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THE RELIABILITY OF COMPUTER PREDICTIONS:
CAN THEY BE TR USTED?
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Abstract. The issue of reliabilit y of computer predictions of physical events

is examined as the goal of veri cation and validation processes. It is argued

that veri cation, both solution and code veri cation, can be carried out with a
high degree of con dence, even though much remains to be done to impro ve and

advance veri cation procedures. It is validation of mathematical models that

stands as the major bottleneck of reliable computer predictions. Uncertain ty

of input data represents a major feature of validation processesand must be
quantied if models are to be judged valid or invalid. Examples are given
from solid mechanics and heat transfer that demonstrate validation processes
employing stochastic models and fuzzy set theories.
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1. Intro duction

Computational Scienceg(CS) is the discipline concernedwith the useof computers
and computational methods to simulate physical everts and to make quartitativ e
predictions of physical phenomena. Such predictions are often used as a basis for
critical decisionse®ectingthe health, security, and well being of humankind. For
this reason, CS has had a major impact on many “elds in engineering, physics,
chemistry, health sciencesgconomics, nance, politics, and other areas. The great
promise that CS will be of immensevalue to all areasof scienceand technology
dependson a crucial factor: the reliabilit y of computer products and our ability to
measurein someway this reliability [34].

In arecert report, Post [38] speaksof the coming crisis in CS arising from three
major challenges: a) performance, b) programming, and c) prediction. We agree
with Post that the performanceand programming challengeshave beenmet or will
be met soon, but the prediction challenge will require considerableadvancemen
and maturity in the way that simulation is done and interpreted.

Concerning performance, a look at the history of computer performance over
the last one-and-a-half decadesgives weight to the viewpoint that the so-called
"p erformance challenge" of CS is well in hand. Using the 11/780 VAX as a unit
measuring computer capabilities a decadebefore the end of the twertieth certury
(1989), the unit involves one megalkyte of memory, a half gigabyte of disk storage,
and one cpu with a speed of 0.1 mega’ops. In 1992, three years later, the IBM
RS580had 54 times the memory of the VAX and its speedwas 1000times greater.
In 1997, eight years later, the SGI Power Challenge had 1000 times the memory
of a VAX, six cpu units with a theoretical speed of 18,000times that of the 1989
VAX. In Novenmber of 2004,IBM's Blue Gene/L supercomputer becameoperational
with an expected peak performance of 36.0 £ 10'2 °ops, over a hundred million
times faster in unit capability than the VAX. Today, $1000can buy a computer as
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powerful asthe biggestand most capable computer available at any costin 1990.
Experts predict that Moore's law will cortinue to hold for 15-20yearssothat this
exponertial growth in performancewill cortinue [21]. Thesedata cornvince us that
the performancechallengeis being met.

The programming challenge, supplying the software to keep up with hardware
dewelopmerts, is also being met, albeit at a slower pace. Signi cant progressin the
developmert of new languagesand new devicesgivescon dencethat the program-
ming challengeis being reasonablyaddressedand can be met even more vigorously
in the yearsahead.

The prediction challenge, which is at the heart of CS, is viewed as the most
dizcult challengeto be metin the future, and standsasa major bottleneck, perhaps
acrisis, in CS. Again, the major issueis the reliabilit y of computer predictions and
their useas a basisfor important decisions.

In the presen paper, wewill discussthe prediction challenge,commen on various
mathematical aspects of it, and point to someseriouslimitations of contemporary
methods of computer prediction. We will also addressthe question of what ma-
chinery must be developed in order to use such predictions to make meaningful
decisions.

2. Verication and Validation in CS

Veri cation and Validation (V & V) hasemergedin recert yearsasthe intellec-
tual and technological discipline that addresseghe prediction challenge. Both are
processesyeri cation being the processesaddressingthe quality of the numerical
approximation of the mathematical model used as the basis for a prediction, and
validation beingthe processaddressingthe reliabilit y of the mathematical model as
afaithful abstraction of reality. V & V hasbeenthe focusof much study and debate
in recert yearsand a relatively large literature exists and is expanding (e.g.,[19,
[22], [23), [33], [39], [42]). 3

In [11], we presern a detailed list of de nitions and conceptsrelated to V & V.
Worthy of mentioning here are the following:

2 physial event: an occurrencein nature, a fundamental entity of physical reality
2 simulate: to build a likeness;in our case,the likenessis produced by the inter-
pretation of prediction results produced by a computer

2 mathematical model: a collection of mathematical constructions that provide ab-
stractions of physical everts, basedon scierti ¢ theories covering the evert, and
available input information

2 computational model: a discreteapproximation of a mathematical model rendered
in a form manageableby a computer or an appropriate computing device.

A typical exampleof a mathematical model is the setof equationsand conditions
characterized by a boundary value problem involving deterministic or stochastic
di®ererial equationstogether with functionals de ning quartities of interest. These
guartities of interest are the goals of the computer prediction, which, in turn, are
the basisfor decisions.

