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Abstract

This work studies linear elliptic problems under uncertainty. The major empha-
sis is on the deterministic treatment of such uncertainty. In particular, this work
usesthe Worst Scenarioapproach for the characterization of uncertainty on functional
outputs (quantities of physical interest). Assuming that the input data belong to a
given functional set, eventually in¯nitely dimensional, we proposenumerical methods
to approximate the corresponding uncertainty intervals for the quantities of interest.
Numerical experiments illustrate the performance of the proposedmethodology.
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In tro duction

During the last few decadesand in°uenced by the rapid development of digital computers,
numerical simulations have becomean essential tool in engineering,environmental sciences,
biology, medicine,chemistry and many other ¯elds. Furthermore, simulation tools more and
more frequently are at the basis for decisionsin engineering,public policy, etc.

In addition to classicaldeterministic computations, simulations taking into consideration
variousuncertainties and probabilities that may arisein the description of a physical problem
are usedwidely today. Such simulations appear in civil engineering([16, 23, 24, 34]), nuclear
engineering([14, 20, 21, 32]), ground °ows [15] and in many other ¯elds as the basisof risk
analysis. Uncertainty Quanti¯cation (UQ) is alsoa necessarystep in assessingthe reliabilit y
of computer simulations and, in this respect, it is alsopart of the broader areaof Validation
and Veri¯c ation (we refer to the wide literature in the ¯eld: the guide [1], the survey articles
[5, 26, 27] and the book [33] where many other relevant referencesare given).

Computational analysis (simulation) relies, typically, on a mathematical model and its
input, to obtain an output of a desired quantit y of interest. By a mathematical model we
meana set of mathematical relations, usually basedon physical principles, like conservation
laws, Newton's gravitation law, etc. By the input we mean the data neededin the math-
ematical formulation, for example the physical domain, the coe±cient functions, boundary
conditions etc. Theseare natural inputs in boundary value problems.

Uncertainty may arise at di®erent levels. It could appear in the mathematical model
itself, for instance if we are not sure about the linear behavior of somephysical system, or
in the input data of the model. In this work we will discussonly the uncertainty in the
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input data, typically, coe±cients and forcing terms in the mathematical model. An analysis
of the e®ectof uncertainty in the domain can be found in [3, 4]. Also, the works [30, 29]
on modeling error estimations can be seenas an attempt to quantify the uncertainty in the
mathematical model.

Very likely, the most complete way to describe uncertainty in the input data is in a
probabilistic setting. Supposethat for all the \uncertain" data of the model we know the
associated probabilit y distribution. In such a case, we can solve a stochastic model to
compute the probabilit y distribution of the output quantit y. This will allow us to predict
information like the mean value and standard deviation of the quantit y of interest, the
probabilit y that the output is larger than a critical value, etc.

The major limitation to the probabilistic approach is that, in practical applications, a
full characterization of the probabilit y distribution implies a huge amount of experiments
and measurements, often una®ordablebecauseof budget or time constraints.

Another limitation comesfrom the fact that, whenever the input data belong to an in¯-
nite dimensionalspace(they might be functions of position and/or time), their probabilistic
characterization must include knowledgeof the crosscorrelation of the valuesthat the data
can take at di®erent points in spaceand time. In this case, the solution of a stochastic
model becomesquickly too costly.

In this work, we consideran alternativ e and inexpensive way to characterizeuncertainty
in the output. This approach is particularly useful in those caseswhere we only know
little information on the uncertainty in the input data, namely that the input data lie in
a functional set (that might well be in¯nite dimensional). For instance, we may consider
any load acting on a portion of a given structure, provided it doesn't exceeda maximum
allowed value.

The methodology proposedrelieson a perturbation technique around the nominal values
of the data. We will present an algorithm to compute the ¯rst term in the expansion
and we will provide rigorous bounds for the reminder of the expansion, valid for any size
of the perturbations. Also, we will present convergenceresults in case a ¯nite element
approximation is usedto solve numerically the model.

To give some more details of the main idea, let us suppose that we are interested in
computing a speci¯c quantity of interest (q.o.i), Q, that is a function of the solution u of
a partial di®erential equation which, on its turn, depends on the input parameters of the
mathematical model, hereafter denoted by ´ (bold symbols will be used to indicate vector
quantities). We will make the assumption that the quantit y Q can be represented by a
linear functional on the spaceV of admissiblesolutions.

The quantit y of interest Q depends on the parameters ´ {which may be functions{
through the solution u(´ ) and possibly also explicitly . To highlight this dependencewe
intro duce the notation

Ã(´ ) = Q(´ ; u(´ )) ; 8´ 2 A ´ ;

where A ´ is an admissibleset for the input ´ . The situation we are trying to describe here
is the onewhere the true parameter in the model is unknown and the only information that
we disposeof it is that it lies in the functional set A ´ . The goal of this work is to develop
a technique to bound the error intro duced in the computation of the quantit y of interest
when we choosea parameter that might not be the true one. More precisely, supposethat
we are able to compute the quantit y of interest Ã(´ 0) = Q(´ 0; u(´ 0)) for some´ 0 2 A ´ .
The goal is to estimate the maximum error

¢ Q = sup
´ 2A ´

jÃ(´ ) ¡ Ã(´ 0)j (1)
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corresponding to the worst-casescenario within all possiblechoicesof the parameters ´ in
A ´ . There is a large amount of literature { seee.g. [9, 13, 17] and the referencestherein
{ addressingthe worst scenarioapproach for which many namesare used. A recent and
related approach is the so called \info-gap" theory where a family of sets A ´ is used to
describe uncertainty (see[8]). In addition, formulation (1) can be seenas an optimization
(or anti-optimization ) problem. Whenever the set A ´ of admissibleparameters is in¯nitely
dimensional,asit is in all the situations we will addressin this work, the computation of ¢ Q
can be challenging and extremely costly. The perturbation technique that we advocate can
be applied with low computational cost for any sizeof the perturbations and it is endowed
with a posteriori error estimates for discretization error control.

1 Examples

Let D be a bounded polygonal domain in Rd, d = 1; 2; 3. We will make this assumption for
the domains throughout the rest of the work. Further, assumethat the boundary set @D is
the disjoint union of subsetswhere di®erent boundary conditions are imposed,i.e. ¡ N for
Neumann and Robin type, and ¡ D for essential (e.g. Dirichlet) ones. We also assumethat
the set ¡ D haspositive measurein @D to ensurethe well posednessof the weakformulations.

Example 1 (Scalar isotropic di®usion equation with unkno wn coe±cien t) Consider
the equation 8

><

>:

¡ div(¯ r u) = f ; on D ½ R3

u = g; on ¡ D ½ @D
¯ @n u = h1 ¡ u h2; on ¡ N ½ @D

(2)

with smooth data, f : D ! R, g : ¡ D ! R and h1; h2 : ¡ N ! R, respectively. The uncertain
parameter, in this example,wil l be the di®usivity coe±cient, i.e. ´ = [¯ ]. In principle, the
coe±cient ¯ is not constant over D . Provided that ¯ is uniformly bounded away from zero,
the solution u belongsto the a±ne subspace H 1

g;¡ D
(D ) = f v 2 H 1(D ) : v = g on ¡ D g. The

quantity of interest might be, for instance, the averageof the quantity u over a subsetof the
domain

Q(u) =
1

jSj

Z

S
u dx; S ½ D

or a similar quantity based on the gradient of the solution,

Q(¯ ; u) =
1

jSj

Z

S
¯ r u ¢° dx; S ½ D:

where ° is a vector ¯eld in S.
Assuming that the material is homogeneous in D , the set of parameters could take the

form A ´ ½ R, A ´ = [¯ min ; ¯ max ], with ¯ min > 0. The two bounds ¯ min and ¯ max wil l
typically come from experimental measurements.

In practical situations, though,wecan not excludea priori the presence of heterogeneities
in the material. Yet, precise measurements of such heterogeneitiesare very hard to obtain
if not impossible in general. As a pessimistic (worst) scenario, we might consider the set
A ´ ½ L 1 (D ), ¯ min · ¯ (x) · ¯ max ; 8x 2 D.
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Example 2 ( Linear elasticit y with unkno wn material prop erties) Consider the dis-
placement ¯led u of a body occupying the region D ½ R3, described by the equations of linear
elasticity 8

><

>:

¡ div(C(¯ )r s u) = f ; in D ½ R3

u = 0 on ¡ D ½ @D
C(¯ )r s u = g on ¡ N ½ @D

(3)

where C(¯ ) is the fourth order elasticity tensor and r s u = (r u + r T u)=2 is the strain
tensor. The solution u(¯ ) belongs to V = [H 1

¡ D
(D )]3 ´ f v 2 [H 1(D )]3; v = 0 on ¡ D g.

The coe±cients in the model can be taken as the Young module, E , and Poisson ratio, º ,
(i.e. ¯ = [E ; º ]) should the material be modeled as isotropic. If the material is orthotropic,
then the vector of coe±cients ¯ consists of the 9 coe±cients characterizing the elasticity
tensor, whereas in the general anisotropic case, ¯ consists of 21 coe±cients functions. As
in the previous example, we wil l take as uncertain parameters in the model the elasticity
coe±cients, i.e. ´ = ¯ and we wil l allow for pointwise perturbations within a given range,
thus accounting for possibleinhomogeneitiesof the material. Section 5.2 presentsnumerical
results for a cantilever beam with rectangular crosssection and, as quantities of interest Q1

and Q2, averaged displacement in the vertical and axial directions at the free end of the
beam, respectively.

Example 3 (Linear elasticit y with unkno wn forcing term) Let us consider again the
previousexample,but this time with uncertainty in the load terms. For instance, to describe
the uncertainty in the volume force f , we may consider the parameter set f f 2 [L 2(D )]3 :
kf ¡ f0k[L 2 (D )] 3 < ² f g, for some forcing term f0 2 [L 2(D )]3 and a real number ² f > 0.
Similarly, to describe the uncertainty in the traction g applied on the portion ¡ N of the
boundary, we can use the set f g 2 [L 1 (¡ N )]3 : kg ¡ g0k[L 1 (¡ N )] 3 < ²gg, for somefunction
g0 2 [L 1 (¡ N )]3 and ²g > 0. Observethat the previous choices of L 2(D ) and L 1 (¡ N ) as
underlying spaces for parameters is il lustrative and not general {see Application 3{. This
choice has to be motivated for each caseby the physical information available.

2 Mathematical description of the problem

Let V be a Hilb ert spaceand W a Banach spaceover the domain D ½ Rd, d = 1; 2; 3, with
norms denoted by k ¢kV and k ¢kW , respectively. Moreover, we will denote by W 0 the dual
spaceof W .

