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Abstract. The issue of reliabilit y of computer predictions of physical events

is examined as the goal of veri¯cation and validation processes. It is argued

that veri¯cation, both solution and code veri¯cation, can be carried out with a

high degreeof con¯dence, even though much remains to be done to impro ve and

advance veri¯cation procedures. It is validation of mathematical models that

stands as the major bottleneck of reliable computer predictions. Uncertain ty

of input data represents a major feature of validation processesand must be

quanti¯ed if models are to be judged valid or invalid. Examples are given

from solid mechanics and heat transfer that demonstrate validation processes

employing stochastic models and fuzzy set theories.

Key W ords. Ver¯cation, validation, computer simulations.

1. In tro duction

Computational Science(CS) is the discipline concernedwith the useof computers
and computational methods to simulate physical events and to make quantitativ e
predictions of physical phenomena. Such predictions are often used as a basis for
critical decisionse®ectingthe health, security, and well being of humankind. For
this reason, CS has had a major impact on many ¯elds in engineering, physics,
chemistry, health sciences,economics,̄ nance, politics, and other areas. The great
promise that CS will be of immensevalue to all areas of scienceand technology
dependson a crucial factor: the reliabilit y of computer products and our abilit y to
measurein someway this reliabilit y [34].

In a recent report, Post [38] speaksof the coming crisis in CS arising from three
major challenges: a) performance, b) programming, and c) prediction. We agree
with Post that the performanceand programming challengeshave beenmet or will
be met soon, but the prediction challenge will require considerableadvancement
and maturit y in the way that simulation is done and interpreted.

Concerning performance, a look at the history of computer performance over
the last one-and-a-half decadesgives weight to the viewpoint that the so-called
"p erformance challenge" of CS is well in hand. Using the 11/780 VAX as a unit
measuringcomputer capabilities a decadebefore the end of the twentieth century
(1989), the unit involvesone megabyte of memory, a half gigabyte of disk storage,
and one cpu with a speed of 0.1 mega°ops. In 1992, three years later, the IBM
RS580had 54 times the memory of the VAX and its speedwas 1000times greater.
In 1997, eight years later, the SGI Power Challenge had 1000 times the memory
of a VAX, six cpu units with a theoretical speed of 18,000times that of the 1989
VAX. In November of 2004,IBM's Blue Gene/L supercomputer becameoperational
with an expected peak performance of 36.0 £ 1012 °ops, over a hundred million
times faster in unit capability than the VAX. Today, $1000can buy a computer as
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powerful as the biggest and most capablecomputer available at any cost in 1990.
Experts predict that Moore's law will continue to hold for 15-20yearsso that this
exponential growth in performancewill continue [21]. Thesedata convince us that
the performancechallengeis being met.

The programming challenge, supplying the software to keep up with hardware
developments, is alsobeing met, albeit at a slower pace. Signi¯cant progressin the
development of new languagesand new devicesgivescon¯dence that the program-
ming challengeis being reasonablyaddressedand can be met even more vigorously
in the yearsahead.

The prediction challenge, which is at the heart of CS, is viewed as the most
di±cult challengeto bemet in the future, and standsasa major bottleneck, perhaps
a crisis, in CS. Again, the major issueis the reliabilit y of computer predictions and
their useas a basis for important decisions.

In the present paper, wewill discussthe prediction challenge,comment on various
mathematical aspects of it, and point to someseriouslimitations of contemporary
methods of computer prediction. We will also addressthe question of what ma-
chinery must be developed in order to use such predictions to make meaningful
decisions.

2. Veri¯cation and Validation in CS

Veri¯cation and Validation (V & V) has emergedin recent yearsas the intellec-
tual and technological discipline that addressesthe prediction challenge. Both are
processes,veri¯cation being the processesaddressingthe quality of the numerical
approximation of the mathematical model used as the basis for a prediction, and
validation being the processaddressingthe reliabilit y of the mathematical model as
a faithful abstraction of reality. V & V hasbeenthe focusof much study and debate
in recent years and a relatively large literature exists and is expanding (e.g.,[19],
[22], [23], [33], [39], [42]).

In [11], we present a detailed list of de¯nitions and conceptsrelated to V & V.
Worthy of mentioning here are the following:
² physical event: an occurrencein nature, a fundamental entit y of physical reality
² simulate: to build a likeness;in our case,the likenessis produced by the inter-
pretation of prediction results produced by a computer
² mathematical model: a collection of mathematical constructions that provide ab-
stractions of physical events, based on scienti¯c theories covering the event, and
available input information
² computational model: a discreteapproximation of a mathematical model rendered
in a form manageableby a computer or an appropriate computing device.

A typical exampleof a mathematical model is the set of equationsand conditions
characterized by a boundary value problem involving deterministic or stochastic
di®erential equationstogether with functionals de¯ning quantities of interest. These
quantities of interest are the goalsof the computer prediction, which, in turn, are
the basis for decisions.

