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Abstract

This work studies linear elliptic problems under uncertainty. The major empha-
sis is on the deterministic treatment of such uncertainty. In particular, this work
usesthe Worst Scenario approach for the characterization of uncertainty on functional
outputs (quantities of physical interest). Assuming that the input data belong to a
given functional set, eventually in nitely dimensional, we propose numerical methods
to approximate the corresponding uncertainty intervals for the quantities of interest.
Numerical experiments illustrate the performance of the proposedmethodology.

Key words : uncertainty quanti cation, worst scenarioanalysis, perturbation method,
“nite elemerts, error estimates, duality techniques.

AMS subject classication : 65N30,65G20, 35J15, 47A55

Intro duction

During the last few decadesand in°uenced by the rapid developmert of digital computers,
numerical simulations have becomean essetial tool in engineering,ernvironmental sciences,
biology, medicine, chemistry and many other “elds. Furthermore, simulation tools more and
more frequertly are at the basisfor decisionsin engineering,public policy, etc.

In addition to classicaldeterministic computations, simulations taking into consideration
various uncertainties and probabilities that may arisein the description of a physical problem
are usedwidely today. Sud simulations appearin civil engineering([16, 23, 24, 34)), nuclear
engineering([14, 20, 21, 32]), ground °ows [15] and in many other "elds asthe basisof risk
analysis. Uncertainty Quanti cation (UQ) is alsoa necessarystepin assessinghe reliabilit y
of computer simulations and, in this respect, it is alsopart of the broader areaof Validation
and Veri ¢ ation (we refer to the wide literature in the "eld: the guide [1], the survey articles
[5, 26, 27] and the book [33] where many other relevant referencesare given).

Computational analysis (simulation) relies, typically, on a mathematical model and its
input, to obtain an output of a desired quartity of interest. By a mathematical model we
mean a set of mathematical relations, usually basedon physical principles, like consenation
laws, Newton's gravitation law, etc. By the input we mean the data neededin the math-
ematical formulation, for example the physical domain, the coecient functions, boundary
conditions etc. Theseare natural inputs in boundary value problems.

Uncertainty may arise at di®erert levels. It could appear in the mathematical model
itself, for instance if we are not sure about the linear behavior of somephysical system, or
in the input data of the model. In this work we will discussonly the uncertainty in the



input data, typically, coexcients and forcing terms in the mathematical model. An analysis
of the e®ectof uncertainty in the domain can be found in [3, 4]. Also, the works [30, 29
on modeling error estimations can be seenas an attempt to quartify the uncertainty in the
mathematical model.

Very likely, the most complete way to describe uncertainty in the input data is in a
probabilistic setting. Supposethat for all the \uncertain” data of the model we know the
assaiated probability distribution. In such a case,we can solve a stochastic model to
compute the probability distribution of the output quartity. This will allow us to predict
information like the mean value and standard deviation of the quartity of interest, the
probability that the output is larger than a critical value, etc.

The major limitation to the probabilistic approacd is that, in practical applications, a
full characterization of the probability distribution implies a huge amourt of experiments
and measuremets, often una®ordablebecauseof budget or time constraints.

Another limitation comesfrom the fact that, wheneer the input data belongto anin -
nite dimensional space(they might be functions of position and/or time), their probabilistic
characterization must include knowledge of the crosscorrelation of the valuesthat the data
can take at di®erernt points in spaceand time. In this case,the solution of a stochastic
model becomesquickly too costly.

In this work, we consideran alternativ e and inexpensive way to characterize uncertainty
in the output. This approad is particularly useful in those caseswhere we only know
little information on the uncertainty in the input data, namely that the input data lie in
a functional set (that might well be innite dimensional). For instance, we may consider
any load acting on a portion of a given structure, provided it doesn't exceeda maximum
allowed value.

The methodology proposedrelieson a perturbation technique around the nominal values
of the data. We will presert an algorithm to compute the rst term in the expansion
and we will provide rigorous bounds for the reminder of the expansion, valid for any size
of the perturbations. Also, we will presert corvergenceresults in casea nite elemernt
approximation is usedto solve numerically the model.

To give somemore details of the main idea, let us supposethat we are interested in
computing a speci ¢ quantity of interest (g.o.i), Q, that is a function of the solution u of
a partial di®erertial equation which, on its turn, dependson the input parameters of the
mathematical model, hereafter denotedby ~ (bold symbols will be usedto indicate vector
guartities). We will make the assumption that the quantity Q can be represerted by a
linear functional on the spaceV of admissible solutions.

The quantity of interest Q depends on the parameters~ {which may be functions{
through the solution u(” ) and possibly also explicitly. To highlight this dependencewe
introduce the notation

AC)=Q(u(); 8 2A-;

where A- is an admissible set for the input ~ . The situation we are trying to describe here
is the onewherethe true parameterin the model is unknown and the only information that
we disposeof it is that it lies in the functional set A-. The goal of this work is to dewelop
a technique to bound the error introduced in the computation of the quartity of interest
when we choosea parameter that might not be the true one. More precisely supposethat
we are able to compute the quantity of interest A(" ) = Q(" o;u(” o)) for some” ;2 A-.
The goalis to estimate the maximum error

¢Q= supjA(" )i A( o) 1)
2A -



corresponding to the worst-case seenario within all possiblechoicesof the parameters” in
A-. There is a large amourt of literature { seee.g. [9, 13, 17] and the referencestherein
{ addressingthe worst scenarioapproad for which many namesare used. A recent and
related approad is the so called \info-gap” theory where a family of sets A- is usedto
describe uncertainty (see[8]). In addition, formulation (1) can be seenas an optimization
(or anti-optimization ) problem. Whenewer the set A- of admissible parametersis in nitely
dimensional,asit isin all the situations we will addressin this work, the computation of ¢ Q
can be challenging and extremely costly. The perturbation technique that we advocate can
be applied with low computational cost for any size of the perturbations and it is endaved
with a posteriori error estimatesfor discretization error cortrol.

1 Examples

Let D be a bounded polygonal domain in RY, d = 1;2; 3. We will make this assumption for
the domainsthroughout the rest of the work. Further, assumethat the boundary set @ is
the disjoint union of subsetswhere di®eren boundary conditions are imposed,i.e. j y for
Neumann and Robin type, and j p for essetial (e.g. Dirichlet) ones. We also assumethat
the setj p haspositive measurein @ to ensurethe well posednes®f the weak formulations.

Example 1 (Scalar isotropic di®usion equation with unkno wn coezcien t) Consider

the equation 8

2idiv(ru=f; onD¥%R3

Ju=g; onjp 2@ ()
~ @u=nhgj uhy onjny @

with smmth data,f :D! R,g:ijp! Randhi;hy:jn ! R, resgctively. The uncertain
parameter, in this example,will be the di®usivity coexcient, i.e. = = [ ]. In principle, the
coetcient ~ is not constant over D. Provided that ~ is uniformly bounded away from zero,
the solution u belongsto the atne subspce Hj., (D) = fv2 H*(D):v=gonipg The
quantity of interest might be, for instance, the average of the quantity u over a subsetof the

domain Z
1

Q(u) = — udx; S¥%D
W) S| s
or a similar quantity basel on the gradient of the solution,
z
Q(;u)= — “rug¢°dx; S¥%D:
iSi s

wher ° is a vector “eld in S.

Assuming that the material is homagen®us in D, the set of parameters could take the
form A- %2 R, A- = [ min; max » With “min > 0. The two bounds " nin and max Wil
typically come from experimental measurements.

In practical situations, though, we can not excludea priori the presene of heterogeneities
in the material. Yet, precise measurements of such heterogeneities are very hard to obtain
if not impossiblein generl. As a pessimistic (worst) scenario, we might consider the set
A Lt (D), min © (X)© max; 8x2D.