For a non negative integer s and 1 · p · + 1 , let W s;p (D ) be the Sobolev spaceof
functions having generalizedderivatives up to order s in the spaceL p(D ), see[18]. The
standard Sobolev norm of v 2 W s;p (D ) will be denoted by kvkW s;p (D ) , 1 · p · + 1 , and
in the casep = 2 we shall write H s(D )´ W s;2(D ).

The spaceV is typically a Sobolev spaceof the form (H s(D ))n . For instance, we have
n = 1 for the di®usionequation (2) and n = d for the linear elasticity case(3). In both cases,
we have s = 1. Besides,we intro duce the subspaceV0 of functions that satisfy essential
(Diric hlet) homogeneousboundary conditions on ¡ D ½ @D. Similarly, we will denote by
Vg the a±ne subspaceof V of functions that satisfy the non-homogeneousDirichlet datum
g on ¡ D . For example, in the caseV = H 1(D ) the subspaceV0 ½ V is simply de¯ned as
V0 = H 1

¡ D
´ f v 2 V : v = 0; 8x 2 ¡ D g and Vg = f v 2 V : v = g on ¡ D g .

Consider a bilinear form B on V that depends on somecoe±cients ¯ = [¯ 1; : : : ; ¯ m ] 2
A ¯ µ W . We will call A ¯ the set of coe±cients and W the space of coe±cients . HenceB
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will take the form: B : A ¯ £ V £ V ! R, bilinear with respect to its last two arguments
and supposedto satisfy the following hypotheses:

² uniform coercivenessover V0. There exist ®; ~®(¯ ) > 0, s.t.

B (¯ ; v; v) ¸ ~®(¯ )kvk2
V > ®kvk2

V ; 8v 2 V0; ¯ 2 A ¯ : (4)

² uniform continuity. There exist M ; ~M (¯ ) > 0, s.t.

B (¯ ; v; w) · ~M (¯ )kvkV kwkV < M kvkV kwkV ; 8v; w 2 V; ¯ 2 A ¯ : (5)

We also intro duce a set of admissibleloads, A L ½ V0
0. Then, for any load L 2 A L and any

coe±cient ¯ 2 A ¯ the Lax-Milgram Lemma (seee.g. [11],[10]) implies the existenceand
uniquenessof the solution u(¯ ; L ) 2 Vg to the variational problem:

B (¯ ; u(¯ ; L ); v) = L (v); 8v 2 V0: (6)

We also intro duce the standard energy semi-norm as

jvj2E ;¯ ´ B (¯ ; v; v); 8v 2 V:

Observe that this semi-norm dependson the choice of the coe±cient ¯ . Moreover, for each
¯ 2 A ¯ , its restriction to the subspaceV0, is in fact equivalent to the norm k ¢kV thanks to
the uniform coercivenessand continuit y assumptions(4)- (5) on the form B . In the light of
problem (1), we considerin this work parameters´ of the form ´ = [¯ ; L ] and corresponding
sets A ´ = A ¯ £ A L , that is, we allow perturbations in the coe±cients and in the loads of
the equation to solve.

2.1 Perturbation technique for uncertain ty quan ti¯cation

In presenceof small uncertainty in the parameters´ , we can employ a perturbation analysis
around the nominal value ´ 0 to estimate the interval ¢ Q in (1). Under the assumption
that the quantit y of interest Q (and a fortiori the bilinear form B ) is a regular function of
the parameters ´ , we can intro duce the Fr¶echet derivative D ´ Ã(´ ) of the functional Ã(´ )
on the spaceof perturbations W , evaluated at the point ´ :

< D ´ Ã(´ ); ±́ > = lim
s! 0+

Ã(´ + s±́ ) ¡ Ã(´ )
s

; 8±́ 2 W

and the secondorder Fr¶echet derivative D 2
´ Ã(´ ) (bilinear form on W ) in ´ :

D 2
´ Ã(´ )( ±́ 1; ±́ 2) = lim

s! 0+
<

D ´ Ã(´ + s±́ 2) ¡ D ´ Ã(´ )
s

; ±́ 1 > :

Then, for all ´ = ´ 0 + ±́ 2 A ´ the following expansionholds: there exists µ 2 (0; 1) such
that

Ã(´ ) ¡ Ã(´ 0) = < D ´ Ã(´ 0); ±́ > +
1
2

D 2
´ Ã(´ 0 + µ±́ )( ±́ ; ±́ ): (7)
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Based on expansion (7) we can give the following bound of the uncertainty interval
intro duced in (1):

¢ Q · sup
±´ 2A ´ ¡ ´ 0

j < D ´ Ã(´ 0); ±́ > j

| {z }
Linear term (¢ Q lin )

+
1
2

sup
±´ 2A ´ ¡ ´ 0

sup
µ2 (0 ;1)

jD 2
´ Ã(´ 0 + µ±́ )( ±́ ; ±́ )j

| {z }
Remainder (R )

:
(8)

As we will seein the following sections,in most of the cases,the ¯rst term of the expansion
(hereafter ¢ Ql in ) can be computed quite accurately, whereasthe computation of the second
term is, in general, una®ordableand only bounds or rough approximations of it can be
provided. Yet, in presenceof small uncertainty, we should expect the remainder to be much
smaller than the leading linear term.

3 Uncertain ty in the coe±cien ts

We concentrate in this Section on the uncertainty in the coe±cients ¯ 2 A ¯ of the bilinear
form B (¯ ; ¢; ¢) from (6). The analysis of the load uncertainty is simpler, and is postponed
to Section 4. Besides,for the sake of readibilit y, in this section we will denote the set of
coe±cients by A instead of A ¯ .

3.1 Computation of the leading order term

Since we are interested in the type of problems intro duced in Section 1, we will restrict
ourselvesto perturb the coe±cients of the partial di®erential equationsin L 1 (D ). Moreover,
we will assumethat the coe±cients are uncorrelated. That is to say, at each point x of the
domain, the set of coe±cients is a hypercube of the form

Q m
i =1 [¯ min

i (x); ¯ max
i (x)], where m

is the number of coe±cients. The set of coe±cients we will considerhereafter is

A = f ¯ 2 [L 1 (D )]m ; j¯ i (x) ¡ ¯ 0i (x)j · ±i (x); 8x 2 Dg (9)

with the assumption that the functions ±i (x), i = 1; : : : ; m, are piecewisesmooth.
For the purposeof characterizing the term ¢ Ql in we¯rst intro ducethe in°uence function

{ sometimesalso called adjoint or dual solution { ' (¯ ) 2 V0, associated to the quantit y of
interest Q, as the solution of the dual problem

8¯ 2 A ; ¯nd ' (¯ ) 2 V0 such that B (¯ ; v; ' ) = Q(¯ ; v); 8v 2 V0: (10)

The use of the dual problem to compute the gradient of the quantit y of interest, Q, with
respect to the coe±cients ¯ is a standard technique in the areasof sensitivity analysis [12],
optimal control [19, 31] and a posteriori error estimation [2, 6, 7]. Under the assumption
that Q is a linear bounded functional on V , the solution ' (¯ ) exists and is unique in V0.

Next, we de¯ne the following derivative:

² 8v; w 2 V; 8¯ 2 A ; D ¯ B (¯ ; v; w) 2 W 0 is such that

< D ¯ B (¯ ; v; w); ±̄ > = lim
s! 0+

1
s

[B (¯ + s±̄ ; v; w) ¡ B (¯ ; v; w)] ; 8±̄ 2 W:
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In typical boundary value problems, the bilinear form B has an integral representation

B (¯ ; v; w) =
Z

D
G(¯ ; v; w) dx

for somefunction G 2 L 1(D ) that depends on ¯ , v, w and their derivatives. At least this
is the casefor the exampleswhere only Neumann or Dirichlet-t ype boundary conditions
are imposed. A boundary term should be added in the previous representation if Robin
boundary conditions are considered. However, observe that in most of the practical cases
this boundary term doesnot depend on the coe±cient ¯ and therefore, doesnot contribute
to D ¯ B . The regularity assumptionsunder which the derivative of the bilinear form is well
de¯ned are:

Assumption 1 For all v; w 2 V and all ¯ 2 A ,

² r ¯ G(¯ ; v; w) 2 [L 1(D )]m ; (11a)

² for i = 1; : : : ; m; 9 Ci (¯ ) > 0 s.t.
Z

D

¯
¯
¯
¯
@G
@̄ i

(¯ ; v; w)

¯
¯
¯
¯ dx · Ci (¯ )jvjE ;¯ jwjE ;¯ ; (11b)

² Csup
i = sup

¯ 2A
Ci (¯ ) < 1 : (11c)

Consequently ,

< D ¯ B (¯ ; v; w); ±̄ > =
Z

D
r ¯ G(¯ ; v; w) ¢±̄ dx;

and, for any ¯ 2 A and ±̄ 2 W , the quantit y < D ¯ B (¯ ; v; w); ±̄ > de¯nes a bounded
bilinear form on V £ V . In all the examplespresented in Section1, theseregularity assump-
tions are satis¯ed. We will come back to this point later on in the text. In addition, we
consider functionals Q of the form

Q(¯ ; v) =
Z

D
F (¯ ; v)dx +

Z

¡ Q µ ¡ N

H (v)dA: (12)

The function F dependson ¯ , v and its gradient and satis¯es:

Assumption 2 For all v 2 V and all ¯ 2 A

² r ¯ F (¯ ; v) 2 [L 1(D )]m ; (13a)

² for i = 1; : : : ; m; 9 ¹Ci (¯ ) > 0 s.t.
Z

D

¯
¯
¯
¯
@F
@̄ i

(¯ ; v)

¯
¯
¯
¯ dx · ¹Ci (¯ )jvjE ;¯ ; (13b)

² ¹Csup
i = sup

¯ 2A

¹Ci (¯ ) < 1 : (13c)

Similarly, we assumethat for all v 2 V the function H (v) 2 L 1(¡ Q ). Observe that the
quantities of interest intro duced in the examplesof Section 1 can be written in the form
(12). The assumptions(13) yield

< D ¯ Q(¯ ; v); ±̄ > =
Z

D
r ¯ F (¯ ; v) ¢±̄ dx:
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The purpose of the next example is to provide intuition on the constants intro duced in
assumptions(11) and (13).