The mathematical problem is described by its structure and its input data. The
structure of the mathematical problem comprisesfunctional relations betweenthe
input and the output. For example, the structure can be expressedby a system
of consenation laws. The input data is the set of all admissible data neededfor
solving the mathematical problem. For example, input data includes the classic
boundary conditions and parameters used in the structure of the problem. The
data also include the characterization of the uncertainty as when it is part of the
2
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Figure 1. The scheme of the mathematical problem

mathematical problem. We will include part of the mathematical problem the
quartitativ e characterization of the uncertainty in the predicted quantit y of interest.

In the literature the term mathematical problem and mathematical model are
not distinguished, although the term model is often usedin a more generic sense
than mathematical, which involvesall input data. We will not distinguish between
the problem and the maodel either. Symbolically, the mathematical problem can be
viewed as shown in Figure 1.

It is worthwhile to distinguish betweenthe generalmathematical problem and a
speci ¢ one which employs speci ¢ input data. This speci ¢ problem then leadsto
the desiredprediction. In this case,we speak of the prediction problem. Validation
problems, introduced later, are also speci ¢ problems for someinput data, which
are di®erert from the prediction problem. The validation problem, of course,must
have somefeaturesin commonwith the prediction problem.

A mathematical problem is a mapping of the space(set) of input into the out-
put space. From this point of view, every mathematical problem is, in a sense,
deterministic becauseany uncertainty is described in a deterministic way. This is
accomplished,for example, by using the parameters de ning the probability den-
sity, by using Karhunen-Loeve expansionsor characterizing ignoranceby specifying
the membership functions of fuzzy set theory.

In the literature, simulation is sometimespreseried without a referenceto any
mathematical problem. Nevertheless,if the simulation of a physical evert has to
be independert of various computational parametersand procedureswhich are not
directly related to the physical event of interest, then a mathematical problem
has to be in the badground, so that it is always possibleto speak of accuracy
corvergence,etc.

We would like to underline that in reality the input data always cortain uncer-
tainties not taken into accourt in classicaldeterministic modeling.

Identi ¢ ation is the processof obtaining input data for a speci ¢ problem, for
example for the prediction problem. They are obtained by various means, for
example, by tting the data from calibration experimerts.

Uncertainty, variability and ignorance. We have to distinguish between objec-
tive uncertainty, addressingvariability (aleatoric uncertainty), and subjective (or
epistemic) uncertainty. We usethe term ignoranceto denotethe partial incertitude
that arisesbecauseof the limits of knowledge. For example,variabilit y in the coex-
cients of a partial di®ererial equation canbe described in a probabilistic way using
known probability "elds obtained from experiments. We will speak of ignorance, if
the probability "eld is characterized by expert opinions. In most practical cases,
di®erert levels of ignorance are always present. Insuzcient input information is
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often available due to, for example,the absenceof experimental data, in which case
one must rely on the opinions of experts. Often the reliability of a prediction is
more in°uenced by ignorancethan by variabilit y. The quartitativ e characterization
of uncertainty, either variability or ignorance, is a major problem. In this paper,
we speak in general about uncertainty, but more precisely we will usethe terms
variabilit y and ignorance when appropriate.

Veri ¢ ation is the processof determining if a computational problem and the
code implementing the computational problem leadsto a prediction of suxcient
accuracy i.e., the di®erencebetweenthe exact and computed quartity of interest
is suxciently small. Hence,veri cation hastwo aspects, the approximation aspect
and the veri cation of the correctnessof the code, i.e., the program developed
to implement the computational model can faithfully producethe intended results.
Although code veri cation is obviously essetial, wewill not addressit in the presen
paper. The rst part of veri cation, so-calledsolution veri cation, is essetially a
problem of a-posteriori error estimation. It addressesiot only classicalmethods of
error estimation of standard approximation methods (such as nite elemerns) but
also errors due to simpli cation of the problem. For example, errors due to the
linearization of a nonlinear problem or of dimensionalreduction, or the error in the
simulation produced by Monte Carlo methods because,asit was said above, there
is always a mathematical problem in the badkground.

A posteriori error estimation is a fairly mature subject and many techniquesfor
deweloping a-posteriori error estimates have been proposedin the literature, e.g.,
[1], [12], [13], [35], [36]. A posteriori error estimation is a purely mathematical pro-
cessand, while many open problemsremain, e®ective methods exist for addressing
solution veri cation for a large classof computational models.

Validation is the processof determining if the mathematical model of a physical
ewvert (the prediction) represens the actual physical evert with suzcient reliabil-
ity. In contrast to the veri cation, validation addresseshe problem how well the
theory describesreality. This questionis related to a major problem in philosophy,
especially in the philosophy of science.A “rst questionis what is actually meart by
validation and whether validation is even possible. The related question of whether
ascierti ¢ theory canbe validated was addressedby the eminert twentieth certury
philosopherKarl Popper [37]. For more discussionof this point, seealso[11]. In the
validation procedure,we considera set of validation problems. Theseproblemsare
speci ¢ mathematical problems for which someof the input data are the sameas
those in the prediction problem, but others may be di®erer. For example,in the
elasticity problem, the domain and the boundary conditions are di®erert for the
validation and the prediction problem, but the constitutiv e law is the same. These
validation problems are simpler than the prediction problems and can, in general,
be experimertally studied.