Example 2 ( Linear elasticit y with unkno wn material prop erties) Considerthe dis-
placement Ted u of a body occupying the region D % R3, descrited by the equations of linear
elasticity 8
2 div(C()rsu)=1f; inD %R3

Ju= 0 onjp @ 3)
"C()rsu=g onjn %@

wher C(7) is the fourth order elasticity tensor and r su = (r u+ r "u)=2 is the strain
tensor. The solution u(”) kelongsto V = [H! (D)]* "~ fv 2 [H}D)]*; v =0onipg.
The coexcients in the model can be taken as the Young module, E, and Poisson ratio, °,
(i.,e. — = [E;°]) shouldthe material be modeled as isotropic. If the material is orthotropic,
then the vector of coetcients — consists of the 9 coetcients characterizing the elasticity
tensor, whereas in the geneal anisotropic case,  consists of 21 coetcients functions. As
in the previous example, we will take as uncertain parameters in the model the elasticity
coetcients, i.e. © = = and we will allow for pointwise perturbations within a given range,
thus accounting for possibleinhomogeneitiesof the material. Section 5.2 presentsnumerical
resultsfor a cantilever beam with rectangular crosssection and, as quantities of interest Q;
and Q,, averagal displacement in the vertical and axial directions at the free end of the
beam, respectively.

Example 3 (Linear elasticit y with unkno wn forcing term) Letusconsideragainthe
previousexample,but this time with uncertainty in the load terms. For instance, to descrite
the uncertainty in the volume force f, we may consider the parameter set ff 2 [L?(D)]° :
kf i fokpzpys < 2rg, for someforcing term fo 2 [L?(D)]® and a real numkber 2; > 0.
Similarly, to descrile the uncertainty in the traction g applied on the portion jn of the
boundary, we can usethe setfg 2 [L* (j n)]®: kg j oKLt 2 < %90, for somefunction
go 2 [L! (i n)]I® and 24 > 0. Observethat the previous choices of L#(D) and L (j n) as
underlying spaces for parameters is il lustrative and not geneal {see Application 3{. This
choice hasto be motivated for each case by the physial information available.

2 Mathematical description of the problem

Let V be a Hilbert spaceand W a Banac spaceover the domain D % RY, d = 1;2; 3, with
norms denoted by k ¢ky and k ¢ky , respectively. Moreover, we will denote by W ° the dual
spaceof W.

For a non negative integersand 1 - p- +1, let WSP(D) be the Sobolev spaceof
functions having generalizedderivatives up to order s in the spaceLP(D), see[18]. The
standard Sobolev norm of v 2 W*P(D) will be denoted by kvkyse (py, 1+ p- +1, and
in the casep = 2 we shall write H$(D)” WS2(D).

The spaceV is typically a Sobolev spaceof the form (HS(D))". For instance, we have
n = 1for the di®usionequation (2) and n = d for the linear elasticity case(3). In both cases,
we have s = 1. Besides,we introduce the subspaceV, of functions that satisfy essetial
(Diric hlet) homogeneousboundary conditions on j p Y2 @. Similarly, we will denote by
Vy the atne subspaceof V of functions that satisfy the non-homogeneoudiric hlet datum
gonjp. For example,in the caseV = H'(D) the subspaceV, ¥ V is simply de ned as
Vo = HilD “fv2V:v=0 82jpgandVy=fv2V:v=gonijpg.

A- p W. Wewill call A- the set of coetcients and W the space of coetcients. HenceB



will take the form: B : A- £ V£ V ! R, bilinear with respect to its last two argumerts
and supposedto satisfy the following hypotheses:

2 uniform coercivenessover Vy. There exist ®, & ) > 0, s.t.

B(;v;v), @& )kvkZ > ®kvkZ; 8v2 Ve 2A-: (4)

2 uniform continuity. There exist M; M (") > 0, s.t.

B( ;v;w) - M( )kvky kwky < M kvky kwky ; 8v;iw2V, 2A-: (5)

We alsointroduce a set of admissibleloads A, ¥ Vo°. Then, for any load L 2 A and any
coexcient 2 A- the Lax-Milgram Lemma (seee.g. [11],[10]) implies the existenceand
uniquenessof the solution u( ;L) 2 Vg to the variational problem:

B( ;u( ;L);v) = L(v); 8v2 Vy: (6)
We alsointro duce the standard energy semi-norm as
jVi2- " B(T;v;v);8v2 V:

Obsene that this semi-norm dependson the choice of the coetcient ~ . Moreover, for eat
~ 2 A-, its restriction to the subspaceVy, is in fact equivalert to the norm k ¢ky thanks to
the uniform coercivenessand continuity assumptions(4)- (5) on the form B. In the light of
problem (1), we considerin this work parameters” of the form = = [ ;L] and corresponding
setsA- = A- £ A, that is, we allow perturbations in the coexcients and in the loads of
the equation to solve.

2.1 Perturbation technique for uncertain ty quanti cation

In presenceof small uncertainty in the parameters” , we can employ a perturbation analysis
around the nominal value ~ ; to estimate the interval ¢ Q in (1). Under the assumption
that the quantity of interest Q (and a fortiori the bilinear form B) is a regular function of
the parameters” , we can introduce the Fr§det derivative D- A(" ) of the functional A(")
on the spaceof perturbations W, evaluated at the point ~ :

<D A( )+ >= s!ing+ AC + sis)l A( ); 8 2 W

and the secondorder Fr&cet derivative DZA(" ) (bilinear form on W) in “ :

D?A( )& ;% ,) = lim < D-A( + s ,) i D'/"*(');i,1

s! 0+ S
Then, for all = = "4+ + 2 A- the following expansionholds: there exists p 2 (0;1) such
that
Ay AC RN o
AC)i AC o) =< D A( o) £ >+§D'2A( ot K )(E ) )



Based on expansion (7) we can give the following bound of the uncertainty interval
introducedin (1):
¢Q- sup j<DA()¥ >]j

+ 2A -
. {z }
Linear term (¢ Q'in )

—

1 o N (8)
+ 5 sup  sup [DFA( o+ i )(F E)j:
2.4 op "o H2(0:1) (z }

Remainder (R)

As we will seein the following sections,in most of the casesthe rst term of the expansion
(hereafter ¢ Q') can be computed quite accurately, whereasthe computation of the second
term is, in general, una®ordableand only bounds or rough approximations of it can be
provided. Yet, in presenceof small uncertainty, we should expect the remainder to be much
smaller than the leading linear term.

3 Uncertain ty in the coezcien ts

We concerirate in this Section on the uncertainty in the coetcients ~ 2 A- of the bilinear
form B(" ;¢ ¢ from (6). The analysis of the load uncertainty is simpler, and is postponed
to Section 4. Besides,for the sake of readibility, in this section we will denote the set of
coezxcients by A instead of A-.

3.1 Computation of the leading order term

Since we are interested in the type of problems introduced in Section 1, we will restrict
ourselhesto perturb the coexcients of the partial di®ererial equationsin L! (D). Moreover,
we will assumethat the coezcients are uncorrelated. Thaé is to say, at ead point x of the
domain, the set of coexcients is a hypercube of the form i”;l [ i (x); "M (x)], wherem

is the number of coe+cients. The set of coe+cients we will considerhereafteris

A=172LY O] Ji(x)i o(X)i- x(x); 8x 2 Dg 9)

For the purposeof characterizing the term ¢ Q'" we rst introducethe in°uence function
{ sometimesalso called adjoint or dual solution { ' (") 2 Vy, assaiated to the quartity of
interest Q, asthe solution of the dual problem

8 2A; nd "' ()2Vysuhthat B( ;v;')=Q( ;v); 8v2V (10)

The use of the dual problem to compute the gradiert of the quartity of interest, Q, with

respect to the coetcients ~ is a standard technique in the areasof sensitivity analysis[12],

optimal cortrol [19, 31] and a posteriori error estimation [2, 6, 7]. Under the assumption

that Q is a linear bounded functional on V, the solution ' (") exists and is unique in Vp.
Next, we de ne the following derivative:

2 8y;w2V; 8 2A; D-B(;v;w) 2 WOis suc that

<D-B(;v;w);x >= !irTO1 %[B(_+s£;v;w)i B(;v;iw)]; 8+ 2W:
s! *



In typical boundary value problems, the bilinear form B has an integral represenation
z

B( ;v;w) = G( ;v;w)dx
D

for somefunction G 2 L(D) that dependson —, v, w and their derivatives. At least this

is the casefor the exampleswhere only Neumann or Dirichlet-type boundary conditions
are imposed. A boundary term should be added in the previous represetation if Robin

boundary conditions are considered. However, obsene that in most of the practical cases
this boundary term doesnot depend on the coe+cient — and therefore, doesnot cortribute

to D-B. The regularity assumptionsunder which the derivative of the bilinear form is well
de ned are:

