DIFFUSION IN POR O-PLASTIC MEDIA

R.E. SHOWALTER AND U. STEFANELLI

Abstra ct. A modelis developed for the ow of a slightly compressibleuid through a
saturated inelastic porousmedium. The initial-b oundary-value problem is a systemthat

consistsof the di usion equation for the uid coupledto the momertum equation for

the porous solid together with a constitutiv e law which includes a possibly hysteretic
relation of elasto-visco-plastictype. The variational form of this problem in Hilbert

spaceis a nonlinear ewolution equation for which the existence and uniguenessof a
global strong solution is proved by meansof monotonicity methods. Various degenerate
situations are permitted, such as incompressible uid, negligible porosity, or a quasi-
static momertum equation. The essetial su cien t conditions for the well-posednesof
the systemconsistof an ellipticit y condition on the term for di usion of uid and either
a viscousor a hardening assumptionin the constitutiv e relation for the porous solid.
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2 R.E. SHOWALTER AND U. STEFANELLI

1. Intr oduction

1.1. The Mo del. The presen analysisis concernedwith the modeling of the di usion
of a slightly compressible uid through a saturated deforming porous medium. The
simplest example of our model describesthe ewlution of the uid pressue scalar eld
p(x;t), the solid displa@ment vector eld u(x;t), and the e ective stresstensor eld
(x;t) satisfying the coupledsystemof partial di erential and functional equations

(1.12) § wp+ 1 u 1 K p) =g ho;
(1.1b) %u r8r u) r + rp= 17
(1-1c) = H('(u);

]

Yo

in the cylindrical domain (0; T), where is a nonempty bounded and open set
in R® with smaooth boundary @ , and (0; T) is the time interval of interest. Also,
ho : (0;T) ' Randgy: (0;T) ! R? aresuitably givenfunctions. The system
consistsof the coupling of a di usion equation for the pressurewith the consenration of
momertum and a constitutive relation for the motion of the medium, respectively. The
constitutive relation (1.1c) is descriked at length below. It involvesthe stress and the
small strain tensor"(u), namely, the symmetric part of the derivative of displacemen

"Wy (Qui+ @u)=2 for i;j = 1,23

The coecient cy(x) O is related to the compressibility of the uid as well as the
porosity of the mediumat x 2 . It is a measureof the amourt of uid which can be
forced into the medium by a unit pressureincremen with constart volume. Similarly,
the coe cient k > 0 involvesthe visaosity of the uid and the permeability of the medium
asa measureof the Darcy ow correspndingto a unit pressuregradiert. The parameter

0 accours for the medanical coupling of the uid pressureand the porous solid.
Speci cally, the term r u(x;t) represets the additional uid cortent due to the
dilation of the structure, and r p(x;t) is the additional stresswithin the structure due
to the uid pressure.The coecient (x) O isthe local density of the porousmedium,
and 0 is a physical parameter arising in connectionwith secondary consolidation
e ects (seebelow).

The system(1.1) hasto be complemered with suitable boundary and initial condi-
tions. To this end let us introduce a pair of partitions of the boundary  into comple-
menary setsf 4; sgandf ; ;g. Weshallassumehat . hasstrictly positive surface
measure.Moreover, set ¢ +\' ¢ andlet the measurablgfunction : s ! [0;1] be
prescribed on this set. We seeka solution of (1.1) that satis es the boundary conditions

(1.2a) p =0 on g;
(1.2b) k(r pp n Qun =0 on g;
(1.2c) u =0 on ;
(1.2d) 2r un+ n (1 )pn = 0 on :
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Here n denotesthe unit outward normal vectorto , and ( n); = jn; is the corre-
sponding normal stres$. We briey commen on theseboundary conditions. First of all,
the uid is drained on the portion 4, and the medium is clampad along .. The rela-
tions (1.2b) and (1.2d) are constrairts on uid ux and traction, respectively. On the set

s, Whereneither p nor u is prescribed, the function = comesinto play. This function
speci es the fraction of the poresof the medium that are expsel along . Indeed, for
thesepores,the motion of the solid addstheir cortents to the uid ux through the term

@@ u n in (1.2b). In the remaining portion, the sealed pores,the hydraulic pressure
cortributes to the total stresswithin the structure, and this is the origin of the normal
pressureterm (1 )pn in (1.2d). Finally, we shall require the solution to satisfy the
initial conditions

(1.3a) Gp(;0) = copo() on
(1.3b) u(;0) Uo(); u(;0)= vo() on ;

where po; U, and v are suitably given functions.