The mathematical problem is described by its structure and its input data. The
structure of the mathematical problem comprisesfunctional relations betweenthe
input and the output. For example, the structure can be expressedby a system
of conservation laws. The input data is the set of all admissible data neededfor
solving the mathematical problem. For example, input data includes the classic
boundary conditions and parameters used in the structure of the problem. The
data also include the characterization of the uncertainty as when it is part of the
2
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Figure 1. The scheme of the mathematical problem

mathematical problem. We will include part of the mathematical problem the
quantitativ echaracterization of the uncertainty in the predicted quantit y of interest.

In the literature the term mathematical problem and mathematical model are
not distinguished, although the term model is often used in a more generic sense
than mathematical, which involvesall input data. We will not distinguish between
the problem and the model either. Symbolically, the mathematical problem can be
viewed as shown in Figure 1.

It is worthwhile to distinguish betweenthe generalmathematical problem and a
speci¯c one which employs speci¯c input data. This speci¯c problem then leadsto
the desiredprediction. In this case,we speak of the prediction problem. Validation
problems, intro duced later, are also speci¯c problems for someinput data, which
are di®erent from the prediction problem. The validation problem, of course,must
have somefeatures in common with the prediction problem.

A mathematical problem is a mapping of the space(set) of input into the out-
put space. From this point of view, every mathematical problem is, in a sense,
deterministic becauseany uncertainty is described in a deterministic way. This is
accomplished,for example, by using the parameters de¯ning the probabilit y den-
sity, by using Karhunen-Loeve expansionsor characterizing ignoranceby specifying
the membership functions of fuzzy set theory.

In the literature, simulation is sometimespresented without a referenceto any
mathematical problem. Nevertheless,if the simulation of a physical event has to
be independent of various computational parametersand procedureswhich are not
directly related to the physical event of interest, then a mathematical problem
has to be in the background, so that it is always possible to speak of accuracy,
convergence,etc.

We would like to underline that in reality the input data always contain uncer-
tainties not taken into account in classicaldeterministic modeling.

Identi¯c ation is the processof obtaining input data for a speci¯c problem, for
example for the prediction problem. They are obtained by various means, for
example,by ¯tting the data from calibration experiments.

Uncertainty, variability and ignorance. We have to distinguish between objec-
tiv e uncertainty, addressingvariabilit y (aleatoric uncertainty), and subjective (or
epistemic) uncertainty. We usethe term ignoranceto denotethe partial incertitude
that arisesbecauseof the limits of knowledge. For example,variabilit y in the coe±-
cients of a partial di®erential equation can be described in a probabilistic way using
known probabilit y ¯elds obtained from experiments. We will speak of ignorance, if
the probabilit y ¯eld is characterized by expert opinions. In most practical cases,
di®erent levels of ignorance are always present. Insu±cient input information is
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often available due to, for example,the absenceof experimental data, in which case
one must rely on the opinions of experts. Often the reliabilit y of a prediction is
more in°uenced by ignorancethan by variabilit y. The quantitativ e characterization
of uncertainty, either variabilit y or ignorance, is a major problem. In this paper,
we speak in general about uncertainty, but more precisely, we will use the terms
variabilit y and ignorancewhen appropriate.

Veri¯c ation is the processof determining if a computational problem and the
code implementing the computational problem leads to a prediction of su±cient
accuracy, i.e., the di®erencebetween the exact and computed quantit y of interest
is su±ciently small. Hence,veri¯cation has two aspects, the approximation aspect
and the veri¯cation of the correctnessof the code, i.e., the program developed
to implement the computational model can faithfully produce the intended results.
Although codeveri¯cation is obviously essential, wewill not addressit in the present
paper. The ¯rst part of veri¯cation, so-calledsolution veri¯c ation, is essentially a
problem of a-posteriori error estimation. It addressesnot only classicalmethods of
error estimation of standard approximation methods (such as ¯nite elements) but
also errors due to simpli¯cation of the problem. For example, errors due to the
linearization of a nonlinear problem or of dimensional reduction, or the error in the
simulation produced by Monte Carlo methods because,as it was said above, there
is always a mathematical problem in the background.

A posteriori error estimation is a fairly mature subject and many techniquesfor
developing a-posteriori error estimates have been proposedin the literature, e.g.,
[1], [12], [13], [35], [36]. A posteriori error estimation is a purely mathematical pro-
cessand, while many open problems remain, e®ective methods exist for addressing
solution veri¯cation for a large classof computational models.

Validation is the processof determining if the mathematical model of a physical
event (the prediction) represents the actual physical event with su±cient reliabil-
it y. In contrast to the veri¯cation, validation addressesthe problem how well the
theory describesreality. This question is related to a major problem in philosophy,
especially in the philosophy of science.A ¯rst question is what is actually meant by
validation and whether validation is even possible. The related question of whether
a scienti¯c theory can be validated wasaddressedby the eminent twentieth century
philosopherKarl Popper [37]. For more discussionof this point, seealso[11]. In the
validation procedure,we considera set of validation problems. Theseproblems are
speci¯c mathematical problems for which someof the input data are the sameas
those in the prediction problem, but others may be di®erent. For example, in the
elasticity problem, the domain and the boundary conditions are di®erent for the
validation and the prediction problem, but the constitutiv e law is the same. These
validation problems are simpler than the prediction problems and can, in general,
be experimentally studied.