Application 1 Consider the scalar di®usioncaseintr oduced in Example1. Here, B (¯ ; v; w) =R
D ¯ r v ¢r w and therefore, r ¯ G(¯ ; v; w) = r v ¢r w. Thus, bounding

Z

D
jr ¯ Gj · k1=¯ kL 1 (D ) jvjE ;¯ jwjE ;¯ ;

we can take C(¯ ) = k1=¯ kL 1 (D ) . On the other hand, with the quantity of interest Q(¯ ; v) =R
D ¯ r v ¢° , with ° 2 (L 2(D ))3, we haver ¯ F = r v ¢° and

Z

D
jr ¯ F j · k1=¯ kL 1 (D )

µ Z

D
¯ j° j2dx

¶ 1=2

jvjE ;¯ ;

so we can choose ¹C(¯ ) = k1=¯ kL 1 (D )

q R
D ¯ j° j2dx.

We can intro duce as well the derivative of the solution u(¯ ) of the primal problem
(respectively ' (¯ ) of the dual problem), with respect to ¯ :

² 8¯ 2 A ; D ¯ u(¯ ) : W ! V0,

D ¯ u(¯ )( ±̄ ) = lim
s! 0+

1
s

[u(¯ + s±̄ ) ¡ u(¯ )] ; 8±̄ 2 W:

It is easy to show that D ¯ u(¯ )( ±̄ ) 2 V0 {note the homogeneousboundary conditions
satis¯ed by D ¯ u(¯ )( ±̄ ){ satis¯es the following variational problem:

B (¯ ; D ¯ u(¯ )( ±̄ ); v) = ¡ < D ¯ B (¯ ; u(¯ ); v); ±̄ >; 8v 2 V0: (14)

The regularity assumptions (11) allow to state that such derivative is well de¯ned. The
following Lemma recalls the characterization of the di®erential D ¯ Ã in terms of the dual
solution ' and provides a formula for the leading order term ¢ Ql in as well as a character-
ization of the worst perturbation ±̄ ¤, i.e. a perturbation that leads to the supremum of
¢ Ql in :

Lemma 1 Under assumptions(11) and (13), there holds:

a)
< D ¯ Ã(¯ ); ±̄ > = < D ¯ Q(¯ ; u(¯ )) ¡ D ¯ B (¯ ; u(¯ ); ' (¯ )) ; ±̄ >;

8¯ 2 A ; 8±̄ 2 A ¡ ¯ ;
(15)

b) ¢ Ql in =
mX

i =1

Z

D

¯
¯
¯
¯
@(F ¡ G)

@̄ i
(¯ 0; u(¯ 0); ' (¯ 0))

¯
¯
¯
¯ ±i dx; (16)

c) the worst perturbation is ±̄ ¤
i = ±i sign

µ
@(F ¡ G)

@̄ i

¶
:

Proof. By hypothesis,the functional Q is linear with respect to u 2 V . Hence,8¯ 2 A , and
8±̄ 2 A ¡ ¯ , we have

< D ¯ Ã(¯ ); ±̄ > = Q(¯ ; D ¯ u(¯ )( ±̄ ))+ < D ¯ Q(¯ ; u(¯ )) ; ±̄ >

= B (¯ ; D ¯ u(¯ )( ±̄ ); ' (¯ ))+ < D ¯ Q(¯ ; u(¯ )) ; ±̄ >

= ¡ < D ¯ B (¯ ; u(¯ ); ' (¯ )) ; ±̄ > + < D ¯ Q(¯ ; u(¯ )) ; ±̄ >
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and this proves part a). Observe that the second equality holds becausethe function
D ¯ u(¯ )( ±̄ ) 2 V0 and therefore, it can be used as a test function in the dual problem
(10). Next, to any ±̄ (x) = ¯ (x) ¡ ¯ 0(x) we can associate the function f±̄ such that

f±̄ i (x) =

(
±̄ i (x)=±i (x); if ±i (x) 6= 0
0 if ±i (x) = 0:

Hence,kf±̄ i kL 1 (D ) · 1, and (denoting by u0 = u(¯ 0) and ' 0 = ' (¯ 0))

¢ Ql in = sup
±¯ 2A¡ ¯ 0

< D ¯ Q(¯ 0; u0) ¡ D ¯ B (¯ 0; u0; ' 0); ±̄ >

=
mX

i =1

sup
f±¯ i 2 L 1

k f±¯ i kL 1 · 1

Z

D

@(F ¡ G)
@̄ i

(¯ 0; u0; ' 0) f±̄ i ±i dx =
mX

i =1

°
°
°
°

@(F ¡ G)
@̄ i

±i

°
°
°
°

L 1 (D )

the supremum being achieved for

f±̄ i = sign
µ

@(F ¡ G)
@̄ i

¶

and this completesthe proof. ¤

Let us point out the main result given in Lemma 1: whenever the perturbation of the
coe±cients is of the form (9), the computation of the bound on the leading order term
implies the solution of the primal and dual problems as well as the evaluation of L 1-norms
of the functions @(F ¡ G)=@̄ i . Lemma 1 alsoprovides a useful characterization of the worst
distribution ¯ ¤ = ¯ 0 § ±̄ ¤ of the coe±cients, that maximizes the uncertainty interval in
the quantit y of interest.

The fact that the evaluation of ¢ Ql in can be recast to evaluating L 1-norms of the
functions @(F ¡ G)=@̄ i is a consequenceof the choice of L 1 as spaceof perturbations.
Conversely, the fact that the uncertainty interval is simply the sum of intervals associated
to each coe±cient is a consequenceof the assumption that the coe±cients are uncorrelated,
i.e. at each point of the domain the set of coe±cients is a hypercube in Rm .

Remark 1 (More general perturbations: correlated coe±cien ts) In general, the un-
certain coe±cients may be correlated. In such a case it seems more realistic to use convex
polyhedra to describe the set of allowed perturbations in each position x 2 D. Hence, the set
of coe±cients wil l take the form A = f ±̄ 2 [L 1 (D )]m ; (¯ 0 + ±̄ )(x) 2 A(x) ½ Rm ; 8x 2
Dg. The set function A gives,at each point x, convexpolyhedra that vary piecewisesmoothly
with respect to x. Their diameter representsthe level of uncertainty at each point, with a
similar role as the functions ±i have in the uncorrelated case. We can build a computable
approximation based on uncoupled standard linear programs: given a suitable partition T
of the domain (typically related to a ¯nite element mesh), on each element of which the
set function A is smooth, and considering only piecewise constant perturbations ±̄ K , the
quantity ¢ Ql in can be approximated as

¢ Ql in ¼
X

K 2T

max
±¯ K 2 A (x K ) ¡ ¯ 0 (x K )

mX

i =1

±̄ ( i )
K

Z

K

@(F ¡ G)
@̄ i

(¯ 0; u(¯ 0); ' (¯ 0))dx

where xK is an arbitrary point in K . The previous expression implies the solution of a
simple linear constrained optimization problemon each element of the partition.
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Remark 2 (More general perturbations: smoother perturbations)
Whenever a priori regularity on the coe±cients is available, e.g. if we have physical in-
formation that tells us that a given coe±cient has a bounded ¯rst derivative w.r.t. x, a
penalized version of the ¯rst term on the right hand side of (8) may be useful, i.e. given an
m-dimensional parameter ½> 0 we may choose,

±̄ ¤ = argmax
±¯ 2A¡ ¯ 0

½
< D ¯ Q(¯ 0; u0) ¡ D ¯ B (¯ 0; u0; ' 0); ±̄ > ¡

1
2

k±̄ k2
H 1

½(D )

¾

with k±̄ k2
H 1

½(D ) =
P m

i =1 ½i k±̄ i k2
H 1

0 (D ) . Thus, the resulting optimization problem is no
longer separable in x and we have to use a multilevel algorithm to solve it.

Extra sensitivity information can be extracted from the representation (15): let us in-
tro duce the sensitivity function

®( i ) = ¯ 0i
@(F ¡ G)

@̄ i
(¯ 0; u(¯ 0); ' (¯ 0)) ; i = 1; : : : ; m (17)

relative to each coe±cient ¯ i . The function ®( i ) represents a density per unit volume and
unit relative perturbation associated to the i ¡ th coe±cient and allows us to quantify the
regionsof the domain in which a unitary relative perturbation of the coe±cients hasa large
in°uence on the uncertainty interval of the quantit y of interest. In other words, such function
can be usedto identify the regionswhere the coe±cients should be measuredsharply.

3.1.1 Finite elemen ts appro ximation

As stated in Lemma 1, the computation of the leading order term ¢ Ql in implies the solution
of the primal and dual problems for the choice ¯ = ¯ 0 of the coe±cients. In practice, the
exact solutions u(¯ 0) and ' (¯ 0) are not accessibleand only approximations of them will be
available. Let us indicate by uh (¯ 0) and ' h (¯ 0) somesuitable ¯nite element approximations
to the exact solutions and by ¢ Ql in

h the approximation of ¢ Ql in basedupon these ¯nite
elements solutions, that is

¢ Ql in
h =

mX

i =1

°
°
°

@(F ¡ G)
@̄ i

(¯ 0; uh (¯ 0); ' h (¯ 0))±i

°
°
°

L 1 (D )
: (18)

The following Lemma states that the quantit y ¢ Ql in
h convergesto the true value at the

samerate as the ¯nite element approximations uh (¯ 0) and ' h (¯ 0) in the energynorm.

Lemma 2 Under the regularity assumptions(11) and (13), there exists a constant C > 0,
independent of the discretization parameter h, such that

j¢ Ql in ¡ ¢ Ql in
h j · C (ju(¯ 0) ¡ uh (¯ 0)jE ;¯ 0 + j' (¯ 0) ¡ ' h (¯ 0)jE ;¯ 0 ) : (19)

Proof. Let ~G = F ¡ G. In this proof we will use the shorthand notation u = u(¯ 0) and
uh = uh (¯ 0) (similarly for ' and ' h ).
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We ¯rst recall the inequality 8a;b 2 R
¯
¯ jaj ¡ jbj

¯
¯ · ja ¡ bj: Then,

j¢ Ql in ¡ ¢ Ql in
h j =

¯
¯
¯
¯
¯

mX

i =1

Z

D

Ã¯
¯
¯
¯
¯
@~G
@̄ i

(¯ 0; u; ' )±i

¯
¯
¯
¯
¯
¡

¯
¯
¯
¯
¯
@~G
@̄ i

(¯ 0; uh ; ' h )±i

¯
¯
¯
¯
¯

!

dx

¯
¯
¯
¯
¯

·
mX

i =1

Z

D

¯
¯
¯
¯
¯

¯
¯ @~G
@̄ i

(¯ 0; u; ' )
¯
¯ ¡

¯
¯ @~G
@̄ i

(¯ 0; uh ; ' h )
¯
¯

¯
¯
¯
¯
¯
±i dx

·
mX

i =1

Z

D

¯
¯
¯
¯
¯
@~G
@̄ i

(¯ 0; u; ' ) ¡
@~G
@̄ i

(¯ 0; uh ; ' h )

¯
¯
¯
¯
¯
±i dx

·
mX

i =1

Z

D

Ã¯
¯
¯
¯
¯
@~G
@̄ i

(¯ 0; u ¡ uh ; ' )

¯
¯
¯
¯
¯

+

¯
¯
¯
¯
¯
@~G
@̄ i

(¯ 0; uh ; ' ¡ ' h )

¯
¯
¯
¯
¯

!