The special linear caseof the uid massconsenration (1.1a) with Darcy's law for lam-
inar ow comnbined with the momerium balance equation (1.1b) with Hooke's law for
elastic deformation comprisesthe classicalBiot di usion-deformation model of linear
poroelasticity. This is basedon the conceptof e ective stressdue to von Terzaghi[44].
For the mathematical theory of this initial-b oundary-value problem for the fully-dynamic
caseof (1.1) with > 0in the context of thermoelasticity, seethe fundamenal work of
Dafermos[13. Further dewelopmernts are presetted in the exhaustive and complememary
summariesof Carleson[8] and Kupradze [23]. In the cortext of strongly elliptic systems,
this systemwas deweloped by Fichera[16]. There are rather few referencedo be found
for basictheory of even the simplest linear problem for the coupled quasi-static caseof
(2.1) with = 0. Amongtheseis the treatment in onespatial dimensionin Day [14]. For
applicationsto poroelasticity, seeBiot [4, 5, 6], Rice and Cleary [30], Zienkiewiczet. al.
[48. Mathematical issuesof model dewelopmen and well{p osednesgor the elastic and
guasi-static casewere rst studied in the fundamenal work of Auriault and Sanhez-
Palencia[2]. This work led to a non-isotropic form of the Biot di usion{deformation
system by homogenization,and they establishedexistenceof a unique strong solution.
SeealsoBurridge-Keller [7] for modelingissues.In the papersof Fichera[16]and Zenisek
[46] a weak solution is obtained. The existence,uniquenessand regularity theory for the
guasi-static Biot systemtogether with extensionsto include the possibility of viscous
terms arising from secondaryconsolidation (see Murad-Cushman [29]) and the intro-
duction of appropriate boundary conditions at both closedand drained interfaceswere
givenin Showalter [36]. Extensionsto the Barenblatt{Biot double{di usion deformation
maodel were deweloped in Showvalter-Momken [38]. The model developmen and proof of
existenceof a solution with both elastic deformation and partial{saturation were given
in Showalter-Su [40, 41]. See[37] for a summary of theseand additional works, and see
Charlez[10], Chenet al. [11], Coussy[12], Huyakorn-Pinder [19], Lewis-Sukirman[24],
Minko et al. [27], Mourits-Settari [28], Sehadurai [34], and Zienkiewiczet al. [47]for
issuesof numerical simulation and applicationsto geomebanics.

The convertion of summation over repeated indices is assumed.
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1.2. The Plan. The objective in the following is to establisha mathematical theory of
well-posednessor a mixed variational formulation of a substartial generalizationof the
system (1.1) with boundary conditions (1.2) and initial conditions (1.3). The consti-
tutiv e relation will include the linear model of poroelasticity as well as a wide classof
material deformation small strain modelsresulting from a parallel conbination of a fam-
ily of elasto-viso-plastic elemens. In particular, our model includes Prandtl-Ishlinski
hysteresisrelations of stop-type. Examplesof typical deformation models are descriked
in the following subsection. Theseinclude very generalrheologicalmaterials made up of
the parallel combination of elemenary components of varioustypes, elastic, viscous,and
plastic, with combinations of kinematic and isotropic hardening. Sud a construction
may require the introduction of internal variables

Let usemphasizérom the very beginningthe very extensiwe variety of modelsincluded
in (1.1). Moreover, this analysis permits any of the parameters co(); () and to
vanish! Speci cally, we include in our discussionany combination of the models for
guasi-static motion, = 0, the casesof incompressible uid or solid, ¢, = 0, and the
unoouplad system, = 0. In addition, we shall include in our analysisthe quasilinear
caseghat result from a nonlinear permeability k() or from a nonlinear and degenerate
dissipation () in the diusion or momertum equations,respectively.

In Section 2 we construct the operators of deformation, di usion, dissipation, and
the mixed coupling terms that will appearin our generalizedsystem. We also address
the measurability issuesconcerningthe family of maximal monotone operators in the
constitutive relation. In Section3 we shall prove the existenceand uniquenessf a strong
solution of the initial-b oundary-value problem for this nonlinear and degeneratesystem
without any coercive-type assumptionson the dissipationin (1.1b). Rather, the essetial
assumptionsare restricted to the di usion term in (1.1a) and the constitutive relation
(1.1c). The coercivity assumptionon the di usion operator is standard, and a useful
su cien t (hardening) condition is given for the coercivity assumptionon the constitutive
relation.

