nement to eliminate all T¢tions. Compatibility
is crucial for commercialization, especially in a maturdustry like CAD, and it



may allow T-splines and NURBS to co-exist during a graduaigaeof T-splines
adoption.

The isogeometric concept would endeavor to use the surtegigmdmodel directly
in analysis. This would only suf ce if analysis only requsréhe surface geometry,
such as in the stress or buckling analysis of a shell. In masgg; if not most, the
surface will enclose a solid and an analysis model will neebe created for the
solid. The basic problem is to develop a three-dimensidnah(iate) representa-
tion of the solid in such a way that the surface represemtasi@xactly preserved.
This is far from a trivial problem. Surface differential acdmputational geometry
and topology are now fairly well understood [43], but thestidimensional prob-
lem is still open [40, 41]. The hope is that through the useeaf technologies,
such as Ricci ows and polycube splines [43], progress wallforthcoming. The
polycube spline concept has features in common with the leeyased system
developed by Zhang et al. [45] for modeling patient-speairterial uid-structure
geometries.

The current state-of-the-art in isogeometric analysis i®lows: A number of sin-
gle and multiple patch NURBS-based parametric models hega developed and
analyzed [4, 7, 16, 17, 24, 26, 45]. Various mesh re nemehestes have been
investigated, namelyy-, p- andk-re nement (i.e., meshC° order elevation, and
CP 1order elevation, resp.). It has been shown that isogeatraeteilysis preserves
geometry at all levels of re nement and that detailed feaguzan be retained with-
out excessive mesh re nement, in contrast with traditiondé element analysis.
Superior accuracy to nite element analysis on a degrefresfelom basis has been
demonstrated in all cases, and indications of signi cairiyreased robustness in
vibration and wave propagation analysis has been noted[1$¢@nd [28]). So
far, isogeometric analysis has been applied to simple galits and thin-walled
structures (see Fig. 8), and its extension to more comples mapparent (see
Fig. 9). The current range of applicability for isogeometainalysis includes more
complex thin-walled structures (see Fig. 10). The chakeisgo apply it to very
complex modules and assemblages. Examples emanating foalermship design
are representative (see Fig. 11).

Given the incredible inertia existing in the design and gsialindustries, one may
reasonably ask why one should believe that the time is rmgtransform the tech-
nology of these industries. Here are our reasons. Recdidtamy investigations
of the isogeometric concept have proven very successfuhpatibility with ex-
isting design and analysis technologies is attainablereTlseinterest in both the
computational geometry and analysis communities to embaikogeometric re-
search. Several minisymposia and workshops at interraltiopetings have been
held”. There is an inexorable march toward higher precision aedtgr reality.

’ For example, the 7th World Congress on Computational Mdckathe 9th U.S. Na-
tional Congress on Computational Mechanics, the Seven#mational Conference on
Mathematical Methods for Curves and Surfaces, and the &hnational Conference on



New technologies are being introduced and adopted rapidiesign software to
gain competitive advantage. New and better analysis téofigs can be built upon
these new CAD technologies. These tools will be adopted ginerering designers
because they are better, faster and cheaper. Engineeahg@rcan leverage these
developments as a basis for the isogeometric concept.

In Section 2 we review B-splines and NURBS. In Section 3, asetuge to T-
splines, we describe PB-splines, an unstructured "meshégdine technology. In
Section 4, we present T-splines, and in Section 5 we apppliiies to some basic
problems of computational uid and structural mechaniecsSkection 6 we draw
conclusions. Appendix A tabulates T-spline data for a sempésh for a plate with
a hole and Appendix B describes the process of merging cabhpaiio NURBS
patches into a single T-spline mesh.

Computation of Shell and Spatial Structures.
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Fig. 3. NURBS control points lie in a rectangular grid. RowsTespline control point

can be incomplete. (a) Topology of NURBS control grid. (bpdtmgy of sample T-spline
control grid. (¢) NURBS and T-spline control grids for headdel. 4800 NURBS control
points; 1100 T-spline control points. (d) Head modeled asRBS and T-spline. (e) Car
modeled using T-splines; one fourth the modeling time thih WURBS.
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Fig. 4. Local re nement using T-splines. The added cont@ih{s do not change the sur-
face.

(@)

(b) (c)

Fig. 5. (a) Hand modeled using seven NURBS surfaces. (b) Byoef highlighted region
showing NURBS control grids. (c) T-spline control grid; thap is closed using T-spline
merging.
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Fig. 6. Utah teapot model. (a) The original NURBS surfac&d. Ifitersection curves
where the body and spout intersect (the spout has been maagdfeom the body). (c)
Trimmed-NURBS representation in which the hole is cut inhbey and the excess part
of the spout is trimmed away. (d) Trimmed-NURBS body and spoeoved back to their
original positions. (e) Blowup showing the gap between thaytand spout inside the green
rectangle in (d).

(@) (b)

Fig. 7. Utah teapot model. (a) The trimmed body and spout fragn6.c each modeled as
a T-spline surface. (b) The two T-splines in (a) merged inkingle gap-free T-spline.
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Fig. 8. Examples of some of the simple solid and thin-walledcsures to which isogeo-
metric analysis has been applied.

(@) (b)

Fig. 9. Extension of the isogeometric analysis methodolmgyarious parts and compo-
nents is apparent. (Courtesy of S. Gordon, General Dynahkitestric Boat Division.)
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Fig. 10. Current range of applicability of isogeometric lgge includes more complex
thin-walled structures.
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Fig. 11. Some examples from modern ship design of the typesmiplex modules and
assemblages that present challenges to analysts. (GoaftesGordon, General Dynamics
/ Electric Boat Division.)
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2 B-splines and NURBS

We begin with a review of B-splines and NURBS with particidanphasis on the
features which are important for understanding the geizaetadn to T-splines.

2.1 B-splines

B-splines are piecewise polynomials that offer great @i and precision for
a myriad of modeling applications. They are built from a éineombination of
basis functionsthat span a correspondigspline space These basis functions
are locally supported and have continuity that is easilytrcdled. Members of
the resulting space have continuity properties that foltbrectly from those of
the basis. As we introduce the basic machinery needed td Besplines, we will
attempt to foreshadow our needs in a T-spline setting. Mwtatill necessarily be
overloaded as the complexity of the method builds, but eagmpt will be made
to call attention to any shifts in the notational conventsithey arise.

2.1.1 Knot vectors and basis functions

Univariate B-spline basis functions are constructed froknat vector A knot
vector is a non-decreasing sequence of coordinates in tiagnp#ric space, writ-
ten = f 1; 2;::1 nepr1 0 Where ; 2 R is thei™ knot, i is the knot index,

i =1;2:::;n+ p+1,pis the polynomial ordét, andn is the number of basis
functions which comprise the B-spline. More than one knat lba located at the
same location in the parametric space. A knot vector is saimktopen if its rst
and last knots have multiplicigy + 1. Open knot vectors are standard in the CAD
literature, and we will only consider the use of open knoteoesin this paper.

B-spline basis functions for a given ordprare de ned recursively in the paramet-
ric space by way of the knot vector, Beginning with piecewise constan{s£ 0)
we have 8
2 1if - < il
Nio( ) = | N (1)

0 otherwise.

Forp = 1;2;3;:::, we de ne the basis functions by the Cox-de Boor recursion

8 There is a terminology con ict between the geometry and ysislcommunities. For
example, geometers will say a cubic polynomial has degreed3oeder 4. In geometry,
order equals degree plus one. Analysts will say a cubic pohyjal is order three, and use
the terms order and degree synonymously. This is the caovewe adhere to.

15



Fig. 12. Quadratic basis functions for open, non-uniform otkn vector
= f0,0;0;1;2;3;4;4;5;5; 59.

formula:

Nip( )= —Nip 1( )+ —P  Niayp 1(): (2)

i+p i i+p+l i+1

Fast, stable, and ef cient algorithms exist for evaluatdB-spline basis functions
and their derivatives. The de Boor algorithm is perhaps thstifamous of these,
see [22].