±i dx

·
mX

i =1

[Ci (¯ 0) + ¹Ci (¯ 0)] (ju ¡ uh jE ;¯ 0 j' jE ;¯ 0 + juh jE ;¯ 0 j' ¡ ' h jE ;¯ 0 ) k±i kL 1 (D ) ;

where in the last inequality we have used (11) and (13). The proof now follows observing
that both j' jE ;¯ 0 and juh jE ;¯ 0 are bounded quantities. ¤

Oncethe ¯nite element approximations to the primal and dual solutionsareavailable, the
practical computation of ¢ Ql in

h still involvessometechnicalities due to the non smoothness
of the functions to integrate. Let Th be the ¯nite element meshemployed in the computation
of uh (¯ 0) and ' h (¯ 0). We make the assumption that Th is aligned with eventual disconti-
nuities of the function ±i , if any. Then, on each element K 2 Th we can reasonablyassume
that the functions @(F ¡ G)

@̄ i
(¯ 0; uh (¯ 0); ' h (¯ 0))±i (x) are regular enough,such that they can

be integrated with high accuracyby a quadrature formula. Yet, the absolute value of those
functions will not be smooth, in general, and may present surfacesof non di®erentiabilit y.
This feature demandsfor an adaptive quadrature algorithm.

3.1.2 Implemen tation of the Adaptiv e Quadrature Algorithm

This subsectionpresents a detailed implementation of an adaptive quadrature algorithm,
applying the theory and implementation devisedin the work [25].

The goal of the adaptive algorithm described below is to construct, starting from the
meshTh , a re¯ned meshThq , with hq · h, such that the quadrature error in the computation
of (18) is smaller than a given error tolerance, TOL > 0. Besides,for e±ciency reasons,the
contributions to the total error from each of the elements in the re¯ned mesh are approx-
imately equidistributed. To this end, start the adaptive quadrature with the initial mesh
of size hq[1] = h, where h is the mesh size used to compute uh and ' h , and then specify
iterativ ely a new meshhq[k + 1], from hq[k], using the following dividing strategy:

for all elements n = 1; 2; : : : ; N [k]

compute the error indicator ¹r n [k]

if ¹r n [k] >
TOL
N [k]

then

mark element n for division

endif

endfor

divide all marked elements into 2d uniform sub elements.

(20)
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Here the error indicator, ¹r n [k], corresponding to the element n on the k mesh is obtained
using the di®erencebetweenthe quadrature formula with the current mesh-sizeand another
with half the mesh-size.With this dividing strategy, we usethe stopping criterion:

if
³

max
1· n · N [k ]

¹r n [k] · S1
TOL
N [k]

´
then stop: (21)

The dividing strategy (20) is applied iterativ ely until the approximate solution is su±ciently
resolved, i.e. the elements satisfy the stopping criterion (21). The constant S1 is de¯ned
following [25].

Remark 3 Once the adaptive algorithm stops, the ¯nal mesh is well suited to represent
the sensitivity functions ®( i ) and the corresponding worst perturbations ¯ ¤

i , i = 1; : : : ; m by
means of piecewise constant functions. This representation is of practical important value
to visualize the functions ®( i ) and ¯ ¤

i and thus identify the regions of the domain D that
most in°uence the uncertainty in the quantity of interest Q.

3.2 Computational bounds for the remainder

The goal of this section is to present estimatesfor the remainder of the bound in (8), i.e.

R ´
1
2

sup
±¯ 2A¡ ¯ 0

sup
µ2 (0 ;1)

jD 2
¯ Ã(¯ 0 + µ±̄ )( ±̄ ; ±̄ )j: (22)

The secondderivative, D 2
¯ Ã can be characterized by the identit y

D 2
¯ Ã(¯ )( ±̄ ; ±̄ ) = ¡ D 2

¯ B (¯ ; u(¯ ); ' (¯ ))( ±̄ ; ±̄ )

¡ 2 < D ¯ B (¯ ; D ¯ u(¯ )( ±̄ ); ' (¯ )) ; ±̄ >

+ 2 < D ¯ Q(¯ ; D ¯ u(¯ )( ±̄ )) ; ±̄ >

+ D 2
¯ Q(¯ ; u(¯ ))( ±̄ ; ±̄ ):

(23)

which follows directly by taking variations on equation a) from Lemma 1. Observe that
the computation of the secondderivative D 2

¯ Ã(±̄ ; ±̄ ) in the direction ±̄ depends on the
knowledge of the ¯rst derivative D ¯ u(±̄ ). Since we would like to maximize D 2Ã over all
possibledirections ±̄ , and we consider in¯nite dimensional sets of coe±cients, we would
have to know the value of D ¯ u(±̄ ) for all ±̄ which is practically unfeasible. Hence, we
derive computable bounds for the remainder basedon a priori energy estimates for D ¯ u.
Of course,the price to pay is that those bounds might be pessimistic in certain situations.

Besides,we now restrict ourselvesto regular symmetric problems, assumingthat

Assumption 3 For each ¯ 2 A and 1 · i; j · m there exist non-negative constants
Cij (¯ ); C#

ij (¯ ) > 0 such that

jD 2
¯ B (¯ ; u; v)( ±̄ ; ±̄ )j

jujE ;¯ jvjE ;¯
·

0

@
mX

i;j =1

Cij (¯ ) k±̄ i kW i k±̄ j kW j

1

A ; 8 u; v 2 V; 8±̄ 2 A ¡ ¯ ;

(24)
and

jD 2
¯ Q(¯ ; u)( ±̄ ; ±̄ )j

jujE ;¯
·

0

@
mX

i;j =1

C#
ij (¯ ) k±̄ i kW i k±̄ j kW j

1

A ; 8 u 2 V; 8±̄ 2 A ¡ ¯ : (25)

12



Theseassumptionsarecloselyrelated to (11,13). Basedon (23) and the previousassumption
we derive a bound for D 2

¯ Ã(±̄ ; ±̄ ), at least for the caseof symmetric problems, basedon
the energynorm of the primal and dual solutions, namely

Lemma 3 Under assumptions(11-13) and (24-25) there holds

jD 2
¯ Ã(¯ )( ±̄ ; ±̄ )j

ju(¯ )jE ;¯
·j ' (¯ )jE ;¯

mX

i;j =1

(Cij (¯ ) + 2Ci (¯ )Cj (¯ )) k±̄ i kW i k±̄ j kW j

+
mX

i;j =1

(C#
ij (¯ ) + 2 ¹Ci (¯ )Cj (¯ ))k±̄ i kW i k±̄ j kW j

Proof. Apply the triangle inequality to (23), then bound the ¯rst and the last terms by
direct application of (24) and (25). Let us now bound the secondterm using (11):

j < D ¯ B (¯ ; D ¯ u(¯ )( ±̄ );' (¯ )) ; ±̄ > j ·

jD ¯ u(¯ )( ±̄ )jE ;¯ j' (¯ )jE ;¯

Ã
mX

i =1

Ci (¯ ) k±̄ i kW i

!

:

Recall that D ¯ u(¯ )( ±̄ ) satis¯es (14). Take the particular test function v = D ¯ u(¯ )( ±̄ ) in
(14) yielding

jD ¯ u(¯ )( ±̄ )j2E ;¯ = ¡ < D ¯ B (¯ ; u(¯ ); D ¯ u(¯ )( ±̄ )) ; ±̄ >

·

Ã
mX

i =1

Ci (¯ ) k±̄ i kW i

!

jD ¯ u(¯ )( ±̄ )jE ;¯ ju(¯ )jE ;¯ :

Combine the last two inequalities to obtain the desiredbound for the secondterm, i.e.

j < D ¯ B (¯ ; D ¯ u(¯ )( ±̄ );' (¯ )) ; ±̄ > j ·

ju(¯ )jE ;¯ j' (¯ )jE ;¯

Ã
mX

i =1

Ci (¯ ) k±̄ i kW i

! 2

:

The bound for the third term is obtained analogously. This ¯nishes the proof. ¤

The previous Lemma yields a bound for the remainder that is almost suitable for compu-
tations: if the dependenceof the various constants on ¯ is known, we just need to relate
the energy norm of u(¯ ) and ' (¯ ) with the energy norms of u(¯ 0) and ' (¯ 0), which are
in turn approximated by the computable energy norms of uh (¯ 0) and ' h (¯ 0). The next
two Lemmas answer this point and Theorem 1 states the ¯nal result. Let us intro duce a
coercivity related assumption, i.e.

Assumption 4 There exists k(¯ 1; ¯ 2) > 0 such that for all ¯ 1; ¯ 2 2 A the norm bound

j¢jE ;¯ 1 · k(¯ 1; ¯ 2)j¢jE ;¯ 2

holds. Besides,intr oduce the notation ksup (¯ 2) = sup̄
1 2A k(¯ 1; ¯ 2).