Assumption 1 For all v;w2 V andall ~ 2 A,

2 1 -G(T;v;w) 2 [LYD)™; (11a)
2 fori=1::m 9GC()>0st
Z @ —
@ viw)—dx - Ci()jviejwje (11b)
D i
2 G = supCi(T)<1: (11c)
T2A
Consequetly, 7

<D-B( ;v;w);x >= r-G( ;v;w) ¢+ dx;
D

and, forany — 2 A and £ 2 W, the quantity < D-B(" ;v;w);x > de nes a bounded
bilinear form onV £ V. In all the examplespreseried in Section1, theseregularity assump-
tions are satis ed. We will come badk to this point later on in the text. In addition, we
considerfunctionals Q of the form
A VA
Q( ;v)= F(;v)dx + H (v)dA: (12)
D iQHinN

The function F dependson ~, v and its gradient and satis es:

Assumption 2 Forallv2V andall 2 A

2 r-F(;v) 2 LYO)™; (13a)
2 fori=1;1:::m; 9¢(C)> 0 st.
Z & -
. —(Tsv)dx - Gi()jvie s (13b)
2 ¢ = supli(T)<1: (13c)
“2A

Similarly, we assumethat for all v 2 V the function H(v) 2 L1(j o). Obsene that the
guartities of interest introduced in the examplesof Section 1 can be written in the form

(12). The assumptions(13) yield
z

<D-Q(;v);x >=  r-F(;v)e¢x dx:
D

7



The purpose of the next example is to provide intuition on the constarts introduced in
assumptions(11) and (13).

Application 1 Considerthe salar di®usioncaseintr oduced in Examplel. Here, B( ;v;w) =
o I Vveér w and therefore, r ~G( ;v;w) = r v ¢r w. Thus, bounding
z

jir —=Gj - k1= ki1 (p)jVie - jwie;;
D
wecan take C( ) = k1= k.1 (p). On the other hand, with the quantity of interestQ(" ;v) =
o rvee, with ° 2 (L?(D))3 wehaver -F = r v¢° and

Z HZ T1-2
jir -Fj- k1=k.: (p) Tj° j2dx jVig
D D

R————
j° j2dx.

sowe can chaose C(7) = k1= ki1 o) o

We can introduce as well the derivative of the solution u(") of the primal problem
(respectively ' () of the dual problem), with respectto :

2 87 2A; D-u("):W! Vg,
D-u( )(z )= Iirg %[u(_ +sx )i u()l; 8+ 2 W:
sl 0*
It is easyto shaw that D-u(" )(x ) 2 Vy {note the homogeneousboundary conditions
satis ed by D-u(" )(£ ){ satis es the following variational problem:
B( ;D-u( )£ );v)=i <D-B(;u( );v);x > 8v2Vy (14)

The regularity assumptions (11) allow to state that such derivative is well de ned. The
following Lemma recalls the characterization of the di®ererial D-A in terms of the dual
solution ' and provides a formula for the leading order term ¢ Q'™ aswell as a character-
ization of the worst perturbation + °, i.e. a perturbation that leadsto the suprenmum of
¢ Qlin :

Lemma 1 Under assumptions(11) and (13), there holds:

<D-A();£ >=<D-Q(;u(" )i D-B(;u( )" ()i >

3) _ 8 2A;8t 2A; ; (15)
7z _ —
) X Fi G) _ B R
) eQn=" LGy Copmax (16)
i=t D @; 1
Mo
c) the worst perturbation is £+ | = 4 sign @Fi G :

@;
Proof. By hypothesis,the functional Q is linear with respectto u2 V. Hence,8 2 A, and
8+t 2 A ,wehave
< D-A();¥ >=Q(T;D-u()(E )+ < D-Q(Tsu( )£ >
=B( ;D-u( )£ );" ( )+ <D-Q( ;u( )£ >
=i <D-B(;u( )" ()t >+<D-Q(u())x >



and this proves part a). Obsene that the second equality holds becausethe function
D-u( )(z ) 2 Vp and therefore, it can be used as a test function in the dual problem

(10). Next, toany + (x) = (X)i o(x) we can assaiate the function £ sudh that

( . .
£ (x) = Jgi(x)*e(X): if %(x) 6 0

if H(x)=0:
Hence, k¥~ k, 1 ) - 1, and (denoting by up = u(" o) and' o =" ("))

¢Q™ = sup < D-Q(giUo)i D-B(Tg;lo;" 0)i¥ >

+ 2Aj 0

Z o o
X Fi G) _ X S@Fi G), s
= sup Gri o) @I— ) 0iUo; " o) % dx = :@F1 6 @I— )$°
i=1 4zt D ! i=1 ! L1(D)
KE ke -1
the supremum being achieved for
H i )l
£, = sign @ri G
@;
and this completesthe proof. o

Let us point out the main result given in Lemma 1: wheneer the perturbation of the
coezxcients is of the form (9), the computation of the bound on the leading order term
implies the solution of the primal and dual problems as well asthe evaluation of L -norms
of the functions @F | G)=@;. Lemma 1 also provides a useful characterization of the worst
distribution ~° = T, 8§ £ " of the coeztcients, that maximizesthe uncertainty interval in
the quantity of interest.

The fact that the evaluation of ¢ Q'" can be recast to evaluating L!-norms of the
functions @F | G)=@; is a consequenceof the choice of L! as spaceof perturbations.
Conversely the fact that the uncertainty interval is simply the sum of intervals assaiated
to eat coexcient is a consequencef the assumptionthat the coetcients are uncorrelated,
i.e. at ead point of the domain the set of coexcients is a hypercube in R™.

Remark 1 (More general perturbations: correlated coezxcien ts) In geneal, the un-
certain coexcients may be correlated. In sucha caseit seems more realistic to use convex
polyhedra to descrite the set of allowed perturbations in each position x 2 D. Hence, the set
of coexcients will take the form A = f+ 2 [L1 (D)]™; (To+ £ )(X) 2 A(x) %2R™; 8x 2
Dg. The setfunction A gives,at each point x, convexpolyhedra that vary piecewisesmaothly
with respect to x. Their diameter representsthe level of uncertainty at each point, with a
similar role as the functions 1 havein the uncorrelated case. We can build a computable
approximation basel on uncoupled standad linear programs: given a suitable partition T
of the domain (typically related to a "nite element mesh), on each element of which the
set function A is smaoth, and considering only piecewise constant perturbations £  , the
quantity ¢ Q'" can be approximated as

X xo 2 ,

e omac o GO ax

Kot K 2ZAMK)T olxk ), K @i
wher xx is an arbitrary point in K. The previous expression implies the solution of a
simple linear constrained optimization problemon each elementof the partition.



Remark 2 (More general perturbations: smoother perturbations)

Whenever a priori regularity on the coexcients is available, e.g. if we have physial in-
formation that tells us that a given coetxcient has a bounded rst derivative w.r.t. x, a
penalized version of the rst term on the right hand side of (8) may be useful,i.e. givenan
m-dimensional parameter %2> 0 we may choose,

Ya L Ya
£ 7= argmax < D-Q( giUo) i D=B( oiloi" 0)it > i Skt ko)
£ 27 T4
ith k& k2 - P e Thus, th It timizati blem i
Wi * Kiioy = iz 72Kt iKip) - us, the resulting optimization problem is no

longer sefarablein x and we haveto use a multilevel algorithm to solveit.

Extra sensitivity information can be extracted from the represeration (15): let us in-
troduce the sensitivity function

hn_— @Fi G) — — - .
@=L (o = 1m an
@;
relative to ead coexcient ~;. The function &) represeits a density per unit volume and

unit relative perturbation assaiated to the i j th coezcient and allows usto quartify the
regionsof the domain in which a unitary relative perturbation of the coe+cients hasa large
in°uence on the uncertainty interval of the quartit y of interest. In other words, suc function
can be usedto identify the regionswhere the coetcients should be measuredsharply.