Remark In addition to the relatively simple validation test, one very complex
and expensive validation one, called the accreditation test is sometimesused. We
note that it is still not so complex as the prediction problem. ¤

An issueof fundamental importance is to develop a plan for validation in the
absenceof experimental data or for casesin which only incomplete data are avail-
able. In such cases,a systematic approach toward quantifying ignorancehas to be
consideredusing, for example, fuzzy set theory or comparableapproaches. Instead
of experimental data, expert opinion has to be used as a basis for assessingthe
validit y of models and quantifying uncertainty.
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Remark . Experimentation also involves analogsof veri¯cation and validation.
The accuracy of measurements is analogousto veri¯cation while validation relates
to the question of whether the experiment measuredwhat was intended. ¤

In the validation process,the computed predictions of the measureddata are
comparedwith the actual measureddata or the experts expectation. If they di®er
too much in a given metric for the criterion used,then the (prediction) models are
rejected. If a su±ciently large set of validation problems is not rejected, then the
prediction problem is consideredto be validated and it is assumedthat the accuracy
(or likelihood) of the prediction is closeto the accuracy of the predictions in the
validation problems. The metric used and the criterion for comparison has to be
closely related to the prediction problem and its goals.

The validation process,can be broad and not con¯ned to simply testing as-
sumptions made in the formulation of the mathematical model. For example, the
validation processcould be designedto also assessthe reliabilit y of the techniques
for quantifying uncertainty in the context of the quantit y of interest, as well as to
assessthe robustnessof the model regarding its sensitivity to uncertainties. The
selection of the validation problems and metrics is not an easy problem. It has
mathematical and experimental aspects and, becauseof the cost of experiments,
¯nancial aspects that have to also be considered.

The prediction and validation problems are always di®erent becausethe pre-
diction problem is not accessibleto experiments. If experiments on the original
prediction problem are actually carried out, then their comparison with predic-
tions is referred to as a post-audit and the prediction reducesto another validation
problem.

Becauseof today's powerful computers, veri¯cation is often an achievable pos-
sibilit y for an increasedcomputational cost. Validation is then the bottleneck in
assessingthe reliabilit y of computer predictions.

In the following sections we address three speci¯c problems, which illustrate
various basic possibilities occurring in prediction problems.

3. Examples of Mo dels of Ph ysical Ev ents

(1) A problem in which experimental data are insu±cient and ignorance is
present. We will demonstrate the useof quantitativ e fuzzy set characteri-
zations of the ignorance.

(2) A problem in which su±cient experimental data are available to lead to the
rejection of the most commonly usedmodels of plasticit y.

(3) A problem in which the variabilit y is fully known by its probabilit y ¯eld.

3.1. Quasi-Static Pr oblems in Solid Me chanics . As a ¯rst example,we con-
sider events modeled as the quasi-static deformation of a deformable body with
material points x in a bounded domain ­ ½ R3 subject to time-independent or
cyclic boundary conditions. The quantities of interest are speci¯ed below. We will
assumethat the boundary data are su±ciently small so that the standard assump-
tions of small displacements are valid. The mathematical problem is to ¯nd certain
quantities of interest, which may depend upon the displacement ¯eld u, the stress
tensor ¾ and the strain tensor ² which satisfy

(3.1) div ¾(x; t) = 0 ¾ = f ¾ij g;

(3.2) ¾(x; t) = A(" (x ; ¿)) ; 0 · ¿ · t;
5
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" = f " ij g; " ij = (@ui =@x j + @uj =@x i )=2

x 2 ­ ½ R3; t 2 (0; T);(3.3)

and boundary and initial conditions,

u = 0 on ¡ D ½ @­ ;

T (u) = T 0(x ; t) on ¡ T ½ @­ ;(3.4)

where T 0(x ; t) are the prescribed tractions.

(3.5) u(x; 0) = u0(x); x 2 ­

Here, A represents a functional characterizing the constitutiv e law of the mate-
rial. In the caseof linear elasticity, we have

(3.6) ¾ij = Cij k l " k l ; 1 ¸ i; j ; k; l · 3

where Cij k l is the standard elliptic fourth-order tensor of elasticities and the usual
summation convention is employed.

In the case of the plasticit y, we consider a family of constitutiv e laws based
on the use of the internal variables and two basic assumptions: the existenceof
a convex yield surface and the normalit y condition (the plastic strain increment
during plastic °ow is proportional to the outward normal to the yield surface).

We denote by T 0 the traction vector de¯ned on a portion ¡ T of @­ and the
quantities of interest, denoted, Q are functionals which speci¯cally are de¯ned
later.

3.2. The Heat Conduction Problem. Consider the boundary-value problem,

div a(x) grad u = f on D ½ R3;(3.7)

u = 0 on @D:(3.8)

When a(x) represents the thermal conductivit y at a point x in a bounded domain
D , u(x) is the temperature at x, and f is a heat source, then (3.7) and (3.8)
represent the classicalmodel of di®usive heat conditions in D . This is a generic
formulation of the mathematical problem wherein the assumptions on the input
data and the solution are not speci¯ed there. A speci¯c problem will be addressed
in Section 6.