Observe that for the scalar di®usion casewe have k(¯ 0; ¯ ) =
q

k ¯ 0
¯ kL 1 and ksup (¯ ) =

q
k ¯ max

¯ kL 1 , with ¯ max (x) = sup̄ 2A ¯ (x).
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Lemma 4 (Energy norm estimates) Assumethat (11,13,24,25)and Assumption 4 hold.
Let

I k (¯ 0; ¯ ) ´ max

(

k(¯ 0; ¯ ) ; ksup (¯ 0)

Ã

1 + ksup (¯ )
mX

i =1

Csup
i k±̄ i kW i

! )

:

With the notation u0 = u(¯ 0) and ' 0 = ' (¯ 0), there holds

ju(¯ )jE ;¯ · I k (¯ 0; ¯ )ju0jE ;¯ 0 (26a)

j' (¯ )jE ;¯ · k(¯ 0; ¯ ) j' 0jE ;¯ 0 + ksup (¯ )
mX

i =1

¹Csup
i k±̄ i kW i : (26b)

Proof. To prove the ¯rst inequality in (26) intro duce the auxiliary solutions with non ho-
mogeneousboundary conditions, ~g(¯ ) 2 Vg, such that

B (¯ ; ~g(¯ ); v) = 0; 8v 2 V0:

Thus, this orthogonality condition implies

ju(¯ )j2E ;¯ = j~g(¯ )j2E ;¯ + ju(¯ ) ¡ ~g(¯ )j2E ;¯ : (27)

To bound the ¯rst term, observe that using the mean value Theorem

jB (¯ ; ~g(¯ )¡ ~g(¯ 0); v)j = jB (¯ 0; ~g(¯ 0); v) ¡ B (¯ ; ~g(¯ 0); v)j

=

¯
¯
¯
¯

Z 1

0
< D ¯ B (¯ 0 + µ±̄ ; ~g(¯ 0); v); ±̄ ) > dµ

¯
¯
¯
¯

·
mX

i =1

k±̄ i kW i

Z 1

0
j~g(¯ 0)jE ;¯ 0 + µ±¯ jvjE ;¯ 0 + µ±¯ Ci (¯ 0 + µ±̄ ) dµ

· ksup (¯ 0) j~g(¯ 0)jE ;¯ 0 ksup (¯ ) jvjE ;¯

mX

i =1

k±̄ i kW i

Z 1

0
Ci (¯ 0 + µ±̄ ) dµ

· ksup (¯ 0) ksup (¯ ) j~g(¯ 0)jE ;¯ 0 jvjE ;¯

mX

i =1

Csup
i k±̄ i kW i :

Let v = ~g(¯ ) ¡ ~g(¯ 0) 2 V0 in the previous equation. This implies

j~g(¯ )jE ;¯ ·j ~g(¯ 0)jE ;¯ + j~g(¯ ) ¡ ~g(¯ 0)jE ;¯

·j ~g(¯ 0)jE ;¯ 0 ksup (¯ 0)

Ã

1 + ksup (¯ )
mX

i =1

Csup
i k±̄ i kW i

!

:
(28)

Next, derive a bound for ju(¯ ) ¡ ~g(¯ )jE ;¯ observing that by construction of the auxiliary
solutions ~g(¯ ), we have

B (¯ ; u(¯ ) ¡ ~g(¯ ); v) = B (¯ 0; u(¯ 0) ¡ ~g(¯ 0); v); 8v 2 V:

Take v = u(¯ ) ¡ ~g(¯ ) in the previous identit y, apply Cauchy Schwartz to get

ju(¯ ) ¡ ~g(¯ )j2E ;¯ ·j u(¯ 0) ¡ ~g(¯ 0)jE ;¯ 0 ju(¯ ) ¡ ~g(¯ )jE ;¯ 0

·j u(¯ 0) ¡ ~g(¯ 0)jE ;¯ 0 k(¯ 0; ¯ )ju(¯ ) ¡ ~g(¯ )jE ;¯ :
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Combine the previous estimate with (27) and (28) to obtain

ju(¯ )j2E ;¯ = j~g(¯ )j2E ;¯ + ju(¯ ) ¡ ~g(¯ )j2E ;¯

· max

8
<

:
k2(¯ 0; ¯ ) ;

"

ksup (¯ 0)

Ã

1 + ksup (¯ )
mX

i =1

Csup
i k±̄ i kW i

!# 2
9
=

;
ju0j2E ;¯ 0

from which the ¯rst inequality in (26) follows. Let us prove now the secondinequality in
(26). By the de¯nition of the dual problem (10) we have

B (¯ ; v; ' (¯ )) = B (¯ 0; v; ' 0) + Q(¯ ; v) ¡ Q(¯ 0; v); 8v 2 V:

Take v = ' (¯ ) in the above. Then, apply the triangle and Cauchy-Schwartz inequalities
arriving at

j' (¯ )j2E ;¯ · j' (¯ )jE ;¯ 0 j' 0jE ;¯ 0 + jQ(¯ ; ' (¯ )) ¡ Q(¯ 0; ' (¯ )) j:

Now use the mean value theorem and (13) to bound the di®erenceof functionals, yielding
the secondinequality in (26). ¤

Theorem 1 Under the sameassumptionsand notation of Lemma 4, let
¹±i ´ sup±¯ 2A¡ ¯ 0

k±̄ i kW i , i = 1; : : : ; m. There holds

R ·
ju0jE ;¯ 0

2
sup
¯ 2A

8
<

:
I k (¯ 0; ¯ )

"
mX

i;j =1

(C#
ij (¯ ) + 2 ¹Ci (¯ )Cj (¯ )) ¹±i

¹±j +

Ã

k(¯ 0; ¯ ) j' 0jE ;¯ 0 + ksup (¯ )
mX

i =1

¹Csup
i

¹±i

!
mX

i;j =1

(Cij ( ¯ ) + 2Ci (¯ )Cj (¯ )) ¹±i
¹±j

#9
=

;
:

(29)

Proof. Recall (22). Since

sup
±¯ 2A¡ ¯ 0

sup
µ2 (0 ;1)

jD 2
¯ Ã(¯ 0 + µ±̄ )( ±̄ ; ±̄ )j · sup

¯ 2A
sup

±¯ 2A¡ ¯ 0

jD 2
¯ Ã(¯ )( ±̄ ; ±̄ )j

it is enoughto apply Lemma 3 and Lemma 4 to bound

jD 2
¯ Ã(¯ )( ±̄ ; ±̄ )j · ju(¯ )jE ;¯

mX

i;j =1

(C#
ij + 2 ¹Ci Cj )( ¯ )k±̄ i kW i k±̄ j kW j

+ ju(¯ )jE ;¯ j' (¯ )jE ;¯

mX

i;j =1

(Cij + 2Ci Cj )( ¯ ) k±̄ i kW i k±̄ j kW j

·I k (¯ 0; ¯ )ju0jE ;¯ 0

n mX

i;j =1

(C#
ij + 2 ¹Ci Cj )( ¯ )k±̄ i kW i k±̄ j kW j

+

Ã

k(¯ 0; ¯ ) j' 0jE ;¯ 0 + ksup (¯ )
mX

i =1

¹Csup
i k±̄ i kW i

!
mX

i;j =1

(Cij + 2Ci Cj )( ¯ ) k±̄ i kW i k±̄ j kW j

o
:

Now usethe bounds for k±̄ i kW i to ¯nish the proof. ¤
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Remark 4 The previousestimate showsas expected that the remainder behaveslike O(±2),
where ± represents the size of absoluteperturbations in the coe±cient ¯ . In caseswhere
either ¯ 0 or ± are not constant over the domain D , sharper estimates may be obtained by
means of relative perturbations, see Application 2 at the end of this Section.

Remark 5 (P articular cases) If the solution u(¯ ) has homogeneous Dirichlet boundary
conditions the result in the last Proposition reduces to

jRj
ju(¯ 0)jE ;¯ 0

·
1
2

sup
¯ 2A

8
<

:
k(¯ 0; ¯ )

n mX

i;j =1

(C#
ij + 2 ¹Ci Cj )( ¯ ) ¹±i

¹±j

+

Ã

k(¯ 0; ¯ ) j' 0jE ;¯ 0 +
mX

i =1

¹Csup
i

¹±i

!
mX

i;j =1

(Cij + 2Ci Cj )( ¯ ) ¹±i
¹±j

o
9
=

;
:

(30)

If in addition the functional Q does not depend on ¯ explicitly, then

jRj
ju0jE ;¯ 0 j' 0jE ;¯ 0

·
1
2

sup
¯ 2A

8
<

:
(k(¯ 0; ¯ ))2

mX

i;j =1

(Cij + 2Ci Cj )( ¯ ) ¹±i
¹±j

9
=

;
: (31)

If in the general casewe disregard the third order terms in ±i , i = 1; : : : ; m, we get instead

jRj
ju0jE ;¯ 0

·
1
2

sup
¯ 2A

8
<

:
I k (¯ 0; ¯ )

n mX

i;j =1

(2C#
ij + ¹Ci Cj )( ¯ ) ¹±i

¹±j

+ k(¯ 0; ¯ ) j' 0jE ;¯ 0

mX

i;j =1

(Cij + 2Ci Cj )( ¯ ) ¹±i
¹±j

o
9
=

;
+ h.o.t:

Remark 6 (Appro ximation of the remainder) In somepractical caseslike the elastic-
ity equations for nearly incompressiblematerials the bounds presented in this section which
rely mostly upon Cauchy-Schwartzand triangle inequalities might be too pessimistic. In
those casesand for general unsymmetric problems,we suggestto approximate the remain-
der by computing the second order term along the perturbation in the coe±cient ¯ , ±̄ ¤, that
givesthe largest ¯rst order perturbation, ±̄ ¤. In other words, use identity (23) to compute
the approximation

R ¼
1
2

D 2
¯ Ã(¯ 0)( ±̄ ¤; ±̄ ¤)

with
±̄ ¤ = argmax

±¯ 2A¡ ¯ 0

< D ¯ Ã(¯ 0); ±̄ >

Observethat this procedure entails the computation of an extra solution, D ¯ u(¯ 0)( ±̄ ¤), that
satis¯es (14).

Application 2 (Scalar di®usion) Similarly as in the previousresults,wemay also bound
the remainder using the relative sizeof the perturbation k±̄ =¯ kL 1 (D ) , instead of the absolute
one, and changingthe constants accordingly. In the caseof the scalar di®usion equation, let
¯ min (x) = inf ¯ 2A ¯ (x) and ¯ max (x) = sup̄ 2A ¯ (x), for x 2 D. Then, for the quantity of
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interest Q(¯ ; v) =
R

D ¯ r v¢° and homogeneous Dirichlet boundary conditions, the constants
become:

Ci (¯ ) = Csup
i = 1 Cij (¯ ) = 0

¹Ci (¯ ) =

s Z

D
¯ j° j2 dx; ¹Csup

i =

s Z

D
¯ max j° j2 dx; C#

ij = 0

k(¯ 1; ¯ 2) =

°
°
°
°

¯ 1

¯ 2

°
°
°
°

1
2

L 1 (D )
ksup (¯ ) =

°
°
°
°

¯ max

¯

°
°
°
°

1
2

L 1 (D )
:

and the reminder, upon (30), can be bound as

jRj · ju0jE ;¯ 0 sup
¯ 2A

sup
±¯ 2A¡ ¯ 0

( °
°
°
°

¯ 0

¯

°
°
°
°

1
2

L 1 (D )

Ãs Z

D
¯ j° j2 + j' 0jE ;¯ 0

!