From (1) and (2), one can verify that B-spline basis fundipassess the following
properties:

(1) Partition of unity: P Ly Nip()=1, 2 [ 1) nepe1l

(2) Pointwise nonnegativity Ni,( ) O, i=1;2:::;n

(3) Linearindependence L, iNip()=0, =0; k=1;2:::;n

(4) Compact support f jNip( ) > 09 [i; i+pe]

(5) Control of continuity: If a knot value has multiplicitk (i.e., i = 1 =
1= ik 1), then the basis functions a@® X-continuous at that location.
Whenk = p, the basis i€° and interpolatory at that location.

These features are very useful in a nite element contexé Tét four properties
ensure a well conditioned and sparse matrix. The fth propaitows for great ex-
ibility. Not only do smooth bases lead to superior accuraaydegree-of-freedom
compared witfC°-continuous bases [2, 17, 28], but the continuity can beaedu
to better resolve steep gradients [16]. Additionally, oae ase B-splines to build a
basis that spans the same space as clagsiegakion nite elements (that is, a basis
of orderp that isC° across element boundaries). This is the well-known Beimste
basis [30].

An example of a quadratic B-spline basis for f0;0;0; 1;2; 3;4;4;5;5;59 is
shown in Fig. 12. The basis is interpolatory at the rst anst lenot value due to
the use of an open knot vector, and also at 4, where the multiplicity of the
knot value is equal to the polynomial order. The basfis! = C?! across element
boundaries.
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2.1.2 Anchors

Note that knotsf g, , and basis function§N;;, g, , arenotin a one-to-one
correspondence. As the use of open knot vectors is assumdjtiout, we have
n+ p+1 knots anch basis functions. However, it will prove convenient to idgnt
unique locations in the parametric space to which basistiumg are associated.
We refer to these locations aschors They are de ned as follows. For eadh,,,
its anchor, denotetj is given by

8
2 i+( p+l) =2 if P is odd

ti:>

®3)

T isp=)t i+(p2s1 If piseven

The idea is depicted in Fig. 13 for a uniform knot vector.

2.1.3 B-spline Curves

Let ds denote the number of space dimensionsB-Apline curvede ned in ds-
dimensional spacR% is de ned as follows:

X
C()-= _ PiNip( ) (4)

i=1

whereP; 2 R% is acontrol point Piecewise linear interpolation of the control
points de nes thecontrol polygon

Important properties of B-spline curves are:

(1) Afne Covariance: An af ne transformation of a B-spline curve is obtained
by applying the transformation to its control points.

(2) Convex Hull: A B-spline curve lies within the convex hull of its contradipts
(see [33] for the relationship between the convex hull aegtiiynomial order
of the curve) .

(3) Variation Diminishing: A B-spline curve inR% cannot cross an af ne hyper-
plane of codimensiof (e.g., a line inR?, plane inR®) more times than does
its control polygon [31].

In addition, B-spline curves inherit all of the continuityoperties of their under-
lying bases. This is illustrated in Fig. 14a, where we buiB-apline curve from
the basis shown in Fig. 12. At the spatial location corresjpumto parameter value

= 4, the B-spline curve is only continuous. The B-spline cumieripolates the
control pointPg at this location. The use of open knot vectors ensures thatgh
and last control point$); andPg, are interpolated as well.

17



i,3 i+1,3 Ni+2,3 Ni+3,3 Ni+4,3

(a) Odd order, the anchors are the knots

i,2 i+1,2 Ni+2,2 Ni+3,2 Ni+4,2 Ni+5,2

(b) Even order, the anchors are the center of the knot spans

Fig. 13. Anchors. a) In the odd case, each function is cemtatea knot value. b) In the
even case, each function is centered at the center of a kant @p the case of a uniform
knot vector, the anchor location corresponds to the maxiratithe function in question,
but this will not occur in the case of a general knot vector.)

The control points are in one-to-one correspondence wélb#sis functions. This
also means that the control points and the anchors are iriosoee correspon-
dence. Just as the anchor informs us approximately whehe iparametric domain
each function is centered and takes its maximum, it alse tedl approximately
where the associated control point is located (see Fig. 14).

2.1.4 Multivariate B-spline functions
Multivariate B-spline basis functions are de ned by tenpooducts of univariate

B-spline basis functions. Inevitably, our notation becsenaebit cluttered as we
must now indicate the parameter of interest when referoreath of the univariate

18



(b)

Fig. 14. Quadratic B-spline curve R2. Knot vector and basis functions as in Fig. 12. (a)
Curve with control points and control polygon. Control gdimcations are denoted by the
red . (b) Curve with anchors. Anchor locations are denoted byehde .

the direction of interest. Whild, = 2 (surfaces) and, = 3 (volumes) suf ce for
nearly all geometry and analysis problems, this sectiosemes multivariate B-
splines of any dimension. Note that the appearanceasfa superscript is always
used for disambiguation and should never be interpretech &xjgonent. The B-
spline basis functions are built frody knot vectors, one for each dimension. We
write o on \ o

= 1o2v e n-+p-+1 (5)
wherep- indicates the polynomial order along parametric directipandn- is
the assqpiatedog‘umber of functions. These univariate Besplasis functions are
denoted N, . _ and are de ned using knot vector exactly as in Section

2.1.1. )
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We now de ne a multi-index 2 Z%. In particular, we are interested in the set

n n 0] 0]
= 0= liyiinig jio2f400ng8i=1;:00dy (6)

Now, for each multi-index 2 | , we can de ne a correspondlrtia, -dimensional
B-spline basis function as

Bip() \ Ni\\;p\( \)i (7)
where =( 1 2.0 @),
It is important to note that, with this de nition, there ar¢ctal onszl n- B-spline
basis functions associated with thg knot vectors. Multivariate B-spline basis
functions inherit most of the aforementioned propertiesheir univariate coun-

terparts, namely partition of unity, nonnegativity, corapaupport, higher-order
continuity, and linear independence.

In Fig. 15, we have plotteB+s.5412.24( ), @ bivariate B-spline basis function corre-
spondingto knot vectors! = f0;0;0;1;2; 2;3;4;4;4gand 2= f0;0;0;1;1;2;3;4g,
and the two univariate functions whose tensor product deiné\ote the decreased
continuity that the basis function inherits from its unizae consituents; in partic-
ular, there is a break in continuity along the global knogéint =2 and 2=1

The notion of an anchor for each function (or, equivaleritlyeach control point)

generalizes to the multidimensional case as well. With &g¢h we associate an-
chort;. The anchors of the multivariate functions are de ned assttecontaining

d, anchors associated with the univariate functions from WwBig, was built.

2.1.5 B-spline surfaces and solids

With multivariate B-spline basis functions de ned, we caomnde ne B-spline
surfaces and solids. Before proceeding, we de necthretrol mesh’ to be ourd,-
dimensional analogue of the control polygon. The controsimis the collection
of control pointsf P;g;,, with | as in (6). An example is given in Fig. 16 for a
guadratic mesh comprised of two elements.

To de ne a B-spline surface, wg require anmultl index=fpy; P20, two knot
vectors = I, 3ol Qe and 2= % %o 2., andacorre-
9 The terms control mesh, control net, and control lattice umed interchangeably. We
prefer the term control mesh because it corresponds to aoheshitilinear nite elements.
Note, however, that the control mesh and physical mesh stiacti objects in isogeometric
analysis.
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(@) (b)

(©) (d)
Fig. 15. Bivariate quadratic B-spline basis functiBiz.aq: 2.04( 1.2y for knot vectors
1= f0,0,0;,1;2,2,3:4:4,4g; 2= 1000121123 4g. (a) Univariate B-spline ba-
sis functionN3,( 1) (b) Univariate B-spline basis functioNZ,( 2) (c)Tilted view of
Bf3;3g;f 2;29( ) (d) Overhead view OBf3;Sg;f 2;29( )

sponding control meshP;g,,, . Then, the B-spline surface is de ned as

X
S()= PiBip() 8

i21
where the bivariate B-spline basis functid®s, ( ) are de ned by (7).