1.3. The Constitutiv e Relation, I. A variety of exampleswill begivento illustrate the
material modelsthat areincluded in our dewelopmen, and theseinclude casesof mixed
elasto-visco-plasticdype with combined kinematic and isotropic hardening and multiple

yield surfaces. We assumethe material responsein the porous solid is determined by
a family of sudh classicalmodels of small-strain elasto-plasticity with hardening. The
theory of eat of the componerts is rather completely deweloped in solid medanics,and
they have a well establishedmathematical basisin corvex analysis. Here we exploit
the dual formulation which is the more commonapproad for the dewelopmen of both

the mathematical analysis and computational aspects of elasto-plasticity. In order to

descrite these,we denote hereafterby  the spaceof symmetric second-order tensors

The rst and simplestexampleof the constitutive law (1.1c) is the classicalcaseof linear
elasticity, i.e., the genenlized Hooke'slaw, M = "; in which the positive-de nite and
symmetric fourth-order tensor M is the compliance of the medium. Sinceonly the time
derivative of this relation will appearbelow, it will relate only the variations of the stress
and strain. More generally and to introduce a secondclassof examples,we mertion the
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visco-elasticmodel of fading memory type in the form of an implicit ewlution equatior?

M_(t)+L( (1) ="4t); (©= %
in which the dissipation L( ) is possiblynonlinear and multi-v alued aswell asdegenerate.
Then the constitutive relation (1.1c) correspndsto the dependenceof the stress () on
the strain rate " ().

We shall include rather generalconstitutive relations of hysteesistype in which the
relation H() will accoun for some possibly rate-indegendent memory e ects. Sud
an exampleis the classicPrandtl-Reusselastic perfectly plastic model, which we brie y
recall from Duvaut-Lions [15]. Assumewe are given a nonempty, corvex and closed

subset K of admissiblestresses which determinesthe yield criterion. Then the
stress-strainrelationship is given by the ow rule
(1.4) M_(t)+ @« ( (t)3"(t); (0= °2K:
Herethe multi-valued operator @y I 2 correspndsto a variational inequality :
the relation 2 @x ( ) is characterizedby

2 K and ij(! )ij 0; I 2 K:

This meansthat vanishesif isin the interior of K, andthat belongsto the normal
cone when is on the boundary of K. (This correspndsto the strain rate of a rigid
perfectly plastic material.) Thus,the ow rule (1.4) is formally equivalert to the addition
of strain rates correspnding to an elasticcomponert and a perfectly plastic componert
arrangedin series.

We can combine the precedingexamplesto obtain a model with kinematic hardening
Decomppsethe stress  into the back stressassaiated with the translation of the yield
surfacein stressspaceand a plastic componert by

= pt p;

where |, satises My, =" and , isthe solutionof the ow rule (1.4). This is formally
equivalert to the addition of stresseglueto an elasticcomponert and an elastic perfectly
plastic componert arrangedin parallel; eat is independerily determinedby the strain.
In orderto constructa model of isotropic hardening weintroducea parameter 2 Rto
represen an internal force assaiated with the size of the (expanding) set of admissible
stresses. Thus, let K be a nonempty, convex, and closedsubsetof the product space
R, and let the pair ,; be the solution of the system

M () | p(t) (t) . o0 _ :
3 ; = B 2K:
ORI AN () 0 © = °
Therelation , = H(") correspndsto a model of isotropic hardening,andforeah 2 R,
the set of admissiblestressess given by the projecton K( )=f 2 : [; ]2 Kg.

Note that both the input to and the output from this systemare only through the rst
componert; the secondcomponert is a hidden variable Similar constructions can be
usedto represem certain memory functionals of visco-elasticit.

This is a fundamental model, sinceead of the precedingexamplescan be obtained as
a special caseof parallel sumsof this type. For example,if the convex setis a product

2The superscript dot will be usedfor the derivative with respect to time.
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K = K R, then the systemdecouplego the elastic perfectly plastic ow rule (1.4) for

the componert K, andif additionally wetakeK = , then @« = 0andwe have apurely
elasticcomponert. Moreover, we can conbine theseinto a model for combinel kinematic
and isotropic hardening For sud a model, the stress-strainrelationship = H(") is
determinedby = ,+ ; wherethe stresscomponerts satisfy the system
2 3 2 3 2,3 2 3 2,
M _n(t) 0 (t) b(0) b
4Mp_p(t)5 + 4@ o(t) 534" )5 ; 4 p(0)5 =4 35 2 K:
() “ 0 (0) °

in which My; M, are positive-de nite fourth-order symmetric tensors. In this example,
the input and the output for the systeminvolve only the rst and secondcomponerts.
That is, the observationand control are in the rst two componerts, and the third
componert is the hidden variable.