4. Speci¯c Elasticit y Problem. Uncertain t y, Variabilit y and Ignorance

There are many ways to address uncertainty, depending what information is
available. We will restrict ourselvesto a few speci¯c examples.

4.1. The linear elasticit y problem. The input data are:
(1) The domain
(2) The elasticity tensor - the constitutiv e law
(3) The tractions T

We will assumethat the tractions are time-independent. All input data have
uncertainties. The signi¯cance of the uncertainty depends on the quantities of
interest.

(1) The domain . The de¯nition of the domain invariably includes uncertain-
ties; for example,when the domain is givenby the digital imagewith a pixel
representation of the boundary [7], or if the domain is generatedusing a
CAD system. Another exampleinvolvesmodelsof thin shells,where in the
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actual fabrication, the variation in the thickness is uncertain and can be
a major part of the uncertainty in the prediction (see[42]). Here we will
assumethat the uncertainty in the domain has negligible in°uence on the
quantit y of interest.

(2) The constitutiv e law. For the elasticity example, we assumethat the
material is the aluminum alloy, 5454 in the H 32 temper. It is essentially
isotropic, although depending on the manufacturing processand rolling,
some anisotropy is always present. We will assumethat the material is
isotropic and that the elasticity properties are characterized by only the
modulus of elasticity E and the Poissonratio º .

In the standard literature on mechanical properties of aluminum, only
the valuesof the modulus of elasticity and Poissonratio are given without
any information about their statistics. See,for example, [2], [3], [31], [43].
We will assumethat the published values of E and º are mean values of
some statistical distribution. In Table 1, data taken from [8] are repro-
duced. Here the sheethas a nominal thicknessof 0.2 inchesand the plate
has a nominal thicknessof 0.4 inches.

Table 1. Basic Prop erties of Alumin um Allo y 5454 in H32 Temp er.

Sy psi Su psi Elong % RA % E psi %
Plate 25.5 40.0 17.6 28.1 10,000 1.6
Sheet 31.1 42.6 15.7 26.6 10,400 1.4

In Table 1,

Sy is the tensile yield strength

Su is the ultimate strength

E long is the elongation

RA is the reduction in area

E is the modulus of elasticity

%is the ratio Su =Sy which is rough indicator of the strength hardening.
The Poissonratio is not reported in [43]. From [31], data suggestthat

it is not too dependent on the thicknessand has a value, º = 0.33.
Remark . The modulus of elasticity and the Poissonratio are usually

determined from classicaldog-bone experiments. Measuring Poissonratio
is more di±cult than the modulus of elasticity becauseit is de¯ned as the
ratio of two strains. Hence,the Poissonratio could have, in general,a larger
uncertainty due to the measurement error. ¤

Becausethe data variabilit y in (E ; º ) is not known, uncertainty must
be treated as ignorance. We will describe it here using fuzzy set theory,
speci¯cally through the use of so-called® cuts; see,for example, [4], [20],
[24], [29].
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Figure 2. The mem bership function for A®

Denoting the nominal values of the modulus of elasticity and Poisson
ratio by E 0 and º 0, we will assumethat in our speci¯c problem the ® cuts
are given by

A® =

(

(E ; º )

¯
¯
¯
¯
¯

¯
¯E ¡ E 0

¯
¯

E 0 · ¯ E ;

¯
¯º ¡ º 0

¯
¯

jº 0j
· ¯ º for ® = 1;

¯
¯E ¡ E 0

¯
¯

jE 0j
· ¯ E (2 ¡ ®);

¯
¯º ¡ º 0

¯
¯

jº 0j
· ¯ º (2 ¡ ®) for 0 · ® · 1

)

(4.1)

where ¯ E = 0:01 and ¯ º = 0:04. In Figure 2, we show the associated
membership function. The value ® expressesquantitativ ely the likelihood
that (E ; º ) is in the set A®.

We have no information about the correlation between the values of
E and º at di®erent points of the material. Hence we will assumethese
parametershave ® cuts independent of the positions of material points.

(3) The tractions . Tractions represent the e®ectsof the outside environment
on the boundariesof the body. Thesedata are determined by independent
tests, codes, other numerical calculations, or, as is often the case, they
are speci¯ed within standard regulation documents such as construction-
designcodes. In many cases,they are speci¯ed by the analyst. Typically,
several sets of di®erent tractions are consideredin a simulation. Thus, in
general, tractions can include large uncertainty and ignorance. Very often
the reliabilit y of a prediction is heavily in°uenced by the ignorance in the
boundary conditions.

In this example, we characterize the ignorance in tractions once more
by fuzzy theory. Let ¡ T = [ 3

` =1 ¡ `
T . We will assumethat the membership

functions set of the traction T is

A®
nD

kT kL 2 (¡ 1
T ) · 30; with ® = 0:3

E
;

D
kT kL 2 (¡ 2

T ) · 10;

with ® = 1:0i ;
D

kT kH 1 (¡ 3
T ) · 50 with ® = 0:7

Eo
(4.2)
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where® is the degreeof membership which quantities the likelihood. For
simplicit y we will addresstwo casesseparately:

(1) The nominal traction T is completely known and the uncertainty is only in
the material properties E ; º .