Analogously, to de ne g B-spline SO|Id we, need anmultl iRge = fpy; pg; P30,

three knotvectors1 = 0%; 5L mepe o o= &Gt Bipe sand
= 3 3 Sepen - a@nd acorresponding control meisR g, . Then, the
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(a) Physical mesh

(b) Control mesh

Fig. 16. A biquadratic B-spline surface generated from = f0;0;0;1;2;2;2g and

2 = f0;0;0;1;1; 1g. a) The physical mesh is comprised of the image of the parent d
main under the geometrical mapping. The curves in the palysiesh are the images of
the knot lines. In this case, we have two elements. b) Theaoamesh is comprised of the
red control points, the black lines connecting the contodhts, and the images of the knot
spans under a bilinear mapping. This is completely anal®gow’a nite element mesh of
four-node bilinear elements. Note that the control poimésreot generally interpolated by
the surface itself. It is extremely important to distindulsetween the physical mesh and
the control mesh.

B-spline solid is de ned as

X
V()= PiBip( ) %)

i21
whereB;.,( ) are now trivariate B-spline basis functions.

From henceforth, let us simply u§go refer to a multivariate spline object. While
there is a jump from the univariate case of curves to the naultite case, there is
little fundamental difference between different valuesipf 2.

Collectively, any B-spline associated with a particularafeknot vectors, polyno-
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mial orders, and control points is referred to gsaéch'®. Each patch has its own
parametric space. Large geometries are frequently baith imany patches. When
two patches meet, the control points coming from each sids beiidentical along
the interface where they meet, and the corresponding kietdrgeemust be identical
as well. Under these conditions, or®f-continuity of the basis is achieved across
the patch boundaries.

2.1.6 The index, parameter, and physical spaces

Fig. 16 shows both the physical mesh and control mesh imphiysical spacelt
is also informative to consider the domain of the mesh, aetutfstheparameter
space shown in Fig. 17, which is simply the pre-image of the phgkioesh. The
B-spline mapping takes each point in the parameter spac@oinain the physi-
cal space, and the images of the knot lines under the NURB®imgpound the
physical elements.

Fig. 18 shows the index space for the surface. It is createplddying the knots
at equally spaced intervals, regardless of their actualeglThis point of view is
extremely useful for developing algorithms, as well as foilding intuition. For
example, in the index space it is easy to identify the kn@diat which the support
of any given function will begin or end, as well as which fuoos have support
within any given element. This is trickier in the parametpacse as some of the
knots may have the same value. In Fig. 18, we have also plibtéeanchors of the
functions. Asp = 2 is even, these fall in the center of the cells created by tlé kn
lines. Were this an odd-ordered function, the anchors wiéallat the vertices of
the knot lines instead of inside cells. In both caghs,anchor for each function
lies at the exact center of its support in the index space.

2.2 Non-Uniform Rational B-splines

There are geometric entities R that cannot be modeled exactly by piecewise
polynomials. Many important ones, however, can be obtaihexligh a projective
transformation of a corresponding B-spline entityRff** yielding arational B-
spline In particular, conic sections, such as circles and elipsan be exactly
constructed by projective transformations of piecewisadgatic curves.

The construction of a rational B-spline curveRff begins by choosing a set of con-

These are referred to as the “projective” control pointse Thntrol points irR%

101n computational geometry the word “patch” refers to theecafsa surface. In our dis-
cussion we expand the concept to any dimension.
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Fig. 17. The domain of the mesh, a subset of the parametee,spawresponding to the
biquadratic B-spline surface seen in Fig. 16. The domaimefesh is the pre-image of

the physical mesh.

X5
2
X5
X X X X
2
X,
X X X X
2
X3
X X X X
2
X5
Xi 1 1 1 1
1 1 1
X
X x5 3 X4 X5 Xe X3

Fig. 18. The index space corresponding to the biquadrasplBe surface seen in Fig. 16.
The anchor for each function is shown as a red-or this even-ordered case £ 2), the
anchors fall in the centers of the cells. For an odd polynborider, the anchors would fall
at the intersections of knot lines. Note that, regardlessasdr, the anchor falls at the center

of the support of a function in the index space.

are then derived from the following relations:

(P); = (P}N_)j; j=1;:0000s (10)
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Wi = (P)d,+1 (11)

where(P;); is thej" component of the vectd?; andw; is referred to as the"
weight. Then, the NURBS (Non-Uniform Rational B-Spliney\aiis de ned by

X0
C()= PiRip() (12)
i=1

where the projected NURBS basis functidig ( ) are de ned by

WiNip( )
=1 WiNjp ()

Rip( )= P (13)

Multivariate NURBS basis functions are de ned analogousingd, knot vectors,
", and a set of weightbw;g.,, wherel is the appropriate index set. Giverand
i, the corresponding multivariate NURBS basis function isidé as

WiBi;p( )
21 Wi Bjp ( )

Rip()= P (14)

NURBS surfaces and solids are then de ned in the same masrigrsplines sur-
faces and solids, namely

X
()= PRip(): (15)

i2l

NURBS inherit all of the important properties from their gésvise polynomial
counterparts. These include

(1) Partition of unity

(2) Pointwise nonnegative
(3) Afne covariance

(4) The convex hull property

and the continuity of a NURBS object follows from that of thesks in exactly the
same manner as for B-splines. It is common practice to redalirweights to be
non-negative; otherwise, the convex hull property may loéated.

A B-spline object that does not use weights (i.e. the forns@néed in Section 2.1)
is called apolynomialB-spline to distinguish it from a rational B-spline. Notath
setting all the weights to be equal reduces a rational Bisph a polynomial B-
spline. In this paper, we refer to polynomial B-splines aspgines and rational B-
splines as NURBS. As in the case of B-splines, we refer cidliely to any NURBS

object associated with a single set of knot vectors, polyabarders, and control
points as a “patch.”

25



2.3 Re nement

Some of the ways in which NURBS can be re ned were discussgd6h For
the purposes of the present work, we recall dmgt insertion, as that will be the
focus of our investigation of T-splines. We will begin withet case of a B-spline
curve, and then extend it to the multivariate case. Exah#ysame process applies
to NURBS, but we re ne the projective control points ratheaut the control points
themselves.

2.3.1 Knotinsertion

The mechanism for implementingre nement is knot insertion. Knots may be
inserted without changing a curve geometrically or paraicedty. Given a knot
vector = f g o0 pepaQilet = f 1 = 4 2005 nemeprr = nepaad
be anextendedknot vector such that . The newn + m basis functions are
formed as before by applying recursion formulas (1) andd2h& new knot vector

P=TPP (16)

where 8

T__Ozzl it 2[5 j+1)

i (17)

0 otherwise
and

Tt = M Lpay Jrem TATe . for q=0;1,2:u5p L (18)
ita i ol el

Knot values already present in the knot vector may be refesteabove but the
continuity of the basis will be reduced. Continuity of thenaiis preserved by
choosing the control points as in (16)-(18).

If instead of a curve we wish to insert knots into one of thetkrextors, , of a
surface or solid, we utilize the same procedure. The matfiis generated exactly
as above by considering and . The new control points would be generated
by applying (16) to each row or column in the control mesh. &ample, let us
consider a B-spline surface into which we ingarknots in the parametric direction
*=1.Thatis, ! will bere ned, but 2remains the same. The new control points
for the surface are given by

X
Pi = _ TijPij; (19)



fori =1;2;:::;n;+ mandk =1;2;:::;n,. The new tensor product basis func-
tions are generated in the standard way froprand ».