3.1.1 Finite elements appro ximation

As stated in Lemma 1, the computation of the leading order term ¢ Q'™ implies the solution
of the primal and dual problems for the choice™ = ~ of the coetcients. In practice, the
exact solutions u(" o) and' (" ;) are not accessibleand only approximations of them will be
available. Let usindicate by up (" o) and' (" o) somesuitable nite elemert approximations
to the exact solutions and by ¢ Q}" the approximation of ¢ Q'" basedupon these nite
elemerts solutions, that is

oo0o

X S @F i G)

¢Qp" = @, ( osun( 0);" n( o)D)= (18)

i=1 L1(D)

The following Lemma statesthat the quartity ¢ Q" convergesto the true value at the
samerate asthe nite elemen approximations un( ) and' 1( ) in the energy norm.

Lemma 2 Under the regularity assumptions(11) and (13), there exists a constant C > 0,
independent of the discretization parameter h, such that

j€Q™ i ¢Qi"j- CGuCo)i Uun(oiers+ i (To)i " n(oiers): (19)

Proof. Let G = F j G. In this proof we will usethe shorthand notation u = u( ,) and
Unh = Un( o) (similarly for' and' p).

10



We rst recall the inequality 8a;b2 R _jaji Jl:; - jai b: Then,

_ _ _ 1 _
i i S0 2T - - - =
jeQ™m™ i ¢Qinj==C @3( oiU )R :%(_O;Uh§' n)H- dxZ
i=1 D— i _
xn Z = - =
' L ol @;( o' Us ) i é@?( 0 Un; _h) “Hdx
g;( o )i ( 0sUn;" n)=Hdx
i=1 D | - _ j
D @( osUi Un;’ ):+ _g;( osUn;’ i 'h)E Hdx
[Ci(o)+ G Gui Unje:ol jero + iUnierod' i ' nieio) kaike: (oy;

i=1
where in the last inequality we have used (11) and (13). The proof now follows observing
that both j' je -, and jupje.—, are bounded quartities. o

Oncethe nite elemen approximations to the primal and dual solutions are available, the
practical computation of ¢ Q" still involvessometechnicalities due to the non smoothness
of the functions to integrate. Let Ty, bethe "nite elemen meshemployedin the computation
of un(" o) and ' n(" o). We make the assumptionthat T, is aligned with eventual discorti-
nuities of the function 4, if any. Then, on eath element K 2 T, we can reasonablyassume
that the functions %(_O;Uh(_o);' h( ))& (X) are regular enough,sudh that they can
be integrated with high accuracyby a quadrature formula. Yet, the absolute value of those
functions will not be smooth, in general,and may presert surfacesof non di®ereriabilit y.
This feature demandsfor an adaptive quadrature algorithm.

3.1.2 Implemen tation of the Adaptiv e Quadrature Algorithm

This subsection presens a detailed implementation of an adaptive quadrature algorithm,
applying the theory and implementation devisedin the work [25].

The goal of the adaptive algorithm described below is to construct, starting from the
meshT;, are ned meshT; , with hy - h, sud that the quadrature error in the computation
of (18) is smaller than a given error tolerance, TOL > 0. Besides,for etciency reasons,the
cortributions to the total error from ead of the elemeris in the re ned mesh are approx-
imately equidistributed. To this end, start the adaptive quadrature with the initial mesh
of size hgq[1] = h, where h is the meshsize usedto compute u, and ' , and then specify
iterativ ely a new meshhglk + 1], from hq[k], using the following dividing strategy:

for all elemens n = 1;2;:::; N[K]
compute the error indicator #,[K]
TOL
if E,[K]> —— th
it #nlk] N K] then
mark elemen n for division
endif

endfor

(20)

divide all marked elemeris into 29 uniform sub elemerts.
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Here the error indicator, E,[k], corresponding to the elemen n on the k meshis obtained
using the di®erencebetweenthe quadrature formula with the current mesh-sizeand another
with half the mesh-size.With this dividing strategy, we usethe stopping criterion:

° TOL
"N
The dividing strategy (20) is applied iterativ ely until the approximate solution is sutciently

resoled, i.e. the elemeris satisfy the stopping criterion (21). The constart S; is de ned
following [25].

if max k]iln[k]- S then stop: (21)

1. n- N[

Remark 3 Once the adaptive algorithm stops, the nal meshis well suited to represent

means of piecewise constant functions. This representation is of practical important value

to visualize the functions ®") and 7 and thus identify the regions of the domain D that
most in°uence the uncertainty in the quantity of interest Q.

3.2 Computational bounds for the remainder

The goal of this sectionis to present estimatesfor the remainder of the bound in (8), i.e.

R* 2 sup  sup JDZA( o+ p )(¥ ;%) (22)
24A0 T, u2(000)

The secondderivative, D2A can be characterized by the identit y
DEA(T)(* ;£ )= D2B(T;u():" ON(% %)
i 2< D-B(";D-u(" )(z )’
+2< D-Q( ;D-u( )£ ));
+ D2Q(Tu())( ;% ):
which follows directly by taking variations on equation a) from Lemma 1. Obsene that

the computation of the secondderivative DZA(+ ;+ ) in the direction ¥ dependson the
knowledge of the rst derivative D-u( ). Sincewe would like to maximize D?2A over all
possibledirections + , and we consider in nite dimensional sets of coexcients, we would
have to know the value of D-u(+ ) for all £ which is practically unfeasible. Hence, we
derive computable bounds for the remainder basedon a priori energy estimates for D-u.
Of course,the price to pay is that those bounds might be pessimisticin certain situations.
Besides,we now restrict ourselvesto regular symmetric problems, assumingthat

Assumption 3 For each™ 2 A and 1 - i;j - m there exist non-negative constants
Cj (7):Cj (7) > 0 suchthat
0 1
iD2B(;uv)(£ ;£ )j x o _ _ _
) _(_ _)_( iy @ Cij () ke ikw, k& jkw,A; 8u;v2 V; 85 2 A
JUjE - JVie i -1
(24)
and
0 1
iD2Q(;u)(£ ;% )j x o _ _ _
J Q(juj)( i @  CY()k ikw, k& jkw,A; 8u2 V; 85 2A | "1 (25)
E;

i =1

12



Theseassumptionsare cIospIyreIated to (11,13). Basedon (23) and the previousassumption
we derive a bound for DZA(+ ;% ), at least for the caseof symmetric problems, basedon
the energy norm of the primal and dual solutions, namely

Lemma 3 Under assumptions(11-13) and (24-25) there holds

PHGCHED R - o )
e - 70 C)ies (Ci ( )+ 2Ci()C () kx ikw, kt jkw;
' i =1

X0
+ (Cf )+ 2& ()G (DKt ikw, ket kw,
ij =1
Proof. Apply the triangle inequality to (23), then bound the rst and the last terms by
direct application of (24) and (25). Let us now bound the secondterm using (11):

j<D-B(;D-u( ) ) ()i >j- i |
. — —_N . —_ Xn —_ _— .
ID-u( ) (£ )je i (e Ci( )kt ikw,
i=1
Recallthat D-u(" )(z ) satis es (14). Take the particular test function v= D-u(" )(z ) in
(14) yielding

iD-u()(F)iE - =i <AD—B(_:U(_);D-U,(_)(i_)):i_ >
0 !
Ci( )kt ikw, JD-u( )(* )je; ju( ie;:
i=1
Combine the last two inequalities to obtain the desiredbound for the secondterm, i.e.

j<D-B(;D-uC )£ ) ())x >j-
. —_— . —_— xn —_— —
julie 1" Oier Ci( )kt ikw,

i=1

The bound for the third term is obtained analogously This nishes the proof. a

The previous Lemma yields a bound for the remainder that is almost suitable for compu-

tations: if the dependenceof the various constarts on ~— is known, we just needto relate

the energy norm of u(" ) and ' (") with the energy norms of u(" 3) and ' (" ), which are

in turn approximated by the computable energy norms of up(" o) and ' h(" o). The next

two Lemmas answer this point and Theorem 1 states the nal result. Let us introduce a
coercivity related assumption, i.e.

Assumption 4 There existsk(" ;; ,) > 0 suchthat for all —;;", 2 A the norm bound
9, - k(10 2iber,
holds. Besides, intr oduce the notation kP (" ;) = sup- ,a K( 1; 7).

Obsene that for the scalar di®usion casewe have k(" o; ) = k—k : and ks () =
q -
k—m2k; 1, with “max (X) = sup-,a ~ (X).