+

°
°
°
°

±̄
¯

°
°
°
°

L 1 (D )

s Z

D
¯ max j° j2

) °
°
°
°

±̄
¯

°
°
°
°

2

L 1 (D )
:

We now intr oduce the maximum relative perturbation

² = sup
±¯ 2A¡ ¯ 0

k±̄ =¯ 0kL 1 (D ) :

Therefore, °
°
°
°

±̄
¯

°
°
°
°

L 1 (D )
· ²

°
°
°
°

¯ 0

¯

°
°
°
°

L 1 (D )

and a computablebound for the reminder is

jRj · ju0jE ;¯ 0

(Ã

1 +

°
°
°
°

¯ 0

¯ min

°
°
°
°

1
2

L 1

²

! s Z

D
¯ max j° j2 + j' 0jE ;¯ 0

) °
°
°
°

¯ 0

¯ min

°
°
°
°

5
2

L 1

²2: (32)

4 Uncertain ty in the forcing terms

In this section we analyze the e®ecton the quantit y of interest Q, of the uncertainty in the
forcing term of problem (6). We assumethat the right hand side in (6) is the sum of several
forcing terms de¯ned on di®erent regionsof the domain or the boundary, i.e.

L (v) =
m 1X

i =1

L i (v); 8v 2 V0:

The nominal value of the forcing terms will be denoted by L 0i , i = 1; : : : ; m1. Let us
intro duce, now, a sequenceof Banach spacesWi ¶ V0, i = 1; : : : ; m1, equipped with the
norms k ¢kW i . We assumethat the perturbations ±L i belong to the spacesW 0

i ½ V0
0 and

that V0 is continuously embeddedin Wi , i.e.

Assumption 5 For i = 1; : : : ; m1 and for any ¯ 2 A ¯ , there exist constants ·C(¯ ) i > 0,
depending also on D, V0 and Wi , such that

k ¢kW i · ·Ci (¯ )j ¢jE ;¯ : (33)
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Then, we consider the set of admissibleloads

A L =
m 1[

i =1

A i
L ; A i

L ´ fL i 2 V0
0; ±L i = L i ¡ L 0i 2 W 0

i ; k±L i kW 0
i

· ² i g (34)

Typical choices for the spacesWi are Wi = L qi , 1 · qi < 1 (hence W 0
i = L pi , with

1 = 1=pi + 1=qi ).
To highlight the dependenceof the quantit y of interest Q on the forcing term, we in-

tro duce the notation u(L ) to indicate the solution to problem (6) and Ã(L ) = Q(u(L )) to
indicate the quantit y of interest. Oncemore, our aim is to quantify the uncertainty interval

¢ Q = sup
L2A L

jÃ(L ) ¡ Ã(L 0)j:

The quanti¯cation of ¢ Q, in this case,is much simpler than in the caseof perturbations
in the coe±cients of the bilinear form in (6). Indeed, the solution u(L ) of (6) is an a±ne
function of the forcing term and the quantit y of interest Q doesnot depend explicitly on L .
The following Theorem gives the characterization of ¢ Q in terms of the solution ' of the
dual problem (10) (which doesnot depend on L , either).

Theorem 2 With the load perturbations (34), we have

a) Ã(L ) ¡ Ã(L 0) = L (' ) ¡ L 0(' ); 8L 2 A L : (35)

b) ¢ Q =
m 1X

i =1

² i k' kW i : (36)

c) There exists a worst perturbation ±L ¤ =
m 1X

i =1

±L ¤
i , with ±L ¤

i 2 W 0
i , that

maximizes the uncertainty interval in the quantity of interest.

Proof. Point a) comesimmediately from the linearit y of the form B as well as the quantit y
of interest Q. Indeed, sinceu(L ) ¡ u(L 0) 2 V0, we have

Ã(L ) ¡ Ã(L 0) = Q(u(L ) ¡ u(L 0)) = B (¯ ; u(L ) ¡ u(L 0); ' ) = L (' ) ¡ L 0(' ):

Point b) is also immediate observing that

¢ Q = sup
L2A L

jÃ(L ) ¡ Ã(L 0)j =
m 1X

i =1

sup
±L i 2A i

L ¡L 0 i

j±L i (' )j =
m 1X

i =1

² i k' kW i :

The fact that the supremum is attained for a particular choice of perturbation ±L i 2 A i
L is

a consequenceof the Hahn-Banach theorem (seee.g. [11, Chapter 1]). ¤

Observe that, being the quantit y of interest Q linear with respect to L , the character-
ization of ¢ Q given in the theorem is exact and, whenever perturbing L alone, we do not
have to bound any reminder of the expansionaround L 0. Section 4.1 gives indications on
how to treat simultaneous uncertainty in loads and coe±cients.

Application 3 (Linear elasticit y problem) Referring to Example 3, we could consider
perturbations of the forcing term f in any space W 0 = [L p(D )]3, with 6=5 · p · 1 . To

18



allow for a di®erent size of perturbation in each component of the vector f , we endow the
space W 0 with the weighted norm

kvkW 0 =

8
<

:

Z

D

Ã
3X

i =1

(vi =²i )2

! p=2

dx

9
=

;

1=p

(37)

and de¯ne the set of admissible loads as A L = f f : ±f = f ¡ f0 2 W 0; k±f kW 0 · 1g.
Here, ² i ¸ 0, i = 1; 2; 3, characterizes the size of perturbation in each component. Observe
that for strictly positive perturbations ² i , the norm k ¢kW 0 is equivalent to the standard
[L p(D )]3-norm.

In this case, the uncertainty interval is simply computed as

¢ Q = k' kW

where the dual norm k ¢kW is given by

kvkW =

8
<

:

Z

D

Ã
3X

i =1

(² i vi )2

! q=2

dx

9
=

;

1=q

;
1
q

= 1 ¡
1
p

:

The Sobolev embedding theorems guarantee that the quantity ¢ Q, previously intr oduced, is
well de¯ned. Moreover, we can characterize the worst distribution of the forcing term as

±f ¤
i (x) =

²2
i

k' kq=p
W

0

@
3X

j =1

(² j vj (x))2

1

A

q=2¡ 1

vi (x); 8x 2 D; i = 1; 2; 3:

In a very similar way, we can consider perturbations of the traction g on the boundary
¡ N in any space [L p1 (¡ N )]3, with 4=3 · p1 · 1 .

In somesituations, we might want to consider only perturbations of the forcing term that
preservethe total force, i.e. such that

R
D ±f = 0. If we consider perturbations in [L 2(D )]3,

this constraint can be very easily taken into account. Let us de¯ne the unconstrained set of
perturbations

±A L ´ f ±f = f ¡ f0 2 [L 2(D )]3; k±f kW 0 · 1g

and the constrained set of perturbations

±A L ;0 ´ f ±f 2 ±A L ;
Z

D
±f dx = 0g:

If wedenoteby ¹v the averageover the domain of a function v 2 L 1(D ), i.e. ¹v =
¡R

D v dx
¢

=jD j,
it is easy to showthat

kv ¡ ¹vkW 0 · kvkW 0; 8v 2 [L 2(D )]3:

Hence, given any ±f 2 ±A L , we have(±f ¡ ¹±f ) 2 ±A L ;0 and

¢ Q = sup
±f 2 ±A L ; 0

¯
¯
¯
¯

Z

D
±f ' dx

¯
¯
¯
¯ = sup

±f 2 ±A L ; 0

¯
¯
¯
¯

Z

D
±f (' ¡ ¹' ) dx

¯
¯
¯
¯

= sup
±f 2 ±A L

¯
¯
¯
¯

Z

D
(±f ¡ ¹±f )( ' ¡ ¹' ) dx

¯
¯
¯
¯ = sup

±f 2 ±A L

¯
¯
¯
¯

Z

D
±f (' ¡ ¹' ) dx

¯
¯
¯
¯
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Therefore, from the last equality we infer that the uncertainty interval in the constrained
casecan be computed as

¢ Q = k' ¡ ¹' kW : (38)

A similar argument holds for perturbations in the Neumann boundary conditions.

4.1 Simultaneous perturbation of coe±cien ts and loads

We have already pointed out that the dependenceof the quantit y of interest, Ã(´ ) =
Q(¯ ; u(¯ ; L )), with respect to the loads is linear. Hence,in particular, the secondderivative
D 2

L Ã vanishes. Whenever we perturb simultaneously the coe±cients and the load, though,
the remainder of the expansion(see(8)) will contain a term involving the crossderivative
D 2

¯ ;L Ã (besidesthe term D 2
¯ Ã, which has already beenanalyzed in Section 3.2).

To extend the result in Theorem 1 and Remark 6 we have then to bound this extra
contribution:

R M ´ sup
±¯ 2A¡ ¯ 0

sup
±L2A L ¡L 0

sup
µ2 (0 ;1)

jD 2
¯ ;L Ã(¯ 0 + µ±̄ ; L 0 + µ±L)( ±̄ ; ±L )j; (39)

which has to be added to R from (22) to get an upper bound for the total remainder. The
mixed terms are characterized by the identit y

D 2
¯ ;L Ã(¯ ; L )( ±̄ ; ±L ) = ¡ < D ¯ B (¯ ; DL u(¯ ; L )(±L ); ' (¯ )) ; ±̄ >

+ < D ¯ Q(¯ ; DL u(¯ ; L )(±L )) ; ±̄ > :

As in Remark 6, a practical approximation consistsin evaluating the previous identit y for
the worst perturbations ±̄ ¤ and ±L ¤, respectively. This approach entails the computation
of an auxiliary solution, DL u(¯ 0; L 0)(±L ¤).

The other way, extending the results from Theorem 1, is to utilize (33), yielding to the
a priori estimate for the energynorm of D L u(¯ ; L )(±L ),

jDL u(¯ ; L )(±L )jE ;¯ ·
m 1X

i =1

·Ci (¯ )k±L i kW 0
i

and usethe available assumptionson D ¯ Q and D ¯ B , stated in (11)-(13). This leadsto the
estimate

Theorem 3 With (33), (34) and the same assumptionsand notation of Lemma 4, there
holds

R M · sup
¯ 2A

(Ã
m 1X

i =1

·Ci (¯ )² i

! "
mX

i =1

¹Ci (¯ ) ¹±i

+

Ã

k(¯ 0; ¯ ) j' 0jE ;¯ 0 + ksup (¯ )
mX

i =1

¹Csup
i

¹±i

! Ã
mX

i =1

Ci (¯ ) ¹±i

!#)

:

Moreover, when perturbations in both coe±cients and loads are consideredsimultane-
ously, also the bound given in Theorem 1, relative to the term D 2

¯ Ã, changesslightly . In
particular, the result (26.a) doesnot hold anymore. Indeed, in this case,we have to relate
the norm ju(¯ ; L )jE ;¯ with ju(¯ 0; L 0)jE ;¯ 0 . A simple calculation shows that

ju(¯ ; L )jE ;¯ · I k (¯ 0; ¯ )

(

ju(¯ 0; L 0)jE ;¯ 0 +
m 1X

i =1

·Ci (¯ )k±Lk W 0
i

)

20



G2

G3

G1

x
y

zPSfrag replacements

u = 0
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¯ @n u = 1

Figure 1: Domain and boundary conditions used in the heat transfer test case. In red is
shown the inclusion with higher conductivit y.

which should replace(26.a). Hence,the result of Theorem 1 should be changedaccordingly.
Observe that this new estimate intro duces only a third order correction in the result of
Theorem 1.