More generally we shall permit the operator H() to include all of theseexamplesin
the Prandtl-Ishlinski model of elasto-plasticity with multi-yield surfacesand kinematic
or isotropic strain hardening. In order to specify sudc a model, assumewe are given a
measurespace(Y;P; ),where isa nite Borel measureafamily of fourth-order sym-
metric positive-de nite tensors, My, and a family of possibly multi-valued and nonlinear
operators, L, onthe space R, both families parameterized by y 2 Y. Then, for any
tensor-alued "() 2 H(0; T; ) the correspnding e ectivestress ()2 HYO;T; ) is
the currulativ;output from the family of componerts de ned as

a5 (@ y(t)yd ;  where
Y
My (1) y(D) (t) . yO) _
SO oo P o o Tl
with  (0); y(0)) 2 Dom(L,) for almostewery y 2 Y. If L is a diagonal operator, the
y™" equation decouples,and there is no e ect from the hidden variable. If L, = 0 then
the y'"-componert is elastic, and visco-elasticcomponerts are realizedasindicated by a
bounded dissipation function L. Plastic componerts are obtained from a collection of
nonempty closedcorvex sets K, R by settingL, = @, , andthen the system(1.5)
contains a family of variational ewlution inequalities. The unknowns in this formulation
arethe pairs [ ,(t); ,(t)] which are called generlized stress We refer the readerto the
referencedelow for an extensive dewelopmer of sud models. We just emphasizehere
that our hypotheseswill imply that the systemof ewlution equationsin (1.5) hasindeed
a unique solution, and thusthe map = H(") is actually well de ned.

Thereis a substartial mathematicalliterature concerningthe visam{plastic deformation
problemfor the momertum equation (1.1b) (with = 0) combined with the constitutive
relation (1.1c). This coversboth the dynamic and the quasistatic casespoth dependen
and independert rates. The existenceand uniquenessof the weak solution for the fun-
damertal Prandtl-Reussplasticity model (1.4) with a single yield surfacewas given by
Duvaut-Lions [15]. For a weaksolution, the strain-rate is not in L2 but residesin a larger
dual space.A strong solution is obtained when the subgradien is replacedby a boundel
dissipation operator, sud asin models of visccelasticity. The extensionto somegeneral

aey?y,

3Measurability issuesfor these operators will be addressedin Section 2.4.
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Prandtl-Ishlinski models (1.5) with multi-yield surfaceswas obtained by Visintin [45].
Here we extend theseto allow for hidden variables. An alternative approad is taken in
the work of Krejc [22], where a large classof sud generalmultiple componert models
is considered.There the dissipation properties of the hysteresisfunctional are deweloped
and exploited.

The quasi-static case,in which the momerium equation (1.1b) is replaced by the
correspnding static equationwith = 0, was deweloped in Johnson[20, 21]. There a
regularizing e ect due to work-hardening of the material appeared,and both weak and
strong forms of solutions were obtained. Showalter-Shi [39] obtained three classesof
solutionsfor the caseof one spatial dimension. The smaoother strong solution with strain
rate in L? resultedfrom a boundednessissumptionon a non-trivial measurablesubsetof
the subgradiens in the system(1.1c), and this assumptionarosefrom a kinematic work
hardeningcomponert in the stressor from the presenceof visasity. This shovsthat eat
of these characteristics has a regularizing e ect. From an additional stability condition
relating the corvex sets of the plasticity model to the divergenceoperator, there was
obtained a regular solution for which ead componert of is smooth. For a selectionof
results, seeLi-Babuska [25], Babuska-Shi[3], Suquet[43], Han-Reddy[17], Simo-Hughes
[42], and their references.See[39 for elememary examples.

1.4. Preliminary  Material. We briey descrike sometechniques of corvex analysis
to be usedto construct appropriate operators belowv. For details, see[17] and [35]. A
(possibly multi-valued) operator or relation A from a real Hilbert spaceH to its dual
spaceH Yis a collection of related pairs[x;y] 2 H H°denotedby y 2 A(x); the domain
Dom(A) is the setof all sud x, and the rangeRg(A) consistsof all sudy. The operator
A is called monotoneif for all y; 2 A(X1), Y2 2 A(X2), we have hy;  y,; X1 Xoi 0.
(We useh; i to denote any duality pairing of functionals with vectors.) If we denote
the Rieszmap of H onto H°by R, then the monotonicity of A is equivalert to requiring
that (R + hA) ! be a cortraction on Rg(R + hA) for every h > 0. If, additionally,
Rg(R + hA) = HPOfor some(equivalertly, for all) h > 0, then we say A is maximal
monotone