2.3.2 Function subdivision

There is another way to view this process that provides saosight into the logic
behind T-splines. Let us denote Bythe space of all curves that can be built from
our original knot vector. , and letS be the space of all curves that can be built from
the extended knot vector, Clearly, if both our geometry and its parameterization
are to be preserved, then we must have that

s s (20)

A natural way to ensure that this is true is to insist that eafobur original basis
functions can be expressed as a linear combination of thaiuns from the re ned
basis. This notion diunction subdivisionis already presentin (16). To see this, let

the basis generated from where we have suppressed the polynomial order from
our notations for clarity. We have the following expressidéor our B-spline curve:

C()=P'N
=P'N
=(TPP)" N
=PT (TN ; (21)
and thus,

N =(TP)"N: (22)

An example of this concept is shown in Fig. 19. We begin wité kimot vector

= 0;0;0;0; 1;2; 3;4,5;5; 5; 5g, from which we generate a cubic basis, shown in
Fig. 19a. After inserting a new knot value of 1:5into the knot vector, we could
use (1) and (2) and generate a new basis, shown in Fig. 19b.f&action in the
original basis, like the one in Fig. 19c, can be represenseal laear combination
of functions from the re ned basis. In this case, the two fimres in Fig. 19d can
be combined to reproduce our original function, as in Fige.19

The relationship expressed in (22) is merely one way to Idoknat insertion.

Nothing is gained or lost in the univariate setting by coesiig re nement of the
functions, as opposed to re ning the knot vector and gemegat new set of func-
tions directly from them. However, re ning functions is a nmeogeneral concept,
and it will lead to more exibility when we revisit re nemertielow in the context
of T-splines.
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2.4 Limitations of a NURBS-based framework

NURBS have been, and continue to be, widely used by desigAsmhentioned,
they are a standard in the CAD community and have recently lbsed with a
great deal of success as a basis for isogeometric analysige\r, they have sev-
eral drawbacks that we would like to avoid. One is that theyegally achieve
only C°-continuity across patch boundaries. (In special circamsgs, they can
achieve higher continuity.) However, if two NURBS surfackesnot share a com-
mon boundary curve, they cannot even achi€fecontinuity without perturbing
at least one of the surfaces. Another drawback is that tmenjgiof two patches
that were created separately can be problematic, frequeagiiring the insertion
of many knots from one patch into the other, and vice versé iBha signi cant
disadvantage of NURBS: knot insertion is a global operatihen we re ne by
inserting knots into the knot vectors of a surface, the kimgtd extend throughout
the entire domain (see Fig. 20b). In [16], one approach talloe nement was
considered that involved multiple patches. This technidusvever, required the
use of constraint equations which are inconvenient to implet, and re nement
still propagates throughout a given patch. This is a proheinoth geometrical
modeling and in analysis. What we would like is a technoldmt allows us to use
the smooth functions and geometrical exibility of NURBShile permitting truly
local re nement.
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(@)

(b)

4,3

0.5

(€)

Fig. 19. Function subdivision. a) B-spline basis functiorgenerated from

= 1f0;0,0;0;1;23,4,5;5,5;5g and p = 3. a) New B-spline basis functions
generated from = f0;0;0;0;1;1.5;2;3;4,5;5;5;59 andp = 3. ¢) As an example,
considerNg4.3 from our original basis, which has support {5 4] and approaches the
origin with a second derivative of zero. d) The new basis hasftinctions,N4.3 andNs:3,
which also have support df; 4] and approach the origin with zero second derivative. e)
We can represerili4.3 as a linear combination dfl4;3 andNs;3 with coef cients of 1=2
and5=6, respectively.
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(a) Local re nement

(b) Global re nement

Fig. 20. a) There are many instances in which we would likeotally re ne an initial
NURBS mesh by subdividing an individual element. b) Unfoetely, knot insertion is a
global process that necessitates the propagation of tmeneent throughout the domain.
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3 PB-splines: An unstructured, meshless spline technology

As a prelude to the description of T-splines, we introduce ¢bncept ofpoint-
based splingsor simply PB-splines[37]. Though we will not actually compute
with PB-splines, we feel that they have the potential to heavémpact in the area
of meshless methods. Here, we examine them as a genemlipdtihe concept of
NURBS, and discuss both what is to be gained and lost by tseir u

3.1 Local knot vectors

Thus far, we have built spline basis functions beginninchvatknot vector and
the function de nitions of (1) and (2). From the building loks of these univari-
ate, non-rational B-spline functions, multivariate, oatl NURBS functions can
be constructed. Note that this process has already takergtmbal perspective —
knot vectors alone describe the entire parametric domaoaR however, that the
support of a B-spline functior;,, is contained ir{ i; i+ p+1]. As such, the only

are only interested ifN;,,, we have no need for the global knot vector. We can
instead de ne docal knot vector

oc=f o (23)

and use it in conjunction with (1) and (2) to de M, , without altering the result
in any way.

To illustrate the notion of a local knot vector, considert tee global knot vector

= 10;0;0;0; 1, 2; 3;4;5;5; 5, 5gand the associated basis for 3, shown in Fig.
21a. We takeN .3 to be the function of interest, shown in Fig. 21b. This fuoiti
may be characterized by the local knot vect{f = f0; 1; 2; 3; 4g. This local knot
vector alone is enough to de n¥,.3 through (1) and (2). That is, we do not even
have to know the polynomial order. A local knot vector wilhalys contain exactly
p + 2 knots, and so we can infer the order of the function from tmgtle of the
local knot vector.

Thus, although somewhat cumbersome and redundant in ta@tBssplines, one
could choose to abandon the original notion of a single dl&hat vector and
utilize a set of local knot vectors to de ne the basis funeioOf course, in a
univariate B-spline setting, all we would have gained isitholdal overhead and
notational complexity. Still, we have effectively decamsted the spline into its
basic parts. We now must decide how to put them back together.
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Fig. 21. a) Eight B-spline basis functions for f0;0;0;0; 1;2; 3;4,;5;5;5; 5g andp = 3.
b) Basis functiorN 4.3 extracted from global knot vector associated with localtkrestor
loc = 0;1;2;3;4g

3.2 PB-splines

Instead of beginning with a B-spline and extracting the ldecet vector and as-
sociated basis function, consider the case where we aréprbgomedocal knot
vector of arbitrary length

= f g (24)
where we have dropped the superscripc™ as we no longer have any notion of
a global knot vector and, hence, every knot vector will bernpteted as a local
knot vector. We associate with it a single functidn( ) of orderp = m 2.
Equations (1) and (2) guarantee tihat( ) is a unique and well-de ned function.
We will refer to it as ablending functionrather than a basis function as no space
has yet been de ned. Given many such functions, withoutragsgithat the various
knot vectors are related in any way, we could assign coefits@nd create a curve
from them.

direction. In order to de ne a functiorB ( ), we now required, knot vectors,
- = f 4 5 .0 From thesed, knot vectors, we computd, univariate
functionsN () such that
*o
B () N () (25)
‘=1
We will consolidate notation by collecting the knot vectorseach parametric di-
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rection into a set, denoted , given by

n Odp
- o1 ’ (26)
such that each uniquely de nes a functiorB ( ). To each  we will also
associate the support of (25), namely

@
D = [ 1 m ] (27)
1

Let us de ne a new index sef, containing all for which we have a set of local
knot vectors and corresponding blending functions. In otdduild a PB-spline,
we must rst de ne a domainD . ThoughD may be irregular, we must have that
D [ D : (28)
2A

The only requirement foD is thatP ,aoB ()>Oforall 2 D, butanecessary
condition for avoiding degeneracy is that each point alsinlibe the domain of
in uence of atleastl,+1 different functions. We can now de ne blending functions
on D by creating a partition of unity:

B ()

R ()= PB—(): (29)

2A

The blending functions will constitute a basis if their lmeéndependence can be
established. To each 2 A we assign a control poinE , and de ne a PB-spline
by X
S()= PR(): (30)
2A
Note that it no longer makes sense to refer to a “control mdste termcontrol
cloud seems more appropriate as there need be no organizatiopadogy to the
set of control points. Each point multiplies one functiofcGurse, choosing points
completely at random will result in degenerate geomethiesthe concept remains:
there is no clear ordering of the control points as in the cAB88#JRBS. The notion
of an anchor for each function also still persists. As witl tontrol points, these
anchors are completely unrelated to each other. As such dih@ot appear to be
useful here.