5 Examples and numerical results

5.1 Scalar di®usion

In this examplewe considerthe heat transfer over a unitary cube of low conductive material
containing an inclusion with much higher conductivit y (seeFigure 1). The conductivit y of
the material is taken equal to 1 while the conductivit y of the inclusion is 50 times larger.
A unitary heat °ux is imposedon the rear face ¡ 3, while a constant temperature u = 0 is
kept on the two strip es¡ 1 and ¡ 2 on the upper and lower faces,respectively. The remaining
portion of the boundary is insulated (i.e. zero heat °ux is imposed).

This problem ¯ts then within the classof problems described in Example 1 with ¡ D =
¡ 1 [ ¡ 2, ¡ N = @D n¡ D , f = g = h2 = 0 and h1 = 1 on ¡ 3 and zero elsewhere.The solution
u represents the temperature of the body and the coe±cient ¯ the material conductivit y.

The quantit y we want to compute is the outward heat °ux through ¡ 1, namely

Q(¯ ; u(¯ )) = ¡
Z

¡ 1

¯ @n u(¯ ) dS: (40)

Observe that the functional Q(¯ ; v) = ¡
R

¡ 1
¯ @n v dS, 8v 2 H 1

¡ D
(D ) is not bounded

since we can not de¯ne the trace of the normal derivative of an H 1 function, in general.
The quantit y of interest Q(u), though, is well de¯ned becauseu has extra regularity, being
the solution of the equation

div(¯ r u) = 0; in D : (41)

Indeed, the quantit y ¯ r u 2 H div (D ) ´ f v 2 (L 2(D ))3; div v 2 L 2(D )g and its trace on the
boundary is well de¯ned {at least as an H ¡ 1=2 functional{.
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In order to obtain a boundedH ¡ 1 functional asthe right hand sidefor the dual problem,
we needto rewrite the quantit y (40) in a more suitable way: let us take a particular function
v̂ 2 H 1(D ) such that

v̂ =

(
1 on ¡ 1;
0 on ¡ 2 [ ¡ 3:

If we multiply equation (41) by v̂ and integrate by parts, we easily obtain

Q(¯ ; u) = ¡
Z

¡ 1

¯ @n u dS = ¡
Z

D
¯ r u ¢r v̂ dx;

and the right hand side is now well de¯ned for all functions u 2 H 1
¡ D

(D ). Hence,the dual
problem reads: ¯nd ' (¯ ) 2 H 1

¡ D
(D ) s.t.

Z

D
¯ r ' (¯ ) ¢r v dx = ¡

Z

D
¯ r v̂ ¢r v dx 8v 2 H 1

¡ D
(D ): (42)

Clearly, the choiceof the auxiliary function v̂ is not unique. In this examplewe have chosen
v̂ = 5

3 xz for 0 · x · 3
5 and v̂ = z for 3

5 < x · 1. Observe that the dual solution ' (¯ )
dependson the choice of v̂, yet this doesnot a®ectthe uncertainty analysis, seeRemark 7.

The computed quantit y for the nominal value of the coe±cients is

Q(¯ 0; u(¯ 0)) ' 0:597;

obtained with a goal-oriented re¯ned mesh with 7535 degreesof freedom, using Q2 ¯nite
elements. The discretization error in the computation of the quantit y of interest is less
than 1% and has beencontrolled using the goal-oriented estimator ´ L

eeu intro duced in [28],
which relates the error estimation in the quantit y of interest to errors in the energy norm
of the primal and dual solutions via the parallelogram law. Energy norm error estimates
have been obtained with the subdomain residual method proposedin [22], which requires
the solution of local problems on patchesof elements. To meet the tolerance of 1% we have
usedan adaptive algorithm consisting in re¯ning uniformly (h-re¯nement) all the elements
that have a local error indicator larger that 50% of the maximum local error indicator in
the current mesh.

Figure 2 shows the primal and dual solutions as well as the re¯ned mesh used in the
computation. Observe that the meshre¯nement procedurecaptures the singularity (of typep

r ) that appearsin both the primal and dual solutions at the interfacebetweenthe Dirichlet
and Neumann boundaries.

Uncertain t y analysis

We have consideredan uncertainty in the conductivit y coe±cient of 10% both in the
material and the inclusion and we allow for pointwise perturbations (L 1 perturbations).
The computation of the leading order term in the uncertainty interval for the quantit y Q(u)
gives

¢ Ql in
h = 0:0446= 7:47%Q(¯ 0; u(¯ 0))

with an absolute error in the adaptive quadrature formula lessthan 2 £ 10¡ 5. To achieve
this tolerance the mesh has been further re¯ned according to the algorithm described in
Section 3.1.2. Figure 3 shows the worst distribution ¯ ¤ of the coe±cients leading to the
maximum uncertainty interval while Figure 4 shows the sensitivity function ® for the heat
transfer test case. Both functions have been represented with piecewiseconstants on the
adapted meshobtained at the ¯nal step of the adaptive algorithm described in Section3.1.2.
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Figure 2: Primal (left) and dual (right) solution for the heat transfer test case

Figure 3: Worst distribution ¯ ¤ of the conductivit y coe±cient in the low conductivit y
material (left) and in the inclusion (right).

Figure 4: Sensitivity function per unit volume and unitary relative perturbation of the
conductivit y coe±cient.
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Remark 7 Observethat the uncertainty interval ¢ Ql in as well as the worst distribution
±̄ ¤ of the coe±cients and the sensitivity function ® do not depend on the auxiliary function
v̂. To show this, let us ¯rst observethat these quantities depend only on the di®erence
(F ¡ G) and, for this example

(F ¡ G)( ¯ 0; u(¯ 0); ' (¯ 0)) = ¡ ¯ r u(¯ 0) ¢r (' (¯ 0) + v̂):

Hence, they depend only on the sum E = ' (¯ 0) + v̂. It is easy to show that E solvesthe
problem 8

>>><

>>>:

div ¯ rE = 0; in D
E = 1 on ¡ 1

E = 0 on ¡ 2

¯ @n E = 0 on ¡ N :

(43)

Therefore, E is independent of v̂ and it is the harmonic extension of the Dirichlet datum
that takes1 on ¡ 1 and 0 on ¡ 2.

We point out that the adaptivity procedure for error control in the quantity of interest
is also independent of the choice of v̂ as long as v̂ itself belongsto the ¯nite element space
(as it is the case in our example). Indeed, the error estimator that has been empolyed is of
residual type and the residual of the dual problem, given by

R dual (v) = ¡
Z

D
¯ r (' h + v̂) ¢r v dx; 8v 2 H 1

¡ D
(D )

depends only on Eh = (' h + v̂), which is the ¯nite element solution of (43) wheneverv̂ is
exactly represented in the ¯nite elementspace. Henceforth, the residual dependsonly on Eh

and so does the adaptivity procedure.

Finally, the estimate (32) for the reminder of the expansion(with ° = r v̂) gives

jRj < 6:5²2 + O(²3)

where² = sup±¯ 2A¡ ¯ 0
k±̄ =¯ 0kL 1 . In this case² = 0:1 and the reminder is of the sameorder

of magnitude as the leading term ¢ Ql in . This estimate might be pessimistic,sinceit relies
on a priori estimates and Cauchy-Schwartz inequalities, though it provides a guaranteed
bound for the uncertainty interval, valid for any size of perturbation that preserves the
coercivity of the bilinear form.

The previous bound can be improved by taking v̂ = E. Indeed, with this choice, the
dual solution ' = E ¡ v̂ = 0 and the function E minimizes the energy term

p
¯ jr v̂j in (32)

over all possiblefunctions v̂ that satisfy the constraint v̂ = 1 on ¡ 1 and v̂ = 0 on ¡ 2.

5.2 Elasticit y

We consider,now, a \bulky" prismatic, linear elastic isotropic aluminum bar, of dimensions
20£ 50£ 10cm cantilevered at one end and loaded by a uniform shear force per unit area
of 1M Pa at its free end (seeFigure 5). Hence,the mathematical problem is the one given
in Example 2, where u = u(x; y; z) represents the displacement ¯eld in the body, (x; y; z)
being the Cartesian coordinate system shown in Figure 5) and ¯ = [E ; º ] the coe±cients -
Young's modulus and Poisson'sratio, respectively - characterizing the material properties.
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Quantit y of Interest ¢ Ql in =Q jRj =Q D 2
¯ Ã=Q

Q1 = ¡ 7:3613510¡ 4 1.536% > 15% 0.027%
Q2 = 5:396410¡ 5 1.594% > 27:6% 0.016%

Table 1: Elasticit y test case:Computed quantities Q, ¢ Ql in , jRj , D 2
¯ Ã(±̄ ¤; ±̄ ¤).

As quantities of interest, we take the averagedisplacements in the z and y directions at the
free end of the beam (seeFigure 6), namely

Q1(u) =
Z 20

0

Z 10

0
uz (x; 50; z) dxdz; Q2(u) =

Z 20

0

Z 10

5
uy (x; 50; z) dxdz:

The material is assumedto be isotropic. Based on laboratory tests on aluminum, the
nominal valuesof the coe±cients are E = 0:68£ 106 M Pa and º = 0:33 while the deviation
with respect to the nominal valuesare 1% in Young's modulus and 8% in Poisson'sratio.

The elasticity tensor is then given by Cij k l (¯ ) = ¸ (¯ )±ij ±k l + ¹ (¯ )(±ik ±j l + ±il ±j k ); 1 ·
i; j ; k; l · 3, where¸ = ¯ 1¯ 2=(1+ ¯ 2)(1 ¡ 2¯ 2); ¹ = ¯ 1=2(1+ ¯ 2), sothat ¯ 1 = E and ¯ 2 = º .

The primal and dual solutions (for both the quantities Q1 and Q2) for the nominal values
of the coe±cients wereobtained with hexahedral¯nite elements with forth-order polynomial
shape functions using a meshmanually gradedand anisotropically re¯ned around the built-
in section. Each of the solutions has84867degreesof freedomand is believed to be a highly
accurate approximation of the exact one.