Remark In addition to the relatively simple validation test, one very complex
and expensiwe validation one, called the accreditation test is sometimesused. We
note that it is still not so complex asthe prediction problem. o

An issueof fundamertal importance is to dewelop a plan for validation in the
absenceof experimental data or for casesin which only incomplete data are avail-
able. In such cases,a systematic approach toward quartifying ignorancehasto be
consideredusing, for example, fuzzy set theory or comparable approades. Instead
of experimental data, expert opinion has to be used as a basis for assessinghe
validity of models and quantifying uncertainty.
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Remark . Experimentation also involvesanalogsof veri cation and validation.
The accuracy of measuremets is analogousto veri cation while validation relates
to the question of whether the experiment measuredwhat was intended. ©

In the validation process,the computed predictions of the measureddata are
comparedwith the actual measureddata or the experts expectation. If they di®er
too much in a given metric for the criterion used,then the (prediction) models are
rejected. If a suxciently large set of validation problemsis not rejected, then the
prediction problem is consideredto be validated and it is assumecthat the accuracy
(or likelihood) of the prediction is closeto the accuracy of the predictions in the
validation problems. The metric used and the criterion for comparisonhasto be
closelyrelated to the prediction problem and its goals.

The validation process,can be broad and not conned to simply testing as-
sumptions made in the formulation of the mathematical model. For example, the
validation processcould be designedto also assesghe reliabilit y of the techniques
for quantifying uncertainty in the context of the quartity of interest, as well asto
assesghe robustnessof the model regarding its sensitivity to uncertainties. The
selection of the validation problems and metrics is not an easy problem. It has
mathematical and experimental aspects and, becauseof the cost of experimerts,
“nancial aspectsthat have to also be considered.

The prediction and validation problems are always di®erent becausethe pre-
diction problem is not accessibleto experiments. If experiments on the original
prediction problem are actually carried out, then their comparison with predic-
tions is referred to as a post-audit and the prediction reducesto another validation
problem.

Becauseof today's powerful computers, veri cation is often an achievable pos-
sibility for an increasedcomputational cost. Validation is then the bottleneck in
assessinghe reliabilit y of computer predictions.

In the following sections we addressthree speci ¢ problems, which illustrate
various basic possibilities occurring in prediction problems.

3. Examples of Mo dels of Physical Events

(1) A problem in which experimental data are insuzcient and ignorance is
presert. We will demonstrate the use of quartitativ e fuzzy set characteri-
zations of the ignorance.

(2) A problem in which sutcient experimental data are available to lead to the
rejection of the most commonly used models of plasticity.

(3) A problem in which the variabilit y is fully known by its probability eld.

3.1. Quasi-Static Problems in Solid Mechanics . As a rst example,we con-
sider events modeled as the quasi-static deformation of a deformable body with
material points x in a bounded domain - % R?® subject to time-independert or
cyclic boundary conditions. The quartities of interest are speci ed below. We will
assumethat the boundary data are sutciently small sothat the standard assump-
tions of small displacemens are valid. The mathematical problem isto 'nd certain
guartities of interest, which may depend upon the displacemen “eld u, the stress
tensor % and the strain tensor 2 which satisfy

(3.2) div ¥x;t) =0 Ya= 1% 0,

(3.2) YAx;t) = A("(X;¢)); 0 ¢t
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=g = (@ =@ + @) =@i)=2
(3.3) x 2- % R% t2(0;T);
and boundary and initial conditions,
u=0onjp L@ ;

(3.4) TU)=Toe(x;t)onjt»L@;
where T o(x;t) are the prescribed tractions.
(3.5) u(x;0) = uog(x); x 2 -

Here, A represens a functional characterizing the constitutiv e law of the mate-
rial. In the caseof linear elasticity, we have
(3.6) % =Cijx"w: 1, Bkl 3
where Cj; i is the standard elliptic fourth-order tensor of elasticities and the usual
summation corvertion is employed.

In the caseof the plasticity, we consider a family of constitutive laws based
on the use of the internal variables and two basic assumptions: the existence of
a cornvex yield surface and the normality condition (the plastic strain incremert
during plastic °ow is proportional to the outward normal to the yield surface).

We denote by T the traction vector de ned on a portion j 1t of @ and the
quartities of interest, denoted, Q are functionals which speci cally are de ned
later.