An example of a PB-spline surface R? is shown in Fig. 22. The supports of the
functions and the global domain are shown in the parametaresp Fig. 22a. In
Fig. 22b, we see the PB-spline, along with the control cldadhis case, the func-
tions used are all biquadratic, but nothing precludes udifigrent combinations
of polynomial orders for each function.
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Fig. 22. PB-splines. a) The suppotis, , and the parameter space for the splibep) The
corresponding biquadratic PB-spline with its four conpoints.

Several of the nice properties of NURBS persist in PB-sglinew in a completely
unstructured environment. This construction results jecs that possess the con-
vex hull property. They have at least as many continuousakdres as implied by
the local knot vectors from which they were built, and thecgsacan be locally
enriched by adding more blending functions wherever theydasired. The space
of blending functions is even complete in that it is capalbleproducing arbitrary
linear polynomials (any isoparametric basis that is alsarétpn of unity has this
property; see [25]).

Unfortunately, several undesirable features emerget, firsre is no notion of an

34



element in the classical sense. While the support of a fonc® , is easily dis-
cerned! from its local knot vector , there is no clearly identi able region that
we might call an element. Also, as each function has beentremsd without
regard for any other function, it is very dif cult to speak o nement in the tra-
ditional sense. Though new blending functions may be adtedllait is not at
all clear that new control points could be selected in suclay as to preserve the
original geometry. Finally, there is no clear way of assggshe approximability
of discretization spaces comprised of PB-splines. ThusspiBes have some nice
properties, but de ciencies as well. For example, we hage dmy sense of struc-
ture. With T-splines, we maintain much of the freedom of PBrRes, recover the
orderly structure of NURBS, and preserve many the desifaiolperties of both.

11 The fact that the support of the function is so easily idesdi may make this a very
useful meshless technology.
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4 T-splines: Smooth functions, geometrical exibility, local re nement

T-splines combine much of the exibility of PB-splines witie topology and struc-
ture of NURBS [37]. They will allow us to build bases that ammplete up to a
desired polynomial order, as smooth as an equivalent NURB& band capable of
being locally re ned in a manner similar to PB-splines butillkeeping the origi-
nal geometry and parameterization unchanged. The prepdhiat make T-splines
useful for geometrical modeling also make them useful faterelement analysis.

4.1 Control points, knot vectors, anchors, and the T-mesh

With NURBS, we used global knot vectors from which all of thadtions were de-
ned. With PB-splines, each function had its own local knettors that remained
completely independent of the other functions and theit keotors. For T-splines,
we strike a balance between the two cases. Each functiorhawi its own local
knot vector, but these local knot vectors can be inferreshfaoglobal structure that
encodes a topology and parameterization for the entirdifiespbject. This global
structure is called th&-mesh and it is drawn in the index space of the T-spline.

For T-splines, the polynomial order in a given parametniection is xed. Though
very similar, we must treat the cases of even and odd polyal@riers separately.
Let us begin with the odd-ordered case. Consider the T-miegWwrsin Fig. 23,
which corresponds to a cubic T-spline. Ignoring for the motrfeow such a T-
mesh is constructed, let us describe what it representsy Hiwe in the T-mesh
corresponds to a knot value, and every vertex is the anchardontrol point, two
of which have been drawn and labeled in Fig. 23. In order tlllihe corresponding
basis functions, we need to nd the local multivariate knettors.

Let us rst consider the anchar = f }; ?g. We know that the knots of the
anchor are at the “middle” of the local univariate knot vestdo nd the remaining
local knots for the rst parametric direction, we travel lmmmtally from the anchor,
recording the rst(p + 1) =2 knot lines that we encounter to the left of the anchor,
and the rst(p + 1) =2 knot lines encountered to its right. For, this yields ! =

f 1 3 1 & 2g. Inthe second parametric direction, we do likewise in théical
direction. It does not matter that the anchor lies at a THoncin the grid, we
still search outward from the anchor in the vertical directirecording the rst
(p + 1) =2 knot lines encountered above and below the anchor. Thids/iel =

f 2, 3 2 2 2g. Note that we do includeZ, though this line terminates in a T-
junction along the line of our search.

Let us consider a second point,= f 2; 2g. Our process is the same as before: we
search fo(p+1) =2 knot lines to the left and right of thte . In the second parametric
direction, we proceed exactly as before to obtatn= f 2; 2; 2; 2; 2g. In the
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Fig. 23. The T-mesh is an index space representation of 8mifie. Each line in the mesh
corresponds to a knot value. For odd polynomial orders, asche cubic example consid-
ered here, there is an anchor wherever two knot lines meetafithors = f 1; ?gand

t =f ; %gareidenti ed by the red dots.

rst parametric direction, we have the problem that the Tsiméerminates before
we have foundp+1) =2 knot lines to the left of the anchor. This seeming ambiguity
is resolved by recalling that we have generated this T-sphrmough the re nement
of a NURBS patch. As such, we know that we started with open kectors with
the rst and last knots repeatgzit 1 times. Thus, any knot values that cannot be
determined in a given direction are taken to be equal to wtevilue that has been
encountered. In this case, we have= f 1; 1; 1, 1. lg

Things proceed in almost exactly the same fashion for the ocdfven-ordered
polynomials. The only difference is that an anchor now falthe center of every
cell. Fig. 24 shows the T-mesh corresponding to a quadragiglife with two an-
chors plotted. The anchors no longer correspond to valugifocal knot vector.
We nd the local knot vectors by scanning horizontally andtially from the an-
chor and recording the rgd=2 + 1 knot lines that we encounter in each direction.
For example, fot in Fig. 24, we take the rsp=2 + 1 = 2 knots to the left and
right of the anchor to obtain! = f 1, 3; 1. 1g. Similarly, in the second para-
metric direction we have? = f 2; 2 3, 4, 2g. Proceeding in analogous fashion for
t ,itsknotvectorsare! =f 1; 1 1; lgand 2=1 3; 7; 2; Zg.

Note that in the special case where the T-mesh is a tensongtrogesh, the T-spline
is a NURBS patch. In general, the T-mesh itself is a subsdteoNURBS index
space, omitting only those cells that do not contain ancf{sas Fig. 18) due to the
use of open knot vectors.
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Fig. 24. For even polynomial orders, such as the quadratimele considered here, there
is an anchor at the center of every cell of the T-mesh.

4.2 Building a T-spline

Let A be the index set containing everyfor which we have a function in our
mesh. With everf? and de ned, we build function®8 using (25) exactly as
we did for PB-splines. For full generality, we assume thahezontrol point has an
associated weighty , and construct a set of basis functions as

_ wB () |
2A
Finally, our T-spline is given by
S():X PR () (32)
2A

4.3 Continuity and elements

The continuity of a T-spline object follows directly fromatof the basis functions.
In the NURBS setting, this was a fairly unambiguous statemaut the local T-
spline construction warrants closer consideration.

The continuity of each function is determined from its lokabt vector, exactly
as in the B-spline and NURBS cases. Each function of opdeill have CP &
continuous derivatives across a knot value, wheirg the multiplicity of the knot
value in the local knot vector. The dif culty arises from tfect that these values
only pertain to the support of the individual function. Adinf decreased continuity
does not necessarily propagate throughout the domainhasdtsplines may have
different degrees of smoothness within a T-mesh, as iitestrin Fig. 25.
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Fig. 25. T-splines allow continuity to change abruptly.

Consider the example shown in Fig. 26 for a quadratic T-spdinrface. In Fig.
26a, the continuity of the functioN , corresponding to anchdr , is not im-
mediately obvious. To determine it, we must rst considersupportD . From
the T-mesh, we observe that the local knot vectors dre= f 1; 1. 1. lgand

2=f2 2 2 2g,andthudD =[1; ] [% Z]. FunctionN is only aware
of its own knots, but from its point of view they extend thrtvagitD as if this
were a B-spline, as shown in Fig. 26b. The continuityNof is no greatet’ than
C?! across each of the knots in its knot vector. To denote thecestigontinuity,
we augment the original T-mesh by extending the relevant knes throughout
D , using dotted lines so that the local knot vectors for otbacfions can still be
determined unambiguously, as shown in Fig. 26¢. Finallyrepeat this process
for all of the functions in the T-mesh, addiogntinuity reduction lineswhere nec-
essary, as shown in Fig. 26d. Recall that we have an ancher fianction at the
center of each cell. For the sake of nomenclature, let ugdigsh between conti-
nuity reduction lines, the dotted lines we added to makeicoity discernible by
examining the T-mesh, and the solid lines de ning the T-mies#if. Continuity of
the functions is reduced across both the continuity redodines and the edges of
the T-mesh.