The computed values of the two quantities of interest are shown in Table 1. In both
casesthe numerical error is below 0.1%and it hasbeenestimatedby comparing the solutions
obtained with di®erent polynomial degrees(p = 2; 3; 4).

Uncertain t y analysis

We have consideredL 1 perturbations of the coe±cients E and º of size 1% and 8%
repectively. The computed value of the leading order term is given in Table 1. For both
quantities of interest, the error in the adaptive quadrature formula, relative to the size of
the leading term, is lessthan 10¡ 4.

Figure 7 shows the worst distribution of the Young's modulus E (left column) and
Poisson'sratio º (right column) that give the maximum uncertainty interval for the quantit y
Q1. The red region corresponds to the higher coe±cient and the blue region to the lower
one. The ¯rst row in the Figure gives a global view while the secondand third rows give
the split view of the regionswith positive, respectively negative, perturbation.

Figure 8 shows, instead, the sensitivity functions, as de¯ned in (17), corresponding to E
and º . Finally, Figures 9 and 10 present the analogousresults for the quantit y of interest
Q2.

To bound the reminder we can use, in this case,estimate (31). The estimation of the
constants can be pursued in the following way: assumethat we can give a 6 £ 6 matrix
representation of the elasticity tensor C(¯ ) (see e.g. [35]), which we will still denote by
C with a little abuse of notation, for any given ¯ 2 A ¯ . Then compute its Cholesky
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Figure 5: Geometry of \bulky" prismatic body
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Figure 6: Quantities of Interest - Averagedisplacements at the free end of the beam
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Figure 7: Quantit y of Interest Q1: worst distribution of E (left) and º (right). The red
region corresponds to an increasedcoe±cient, the blue region corresponds to a decreased
one.

Figure 8: Quantit y of Interest Q1: sensitivity functions ®E (left) and ®º (right).
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Figure 9: Quantit y of Interest Q2: worst distribution of E (left) and º (right). The red
region corresponds to an increasedcoe±cient, the blue region corresponds to a decreased
one.

Figure 10: Quantit y of Interest Q2: sensitivity functions ®E (left) and ®º (right).
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factorization C(¯ ) = R (¯ )R T (¯ ). This yields, for instance
Z

D

¯
¯
¯
¯
@G
@̄ i

(¯ ; u; v )

¯
¯
¯
¯ dx =

Z

D

¯
¯
¯
¯r s u

@C(¯ )
@̄ i

r s v

¯
¯
¯
¯ dx

=
Z

D

¯
¯
¯
¯r s u R (¯ )R ¡ 1(¯ )

@C(¯ )
@̄ i

R ¡ T (¯ )R T (¯ ) r s v

¯
¯
¯
¯ dx

· esssup
x 2 D

°
°
°
° R ¡ 1(¯ )

@C(¯ )
@̄ i

R ¡ T (¯ )

°
°
°
°

2
jujE ;¯ jv jE ;¯ ;

where we have denoted by kA k2 the euclidean norm of a matrix A 2 R6£ 6. Hence the
constant Ci (¯ ) appearing in (31) is

Ci (¯ ) = esssup
x 2 D

°
°
°
° R ¡ 1(¯ )

@C(¯ )
@̄ i

R ¡ T (¯ )

°
°
°
°

2

and an analogousexpressionholds for Cij (¯ ) with the secondderivative of the matrix C
replacing the ¯rst one. Moreover, observe that

juj2E ;¯ =
Z

D
r s u C(¯ ) r s u dx

=
Z

D
r s u R (¯ 0)R ¡ 1(¯ 0) C(¯ ) R ¡ T (¯ 0)R T (¯ 0) r s u dx

¸ essinf
x 2 D

¸ min
£
R ¡ 1(¯ 0)C(¯ )R ¡ T (¯ 0)

¤
juj2E ;¯ 0

;

where we have denoted by ¸ min [A ] the minimum eigenvalue of the positive de¯nite matrix
A 2 R6£ 6. Therefore, the constant k(¯ 0; ¯ ) is given by

k(¯ 0; ¯ ) =
½

essinf
x 2 D

¸ min
£
R ¡ 1(¯ 0)C(¯ )R ¡ T (¯ 0)

¤
¾¡ 1

2

:

The computation of those constants simpli¯es for the special casewhere ¯ 0 is constant
all over the domain, as in our example. Indeed, if we denote by I ½ Rm the set I =Q m

i =1 [¯ 0i ¡ ¹±i ; ¯ 0i + ¹±i ], where ¹±i is the maximum possibleperturbation of the i -th coe±cient
on the domain, then, given any ¯ 2 A , clearly ¯ (x) 2 I , 8x 2 D and

k(¯ 0; ¯ ) · ~k(¯ 0); where ~k(¯ 0) =
½

inf
´ 2I

¸ min
£
R ¡ 1(¯ 0)C(´ )R ¡ T (¯ 0)

¤
¾¡ 1

2

and

Ci (¯ ) · ~Ci ; where ~Ci = sup
´ 2I

°
°
°
° R ¡ 1(´ )

@C(´ )
@̄ i

R ¡ T (´ )

°
°
°
°

2
:

Similar results hold for Cij (¯ ). Since it is always possible to ¯nd a particular function
¯ (x) 2 A whoseimage covers the set I , the following equality holds

sup
¯ 2A

8
<

:
(k(¯ 0; ¯ ))2

mX

i;j =1

(Cij + 2Ci Cj )( ¯ ) ¹±i
¹±j

9
=

;
= ~k(¯ 0)2

mX

i;j =1

( ~Cij + 2 ~Ci ~Cj ) ¹±i
¹±j :

The computation of the constants ~k, ~Ci and ~Ci;j implies a simple optimization of a function
on a hypercube of Rm . Henceforth, these constants can be evaluated a priori and used in
the bound (31) for the residual oncethe norms of u0 and ' 0 are available.
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Unfortunately, it turns out that this bound is extremely pessimisticwhen the Poisson's
ratio is not closeto zero. The principal reason is that there is a cancellation of the term
involving \div u" betweenthe ¯rst two terms appearing on the right hand sideof (23), which
is not taken into account in the bound.

As an alternativ e to this a-priori bound, we have computed the secondderivative of
the quantit y of interest along the worst perturbation ±̄ ¤ (seeRemark 6). The third and
fourth columns in Table 1 show the computed valuesof the bound on the reminder and the
coresponding value obtained from evaluating the secondorder term in the \w orst direction".
As it can be observed, this secondorder term is of order ¹±2 while the guaranteed bound for
the remainder is about three orders of magnitude larger.

We ¯nally conclude this section consideringperturbations in the shear force applied at
the end of the bar (surface S in Figure 6).

The nominal valueof the traction is g0 = [0; 0; gz ], with gz = 1M Pa. Wehaveconsidered
perturbations in all three components of the traction, either in [L 2(S)]3 or [L 1 (S)]3. In
both caseswe have usedthe weighted norm intro duced in (37) with

²x = ²y = 0:01kgzk¤; ²z = 0:05kgzk¤

where the *-norm is L 2(S), respectively L 1 (S). Moreover, we have also consideredper-
turbations in [L 2

0(S)]3 ´ f g 2 [L 2(S)]3;
R

S g = 0g, which preserve the total force (see
Application 3). Tables 2 and 3 summarize the uncertainty interval due to perturbations
in the traction for the two quantities Q1 and Q2. The ¯rst (resp. second,third) column
shows the resulting uncertainty interval when only the ¯rst (resp. second,third) component
of the traction is perturb ed; i.e. ²y = ²z = 0. The forth column, instead, shows the total
uncertainty interval when all the components are perturb ed simultaneously. As it can be
observed, there is not a large di®erencebetween perturbations in L 2(S) and L 1 (S). Yet,
if we enforcethe perturbation to preserve the total force, the uncertainty interval decreases
dramatically for both quantities of interest.

Finally, Figure 11 shows the worst distribution of the traction, for both quantities of
interest, in the casewhere the traction is perturb ed in [L 2(S)]3.

Conclusions

In this work we have proposeda methodology, basedon perturbation analysis and dualit y
techniques,to computethe worst-casescenariofor elliptic problemswhosecoe±cients and/or
forcing terms lie in in¯nite dimensional spaces.

We have shown that the worst-casescenariocan be computed inexpensively for certain
classesof in¯nite dimensional perturbations in coe±cients and loads, by postprocessing
the solutions of the primal and dual problems computed for the nominal values of the
parameters. This postprocessingentailed, in the caseof uncertainty in the coe±cients, the
useof an adaptive quadrature algorithm.

We have also analyzed and quanti¯ed the error in the computation of the worst sce-
nario bound due to truncation of the Taylor expansion around the nominal values of the
parameters, giving computable bounds for symmetric problems and suggestinga possible
approximation of it in the more generalcase.

Finally, we point out that uncertainty quanti¯cation should always comealong with ver-
i¯cation of the numerical solution, whenever the primal and dual solutions are computed
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±gx ±gy ±gz ±gtot

L 2 0.0005% 0.085% 5% 5.0007%
L 2

0 0.0005% 0.085% 0.004% 0.085%
L 1 0.0004% 0.073% 5% 5.0007%

Table 2: Relative uncertainty interval in the quantit y Q1 (¢ Ql in
1 =Q1) for perturbations in

each component of the traction separately(¯rst three columns) and simultaneousperturba-
tions in all the components (fourth column).

±gx ±gy ±gz ±gtot

L 2 0.007% 0.18% 5% 5.003%
L 2

0 0.007% 0.12% 0.024% 0.12%
L 1 0.005% 0.15% 5% 5.003%

Table 3: Relative uncertainty interval in the quantit y Q2 (¢ Ql in
2 =Q2) for perturbations in

each component of the traction separately(¯rst three columns) and simultaneousperturba-
tions in all the components. (fourth column).

Q1 Q2

±g¤
x

±g¤
y

±g¤
z

Figure 11: Worst distribution of the traction applied at the free end of the bar for pertur-
bations in [L 2(S)]3. The left column corresponds to the quantit y of interest Q1, the right
column to Q2.
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approximately, e.g. by meansof a ¯nite element discretization. By veri¯cation, we mean
control of the discretization error. With this respect, in our numerical examples,we have
controlled the error in the computation of the quantit y of interest with a posteriori error
estimation techniquesand we have provided an a priori bound for the error in the computa-
tion of the uncertainty interval. What is left to do is to derive a posteriori error estimators
and adaptive techniques for the computation of the uncertainty interval as well. This issue
is the subject of ongoing research.

Another sourceof uncertainty that hasnot beenconsideredin this paper but is very im-
portant in many applications is the uncertainty in the non-homogeneousDirichlet boundary
datum. This issuewill be analyzed in a forthcoming work.
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