B

3.2. The Heat Conduction Problem. Considerthe boundary-value problem,
(3.7) div a(x)grad u= f onD ¥ RS;
(3.8) u=0 on@:

When a(x) represetts the thermal conductivity at a point x in a bounded domain
D, u(x) is the temperature at x, and f is a heat source, then (3.7) and (3.8)

represen the classicalmodel of di®usive heat conditions in D. This is a generic
formulation of the mathematical problem wherein the assumptionson the input

data and the solution are not speci ed there. A speci ¢ problem will be addressed
in Section 6.

4. Specic Elasticit y Problem. Uncertain ty, Variabilit y and Ignorance

There are many ways to addressuncertainty, depending what information is
available. We will restrict ourselvesto a few speci ¢ examples.

4.1. The linear elasticit y problem. The input data are:

(1) The domain
(2) The elasticity tensor - the constitutiv e law
(3) The tractions T

We will assumethat the tractions are time-independert. All input data have
uncertainties. The signi cance of the uncertainty depends on the quartities of
interest.

(1) The domain . The de nition of the domain invariably includes uncertain-
ties; for example,whenthe domainis given by the digital imagewith a pixel
represenation of the boundary [7], or if the domain is generatedusing a
CAD system. Another exampleinvolvesmodels of thin shells,wherein the
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actual fabrication, the variation in the thicknessis uncertain and can be
a major part of the uncertainty in the prediction (see[42]). Here we will
assumethat the uncertainty in the domain has negligible in°uence on the
quarntity of interest.

The constitutiv e law. For the elasticity example, we assumethat the
material is the aluminum alloy, 5454in the H 32 temper. It is essetially
isotropic, although depending on the manufacturing processand rolling,
some anisotropy is always preser. We will assumethat the material is
isotropic and that the elasticity properties are characterized by only the
modulus of elasticity E and the Poissonratio °.

In the standard literature on mecanical properties of aluminum, only
the valuesof the modulus of elasticity and Poissonratio are given without
any information about their statistics. See,for example, [2], [3], [31], [43].
We will assumethat the published valuesof E and °© are mean values of
some statistical distribution. In Table 1, data taken from [8] are repro-
duced. Here the sheethas a nominal thicknessof 0.2 inchesand the plate
has a nominal thicknessof 0.4 inches.

Table 1. Basic Prop erties of Alumin um Allo y 5454 in H32 Temper.

Sy psi | Sy psi| Elong% | RA % | Epsi | %
Plate | 25.5 | 40.0 17.6 28.1 | 10,000| 1.6
Sheet| 31.1 42.6 15.7 26.6 | 10,400| 1.4

In Table 1,
Sy is the tensile yield strength
Sy is the ultimate strength
Elong is the elongation
RA is the reduction in area
E is the modulus of elasticity

%is the ratio S,=S, which is rough indicator of the strength hardening.

The Poissonratio is not reported in [43]. From [31], data suggestthat
it is not too dependert on the thicknessand has a value,® = 0.33.

Remark . The modulus of elasticity and the Poissonratio are usually
determined from classicaldog-bone experimerts. Measuring Poissonratio
is more dixcult than the modulus of elasticity becauseit is de ned asthe
ratio of two strains. Hence,the Poissonratio could have, in general,a larger
uncertainty due to the measuremen error. ©

Becausethe data variability in (E;°) is not known, uncertainty must
be treated as ignorance. We will describe it here using fuzzy set theory,
speci cally through the use of so-called® cuts; see,for example, [4], [20],
[24], [29].

7
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(4.1)

®3)

(4.2)

A

a

E/E

Figure 2. The membership function for A®

Denoting the nominal values of the modulus of elasticity and Poisson
ratio by E© and °°, we will assumethat in our speci ¢ problem the ® cuts
are given by

( :_ 0: _ o_
APz (Eo)—CLE P e 1
- ( ' )—? E. W o TOr - 1,
_EI EO_ _ _OI 00 _ )
W- E(2i®);W- o(2i ® for0- ®- 1

where g = 0:01and - = 0:04. In Figure 2, we show the assaiated
membership function. The value ® expressegjuartitativ ely the likelihood
that (E;°) isin the set A®.

We have no information about the correlation between the values of
E and ° at di®erert points of the material. Hencewe will assumethese
parameters have ® cuts independert of the positions of material points.
The tractions . Tractions represern the e®ectsof the outside ervironment
on the boundariesof the body. Thesedata are determined by independert
tests, codes, other numerical calculations, or, as is often the case, they
are speci ed within standard regulation documerts such as construction-
designcodes. In many cases,they are speci ed by the analyst. Typically,
seweral sets of di®erert tractions are consideredin a simulation. Thus, in
general, tractions can include large uncertainty and ignorance. Very often
the reliability of a prediction is heavily in°uenced by the ignorancein the
boundary conditions.