13



Lemma 4 (Energy norm estimates) Assumethat (11,13,24,25)and Assumption 4 hold.
Let ( A 1)

xn
(Toi )" max k(g )i K¥P(Tg) 1+ KP(T)  CPP ke ik,
i=1
With the notation ug = u(" o) and' o ="' (" ), there holds

juies - 1o 7iboie (26a)
xn

i Oier - KC o ) i ol + K (7)) C%Pke ikw, (26b)
i=1

Proof. To prove the rst inequality in (26) introduce the auxiliary solutions with non ho-
mogeneousboundary conditions, g( ) 2 Vg, sud that

B(:e( )iv)=0; 8v2 Vo:
Thus, this orthogonality condition implies
juig- = jg(ig,- +ju() i e()iE (27)
To bound the “rst term, obsene that using the mean value Theorem
iB( ()i g_(z_f):V)i =B oi6( 0)iV)i BC 6( o)V
== <DB(o* gl hiviz) > die
z 1
= ki Kw; . Jo( o)ie o+ IViE o+ Ci(C o+ ) du
X0 Z,

KPP IgC e KPP () jvier  kikw,  Ci(C o+ pt)du
i=1 0

kP (T kP () ie(odieo ivier Gkt ik,
i=1
Letv=6( )i & o) 2 Vo in the previous equation. This implies
jo( Jie 4 o0 oie +is( )i R(_o)jer |
R _ X e (28)
J o i o k(o) 1+ K™(T)  CPP ket ikw,
i=1

Next, derive a bound for ju(" ) j (" )je.~ observingthat by construction of the auxiliary
solutions g(" ), we have

BCiu( )i o )iv)=B( o;u( o) i 8 o);v);8v2V:
Takev=u(" )i ¢( ) in the previous identity, apply Cauchy Schwartz to get
u) i eig- 4 uCo)i o oieoiu() i o )ie
JuC )i 8 o)ieok( o3 JiuC )i o ie::

14



Combine the previous estimate with (27) and (28) to obtain
Ju)ig - = Jg(_)g%f +ju() i o()ig
8 " A I 2

xo
cmax, K3(To7); KSP(To) 1+ kP(T)  CMP ke ikw, . juoid -,
’ i=1 !

from which the rst inequality in (26) follows. Let us prove now the secondinequality in
(26). By the de nition of the dual problem (10) we have

BOvim () =B(oivi"0)+ Q( V)i QU oiV); 8v2 Vi

Takev = ' (") in the above. Then, apply the triangle and Cauchy-Schwartz inequalities
arriving at

P ONE - 0 Oierod olere +1QCH )i QU os" (NI

Now usethe mean value theorem and (13) to bound the di®erenceof functionals, yielding
the secondinequality in (26). o

Theorem 1 Under the sameassumptionsand notation of Lemma4, let

= SUp,—pa; —, KE ikw,, 1= L:::;m. There holds
8
JUoje < .. 4 — o
R- 7'§;JAIO:||<( 0 ) CiO)+25O)GNE 5 +
A o #9  (29)
S W H - >(n su >(n — — -
K("o;7) i oje + K*P(7) (o (Cii )y + 2Gi ()G ( VEE:

i=1 i =1
Proof. Recall (22). Since

sup_ sup jD2A( o+ pE )(£ ;£ )j - sup  sup  JDEA(T)(£ i%)j
) T2A £ 2A]

+ 2Aj o u2(0;1 + i o

it is enoughto apply Lemma 3 and Lemma 4 to bound
IDEA(C )£ £ ) ju( )jer (Cj + 2CiCj ) (ke ikw, k| kw,
i =1

xn
+ju( )ie 1" C)ier (Cyj + 2CiCy)( )k ikw, kE j kw;
ij =1

n o
1« (Toi )iloje (Cf + 2CiCy) (T )kt ikw, k& kw,

A Eh !
— -\ H — )(n su — Xn - - — 0
+ k(o )i e+ KP()  CP ke ik, (Cyj + 2CiCy)(") kt ikw, kt j kw;
i=1 i =1
Now usethe boundsfor k+ kw, to nish the proof. o
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Remark 4 The previousestimate showsas expected that the remainder behaveslike O(+?),
where + representsthe size of absolute perturbations in the coetcient ~ . In caseswher
either —, or * are not constant over the domain D, sharper estimates may be obtained by
means of relative perturbations, see Application 2 at the end of this Section.

Remark 5 (Particular cases) If the solution u(" ) has homaggen®us Dirichlet boundary
conditions the resultin the last Proposition reduces to

8
iR] 1 < _nx B
—141, 58up. k(o ) (Cf +2¢c) (Mt 4
juC oiers oA - § -1

A ! 9 (30)

X x =

v okCo ) T olerat  EPR (G + 226G A
i=1 ij =1

If in addition the functional Q does not depend on ~ explicitly, then

8 9
R < =
R 1 LT _
— . Ssup ((eT)? T (G +20G)(EY (31)
JUoje; )" oy 272a " i =1 ;
If in the genearl casewe disregard the third order terms in &, i = 1;:::;m, we getinstead

iRj 1 _ _hmx _
I Zsup (o) T cE + &g 4
JUoJe;y  272a " i =1
+K( os ) 1" olEr (Cj +2CiC)(T)ky . +hot
ij =1 !

Remark 6 (Appro ximation of the remainder) In somepractical caseslike the elastic-
ity equations for nearly incompressiblematerials the bounds presentel in this section which
rely mostly upon Cauchy-Schwartzand triangle inequalities might be too pessimistic. In
those casesand for geneal unsymmetric problems, we suggestto approximate the remain-
der by computing the second order term along the perturbation in the coexcient —, £ °, that
givesthe largest rst order perturbation, + °. In other words, use identity (23) to compute

the approximation
1 N/ —o, ,—n
R 1/4§D2A( (EFE LED

with
+ %= argmax < D-A("o); £ >
£ 27
Observethat this procedure entails the computation of an extra solution, D-u(" o)(x %), that
satis es (14).

Application 2 (Scalar di®usion) Similarly asin the previousresults, we may also bound
the remainder using the relative size of the perturbation k+ =k, . (p,, instead of the absolute
one, and changingthe constants accordingly. In the caseof the salar di®usion equation, let
“min (X) = inf-oa T (X) @and " max (X) = sup-,5  (X), for x 2 D. Then, for the quantity of
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_ R _ - -
interestQ( ;v) =  r v& and homageneus Dirichlet boundary conditions, the constants
become:

C)=¢"=1 Ci()=0
Sz—— S
éi (_) = _jO j2 dX, éiSUP - _max jo j2 dX, Clj;; -
D D
k(_li_z) = g__lg ksup (—) — g m_ax g :
2 L1 (D) Lt (D)

IR - juoje;; sup _sup_

A £2A0 o L1 (D) D
) o S ) o )
of o e, oE &F
+ o—o max ] J o—o .
L1 (D) D Ll (D)
We now intr oduce the maximum relative perturbation
2= sup kx = gk 1 (D):
+ 2Ai o
Therefore, o o o o
0+—O o — o
6= c 2993
Lt (D) Lt (D)
and a computablebound for the reminder is
By PSE—— Yo%
P . . o 0 o — .ot I o 0 o 2.
JRj - juoje;, 1t o=——o 2 max [°J2+ ] olg;, o=——0 2% (32)
min |1 D min 1

4 Uncertain ty in the forcing terms

In this sectionwe analyzethe e®ecton the quartit y of interest Q, of the uncertainty in the
forcing term of problem (6). We assumethat the right hand sidein (6) is the sum of seweral
forcing terms de ned on di®erert regionsof the domain or the boundary, i.e.

X1
L(v) = Li(v); 8v 2 Vo:
i=1
The nominal value of the forcing terms will be denoted by L, i = 1;:::;m;. Let us
introduce, now, a sequenceof Banach spacesW; § Vp, i = 1;:::;my, equipped with the

norms k ¢ky, . We assumethat the perturbations +L; belongto the spacesw? % Vol and
that Vp is cortinuously embeddedin W, i.e.

Assumption 5 For i = 1;:::;my and for any = 2 A-, there exist constants C(" ); > 0,
depending also on D, Vy and W;, suchthat

Kok, - Ci(7)j G (33)
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Then, we considerthe set of admissibleloads

R .
AL = L AL L2V Hi=Lij Lo 2WS kiLikwo - %9 (34)
i=1

Typical choicesfor the spacesW; are W; = L%, 1 - g < 1 (henceW? = LP, with
1= 1=p + 1=q).