The union of all of the edges and continuity reduction limethe T-mesh represent
the set of all of the lines across which continuity of the sglis less tharC?! .
The T-spline is perfectly smooth within each of the cellsuhwhen integrating,
these are regions in which we may perform numerical quackaising classical
quadrature rules fo€! functions. This gives us a de nition adlementsfor the
purpose of numerical quadrature. Thus, in an analysisngeittiis convenient to
draw T-meshes with the continuity reduction lines includsdn Fig. 26d such that
the elements are obvious.

12 The continuity could be lower if knot values in the knot vecaoe repeated, just as for
B-splines. In the present discussion we are only concerrittddetermining lines along
which continuity is less tha@?! .
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(©) (d)

Fig. 26. Determining continuity from the T-mesh. a) A T-meshresponding to a quadratic
T-spline. b) The suppoi® . ¢) We extend the lines of the knots ih throughoutD to
indicate thaiN is no more tharC! continuous across them. d) Repeating this process for
all of the functions in the T-mesh enables us to determiresliof reduced continuity, and
thus to de ne elements for numerical quadrature.

Note that nothing precludes us from creating a valid T-mekahihcluded.-junctions
of the type seen in Fig. 27a. (In fact, “I-junctions” and eteld “point junctions”

are legal in this framework although we will not considersgdeonstructs in this
paper.) They do not present any ambiguity or new consideraiin the approach
we take to inferring the local knot vectors from the T-mesbr. the experienced
nite element practitioner, however, they can be discotingrwhen rst encoun-

tered. Itis crucial to remember that the T-mesh and the meshat the same thing.
We de ne the mesh as the union of the knot lines of the T-mesh thie continuity

reduction lines, as in Fig. 27b. Even when L-junctions eixishe T-mesh, the ac-
tual mesh still has the familiar character of a nite elemprash. No L-junctions
will ever arise in the integration mesh.
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Fig. 27. a) Valid T-meshes for splines can have L-junctionthem. The rules for inferring
local knot vectors are in no way changed for such a struchyrelements are de ned by the
union of the knot lines with the continuity reduction linesd so even when the T-mesh has
an L-junction, the integration mesh retains the topologgady familiar to nite element
practitioners.

4.4 T-spline Volumes

The extension of T-splines to three dimensions is relatigtlaightforward. We
de ne a T-meshin three dimensions as a lattice of rectangular prisms irreeth
dimensional index space. As an example, consider the thireensional T-mesh
shown below in Fig.28.

Fig. 28. Three-dimensional T-mesh

Analogously to the case in two dimensions, we refer to a sipgbm as a cell. Now,
each parametritacein the T-mesh corresponds to a knot value in the parametric
space. The extraction of local knot vectors, and in turniddfasictions, is similar
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to the two-dimensional case. Given a T-mesh, we associateanwith particular

points in the parametric space. If we are working with odd/pomial orders, then
we associate an anchor with each intersection of two or migesin the T-mesh.
In the case of even orders, we associate an anchor with theroaneach cell.

To extract the local knot vectors for a particular anchor,magch the appropriate
amount in each parametric direction from the anchor, rengrthe values of knots
we encounter along the way. Whereas in the two dimensiosalwa only recorded
knots when we encountered a line orthogonal to the direst®mwere traveling in,

now we record a knot whenever we encounter a face orthogortaétparametric
direction we are traveling in. This is illustrated in Fig..29

'
_

Fig. 29. Extracting a local knot vector from a three-dimenal T-mesh

Once we determine the local knot vectors, the set of T-spilams functions are
constructed in exactly the same manner as before, utili@ay Thus, given a T-
mesh and an appropriate set of control points, we may de hesgetdimensional T-
spline volume using (32). Notice that now we will have fackseduced continuity.
These should serve as a guideline for choosing elementsvdvieh to perform

numerical quadrature. Finally, the re nement algorithregented in [35] is easily
extended to three dimensions utilizing the function suistiv concept.
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Fig. 30. Reaction diffusion problem. Problem descriptiod data.

5 Numerical Results

5.1 Isogeometric uids analysis

We begin our numerical results section by applying the Tagglbased isogeomet-
ric paradigm to uids analysis. Isogeometric analysis ofduows with NURBS
discretizations is a well-studied topic, with applicasom turbulence modeling
[2, 5], cardiovascular ows [7, 45], and uid-structure iraction [6—8]. It has been
shown in these works that NURBS functions exhibiting higbeter continuity are
an ideal candidate for approximating such ows.

The model problem which we consider here is the linear adweceaction-diffusion
equation:

curarur (ru=f (33)
whereu denotes the concentrationis the reaction coef cienta is the velocity,
is the diffusivity, andf is the source.

We consider two opposite regimes of the advection-readtitinsion system:

reaction-diffusioné = 0), and
advection-diffusion¢ = 0).

The rst example involves the simulation of the reactioffusion problem de-
scribed in Fig. 30. We note that the boundary condition i® ztcept near the
corners. Since this particular problem is strongly donaddty reaction, we expect
that the solution is zero except near the corners, wherpidlsaspikes to one. With
local re nement, we hope to resolve these spikes near theecsr

The meshes we utilized for solving this problem are presemtéig. 31, and nu-
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Fig. 31. Reaction diffusion problem. Sequence of T-spliresihes.

merical results were obtained using Galerkin's methodutsah pro les for poly-
nomial orderp = 1; 2; 3are presented in Figs. 32 - 34. With increasing polynomial
order and local re nement, we see that not only are we abledersharply capture
the corner phenomena but we are also able to eliminate sfsupillations.

The second example involves solution of the advectioruslifin problem shown in
Fig. 35. Here, the Péclet number, which characterizes tetitipn between advec-
tion and diffusion, islO ©, making the problem strongly advection-dominated, and
thus we expect a sharp interior layer and sharp boundaryday¢he out ow. Suc-
cessful capturing of such layers requires robust, stabigenical techniques in ad-
dition to increased resolution. The problem was investidatsing NURBS-based
isogeometric analysis, SUPG stabilization [10], &gt nement in [26]. There, it
was noted that globallg-re ned meshes produced results that were nearly mono-
tone. Here, we investigate the effect of lobale nement on the solution.

We begin with a mesh of 10 x 10 NURBS elements. We then empl@automatic

re nement scheme that makes use of a simple gradient-bas@dredicator and the
algorithm described in [35]. At each step of the re nemelgngents are identi ed
for re nement based on the magnitude of the indicator. Adiselements is then
de ned, and they are bisected in each parametric direcgguentially according

to the order they appear in the list. In all cases, the stah88iPG formulation is
used with stabilization parameter= h,=2a, whereh, is the integration element
lengthin Hle direction of the ow velocity. For the problerartsidereda = jaj = 1
andh, = ° 2h, whereh is the element edge length. Recall that integration elesnent
are de ned by adding continuity reduction lines as desdiineSection 4.4.

44



Fig. 32. Reaction diffusion problem. Results for 1.

Fig. 33. Reaction diffusion problem. Results for 2.

The meshes generated by automatic re nement for the lingar (L) case are
shown in Fig. 36. We note that T-splines in this case cornegdo standard bilin-

45



Fig. 34. Reaction diffusion problem. Results for 3.

u=0

Internal layer 7

/

/

a = (cos()),sin(@))
q=4%,k=10°

u=1
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Boundary layel

Fig. 35. Advection diffusion problem, = 45 . Problem description and data.

ear transition elements (see Hughes [25], Figures 3.113 4.4, and the accom-
panying excercise). We see that the resulting meshes anedenear the interior
and boundary layers and the effects of re nement are quitelived. We further
see that L-junctions naturally arise from the automaticyement scheme. The re-
sults for these meshes are presented in Fig. 37. We nd thiit winement, the
layers become sharper, and the overshoots and undershmaiisthe layers are
attenuated but not eliminated. This is in contrast with titeation described in



Fig. 36. Advection skew to the mesh= 45 . Sequence of T-spline meshes for 1.