In this example, we characterize the ignorancein tractions once more
by fuzzy theory. Let j1 = [3, +. We will assumethat the membership
functions set of the traction T is

nD E D
A® KTk 21y - 30, with ®= 0:3 ; KTk 22y 10;
(IT) (IT)
D Eo
with ® = 1:0i ; KT ky1 3y - 50 with ®= 0:7



THE RELIABILITY OF COMPUTER PREDICTIONS:
CAN THEY BE TRUSTED?
where®is the degreeof membership which quartities the likelihood. For
simplicity we will addresstwo casesseparately:
(1) The nominal traction T is completely known and the uncertainty is only in
the material properties E;°.
(2) The material properties with nominal valuesE°;°° are completely known
and the uncertainty is only in the traction T.

Let
(4.3) - =fjxgj<4="1; 0< X2<20= "y; jXx3j < 2= "39 (inches)
and denote byZQ1 and Q. the quartities of interest,
(4.4) Q.= Jsi] Uz dxidxs; S; = fO< X1 < 4; xo= 20; jX3j < 29
1 S:
Z

1
(4.5) Q= ]S_j Up dxidxs; S, = fO< x3 < 4; X2 = 20, 0< Xx3< 2g
2

where u; are the componerts of displacemert.

Let E® = 10;,400psi; °% = 0:33and (E;°) belongto the ® cuts de ned by (4.1)
with "o = 0:04 and g = 0:01. Further let

fXjjX1j< 4 x2=0; jX3j<29; it=@ i ip

I D -
(4.6) it = fXjjxaj< 4 x2= 20 jx3sj< 29
and
To = (tiityty); ta=t,=0;tg=1onj7
To = Oonijti it
4.7) u = Oonijp

Then the mathematical problem reads: based on the weak solution of the bound-
ary value problem (3.1)-(3.6) and (4.1)-(4.6), nd the ® cuts for the quantities of
interest Q1 and Q.. We obsene that the problem is an optimization problem (in
this context, the term anti-optimizations could also be used) becausewe seekthe
range of valuesof Q when (E(x);°(x)) belongto the ®-cut for every x 2 -.

This problem, its theoretical properties and its numerical solution was analyzed
in detail in [10]. The numerical treatment was basedon “rst-order perturbation
theory with an estimate of the in°uence of this approximation. The p-version of
the nite elemeris wasusedand an a-posteriori error estimation was computed, so
that the veri cation was also addressed.

Denoting by Q;; i = 1;2, the valuesof the quartit y of interest functional for the
nominal elasticity properties, it is shovn in [10] that the ® cuts for g = Q;=Q; are
7

2
ae- fakligj- °; ®=1g
' fgkli gj- °i(2i ®; 0- ®- 1g
where
°; = 0:0153 °, = 0:0159

Becausethe perturbation approac was used, reasonableaccuracy can be ob-
tained when the ignoranceis not too large, asin our prediction problem.

Remark . The approad used here is obviously very closeto the worst case
scenarioapproad. This is addressedin [27]. ©

In the secondcase,when the elasticity parameters are completely known and
ignorancepertains only to the tractions, the problem is similar but is much simpler.

9
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For example,it is not necessaryto assumethat ignoranceis small. We refer to [10]
for more details.

5. Summary Observ ations for the Elasticit y Example

We list asfollows several key remarks on validation of the linear elasticity model:

)

)
®3)

4)

®)

(6)

()

Becausewe did not have enoughinformation available on the modulus of
elasticity and the Poisson ratio, we assumedthat they could range ar-
bitrarily and independertly at every point x. It can be shown that the
pair (E(x); °(x)) which givesthe value of Q; at the boundary of A® are
piecewiseconstart functions [10]. Of course, other admissible sets could

be used. For example, instead ’E‘E—Eo’ < "g in (4.1) we could consider
KE i E%k1 + ckE j E%kw: ; - "gE°.

The uncertainty in the prediction is mainly in°uenced by the large uncer-
tainty in the tractions.

We have assumeda homogeneousDirichlet boundary condition on j p.
Obviously, this is generally an approximation becausejn reality, boundary
constraints against motion are almost always deformable in some sense.
This could have a large e®ecton the quartity of interest when “,="1 >>
1. Hence,a more detailed analysis of this approximation is neededeither
experimertally or by computational virtual experimentation. Obviously, in
this casethe uncertainty will alsobe mainly ignorance.

We do not seehere a standard validation processbecauseessetially no
experimental data are available. Nevertheless,the ® cuts give a very good
indication of the likelihood of variations in data and of the possible need
for additional experimental data or for the necessiy of increasingthe safety
factor when making decisions.

We could also have statistical information about the coezcients and the
tractions which can also be combined with the ignorance. We will discuss
this in Section 6 for the heat conduction problem when the conductivity
coexcient will be a stochastic function.

We usedfuzzy set theory for the characterization of ignorance. There are
other possibilities; for example evidencetheory or possibility theory can be
used(seee.qg. [26]).

There are many open mathematical problems related to the mathematical
and computational models addressedhere. These include the treatment
of various classesof uncertainties in the elastic properties and tractions,
which could be large, a posteriori estimatesof modeling error, formulation
and analysis of the boundary condition treated as a Dirichlet boundary
condition, and modeling the ervironment from which traction boundary
conditions are produced.