Let the function' :H ! (1 ;+1 ] becornvex, proper, and lower-semi-cotinuous.
Then the functional f 2 HYis a sulgradient of ' at u2 H if

u2Dom( ) and H;v ui "'(v) ' (u); v2H;

where Dom(' ) standsfor the e ective domain. The set of all subgradierts of ' at u is
denotedby @ (u): The subgradien is a generalizednotion of the derivative, comparable
to a directional derivative. We regard @ asa multi-valued operator from H to HC it is
easily shovn to be maximal monotone.

If K is a closed, corvex, nonempty subsetof H, then the indicator function I ()
of K, dened by Ix(x) = 0if x 2 K and I (x) = +1 otherwise, is corvex, proper,
and lower-semi-cotinuous. Its subgradien is characterizedby a variational inequality :
f 2 @k (x) means

f2H% x2K and H:;y xi O0; y2K:

The following fundamertal existencetheoremfor degeneratesemilinearewolution equa-
tions will be usedbelon. See[35, Theorem1V.6.1], [9, Section3.6], [18].
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Theorem 1.1. Let the linear, symmetric and monotone operator B be given from the
real vector space E to its algebaic dual E , and let EQ be the Hilbert space which is the
dual of E with the seminorm

jiXjp = hBx; xi ¥*2; x2 E:
LetA E EQ bearelation with domain Dom(A) = fx 2 E: A(x) 6 ;g.
(a): AssumeA is monotone. If w; is a solution of

(1.6) 4 Bw(t) + A w(t) 3f(t); 0<t<T;
with dataf; : [0;T]! EQforj = 1;2, thenit follows that

jwa(t)  wa(t)ijp le(OZ) W2(0)jp
t
+ kf1(s) fa(s)keo ds; O t T:
0
If f, = f, and if Bwy(0) = Bwy(0), then Bwy(t) = Bw,(t) forall 0 t T.
Furthermore, if B+ A is strictly monotone,then there is at most one solution of
the Cauchyproblemfor (1.6).
(b): AssumeA is monotoneand Rg(B + A) = EQ. Then, for eachw, 2 Dom(A)
and eachf 2 WYL(0; T; ED), there is a solution w of (1.6) with

Bw2 W (0;T;ED); w(t) 2 Dom(A) for all t 2 [0;T]; and Bw(0) = Bwy:

(c): Let A be the suldi er ential, @, of a convexlower-semi-ontinuous function
" TEp! [0;+1 ]with' (0) = 0. Then for eachwy in the Ey-closure of Dom(’ )
andeachf 2 L2(0;T;ED) there is a solution w of (1.6) with

w2 Ll(O;T);pf%BW() 2 L%(0;T;ED); w(t) 2 Dom(A); a.e. t2[0;T];
and Bw(0) = Bwy. If in addition wy 2 Dom(" ) then
' w2L(O;T); 4Bw2 L*0;T;ED):

Part (c) will imply that the system (1.5) is well-posedand, hence,the constitutive
relation (1.1c) is well-de ned. Part (b) will be usedto show that the initial-b oundary-
value problem for the full nonlinear systemis well-posed.

2. Varia tional Formula tion

We shall start by xing somenotation. As usual we will usebold letters to indicate
vectorsin R® and Greekletters to indicate (symmetric second-ordertensorsin . Let
be asmoothly boundedregionin R®, and denoteits boundaryby = @ . Wewill make
useof the SololevspacesL?() ;H() ;HE(), etc., andthe readeris referredto Adams
[1], Lions-Magened26], or Showalter [35 for de nitions and properties. We shall denote
the correspnding spacesof vector-valued functions by L2() = (L3()) 3 H ()
(H%()) 3, etc. In particular, we will usethe notation ( ;) for the scalarproduct in any
of the L2-type spacesand h; i for the duality pairing on a spaceand its dual, possibly
including subscripts. Finally, we will indicate topological dual with a prime.
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2.1. The Diusion. For the represemation of pore uid pressure,let usintroducethe
Hilbert space

V. p2HY) : p=0on 4:
For the construction of the classicallinear di usion operator appearing in the pressure
equation (1.1a), let the coe cient function k() 2 L* () be givenwith k(x) ko > 0O,
and de ne the symmetric mogotonelinear operator A:V | VOpy