To highlight the dependenceof the quartity of interest Q on the forcing term, we in-
troduce the notation u(L) to indicate the solution to problem (6) and A(L) = Q(u(L)) to
indicate the quartit y of interest. Once more, our aim is to quartify the uncertainty interval

¢Q= sup jA(L)i A(Lo)j:
L2A |

The quanti cation of ¢ Q, in this case,is much simpler than in the caseof perturbations
in the coezcients of the bilinear form in (6). Indeed, the solution u(L) of (6) is an atne
function of the forcing term and the quartit y of interest Q doesnot depend explicitly on L.
The following Theorem givesthe characterization of ¢ Q in terms of the solution ' of the
dual problem (10) (which doesnot depend on L, either).

Theorem 2 With the load perturbations (34), we have

a) AL)i A(Lo)=L( )i Lo(");  8BL2AL: (35)
X1
b) ¢Q= 2K kw: (36)
i=1
X
c) There exists a worst perturbation +L° = +.7, with L7 2 W2, that

i=1
maximizesthe uncertainty interval in the quantity of interest.

Proof. Point a) comesimmediately from the linearity of the form B aswell asthe quarntit y
of interest Q. Indeed, sinceu(L) j u(Lo) 2 Vo, we have

A(L)i A(Lo) = Q(L) i u(Lo)) = B(T;u(L)i u(Lo);")=L( )i Lo():
Point b) is alsoimmediate observing that

~ ~ . Xll . - X]l
¢Q= supjA(L)i A(Lo)j= sup  j*i()j = 2k kw,
L2A ji=1 tLi2A [ iL oi i=1

The fact that the suprenum is attained for a particular choice of perturbation +L; 2 Al is
a consequencef the Hahn-Banad theorem (seee.g. [11, Chapter 1]). o

Obsernwe that, being the quartity of interest Q linear with respect to L, the character-
ization of ¢ Q given in the theorem is exact and, whene\er perturbing L alone, we do not
have to bound any reminder of the expansionaround L. Section 4.1 givesindications on
how to treat simultaneous uncertainty in loads and coetcients.

Application 3 (Linear elasticit y problem) Referring to Example 3, we could consider
perturbations of the forcing term f in any space W° = [LP(D)]3, with 6=5- p- 1. To
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allow for a di®erent size of perturbation in each component of the vector f, we endow the
space WO with the weighted norm

8, A lpp D1
kvkwo = (vi=%)? ax (37)

and de ne the set of admissibleloadsas A, = ff : # = fj fo 2 W% k#fkyo - 1g.
Here, 2; | 0O, i = 1;2;3, characterizesthe size of perturbation in each component. Observe
that for strictly positive perturbations 2;, the norm k ¢kwo is equivalent to the standard
[LP(D)]3-norm.
In this case, the uncertainty interval is simply computed as
¢ Q=K kw
whete the dual norm k ¢ky, is given by
82 Axs Lo 21w
kvkw = ivi)? dx, ;

D =1

The Solwlev emledding theorems guarantee that the quantity ¢ Q, previously intr oduod, is
well de ned. Moreover, we can characterize the worst distribution of the forcing term as

0X3 1 g=2j 1

22

7)) = —= @ (Gy)*A  vix); 82D; i=123
K ki® o

In a very similar way, we can consider perturbations of the traction g on the boundary
i n in any space [LP:(j n)]3, with 4=3- p; - 1.

In somesituations, we might want tg, consider only perturbations of the forcing term that
preservethe total force i.e. suchthat , #f = 0. If we consider perturbations in [L2(D)]3,
this constraint can be very easily taken into account. Let us de ne the unconstrained set of
perturbations

A fH = fo2 [L2(D)]3 kifkwo - 1g
and the constrained set of perturbations
z
iAL;o, fH 2 +A; ideIOg:
D

iR ¢
If wedenoteby ¥ the averageover the domain of a function v 2 LY(D), i.e. ¥ = l p Vdx =Dj,
it is easyto showthat

kv i Ykwo - kvkwo; 8v 2 [L%(D)]3:

Hence, givenany +f 2 +A| , we have (f | éf) 2 +A| . and

~ - ~Z -

¢Q= sup #H' dx—= sup — (' j T)dx—
ifziAL;o D +f 2 +A, ) D _

e

L

= sup — (i #)( i Y)dx—= sup — H( | T)dx
D

H2+A L Hf2+A L D
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Therefore, from the last equality we infer that the uncertainty interval in the constrained
casecan be computed as
¢Q=K i "kw: (38)

A similar argument holds for perturbations in the Neumann boundary conditions.

4.1 Simultaneous perturbation of coezcien ts and loads

We have already pointed out that the dependenceof the quartity of interest, A(") =
Q( ;u( ;L)), with respect to the loadsis linear. Hence,in particular, the secondderivative
D2A vanishes. Whenever we perturb simultaneously the coexcients and the load, though,
the remainder of the expansion (see(8)) will contain a term involving the crossderivative
DE;LA (besidesthe term D2A, which has already beenanalyzedin Section 3.2).

To extend the result in Theorem 1 and Remark 6 we have then to bound this extra
cortribution:

Rm = sup sup  sup jDZ A(To+ pt Lo+ pl)(£ ;4)j; (39)
£ 2Ai T o2l2A L o p2(0;1)

which hasto be addedto R from (22) to get an upper bound for the total remainder. The
mixed terms are characterized by the identit y

D2 A(T;L)(# ;4L) =i < D-B(;Dru(";L)(#L);" ()t >
+ < D-Q( ;DLu( ;L)(#L));x >

As in Remark 6, a practical approximation consistsin evaluating the previous identity for
the worst perturbations + * and +L“, respectively. This approad entails the computation
of an auxiliary solution, D u(" o; Lo)(£L").
The other way, extending the results from Theorem 1, is to utilize (33), yielding to the

a priori estimate for the energynorm of D u( ;L)(£L),

X1

iDLu( ;L)(HL)je - Ci( )ktlikwp

i=1
and usethe available assumptionson D-Q and D-B, stated in (11)-(13). This leadsto the
estimate

Theorem 3 With (33), (34) and the same assumptionsand notation of Lemma 4, there
holds

(A X1 '
Rum - sup Ci(M)? ()%
R - =1 o ! Axn 1)
* Ko ) oler, v KP(T) P Ci()A

i=1 i=1
Moreover, when perturbations in both coexcients and loads are consideredsimultane-
ously, also the bound given in Theorem 1, relative to the term D2A, changesslightly. In
particular, the result (26.a) doesnot hold anymore. Indeed, in this case,we have to relate
the norm ju(" ;L)je~ with ju(" o;Lo)je—,- A simple calculation shawvs that
X1 )
juC s L)je; - 1kC o ) JuC oikodieso+  Gi()kdlkwe
i=1
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Figure 1: Domain and boundary conditions usedin the heat transfer test case. In red is
shawn the inclusion with higher conductivity.

which should replace(26.a). Hence,the result of Theorem 1 should be changedaccordingly.
Obsene that this new estimate introducesonly a third order correction in the result of
Theorem 1.

5 Examples and numerical results

5.1 Scalar di®usion

In this examplewe considerthe heat transfer over a unitary cube of low conductive material
containing an inclusion with much higher conductivity (seeFigure 1). The conductivity of
the material is taken equal to 1 while the conductivity of the inclusion is 50 times larger.
A unitary heat °ux is imposedon the rear face j 3, while a constart temperature u = 0 is
kept on the two stripesj ; and j , on the upper and lower faces,respectively. The remaining
portion of the boundary is insulated (i.e. zeroheat °ux is imposed).

This problem ts then within the classof problems described in Example 1 with j p =
it[i2sin=@njp,f =g=hy,=0andh; = 1onj 3 and zeroelsewhere.The solution
u represelts the temperature of the body and the coetcient ~ the material conductivity.