5.1. The elasto-plasticit y problem for cyclic loads. We will consider here
the plasticity problems basedon the constitutiv e laws satisfying the assumptions
spelled out in Section 3.1. The constitutiv e law is the major sourceof uncertainty
in the prediction. There are many constitutiv e laws proposedin the literature; see
for example[17] and [44]. We will addresshere only the validation of the constitu-
tive law in one dimension when experimental data and computational analysis are
accessible.Even in this case,relatively little statistical data is generally available.
The theory and numerical treatment of plasticity problemswithout uncertainties
in two- and three-dimensionsis addressedn the literature (e.g.,[25], [28], [30], [32).

10
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We will now report on the basic data from [8] where many more data and details
are given. The validation problems are the standard dog-bone domains which are
usedfor experiments for determining mechanical properties of materials.

Consideran aluminum alloy 5454in H32 temper dog-bone specimen,clamped at
eat end, and supposethat a strain "(t) is imposedand the assaiated stress¥4t)
(which is the quartit y of interest in the validation problem) is measuredand com-
putationally predicted when a particular constitutiv e law is used. Strain histories
are recorded corresponding to quasi-static behavior. The following strain histories
are prescribed:

a. cyclic constart-amplitude piecewise-linearstrain functions with 1000 rever-
sals,with means-0.006,-0.004, ..., 0.006and the range 0.01.

b. a random-amplitude piecewise-linearstrain function with the same mean
levels and peaksselectedas random numberswith uniform probability distribution
in the interval [-0.005,0.005]and 1000reversals.

Always two sampleswith the identical histories were used and all together 84
samplesare investigated.

The prediction problem is two- or three-dimensional with a given quartity of
interest. The selection of the validation metric defendson the prediction problem.
It hasto be sud that the accuracy of the prediction is similar to the accuracy of
the validation measuredin the particular metric used.

We select the metric which is related to the L -norm. The reasonis that in
the linear case,which is a special case, we validate the errors in the elasticity
coexcients; then the error in the solution measuredin the H!-norm is directly
related to the errors in the coe+cients measuredin the L' -norm. The metric used
hasto be robust in the sensethat it leadsto a reasonablereproducibility measure.
Of course,various metrics could be usedwhen there is an expectation (proof) that
the error in the constitutive law measuredin the metric will lead to the error in
the quartit y of interest of approximately the samesize.

Denoting by " the strain, %, the measuredstressand, ¥ the computed stress,
(the stressis the quantity of interest), we de ne the metric for accuracy in the
constitutiv e law Kk in the window j '

i~ Km("®) i Ye("(O)ke: ¢
o0 i k¥ ("(1) + Ye("(D) k2 ¢ 1)

Here j ' denotethe windows of di®eren strain histories of the cyclesrange, (0,10),
(0,209, ..., (0,200), (0,500), (10,20),..., (200,500). The denominator in (4.8) is chosen
to dene the metric relative to an averageof %, and ¥% in L (; 1). ¥ and %
are close together. The given model is also used as a reproducibility measure.
Obviously, a relative measurehasto be used. It should expressthat for small ¥
respectively 2, below the yield, the theory expresseseality well while for large %the
reliabilit y is small. This measureis in someway related to the error in the e®ective
elasticity modulus, which is the equivalert relation betweenstrain and stresswhen
they are over the yield. It is alsousedfor iteration purposes.

The samemetric is usedto measurethe reproducibilit y accuracywhen two mea-
suremerts with the identical strains are compared. In [8], the mean, min., max.,
and standard deviation of the reproducibilit y metric are reported. They are in the
ranges4.15-5.15,2.4-4.3,6.00-6.70,and 0.96-1.33. These rangesdescribe the vari-
ability of the material and, among other things, show that the metric is robust. In
[8], four constitutiv e laws were analyzed:
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a. The kinematic hardening law. This law is characterized by four numerical
parameters: modulus of elasticity E, the modulus of plasticity Ep, the yield stress
¥ and oneinternal variable ® with its initial value. This law is very often used.

b. The isotropic hardening law. This law is also characterized by the three
parameters and one internal variable asin case(a). Usually the kinematic law is
preferred becauseit respects Bausdinger e®ects.

c. The Chaloche law [18]. This law has six numerical parameters and four
internal variables with their initial values.

d. The B-L law. This law hassix numerical parametersand two internal variables
with their initial values.

All of the constitutiv e laws exceptthe Chaboche law can be extendedinto higher
dimensions. The B-L law is similar to the Chaboche law. The exact mathematical
formulation of the four constitutiv e laws is given [8].