(2) The material properties with nominal valuesE 0; º 0 are completely known
and the uncertainty is only in the traction T .

Let

(4.3) ­ = f jx1j < 4 = `1; 0 < x2 < 20 = `2; jx3j < 2 = `3g (inches)

and denote by Q1 and Q2 the quantities of interest,

(4.4) Q1 =
1

jS1j

Z

S1

u3 dx1dx3; S1 = f 0 < x1 < 4; x2 = 20; jx3j < 2g

(4.5) Q2 =
1

jS2j

Z
u2 dx1dx3; S2 = f 0 < x1 < 4; x2 = 20; 0 < x3 < 2g

where ui are the components of displacement.
Let E 0 = 10; 400psi; º 0 = 0:33 and (E ; º ) belong to the ® cuts de¯ned by (4.1)

with ¯ º = 0:04 and ¯ E = 0:01. Further let

¡ D = f xj jx1j < 4; x2 = 0; jx3j < 2g; ¡ T = @­ ¡ ¡ D

¡ ¤
T = f xj jx1j < 4; x2 = 20; jx3j < 2g(4.6)

and

T 0 = (t1; t2; t3); t1 = t2 = 0; t3 = 1 on ¡ ¤
T

T 0 = 0 on ¡ T ¡ ¡ ¤
T

u = 0 on ¡ D(4.7)

Then the mathematical problem reads: based on the weak solution of the bound-
ary value problem (3.1)-(3.6) and (4.1)-(4.6), ¯nd the ® cuts for the quantities of
interest Q1 and Q2. We observe that the problem is an optimization problem (in
this context, the term anti-optimizations could also be used) becausewe seekthe
range of valuesof Q when (E(x); º (x)) belong to the ®-cut for every x 2 ­.

This problem, its theoretical properties and its numerical solution was analyzed
in detail in [10]. The numerical treatment was basedon ¯rst-order perturbation
theory with an estimate of the in°uence of this approximation. The p-version of
the ¯nite elements wasusedand an a-posteriori error estimation wascomputed, so
that the veri¯cation was also addressed.

Denoting by Qi ; i = 1; 2, the valuesof the quantit y of interest functional for the
nominal elasticity properties, it is shown in [10] that the ® cuts for qi = Qi =Qi are

A®
i =

½
f qi k1 ¡ qi j · ° i ; ® = 1g
f qi k1 ¡ qi j · ° i (2 ¡ ®); 0 · ® · 1g

where
° 1 = 0:0153; ° 2 = 0:0159

Becausethe perturbation approach was used, reasonableaccuracy can be ob-
tained when the ignoranceis not too large, as in our prediction problem.

Remark . The approach used here is obviously very close to the worst case
scenarioapproach. This is addressedin [27]. ¤

In the secondcase,when the elasticity parameters are completely known and
ignorancepertains only to the tractions, the problem is similar but is much simpler.
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For example, it is not necessaryto assumethat ignoranceis small. We refer to [10]
for more details.

5. Summary Observ ations for the Elasticit y Example

We list asfollows several key remarkson validation of the linear elasticity model:

(1) Becausewe did not have enough information available on the modulus of
elasticity and the Poisson ratio, we assumedthat they could range ar-
bitrarily and independently at every point x. It can be shown that the
pair (E (x); º (x)) which gives the value of Qi at the boundary of A® are
piecewiseconstant functions [10]. Of course, other admissible sets could

be used. For example, instead jE ¡ E 0 j
E 0 < ¯ E in (4.1) we could consider

kE ¡ E 0kL 1 + ckE ¡ E 0kW 1
1

; · ¯ E E 0.
(2) The uncertainty in the prediction is mainly in°uenced by the large uncer-

tainty in the tractions.
(3) We have assumeda homogeneousDirichlet boundary condition on ¡ D .

Obviously, this is generally an approximation because,in reality, boundary
constraints against motion are almost always deformable in some sense.
This could have a large e®ecton the quantit y of interest when `2=`1 >>
1. Hence,a more detailed analysis of this approximation is neededeither
experimentally or by computational virtual experimentation. Obviously, in
this casethe uncertainty will also be mainly ignorance.

(4) We do not seehere a standard validation processbecauseessentially no
experimental data are available. Nevertheless,the ® cuts give a very good
indication of the likelihood of variations in data and of the possibleneed
for additional experimental data or for the necessity of increasingthe safety
factor when making decisions.

(5) We could also have statistical information about the coe±cients and the
tractions which can also be combined with the ignorance. We will discuss
this in Section 6 for the heat conduction problem when the conductivit y
coe±cient will be a stochastic function.

(6) We used fuzzy set theory for the characterization of ignorance. There are
other possibilities; for exampleevidencetheory or possibility theory can be
used(seee.g. [26]).

(7) There are many open mathematical problems related to the mathematical
and computational models addressedhere. These include the treatment
of various classesof uncertainties in the elastic properties and tractions,
which could be large, a posteriori estimatesof modeling error, formulation
and analysis of the boundary condition treated as a Dirichlet boundary
condition, and modeling the environment from which traction boundary
conditions are produced.