The quarntity we want to compute is the ogtward heat °ux through j 1, namely

Q(Cu()) =i ~@u()ds (40)
| 1

Obserwe that the functional Q(";v) = j Ril_@vds, 8v 2 HilD (D) is not bounded
since we can not de ne the trace of the normal derivative of an H! function, in general.
The quartit y of interest Q(u), though, is well de ned becauseu has extra regularity, being
the solution of the equation

div(ru)=0; inD: (41)
Indeed, the quartity “r u2 Hgy, (D)~ fv2 (L?(D))3; divv 2 L?(D)g and its trace on the
boundary is well de ned {at leastasan Hi =2 functional{.
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In order to obtain a boundedH i ! functional asthe right hand sidefor the dual problem,
we needto rewrite the quartit y (40) in a more suitable way: let ustake a particular function
¢ 2 H(D) sud that (

1 onjy;
0 onjof js:

If we multiply equation (41) by ¢ and integrate by parts, we easily obtain
VA Z

Q(;u) = T@QudS = "1 ucr ¢dx;
i1 D
and the right hand side is now well de ned for all functions u 2 H ilD (D). Hence,the dual
problem reads: 'nd ' (7) 2 H! (D) s.t.
z z
Tr()ervdx=j  Treervdx 8v2H! (D): (42)
D D

Clearly, the choice of the auxiliary function ¢ is not unique. In this examplewe have chosen

¢=32xzfor0- x- 2and¢=zfor < x - 1. Obsene that the dual solution ' (")
dependson the choice of ¥, yet this doesnot a®ectthe uncertainty analysis, seeRemark 7.

The computed quartit y for the nominal value of the coezcients is
Q( o;u( o)) ' 0:597,

obtained with a goal-orierted re ned meshwith 7535 degreesof freedom, using Q? "nite
elemens. The discretization error in the computation of the quarntity of interest is less
than 1% and has beencortrolled using the goal-orierted estimator 5, introducedin [28],
which relates the error estimation in the quartity of interest to errors in the energy norm
of the primal and dual solutions via the parallelogram law. Energy norm error estimates
have been obtained with the subdomain residual method proposedin [22], which requires
the solution of local problems on patchesof elemers. To meet the tolerance of 1% we have
usedan adaptive algorithm consistingin re ning uniformly (h-re nement) all the elemens
that have a local error indicator larger that 50% of the maximum local error indicator in
the current mesh.
Figure 2 shows the primal and dual solutions as well as the re ned mesh usedin the

Bomputation. Obserwe that the meshre nement procedurecapturesthe singularity (of type

r) that appearsin both the primal and dual solutions at the interface betweenthe Diric hlet
and Neumann boundaries.

Uncertain ty analysis

We have consideredan uncertainty in the conductivity coexcient of 10% both in the
material and the inclusion and we allow for pointwise perturbations (L' perturbations).
The computation of the leading order term in the uncertainty interval for the quantity Q(u)
gives .

¢ Q" = 0:0446= 7:47%Q( o; u( o))
with an absolute error in the adaptive quadrature formula lessthan 2£ 10' 5. To achieve
this tolerance the mesh has been further re ned according to the algorithm described in
Section 3.1.2. Figure 3 shows the worst distribution ~° of the coezcients leading to the
maximum uncertainty interval while Figure 4 shaws the sensitivity function ® for the heat
transfer test case. Both functions have beenrepresened with piecewiseconstarts on the
adapted meshobtained at the "nal step of the adaptive algorithm describedin Section3.1.2.
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Figure 3: Worst distribution ~° of the conductivity coezcient in the low conductivity

material (left) and in the inclusion (right).
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Figure 4: Sensitivity function per unit volume and unitary relative perturbation of the

conductivity coezcient.
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Remark 7 Observethat the uncertainty interval ¢ Q'" as well as the worst distribution
+ ° of the coexcients and the sensitivity function ® do not depend on the auxiliary function
¢. To show this, let us rst observethat these quantities depend only on the di®ernce
(F i G) and, for this example

(Fi G)(ouCo); Co)=i ruCo)er( (o)+ 0
Hence, they degend only on the sumE = ' (") + 9. It is easy to showthat E solvesthe
problem 8
Ediv_rE =0, inD
E=1 oniji
§ E=0 onijo
" T@E=0 onijn:

(43)

Therefore, E is independent of ¢ and it is the harmonic extension of the Dirichlet datum
that takes1 onj; and O on j ».

We point out that the adaptivity procedure for error control in the quantity of interest
is also independent of the choice of ¢ as long as ¥ itself belongsto the nite elementspace
(as it is the casein our example). Indeed, the error estimator that has been emplyed is of
residual type and the residual of the dual problem, given by

Z

RUIW) =i Tr(ar0ervix  8v2HL (D)

demndsonly on §, = (‘ , + ¥), which is the "nite elementsolution of (43) whenever¢ is
exactly representel in the "nite elementspace. Henceforth, the residual degendsonly on E;
and so does the adaptivity procedure.

Finally, the estimate (32) for the reminder of the expansion(with ° = r ¥¢) gives
iRj < 6:522 + O(2%)

where2 = sup,—,a;, -, kt = oki: . In this case? = 0:1 and the reminder is of the sameorder
of magnitude asthe leading term ¢ Q'™ . This estimate might be pessimistic, sinceit relies
on a priori estimates and Cauchy-Scwartz inequalities, though it provides a guararteed
bound for the uncertainty interval, valid for any size of perturbation that presenes the
coercivity of the bilinear form.

The previous bound can be improved by taking ¢ = E. Indeed, with this choice, the
dual solution' = Ej ¢ = 0 and the function E minimizes the energyterm = "~ jr ¢j in (32)
over all possiblefunctions ¢ that satisfy the constraint ¢ = 1 onj; and®=0o0nj 5.

5.2 Elasticit y

We consider,now, a\bulky" prismatic, linear elastic isotropic aluminum bar, of dimensions
20£ 50£ 10cm cartilevered at one end and loaded by a uniform shearforce per unit area
of 1M Pa at its free end (seeFigure 5). Hence,the mathematical problem is the one given
in Example 2, whereu = u(x;y;z) represetts the displacement “eld in the body, (x;y;z)
being the Cartesian coordinate systemshown in Figure 5) and — = [E;°] the coetcients -
Young's modulus and Poisson'sratio, respectively - characterizing the material properties.
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| Quantity of Interest | ¢ Q"™ =Q | jRj=Q [ D=A=Q |
Q.= j 7:3613510 ¢ 1.536% > 15% | 0.027%
Q, = 5:396410 ° 1.594% | > 27.6% | 0.016%

Table 1: Elasticity test case: Computed quartities Q, ¢ Q'" | jRj, DZA(¥ °; °).

As quartities of interest, we take the averagedisplacemetts in the z and y directions at the
free end of the beam (seeFigure 6), namely

z ZOZ 10 z ZOZ 10
Q1(u) = U, (x; 50; z) dxdz; Q2(u) = Uy (x; 50; z) dxdz:
0 0 0 5

The material is assumedto be isotropic. Basedon laboratory tests on aluminum, the
nominal valuesof the coexcients are E = 0:68£ 10° M Pa and ® = 0:33 while the deviation
with respect to the nominal valuesare 1% in Young's modulus and 8% in Poisson'sratio.

The elasticity tensor is then givenby Cij (" ) = , ( )& Haa+ 1 ( )(FkHi + HHe); 1-
i;j;k;1- 3,where, = 1 2=(1+ )i 2 2);t = 1=2(1+ ,),sothat ;= Eand ,="°.

The primal and dual solutions (for both the quartities Q1 and Q) for the nominal values
of the coezcients wereobtained with hexahedral nite elemeris with forth-order polynomial
shape functions using a meshmanually graded and anisotropically re ned around the built-
in section. Each of the solutions has 84867degreesof freedomand is believed to be a highly
accurate approximation of the exact one.

The computed values of the two quartities of interest are shovn in Table 1. In both
caseghe numerical error is below 0.1%and it hasbeenestimated by comparing the solutions
obtained with di®erert polynomial degrees(p = 2;3;4).

Uncertain ty analysis

We have consideredL! perturbations of the coe+cients E and ° of size 1% and 8%
repectively. The computed value of the leading order term is given in Table 1. For both
guartities of interest, the error in the adaptive quadrature formula, relative to the size of
the leading term, is lessthan 107 4.

Figure 7 shows the worst distribution of the Young's modulus E (left column) and
Poisson'sratio © (right column) that give the maximum uncertainty interval for the quantit y
Q1. The red region corresponds to the higher coexcient and the blue region to the lower
one. The rst row in the Figure givesa global view while the secondand third rows give
the split view of the regionswith positive, respectively negative, perturbation.