We will validate the above constitutiv e laws for the input data computed from
the published data and zero initial conditions for internal variables. How these
valueswere determined is explainedin [8]. In the Table 2, we report the statistics
of the metric £ (k') for the window (0,500) for the four above merntioned constitutiv e
laws. Data for the B-L law was not available in the literature

Table 2. Statistics of £(ki) for the parameters determined
from published data.

a b c
CONST | RAND | CONST | RAND | CONST | RAND
AVER 33.24 33.28 36.59 33.12 21.37 23.21
MIN 29.46 29.05 32.42 27.90 17.35 18.05
MAX 39.92 38,55 | 41.42 37.59 29.01 29.19
STD. DEV. 2.60 2.23 3.05 2.57 2.69 2.87

Thesedata have to be comparedwith the metric for the reproducibility. We see
that the errors are very large, especially for the standard kinematic and isotropic
hardening law. The question arises: Are theselarge errors causedby the numerical
valuesof the parametersor by the structure of the law. It is possibleto analyzethis
guestion by the selectionof the optimal parametersleading to the minimal metric.
The statistics for the optimal parametersfor constart amplitude strain is givenin
Table 3.

Table 3. The statistics of the metric E(ki) for the optimal parameters.

a b c d
AVER 32.37| 30.28| 13.37| 11.24
MIN 26.36| 24.35| 10.10| 8.68
MAX 39.02| 36.36| 18.47| 15.10

STD. DEV. | 3.35 | 3.71 | 1.96 | 1.53

We obsene that the kinematic and isotropic hardening laws are not acceptable
becauseof the structure of the law and not becauseof the numerical values of the
parameters. The Chaboche law is better, especially when the optimal parameters
are used. The determination of all 6 parametersfrom the available published data
was very heuristic. Nevertheless,in comparisonto the reproducibility, this law is
12
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a poor characterization for the optimal parameters. Obviously, the quality of the
constitutiv e law could be still poorer if someother validation problems, esgecially
in higher dimensions,would be considered.

Remarks 1. In [8], many more results are preseried. For example,the statistics
of the valuesof the optimal parametersare given for eat of the constitutiv e laws.
Thesevaluesare reasonablystable (of course,the modulus of plasticity hasa much
larger spreadthan the modulus of elasticity).

2. The experiments determine the stressesfrom the given strains. Although
every law hasits inverse,the prediction for the strains, if stressesare given is much
worse. Interesting is that this deterioration is larger for the Chaboche law than
the kinematic law, which indicates that the Chaboche law is lessrobust. This
conclusionrelates well to the application of the information gap theory [16]. =

We concludethat all the constitutiv e laws for plasticity in [8], inclusive of the
kinematic law which is often usedin computational medanics, have to be rejected
and a larger e®ort must be made to obtain laws for which the accuracy and the
reproducibilit y metric is comparableor the errors arein areasonable(by the analyst
opinion) range.

We note that there is a large uncertainty in the yield stresswhich is the basic
parameter in the plasticity. For example, Table 1 shaws its large sensitivity due to
manufacturing. In [3], Volume 1, a large dispersionin the yield stressfor the steel
(iron) is reported.

6. The Stochastic Heat Conduction Problem

In Section 3.2, we introduced the stationary heat problem (3.5). In real life
predictions, all input data (i.e. the conductivity coetcients and the sourceterm)
always contain uncertainties. In cortrast to Section 3, we will now assumethat
the uncertainty is due to completely known variability. This variability will be
characterizedin a probabilistic way by a known probability "eld. Then the problem
becomesa stochastic PDE problem. We will follow here [15 where details and
precisemathematical formulations are given.

6.1. The stochastic function in the domain D. The Karh unen-Lo eve
expansion. Let (- ;F;P) beacomplete probability space.Here - is the setof all
outcomes, F is the ¥%algebraand P : F ! [0;1] is the probability measure. Let
a be a stochastic function, which is the thermal conductivity coexcient in (3.7)
with the continuous covariance function cov[a]. De ne the corresponding compact
operator T, : L?(D)! L?(D) given by

z

(6.1) (Tav)(y) = . cov[a](x ¢y)v(x)dx

andlet (, i;b) bethe eigenpairsof T,v = ,v. Then the truncated Karhunen-Loeve
expansionay is

X p_
(6.2) an (! ;x) = E[a](x) + L b )Yi(h)

i=1
whereY; are uncorrelated real random variableswith mean zero and unit variance.
The random variables Y; are uniquely determined by

V()= P (a0 1 ELE0O)R GO

13
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and A 1

2 !
- R T i —
Jim fsupEfai aflg=lim ~:N+1"h2(x) 0
Henceay in (6.2) with a xed N is an approximation of the stochastic function
a. We will assumein addition:
a. the random variables Y; are independert and have probability density % so
that the joint probability is

W
(6.3) NRy) = %(yi); y = (y1; ¢¢;yn)
i=1
b. the imagesof Y;(-) satisfy Yi(-) Y2i; % (i °;°) and denote | = QiN:l i
Further, we assumethat %, ®> 0onj.

c. the eigenfunctionsly are smooth on D and are uniformly bounded.
d. the eigernvalueshave decay as | ; = O(ﬁ)S for somes > 1.