5.1. The elasto-plasticit y problem for cyclic loads. We will consider here
the plasticit y problems basedon the constitutiv e laws satisfying the assumptions
spelled out in Section 3.1. The constitutiv e law is the major sourceof uncertainty
in the prediction. There are many constitutiv e laws proposedin the literature; see
for example [17] and [44]. We will addresshere only the validation of the constitu-
tiv e law in one dimension when experimental data and computational analysis are
accessible.Even in this case,relatively little statistical data is generally available.

The theory and numerical treatment of plasticit y problemswithout uncertainties
in two- and three-dimensionsis addressedin the literature (e.g., [25], [28], [30], [32]).
10
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We will now report on the basic data from [8] where many more data and details
are given. The validation problems are the standard dog-bone domains which are
usedfor experiments for determining mechanical properties of materials.

Consideran aluminum alloy 5454in H32 temper dog-bonespecimen,clamped at
each end, and supposethat a strain " (t) is imposedand the associated stress¾(t)
(which is the quantit y of interest in the validation problem) is measuredand com-
putationally predicted when a particular constitutiv e law is used. Strain histories
are recordedcorresponding to quasi-static behavior. The following strain histories
are prescribed:

a. cyclic constant-amplitude piecewise-linearstrain functions with 1000 rever-
sals,with means-0.006,-0.004, ..., 0.006and the range 0.01.

b. a random-amplitude piecewise-linearstrain function with the same mean
levelsand peaksselectedas random numbers with uniform probabilit y distribution
in the interval [-0.005,0.005]and 1000reversals.

Always two sampleswith the identical histories were used and all together 84
samplesare investigated.

The prediction problem is two- or three-dimensional with a given quantit y of
interest. The selectionof the validation metric defendson the prediction problem.
It has to be such that the accuracy of the prediction is similar to the accuracy of
the validation measuredin the particular metric used.

We select the metric which is related to the L 1 -norm. The reason is that in
the linear case, which is a special case, we validate the errors in the elasticity
coe±cients; then the error in the solution measured in the H 1-norm is directly
related to the errors in the coe±cients measuredin the L 1 -norm. The metric used
has to be robust in the sensethat it leadsto a reasonablereproducibilit y measure.
Of course,various metrics could be usedwhen there is an expectation (proof) that
the error in the constitutiv e law measuredin the metric will lead to the error in
the quantit y of interest of approximately the samesize.

Denoting by " the strain, ¾m the measuredstressand, ¾c the computed stress,
(the stress is the quantit y of interest), we de¯ne the metric for accuracy in the
constitutiv e law k in the window ¡ I

(5.1) £ ( i )
k =

k¾m (" (t)) ¡ ¾c(" (t))kL 1 (¡ i )
1
2 k¾m (" (t)) + ¾c(" (t))kL 1 (¡ i )

Here ¡ i denote the windows of di®erent strain histories of the cyclesrange, (0,10),
(0,20), ..., (0,200), (0,500), (10,20),..., (200,500). The denominator in (4.8) is chosen
to de¯ne the metric relative to an average of ¾m and ¾c in L 1 (¡ i ). ¾m and ¾c

are close together. The given model is also used as a reproducibilit y measure.
Obviously, a relative measurehas to be used. It should expressthat for small ¾,
respectively ², below the yield, the theory expressesreality well while for large ¾the
reliabilit y is small. This measureis in someway related to the error in the e®ective
elasticity modulus, which is the equivalent relation betweenstrain and stresswhen
they are over the yield. It is also usedfor iteration purposes.

The samemetric is usedto measurethe reproducibilit y accuracywhen two mea-
surements with the identical strains are compared. In [8], the mean, min., max.,
and standard deviation of the reproducibilit y metric are reported. They are in the
ranges4.15-5.15,2.4-4.3,6.00-6.70,and 0.96-1.33. These rangesdescribe the vari-
abilit y of the material and, among other things, show that the metric is robust. In
[8], four constitutiv e laws were analyzed:

11
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a. The kinematic hardening law. This law is characterized by four numerical
parameters: modulus of elasticity E , the modulus of plasticit y EP , the yield stress
¾y and one internal variable ® with its initial value. This law is very often used.

b. The isotropic hardening law. This law is also characterized by the three
parameters and one internal variable as in case(a). Usually the kinematic law is
preferred becauseit respects Bauschinger e®ects.

c. The Chaboche law [18]. This law has six numerical parameters and four
internal variables with their initial values.

d. The B-L law. This law hassix numerical parametersand two internal variables
with their initial values.

All of the constitutiv e laws except the Chaboche law can be extendedinto higher
dimensions. The B-L law is similar to the Chaboche law. The exact mathematical
formulation of the four constitutiv e laws is given [8].