Figure 8 shaws, instead, the sensitivity functions, asde ned in (17), corresponding to E
and °. Finally, Figures 9 and 10 presert the analogousresults for the quartity of interest
Q2.

To bound the reminder we can use, in this case,estimate (31). The estimation of the
constarts can be pursued in the following way: assumethat we can give a 6 £ 6 matrix
represeration of the elasticity tensor C(" ) (seee.g. [35]), which we will still denote by
C with a little abuse of notation, for any given 2 A-. Then compute its Cholesky
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Figure 5: Geometry of \bulky" prismatic body

S Q]_ = u; ds

Q. = Uy das
S1

Figure 6: Quantities of Interest - Averagedisplacemetts at the free end of the beam
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Figure 7. Quantity of Interest Q;: worst distribution of E (left) and © (right). The red
region corresponds to an increasedcoezcient, the blue region corresponds to a decreased
one.

Figure 8: Quantit y of Interest Q;: sensitivity functions ® (left) and @ (right).
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Figure 9: Quantity of Interest Q,: worst distribution of E (left) and © (right). The red
region corresponds to an increasedcoezcient, the blue region corresponds to a decreased
one.

Figure 10: Quantity of Interest Q,: sensitivity functions ®F (left) and & (right).
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factorization C(") = R_(_)RT(_). This yields, for instance

z = - z - _
:@ ,u,v):dx rrsu%rsv:dx
D i ZD: @i B -
= T uR()RI 1(_)%Ri TO)RT(T)r sv—dx
D ) @i o
. esssupsR’ 1()%? T(7)e juje—jvie:;
x2D i 2

where we have denoted by kAk, the euclidean norm of a matrix A 2 R86. Hencethe
constart C;(" ) appearingin (31) is

¢ ()= essupirt }() EURi ()
x2D @_i 2

and an analogousexpressionholds for Cjj (") with the secondderivative of the matrix C
replacing the “rst one. Moreover, obsene that
Z

r<suC( )rsudx
ZD

rsUR(TRI (7o) C(IRIT(ToRT(To)rsudx

D

_ £ =B,
. esanf min RTS(CQ)CC)IR' (o) Jujg—;
x2D

jUjé;—

where we have denoted by , min [A] the minimum eigervalue of the positive de nite matrix
A 2 RS£6 Therefore, the constart k(™ o; ) is given by

Yo S/
- . £E e T— B2
k("oi )= ef;gf,min R'Z(CCOIR (o)

The computation of those constarts simpli es for the special casewhere ™ is constart

al over the domain, as in our example. Indeed, if we denote by | ¥ R™ the set| =

i"ll [oii %; o + %], where is the maximum possibleperturbation of the i-th coe+cient
on the domain, then, givenany ~ 2 A, clearly (x)21,8x 2 D and

Y 74

inf e RUIOCCR ()

N

K("o; ) - KR("o); whereR(" o)

and ° i °
Ci(7)- C; whereCi = supoRi (" )%Ri T()e
"2l @; B
Similar results hold for Cj (). Sinceit is always possibleto nd a particular function
~(x) 2 A whoseimage coversthe set |, the following equality holds
8 9

< Xn = X

sup. (k(T0;7))? (Cy +2CC)( A, =K(T0)? (Cj +2CiC) & &:
2A - i =1 ' i =1

The computation of the constarts K, C; and C;; implies a simple optimization of a function

on a hypercube of R™. Henceforth, these constarts can be evaluated a priori and usedin

the bound (31) for the residual oncethe norms of ug and "'  are available.
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Unfortunately, it turns out that this bound is extremely pessimisticwhen the Poisson's
ratio is not closeto zero. The principal reasonis that there is a cancellation of the term
involving \div u" betweenthe rst two terms appearing on the right hand side of (23), which
is not taken into accourt in the bound.

As an alternative to this a-priori bound, we have computed the secondderivative of
the quartity of interest along the worst perturbation + ° (seeRemark 6). The third and
fourth columnsin Table 1 shav the computed valuesof the bound on the reminder and the
corespnding value obtained from evaluating the secondorder term in the \w orst direction".
As it can be obsened, this secondorder term is of order ¥ while the guaranteed bound for
the remainder is about three orders of magnitude larger.

We "nally concludethis section considering perturbations in the shearforce applied at
the end of the bar (surface S in Figure 6).

The nominal value of the traction is go = [0; 0; g.], with g, = 1M Pa. We have considered
perturbations in all three componerts of the traction, either in [L?(S)]2 or [L! (S)]3. In
both caseswe have usedthe weighted norm introducedin (37) with

2, = 2y = 0:01kg;ke; 2, = 0:05kg; Kk

where the *-norm is L2(S), respectively LlR(S). Moreover, we have also consideredper-
turbations in [L3(S)]1® © fg 2 [L%(S)]®; g = Og, which presene the total force (see
Application 3). Tables 2 and 3 summarize the uncertainty interval due to perturbations
in the traction for the two quantities Q; and Q,. The Trst (resp. second,third) column
shaws the resulting uncertainty interval when only the “rst (resp. second,third) componert
of the traction is perturbed; i.e. 2, = 2, = 0. The forth column, instead, shaws the total
uncertainty interval when all the componerts are perturb ed simultaneously. As it can be
obsened, there is not a large di®erencebetween perturbations in L2(S) and L (S). Yet,
if we enforcethe perturbation to presene the total force, the uncertainty interval decreases
dramatically for both quartities of interest.

Finally, Figure 11 shows the worst distribution of the traction, for both quartities of
interest, in the casewhere the traction is perturbed in [L2(S)]3.

Conclusions

In this work we have proposeda methodology, basedon perturbation analysis and duality
techniques,to compute the worst-casescenariofor elliptic problemswhosecoezcients and/or
forcing terms lie in in nite dimensional spaces.

We have shown that the worst-casescenariocan be computed inexpensiwely for certain
classesof in nite dimensional perturbations in coetcients and loads, by postprocessing
the solutions of the primal and dual problems computed for the nominal values of the
parameters. This postprocessingentailed, in the caseof uncertainty in the coexcients, the
use of an adaptive quadrature algorithm.

We have also analyzed and quarti ed the error in the computation of the worst sce-
nario bound due to truncation of the Taylor expansionaround the nominal values of the
parameters, giving computable bounds for symmetric problems and suggestinga possible
approximation of it in the more generalcase.

Finally, we point out that uncertainty quanti cation should always comealong with ver-
i cation of the numerical solution, whenewr the primal and dual solutions are computed
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H0x oy 10, 0ot ‘
L? | 0.0005% | 0.085% 5% 5.0007%
L(z) 0.0005% | 0.085% | 0.004% | 0.085%

L1 | 0.0004%/| 0.073% 5% 5.0007%

Table 2: Relative uncertainty interval in the quartity Q; (¢ Q" =Q;) for perturbations in
ead componert of the traction separately('rst three columns) and simultaneous perturba-
tions in all the componerts (fourth column).

0« 1oy 10, 0ot

L? | 0.007%| 0.18% | 5% | 5.003%
L% | 0.007%| 0.12% | 0.024% | 0.12%
LY | 0.005%| 0.15% | 5% | 5.003%

Table 3: Relative uncertainty interval in the quantity Q, (¢ Q4" =Q;) for perturbations in
eac componert of the traction separately( rst three columns) and simultaneous perturba-
tions in all the componerts. (fourth column).

Q1 Q2

Figure 11: Worst distribution of the traction applied at the free end of the bar for pertur-
bations in [L?(S)]3. The left column corresponds to the quartity of interest Qq, the right
column to Q,.
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approximately, e.g. by meansof a nite elemert discretization. By veri cation, we mean
cortrol of the discretization error. With this respect, in our numerical examples,we have
cortrolled the error in the computation of the quartity of interest with a posteriori error
estimation techniquesand we have provided an a priori bound for the error in the computa-
tion of the uncertainty interval. What is left to do is to derive a posteriori error estimators
and adaptive techniquesfor the computation of the uncertainty interval aswell. This issue
is the subject of ongoing researd.

Another sourceof uncertainty that hasnot beenconsideredin this paper but is very im-
portant in many applications is the uncertainty in the non-homogeneou®iric hlet boundary
datum. This issuewill be analyzedin a forthcoming work.
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