PAD; g kOJr p(x) ra(x)dx;  p;q2V:

The formal part is de ned to be the restriction of A(p) to C} (), and it is givenin
H () by the elliptic operator, Agp=@(k@p) (in the distributional senseforp2 V.
If additionally Agp 2 L2(), and if k() is smaooth, then the elliptic regularity theory
impliesthat p2 V\ H?(), and then Stokes'theoremyields

hA\p, Q| = (Aop, Q)LZ() + (k@:@, q)|_2( f); q2 V:

This provides the decoupling of A into a formal part on and a boundary operator
correspndingto ux on ¢, and we denotethis represetation by

A(p) = [Ao(p); k@=@] 2 L*()  L*( ¢):
More generally we can expect a non-linear Darcy law which givesrise to a quasi-linear

operator de ned asfollows. Assumegiventhe functions A; : R"! Rforj=1;:::;n
which satisfy

(i): Aj(x; ) is measurablein x for all and cortinuousin fora.e.x 2 ,

(i): JA(X )i Ck ken + K(X); 2 R" forae.x2 ,

(i) (A ) A DG i) O; ; 2R" forae.x2 ,
whereK () 2 L?(). The special caseof a linear Darcy law for non-homogeneousnd
non-isotropic material is given in the form A;(x; ) = k; (x) ; with a positive-de nite
symmetric matrix k; (x) at almostewery x 2 . From (i) and (i) wedene A:V ! V°
by

Z

(2.1) PA(p) ;g =  Aj x;r p(x) @q(x)dx; p; g2V,

and it is cortinuousand boundedby kA(p)kyo  Ckpky + kKK ksz n; alsoA is monotone
by (i), hence,it is maximal monotone. The formal part of this operatorin H () is
given by the quasi-linear elliptic operator

Ao(p)= @A ;rp(); p2V,
and the correspnding boundary part on ¢ is
@) = A; irp() n:
This is made preciseby the abstlact Greerls theorem, and we recall this construction
from [35, Proposition 11.5.3, p. 65].
Let :V ! B denotethe trace operator that assignsboundary valuesin B = (V)
L2() to functionsfromV HZ(). The kernelof isV,= H}(), and this is densein

L2(), sowe have the cortinuousinclusionsVy ! L?() | Vg The annihilator V; of
V; in VCis isomorphicto the dual spaceB® and we have cortinuousand denseinclusions
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B! L2 ;)! BC% Thus,if p2 V andif the formal part satis es Ao(p) 2 L?(), then
A(p)  Ao(p) 2 Vy, sothis dierence determinesa unique functional @ (p) 2 B° for
which we have

PA(P);dl = Ao(p):Q 2, + P@&(P); (@1 p; a2V,

Of course,when p is smooth, this boundary operator is given as above in L?( ¢).
Also, we introducethe functionzal h2L20;T;L%()) as

th(t); gi clho(X ) g(x) dx; g2 V:

The latter functional is well de ned for any hy 2 L2(0; T;L?()).

2.2. The Deformation. For the represetation of displacemets and velccities of the
porousstructure, we introducethe Hilbert space

V. Vv2HY) :v=0on ;
endaved with the scalarproduct given by the bilinear form

e(u;v) @Qu; @v; dx; u;va2Vv:

It will be assumedthat . has a strictly positive measure,so it follows from Korn's
inequality that this form is H *()-co ercive (see, e.g., [15, Thm. 3.1, p. 110]). The
vector-valued trace operator is likewisedenotedby , and its kernelis Vo = H §().
The annihilator V § in V %is isomorphicto the dual B ° of the spaceof boundary values
B = (V), i.e., the rangeof the trace operator, and we have the cortinuous and dense
inclusionsB ! L?( )| B asbefore.

Next, we introduce the Lebesguespaceof square-summablesymmetric second-order
tensorsL?( ;) Wi%h the usual scalargroduct,

(:) (x): ()dx= j(x)j(x)dx; ;2L )

and identify it with its dual. The linearized strain operator " : V. ! L?( ;) was
de ned above, and it is straightforward to ched that, for any pair u;v 2 V, onehas

e(u;v) = ("(u);"(v)):
Denoteby "°: LZ(Z; )y 1 ove thezindicated dual operator,

HO ;v "(v) dx = i @v; dx; 2L%(;); v2V:

This operator hasa formal part that is de ned asabove by the restriction to (C3 ()) 3,

and it is givenin H () by the vector divergene, "§ = r for 2 L2 ;). If

wehave 2 L?( ;) andadditionally "3 2 L?(), then asabove there is a functional
(n) 2 B %for which