We will validate the above constitutiv e laws for the input data computed from
the published data and zero initial conditions for internal variables. How these
valueswere determined is explained in [8]. In the Table 2, we report the statistics
of the metric £ ( i )

k for the window (0,500) for the four above mentioned constitutiv e
laws. Data for the B-L law was not available in the literature

Table 2. Statistics of £ ( i )
k for the parameters determined

from published data.

a b c
CONST RAND CONST RAND CONST RAND

AVER 33.24 33.28 36.59 33.12 21.37 23.21
MIN 29.46 29.05 32.42 27.90 17.35 18.05
MAX 39.92 38.55 41.42 37.59 29.01 29.19

STD. DEV. 2.60 2.23 3.05 2.57 2.69 2.87

Thesedata have to be comparedwith the metric for the reproducibilit y. We see
that the errors are very large, especially for the standard kinematic and isotropic
hardening law. The question arises: Are theselarge errors causedby the numerical
valuesof the parametersor by the structure of the law. It is possibleto analyzethis
question by the selectionof the optimal parametersleading to the minimal metric.
The statistics for the optimal parameters for constant amplitude strain is given in
Table 3.

Table 3. The statistics of the metric £ ( i )
k for the optimal parameters.

a b c d
AVER 32.37 30.28 13.37 11.24
MIN 26.36 24.35 10.10 8.68
MAX 39.02 36.36 18.47 15.10

STD. DEV. 3.35 3.71 1.96 1.53

We observe that the kinematic and isotropic hardening laws are not acceptable
becauseof the structure of the law and not becauseof the numerical valuesof the
parameters. The Chaboche law is better, especially when the optimal parameters
are used. The determination of all 6 parameters from the available published data
was very heuristic. Nevertheless,in comparison to the reproducibilit y, this law is
12
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a poor characterization for the optimal parameters. Obviously, the quality of the
constitutiv e law could be still poorer if someother validation problems, especially
in higher dimensions,would be considered.

Remarks 1. In [8], many more results are presented. For example,the statistics
of the valuesof the optimal parametersare given for each of the constitutiv e laws.
Thesevaluesare reasonablystable (of course,the modulus of plasticit y hasa much
larger spreadthan the modulus of elasticity).

2. The experiments determine the stressesfrom the given strains. Although
every law has its inverse,the prediction for the strains, if stressesare given is much
worse. Interesting is that this deterioration is larger for the Chaboche law than
the kinematic law, which indicates that the Chaboche law is less robust. This
conclusionrelates well to the application of the information gap theory [16]. ¤

We conclude that all the constitutiv e laws for plasticit y in [8], inclusive of the
kinematic law which is often usedin computational mechanics, have to be rejected
and a larger e®ort must be made to obtain laws for which the accuracy and the
reproducibilit y metric is comparableor the errors are in a reasonable(by the analyst
opinion) range.

We note that there is a large uncertainty in the yield stresswhich is the basic
parameter in the plasticit y. For example,Table 1 shows its large sensitivity due to
manufacturing. In [3], Volume 1, a large dispersion in the yield stressfor the steel
(iron) is reported.

6. The Sto chastic Heat Conduction Problem

In Section 3.2, we intro duced the stationary heat problem (3.5). In real life
predictions, all input data (i.e. the conductivit y coe±cients and the sourceterm)
always contain uncertainties. In contrast to Section 3, we will now assumethat
the uncertainty is due to completely known variabilit y. This variabilit y will be
characterizedin a probabilistic way by a known probabilit y ¯eld. Then the problem
becomesa stochastic PDE problem. We will follow here [15] where details and
precisemathematical formulations are given.

6.1. The sto chastic function in the domain D . The Karh unen-Lo eve
expansion. Let (­ ; F ; P) be a completeprobabilit y space.Here ­ is the set of all
outcomes,F is the ¾-algebra and P : F ! [0; 1] is the probabilit y measure. Let
a be a stochastic function, which is the thermal conductivit y coe±cient in (3.7)
with the continuous covariance function cov[a]. De¯ne the corresponding compact
operator Ta : L 2(D ) ! L 2(D ) given by

(6.1) (Tav)(y) =
Z

D
cov[a](x ¢y)v(x)dx

and let (¸ i ; bi ) be the eigenpairsof Tav = ¸v . Then the truncated Karhunen-Loeve
expansionaN is

(6.2) aN (! ; x) = E [a](x) +
NX

i =1

p
¸ i bi (x)Yi (! )

whereYi are uncorrelated real random variables with meanzero and unit variance.
The random variables Yi are uniquely determined by

Yi (! ) =
1

p
¸ i

Z

D
(a(! ; x) ¡ E [a](x))bi (x)dx

13
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and

lim
N !1

f supE[a ¡ a2
N ]g = lim

N !1

Ã
1X

` = N +1

¸ i b2
i (x)

!

= 0

HenceaN in (6.2) with a ¯xed N is an approximation of the stochastic function
a. We will assumein addition:

a. the random variables Yi are independent and have probabilit y density %i so
that the joint probabilit y is

(6.3) %(y) =
NY

i =1

%i (yi ); y = (y1; ¢¢¢; yN )

b. the imagesof Yi (­) satisfy Yi (­) ½ ¡ i ½ (¡ ° ; ° ) and denote ¡ =
Q N

i =1 ¡ i .
Further, we assumethat %¸ ® > 0 on ¡.

c. the eigenfunctionsbi are smooth on D and are uniformly bounded.

d. the eigenvalueshave decay as ¸ i = O( 1
(1+ i ) )s for somes > 1.

The stochastic function aN can now be identi¯ed with a function de¯ned on
¡ £ D.

aN (y ; x); y = (y1; ¢¢¢; yN ) 2 ¡ ; x 2 D
We will discusstheseassumptionsbelow.