Fig. 37. Advection skew to the mesh= 45 . Results fop=1.

Hughes, Cottrell, and Bazilevs [26] in whidire ned meshes converged toward
monotone solutions. It is a somewhat surprising fact thaiatim higher-order ba-
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sis functions produce better results than locally-re ned-order basis functions.
This runs counter to the conventional wisdom.

In passing we note that the re nement algorithm describef@%j depends on the
order of the elements identi ed for re nement and, in cemtaases, the re nement
can propagate throughout a mesh. This indicates to us theriameze of developing
new re nement algorithms with better invariance and |lazatiion properties (see
also [18]).

5.2 Isogeometric structural analysis

An isogeometric structural analysis framework based ompliies preserves all
of the desirable properties of its NURBS counterpart. Irtipalar, T-splines also
satisfy standard patch tests. In what follows, we presentarical solutions for
linear elastic solids and structures. The Galerkin formoteof linear elasticity is
employed. All the calculations involve thin shells, butsbeare modeled as three-
dimensional solids and no shell assumptions are employdaeat algebraic equa-
tion solver was employed for each of the calculations.

The rst two examples come from the so-called shell obstaolgrse: the pinched
hemisphere and the pinched cylinder. These problems, aidréievance to the
assessment of shell analysis procedures, have been didcestensively in the
literature, and the particular form of the problems we hawvesen is adapted from
Felippa [23] and Belytschko et al. [9]. These problems wé@sen due to the local
nature of their external forcing (in fact, in both examplesnp loads are applied).
The last example we consider is the hemispherical shell gtiffener presented
in Rank et al. [32] who solved the problem using a nite elemerethod ando-
re nement strategy. In each of these examples, rather tlargwan automatic re-
nement strategy, we hand-crafted a sequence of T-meshesfmus polynomial
orders.

5.2.1 Pinched hemisphere

In the pinched hemisphere, equal and opposite concenfpaiatiload forces are
applied at antipodal points of the equator. The equatorhsratise considered to
be free (see Fig. 38). An example sequence of T-spline meskhswn in Fig. 39.
Due to symmetry, only one quadrant is meshed. In this caseqtsdratic NURBS
elements were employed in the through-thickness dire¢sea Hughes, Caottrell,
and Bazilevs [26]). Quadratic through quintic surface Tirgs were employed. A
contour plot of the displacement on the deformed con gwrats shown in Fig. 40.
Convergence of displacement under the inward directedftweattie various orders
is presented in Fig. 41. As in the case of NURBS [26], the qaiazicase converges
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very slowly and higher order functions lead to much fasteweogence to the exact
solution.

Fig. 38. Shell Obstacle Course. Pinched hemisphere prothéseription and data.

NDOF = 108 NDOF =432 NDOF =1200

NDOF = 2640 NDOF = 7872

Fig. 39. Shell Obstacle Course. Sequence of T-spline mdeh@inched hemisphere for
p=2.
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Fig. 40. Shell Obstacle Course. Pinched hemispherepvttb, NDOF = 1524: (a) Phys-
ical mesh and (b) Displacement contours in direction of imlmdirected point load on
deformed con guration (scaling factor of 30 used).

Pinched hemisphere displacement convergence
0.1 T T

-A-Quadratic
-©-Cubic
-©-Quartic
-B-Quintic

- - -Reference

2% I I I I I I I
0 1000 2000 3000 4000 5000 6000 7000 8000
Number of degrees of freedom

Fig. 41. Shell Obstacle Course. Pinched hemisphere deplect convergence.
5.2.2 Pinched Cylinder

The pinched cylinder is subjected to equal and oppositeartrated forces at its
midspan (see Fig. 42). The ends are supported by rigid cagpis. This constraint
results in highly localized deformation under the loadslyGome octant of the
cylinder is used in the calculations due to symmetry. As endase of the pinched
hemisphere, two quadratic NURBS elements were utilizederthrough-thickness
direction and quadratic through quintic orders of T-s@inere utilized on the sur-
face. An example sequence of T-spline meshes is shown iBigA contour plot

of the displacement on the deformed con guration is showirign 44. Conver-

gence of the displacement under the load is plotted in Figlt4S well known

that, as long as the characteristic surface element dimerssiarge compared with
the thickness, formulations which permit transverse sdefmrmations typically
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closely approximate formulations which satisfy the Kiroffrconstraint (i.e., zero
transverse shear) [27].

Fig. 42. Shell Obstacle Course. Pinched cylinder problescrijgion and data.

NDOF =1200 NDOF = 2640 NDOF =9072

Fig. 43. Shell Obstacle Course. Sequence of T-spline méshpisiched cylinder fop = 2.

(@) (b)

Fig. 44. Shell Obstacle Course. Pinched cylinder with 5, NDOF = 1260: (a) Physical
mesh and (b) Displacement contours on deformed con gurgeoaling factor o8 10°
used).
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Fig. 45. Shell Obstacle Course. Pinched cylinder displargroonvergence.
5.2.3 Hemispherical shell with a stiffener

The hemispherical shell with stiffener is subjected to gyawading and external
pressure, with the bottom surface xed in the vertical dil@t (see Fig. 46). Only a
guarter of the domain is modeled due to symmetry. The inttiesh is constructed
using rational quadratic NURBS in the circumferential diren and cubic NURBS
in the other two directions and is shown in Fig. 47. A serieseafied meshes is
shown in Fig. 48. We found that no re nement was needed in tteeimferential
direction due to the axisymmetry of the solution and the tlaat an exact geometry
is employed. Fig. 50 shows the vertical displacement and\Wises stress on the
deformed con guration.

The Euclidean norm of the displacement and the von Misessstrere calculated

at points A-D, identi ed in the problem description (Fig. 4&esults for sequences
of T-spline meshes are plotted in Fig. 51 along with resutisnfRank et al. [32]

for their nest simulation p = 8) which we take as a reference. Good agreement
in the converged displacements and von Mises stressesdasvebldor cases except
for the von Mises stress at point A, in which case the pressilt of the nest
mesh employed is somewhat higher than the result of Rank [&23l

52



R
Boundary conditions:
R2
At bottom surface of stiffener: t1
u=0 to
Lo
Symmetry ak-z-plane:
_ E
uy =0
Symmetry at/-z-plane:
uy =0
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10008,

Fig. 46. Hemispherical shell with stiffener. Problem dgsern from Rank et al. [32].
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Fig. 47. Hemispherical shell with stiffener. Initial me$)DOF = 360: (a) Coarse mesh and
(b) Detail of stiffener.

NDOF =972 NDOF = 2340 NDOF = 4248

Fig. 48. Hemispherical shell with stiffener. Re ned meshes
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Fig. 49. Hemispherical shell with stiffener. Detail of rement for nest mesh (NDOF =
4248).