HOvi=(r Ve + h(n); (V)i v2V:
When is smooth, we have from Stokes'theoremthat this functional is givenby (n) =

n 2 L?( ;). This displays the decouplingof "®into a formal part on and a boundary
operator on .
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Assumethat we are given a function R! R sud that
():  (x; ) is measurablein x for all and cortinuousin fora.e.x 2 ,
@): j x;) Cjj+K(s); 2 R, forae.x2 ,
Gi): ( (x5 ) (x; )X ) O; ; 2R, fora.e.x2 .
From (i) and (ii) we cande ne the dilation operator D :V | V°by
Z z
(2.2) D u;vi (X; Qui)@v; dx = (" (u)i)"(v);dx; u,vav;

and note that it can likewisebe decommsedinto formal and boundary parts if r u
is appropriately smooth. The linear dilation operator appearing in (1.1b) is obtained
by specializing  to be a non-negative constart. We stressthat the operator D is
monotoneand cortinuous, hence,maximal monotone,but it degenerate®n the subspace
fu2v:"(u):1=0g V.

Next, let us de ne the functioznal g() 2 L%0;T;L?()) as

hg(t); vi =29,(x;t) v(x)dx; v2V:

Once again, it suces to ask for g, 2 L2(0;T;L?()) in order to ensurethat g 2
L2(0; T;L2()).

2.3. Coupling Terms. We construct the operators correspnding to the coupling be-
tween(1.1a) and (1.1b). Denote by ¢ that portion of the boundary on which neither
pressurenor displacemenis specied, i.e., s= (\ . Letthefunction ()2 LY ( )
be given; we shall assumethat 0 () 1. Thetrace map givesa natural identi cation
v 7hv; (v)j ] of

VoLA)  L3( )
and this identi cation will be employed throughout the following. It alsogivesthe iden-
tication p7! [p; (p)j .]of

VooLA() L 9):
Note that both of theseiderti cations have denserange,and sothe correspnding duals
canbeidentied. That is, we have

L0 L9 V% LX) L9 VO
Thesedensity conditions result from the respective requiremens trand g fo
We de ne the divergenceoperator
F:V 1 L%() L% )

consistingof a formal part in  aswell asa boundary part on . The part in L2() is
the usual divergencegivenby r v = @v;, and the full operator is indicated by

(2.3) Fv=[ v; v n]2L%) L% o; v2V:
Then de ne the gradient operator
FiL%() L3 ¢! VO
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to be the negatiwe of the correspnding dual operator. This is given by
z z
W [p;dl; vi  h[p;q; rvi= pr vdx+ qv nds;

S P;al 2 L%() L% s);v2V:

For the smoother functionsp2 V. L2() L2( ), we obtain from Stokes'Formula
Z Z
hp; vi = @pv; dx (1 ) pnjv; ds p2V;v2V:

This consistsof the usual gradiert r pin  and the boundary part (1 )pn on g,
and we denotethis represetation by

(2.9) Fp=[rp; (I )pnl2L?) L% s p2V:

2.4. The Constitutiv e Relation, Il. We shall realizethe system(1.5) in a form dis-
tributed over the measurespaceY. Thus, let (Y;P; ) be a measurespacewith nite
Borel measure . Assumethat fMyg,,y is afamily of symmetric fourth-order tensors
which is uniformly boundedand uniformly positive-de nite on . Furthermore, we as-
sumethat this family is -measureable By this we meanthat for ead pair, 1; .2
the mapy 7! My 1; »i is measurablefrom Y to R. It followsthat for eat measurable
function () from Y to the composite function y 7! My (y) is likewisemeasurable.
See[35, pp. 103-108]Jfor details. De ne a boundedinvertible symmetric and monotone
operatorM on L2(Y; R™) by meansof

M()(y) =My (y); (y)]; foraey2Y; =[ () Ol2L%Y;  R™):

We denoteby the product space R™ for integerm 0, with the understanding
that R® = f0g. Let fLyg,»v be afamily of maximal monotoneoperatorson the product
space with Ly(0) 3 Ofor almosteweryy 2 Y. Assumeadditionally that for eadr h > 0
and 2 themapy7! (I +hLy) *( )ismeasurablefromY to . Then, foreah ()2

L2(Y; ), it follows that the composite mapy 7! (I + hLy) * (y) is measurableand
belongsto L2(Y; ), andwehavethe estimatek(l +hL()) * () kizey:y Kk ()kizey:y -
Now de ne similarly the correspnding distributed operatorL onL?(Y; ) ; = R™;

by

LOXY) =Ly [ (y);: (W ;foraey2Y;, ()=[(); (l2L*Y;):

That is,f 2 L( ) meansthat f; 2 L?(Y;) andthey satisfyf(y) 2 L, (y) for a.e.
y 2 Y. It followsthat L() is maximal monotoneon L2(Y; ).