6.2. The form ulation of the sto chastic problem and its numerical solu-
tion. The classical deterministic formulation was given in (3.7). Its weak form
reads. Find u 2 H 1

0 (D ) such that

(6.4)
Z

D
ar u ¢r v dx =

Z

D
f v dx; 8v 2 H 1

0 (­)

and the quantit y of interest Q (for example Q = 1
j ! j

R
! u dx). The coercivity

assumption

(6.5) 0 < a0 · a(x) · a1 < 1

is essential for the existenceand uniquenessof the solution.
In [15] (seealso for example [14] and [22] and referencestherein) it was shown

that the stochastic formulation is: Find u(y; x) 2 H = L 2(¡) £ H 1
0 (D ), which

satis¯es Z

D

Z

¡
%(y)aN (y ; x)r x u(y; x)r x v(y,x )dxdy =

Z

D

Z

¡
f (x)%(y)v(y,x )dxdy 8 v(y,x ) 2 H(6.6)

and ¯nd the quantit y of interest Q (for example Q = 1
jSj

R
¡ (

R
S u(y,x )dx)%(y)dy;

S ½ D).
In addition to the coercivity condition (6.5) we also assumethat

(6.7) 0 < a0 · aN (y,x ) · ai < 1 ; 8 y 2 ¡ ; x 2 D ; 8N

For simplicit y, we assumethat the right hand side f is a deterministic function.
We will comment on this later.

The solution u(y; x) which dependson N exists and is unique and for N ! 1
it converges to a limit, which is exact solution of the problem. The form (6.6)
suggestsimmediately the ¯nite element method as one numerical approach to this
14
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problem. Most natural is to usetensor product h-p elements. For this case(in [14],
[15]) a-priori error estimateshave beenproven. Among other results, it wasproven
that p-version approximation in ¡ leads to exponential rates of convergence.This
is important because¡ has high dimension. An adaptive procedure for selecting
degreesp for the approximation in ¡ and adaptive selectionof N wasalsopresented
in [14]. This adaptive procedure is basedon a simple a-posteriori estimation. An
illustrativ e numerical example is presented in [15].

Becausethe dimensionof ¡ can be large, it makessenseto alsoconsidera Monte
Carlo approach. In [15], an estimate of the complexities of various numerical pro-
ceduresis given. In [6], a successive approximation (with guaranteed convergence)
approach was studied. It is e®ective when the covariance function is small.

So far we have assumedthat the right hand side f is deterministic. If the
coe±cient a and the right hand side f are independent, then the problem splits
into two parts, one for stochastic a and deterministic f , and the other when a is
deterministic and f is stochastic. This is usually the casein practice. If a and f
are correlated, then we can proceedanalogously, but the processis more complex.

The secondcase,when only f is stochastic, is much simpler, especially if we
are interested in only the mean and the covariance function of the solution. The
meanis the solution of the prediction problem when the right hand sideis the mean
of f . The covariance function cov[u] is the solution of a boundary value problem
on D £ D with the covariance function of f at the right hand side ([5]). For an
e®ective numerical treatment, we refer to [41]. This approach can be generalized
for determination of higher probabilistic moments; see[40].

Assumptions a - d, in Section 6.1 can be weakened. This could in°uence the
regularity of the solution and the rate of the convergence.Nevertheless,condition c)
is essential. If the covariance function cov[a] is not su±ciently smooth, for example
whencov[a] = e¡j x ¡ y j then it wasshown in [6] that for su±ciently largeN coercivity
of the bilinear form is always violated with a small but positive probabilit y. It is
also violated if the imagesyi (­) are not bounded. Then the solution also doesnot
exist with small but positive probabilit y. Conditions (c) and (d) above are fully
determined by the covariance function.

There are many open mathematical problems when the dimension of ¡ is large
and/or the covariancelength is small. The numerical solution canbevery expensive
and very e®ective procedureshave to be used.

Another signi¯cant problem is the determination of the Karhunen-Loeve expan-
sion from experimental results. This problem was studied in [9] when the exper-
iments were created virtually as the realizations of a particular Karhunen-Loeve
expansion. The question was how to reconstruct the data in the expansionwith a
reasonableaccuracy. It was seenthat any reasonableaccuracy of the Karhunen-
Loeve expansionneedsso many experiments that it is practically unfeasible. Be-
causelarge sets of experiments need to be done, expert opinions dealing with the
ignorance are unavoidable. For example, it is possible to treat all inputs in the
Karhunen-Loeve expansion as data with an uncertainty-ignorance, as in Section
3. Approaches such as Bayesian probabilit y will likely have to be used. Without
solving this problem, the stochastic approach cannot lead to a reliable prediction.

7. Conclusion

We have shown that reliable computer predictions of physical events of interest
is a very complex problem. The modeling which has to take into consideration the
unavoidable uncertainty is very often the bottleneck of a reliable prediction,
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The veri¯cation of the numerical treatment (a posteriori error estimation) is a
necessarybut not su±cient processfor reliable prediction. Many mathematical
problems in CS are open. Without addressingthem, CS remain not reach its great
potential.
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