() (b)

Fig. 50. Finest mesh (NDOF = 4248): (a) Vertical displacenmemtours (scaling factor of
500 used) and (b) von Mises stress contours, detail of iséiffe
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Fig. 51. Hemispherical shell with stiffener. Convergenéalisplacement and von Mises
stress at various points to benchmark solution [32].
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6 Conclusions

T-splines represents an extension of NURBS technologypéahits local re ne-
ment, watertight merging of patches, and a solution to thented surface problem.
These features are highly desirable in a design context anel tecently become
available in two NURBS-based design systems, namely, M28jglnd Rhino [39].
In this paper we have explored T-splines as a basis for isnge@ analysis. The
same features that make T-splines attractive for desigrentaitractive for analy-
sis. We have applied bivariate and trivariate T-splinesasfous orders to elemen-
tary problems of uid and structural mechanics and in allesaghey performed
well. As far as surface modeling goes, we believe T-splieebrology provides
a nearly complete basis for analysis. Outstanding issuesetn ef cient re ne-
ment strategies and treatment of so-called extraordinaiytf Existing surface
modeling tools also need to output all paraphernalia nacg$s perform analysis.
Presumably, this is a minor task and this should be availstdm. These issues
need to be researched from an analysis perspective. Theissaim facing three-
dimensional analysis is model generation. There is prgbablunique solution
to this problem judging from the variety of mesh generatioocpdures currently
used in nite element analysis. Different types of procestumay suit different
classes of analysis problems. An ambitious challenge woeitd generate a trivari-
ate T-spline representation preserving a given T-splintase representation. A
less ambitious, but nevertheless still very challengiagk twould be to generate a
trivariate T-spline that approximates a given T-splindae to a speci ed accu-
racy. Solutions of these problems would represent impbadvances in removing
the engineering design-to-analysis bottleneck. In aoldifl-splines also need to be
thoroughly researched and compared with traditional mklement methodology
on a wider variety of analysis applications.
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Appendix A. T-spline data for plate with a hole

In this appendix we explicitly tabulate the T-spline paraptalia for a simple ex-
ample. Namely, we fully describe all of the attributes of tjuadratic T-spline mesh
of a rectangular plate with a circular hole illustrated ig.FA.1. The mesh is built
from the T-mesh described in Fig. A.2. The description coistthe knot values for
the two parametric directions as well as the locations ohare Table A.1 lists the
local knot vectors associated with each of the basis funstior the T-mesh while
Table A.2 lists the control points and weights to build thatelwith a hole.

Fig. A.1. Plate with a hole: mapping of T-mesh onto physigace.
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Fig. A.2. Plate with a hole: T-mesh. In this gure, anchors designated by solid circles.
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Anchort | Horizontal local knot vector 1 | Vertical local knot vector 2
t1 f0; 0; 0; 0:5g f0;0;0; 19
to f0;0; 0:5; 0:59 f0;0;0; 19
ta f0;0:5;0:5; 1g f0;0; 0; 0:59
t4 f0:5;0:5; 1; 1g f0; 0; 0; 0:5g
ts f0:5;1; 1; 1g f0;0; 0; 0:59
tg f0;0; 0; 0:59 f0;0;1; 19
t7 f0;0; 0:5; 0:59 f0;0;1; 19
tg f0;0:5;0:5; 1g f0;0;0:5; 1g
tg f0:5;0:5;1; 19 f0;0;0:5; 1g
t10 f0:5;1; 1; 1g f0;0;0:5; 1g
t11 f0;0:5;0:5; 1g f0;0:5; 1; 1g
t1o f0:5;0:5;1; 1g f0;0:5; 1; 1g
t13 f0:5;1; 1; 1g f0;0:5; 1; 1g
t14 f0;0; 0; 0:59 f0;1;1; 19
t15 f0;0; 0:5; 0:59 f0;1;1; 19
t16 f0;0:5;0:5; 1g f0:5;1; 1; 1g
t17 f0:5;0:5;1; 1g f0:5;1; 1; 1g
t1g f0:5;1; 1; 1g f0:5;1; 1; 1g
Table A.1

Local knot vectors for T-spline basis functions.
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Anchort Control pointP Weightw
t; (-1,0) 1
t (-1,0.41421) 0.85355
t3 (-0.70711,0.70711) 0.85355
tg (-0.41421,1) 0.85355
ts (-1.375,3.25)) 1
ts (-2.5,0) 1
t7 (-2.5,0.75) 1
ts (-1.20231,1.20231) 0.92678
to (-0.59537,1.80926) 0.92678
tio (0,1.75) 1
t11 (-2.8125,2.8125) 1
t1o (-1.375,3.25) 1
ti3 (0,3.25) 1
tia (-4,0) 1
tis (-4,2) 1
t1e (-4,4) 1
t17 (-2,4) 1
tis (0,4) 1

Table A.2

Control points and weights for plate with a hole.
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Appendix B. Patch merging with T-splines

In this appendix we explain the concept of patch merginggisio simple exam-
ples. In these two examples, we merge two quadratic NURB&hpatsuch that
the nal geometry isC®- and C*-continuous, respectively. The T-spline local re-
nement algorithm used in this merging as well as more dstail patch merging
algorithms in the context of T-splines may be found in [37].

Suppose we wish to merge two quadratic NURBS patches whaseshes are
shown in Fig. B.1a and B.1b. FoiGY merge, we rst locally re ne the last column
of the T-mesh in Fig. B.1la and the rst column of the T-mesh ig.mB.1b as
demonstrated in Fig. B.2. Following this re nement step, adgust, if necessary,
the control points associated with the last column of theeBimin Fig. B.2a and
the rst column of the T-mesh in Fig. B.2b such that they areaqThis ensures
that the boundaries of the two geometries match and consple¢€° merging of
the two quadratic patches.

The nal geometry can be represented by the single T-mesingiv Fig. B.3 with
appropriately chosen control points. These control paanésinherited from the
original two patches and this inheritance is described bielB.1. Note that during
the merging process, the original geometry may be slighitdred as to arrive at a
watertight geometry. In this particular caseg &line is created.

Alternatively, suppose we wish to merge the two quadratidRBS patches shown
in Fig. B.1a and B.1b such that the new geometrgiscontinuous and is rep-
resented by a single T-spline patch. For this case, the giagches must be rst
extended such that there is an overlap region. To createvidréap region, we ex-
tend the patch in Fig. B.1a to the right such that the length@fnal knot interval
of this patch is equal to the length of the second knot intest/¢he patch in Fig.
B.1b. Similarly, we extend the patch in Fig. B.1b to the leftls that the length of
the rst knot interval of this patch is equal to the length bétsecond to last knot
interval of the patch in Fig. B.1a. The result of such an esitamis shown in Fig.
B.4. To preserve the original geometry on the two elongatddhes, the location
of new control points must be recomputed that is consistdht tive extension of
the parametric domain.

Following this elongation, we locally re ne the nal two coinns of the T-mesh
in Fig. B.4a and the rst two columns of the T-mesh in Fig. Babdemonstrated
in Fig. B.5. Then, we adjust, if necessary, the control moagsociated with the
second to last column of the T-mesh in Fig. B.5a and the ratiom of the T-mesh
in Fig. B.5b such that they are equal and the control poirge@ated with the last
column of the T-mesh in Fig. B.5a and the second column of thee$h in Fig.

B.5b such that they are equal. The geometry representedelsg tivo T-meshes
is now globallyC*-continuous. Note, by construction, there is an overlagvben

the resulting T-spline patches. The nal geometry can beasgnted by the single
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T-mesh given in Fig. B.6 with appropriately chosen contahps by removing two
repeated columns of control points.

The above merging process, while originally designed farnisg bicubic T-spline
patches, is extendable to patches of arbitrary order andrdiian. For &£" merg-
ing,n+1 columns of control points on one patch must correspomdttb columns
of control points on the other patch.
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Fig. B.1. T-meshes and knot values of two quadratic NURB&Hhezat. In this gure, anchors
are designated by solid circles.
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Fig. B.2. Local re nements of T-meshes from Fig. B.2 to agrat matching patches. Con-
trol points of anchors designated by stars are adjustedtbathhe boundaries of the two
geometries match.
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Fig. B.3. MergedC® geometry represented by a single T-mesh.
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Anchor in Fig. B.3| Anchors in Fig. B.2 Anchor in Fig. B.3| Anchors in Fig. B.2
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Table B.1

Inheritance diagram for the single T-mesh given in Fig. Bt# anchors in the rst column
inherit the control points of the anchors in the second calumalogously, the anchors in
the second-to-last column inherit the control points ofahehors in the last column.
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Fig. B.4. Elongation of T-meshes from Fig. B.1.
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Fig. B.5. Local re nements of T-meshes from Fig. B.4 to agrat matching patches. Con-
trol points of anchors designated by stars are adjustedtbatithe boundaries of the two
geometries match.
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Fig. B.6. MergedC?! geometry represented by a single T-mesh.