The stochastic function ay can now be identied with a function de ned on
i £D.
an (Y;X); y = (yn; ¢¢¢;yn) 2, x2D
We will discusstheseassumptionsbelow.

6.2. The form ulation of the stochastic problem and its numerical solu-
tion. The classical deterministic formulation was given in (3.7). Its weak form
reads. Find u 2 H&(ZD) such that

(6.4) aru¢rvdx= fvdx; 8v2H2()
D D

R
and the quantity of interest Q (for example Q = ],i] , U dx). The coercivity
assumption
(6.5) O<a- a(x)- a4 <1
is essetial for the existenceand uniquenessof the solution.
In [15] (seealso for example [14] and [22] and referencestherein) it was showvn

that the stochastic formulation is: Find u(y;x) 2 H = L?(j) £ H}(D), which
satis es 7 7

%y)an (Y;X)r xu(y;x)r xv(y,x)dxdy =
bz iz
(6.6) f (X)%y)v(y,x)dxdy 8v(yx)2H
D
and nd the quartity of interest Q (for example Q = J%] RI (RS u(y,x)dx)%y)dy;
S % D).
In addition to the coercivity condition (6.5) we also assumethat

(6.7) 0<a:- an(yx)- a<1l; 8y2j;x2D; 8N

For simplicity, we assumethat the right hand sidef is a deterministic function.
We will commert on this later.

The solution u(y; x) which dependson N exists and is unique and for N ! 1
it convergesto a limit, which is exact solution of the problem. The form (6.6)
suggestsimmediately the "nite elemeri method as one numerical approach to this
14
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problem. Most natural is to usetensor product h-p elemers. For this case(in [14],
[15]) a-priori error estimateshave beenproven. Among other results, it wasproven
that p-version approximation in j leadsto exponertial rates of corvergence. This
is important becausej has high dimension. An adaptive procedure for selecting
degreesp for the approximation in j and adaptive selectionof N wasalsopresened
in [14]. This adaptive procedureis basedon a simple a-posteriori estimation. An
illustrativ e numerical exampleis presened in [15].

Becausethe dimensionof j canbelarge, it makessenseto alsoconsidera Monte
Carlo approach. In [15], an estimate of the complexities of various numerical pro-
ceduresis given. In [6], a successie approximation (with guaranteed convergence)
approac was studied. It is e®ective when the covariance function is small.

So far we have assumedthat the right hand side f is deterministic. If the
coexcient a and the right hand side f are independert, then the problem splits
into two parts, one for stochastic a and deterministic f, and the other when a is
deterministic and f is stochastic. This is usually the casein practice. If a and f
are correlated, then we can proceedanalogously but the processis more complex.

The secondcase,when only f is stochastic, is much simpler, especially if we
are interested in only the mean and the covariance function of the solution. The
meanis the solution of the prediction problem whenthe right hand sideis the mean
of f. The covariance function cov[u] is the solution of a boundary value problem
on D £ D with the covariance function of f at the right hand side ([5]). For an
e®ective numerical treatment, we refer to [41]. This approac can be generalized
for determination of higher probabilistic momerts; see[40Q].

Assumptions a - d, in Section 6.1 can be weakened. This could in°uence the
regularity of the solution and the rate of the convergence.Nevertheless,condition c)
is essetial. If the covariancefunction cov[a] is not suxciently smooth, for example
whencov[a] = eil *i ¥ then it wasshawn in [6] that for suciently largeN coercivity
of the bilinear form is always violated with a small but positive probability. It is
alsoviolated if the imagesy;(-) are not bounded. Then the solution also doesnot
exist with small but positive probability. Conditions (c) and (d) above are fully
determined by the covariance function.

There are many open mathematical problems when the dimension of j is large
and/or the covariancelength is small. The numerical solution canbe very expensive
and very e®ective procedureshave to be used.

Another signi cant problem is the determination of the Karhunen-Loeve expan-
sion from experimental results. This problem was studied in [9] when the exper-
iments were created virtually as the realizations of a particular Karhunen-Loeve
expansion. The question was how to reconstruct the data in the expansionwith a
reasonableaccuracy It was seenthat any reasonableaccuracy of the Karhunen-
Loeve expansionneedsso many experiments that it is practically unfeasible. Be-
causelarge sets of experiments needto be done, expert opinions dealing with the
ignorance are unavoidable. For example, it is possibleto treat all inputs in the
Karhunen-Loeve expansion as data with an uncertainty-ignorance, as in Section
3. Approaches such as Bayesian probability will likely have to be used. Without
solving this problem, the stochastic approach cannot lead to a reliable prediction.

7. Conclusion

We have shawn that reliable computer predictions of physical events of interest
is a very complex problem. The modeling which hasto take into considerationthe
unavoidable uncertainty is very often the bottleneck of a reliable prediction,
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The veri cation of the numerical treatment (a posteriori error estimation) is a
necessarybut not suzcient processfor reliable prediction. Many mathematical
problemsin CS are open. Without addressingthem, CS remain not read its great
potential.
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