Finally, we denoteby : | L2(Y; R™) the realization of the tensorsin  as
constart -v aluedfunctionsonY, i.e., ( )(y) =1 ; O y 2 Y. The dual operator is
given by the integral,

Z
“)y= Wdy2 ; =0 () O12L%Y:) -

Y
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With theseoperators, the constitutive relation (1.5) may be rewritten and made precise
as

(t)= Y (1) in ; forae.t2(0;T): 0)= %inL%Y:) ;
(2.5) M (t)+ L( (t) 3 ("(t)) inL%(Y;) ; forae.t2(0;T):

Note alsothat M () is diagonal,soany coupling betweenthe componerts can comeonly
from L ().
We shall needto restrict attention to the casein which L( ) is a subgradien.

De nition  2.1. For eachy 2 Y, let the function ' (y; ): ! [0;+1 ] be convexand
lower-semi-ontinuous, with ' (y;0) = 0. The function ' :Y I [0;+1 ]is called a
normal integrand if there existsa countable collection M of measurable functions from
Y to suchthaty 7! ' (y;m(y)) is measurablefor everym 2 M and the set M (y) =
fm(y) : m2 Mg satis es that M(y)\ Dom(' (y; )) is densein the set Dom(' (y; )) =
f 2 :'(y; )<+1g for everyy2Y.

It follows, that, whenewer ' is a normal integrand, y 7! ' (y; (y)) is a measurable
function for everymeasurablefzunction :Y! , andsowecande ne

(2.6) ()= Y' (y: (y)d ; 2 L%(Y; )

which is again a corvex and lower-semi-cotinuous function. When the interior of
Dom(" (y; )) is nonempty for every y 2 Y, ' (;) is a normal integrand if and only
if the function y 7! ' (y; ) is measurablefor ead 2 . Alsonotethat ' (;) isa
normal integrand if it is independent of y 2 Y. This holds more generallyin the discrete
situation wherethe measured assignsthe mass , > 0 to eat point y 2 Y, and then
the integral in (2.6) is a series

Y= YY)y 2 L3(Y;) -
y2Y

SeeRockafellar [31, 32, 33 for theseand additional issuesof measurability.
Assumethat the normal integrand’ (; ) hasbeengiven. For eah y 2 Y, we denote
the subgradien of ' (y; ) at the point 2 by L,( )= @ (y; ).

Lemma 2.2. Foreachh > Oand 2 ,themapy 7! (I + hLy) *( ) is measumble
fromY to

Proof. Foreathy 2 Y and h > 0, considerthe Yosidaappraximation
My )= inffgk o kK2 (y; )

Eadh of these corvex functions ' "(y; ) is Frechetdi er entiable and we denote the de-
rivative by LI() = @"(y; ). Each of the mapsy 7! L))( ) is measurable sinceit is the
limit of measurablefunctions, and theseare related to the resoherts of Ly () by

Ly()=%1 (1+hLy) *():
Thus, eah resohert mapy 7! (I + hLy) *( ) is measurable.
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Corollary 2.3. The sulgradientL = @ of the convexfunction (2.6) in L?(Y; ) is given
by the distributed operator

LCO)Y) =Ly (y); aey2Y:

Proof. This is now a straightforward exercise sincewe have establishedthe measurability
of the various operators. See[35, Sectionl1.8], for example.

Now it follows from Theorem1.1that for eathh o2 Dom(L) andeadh " 2 H(O;T; ),
the implicit subgradien ewlution equation (2.5) hasa unique solution with

2 HYO;T:L%(Y;)) ; (t)2 Dom(L) fora.e.t2[0;T]; and (0)= ©°:

and sowe have = H(") 2 H(0;T; ). Note that we neededfor L to be a subgradien
becausewe only have the right side (") 2 L2(0;T;L2(Y;)). Moreover, we needed
to introduce the degeneate operator in order to include hidden variables  for the
caseof isotropic strain hardeningin plasticity models or the represetation of memory
functionals in viscosity models.

3. The Main Resul t

3.1. The System. It is now straightforward to ched that the variational formulation
of the systemof partial di erential equations(1.1) and boundary conditions (1.2) takes
the form

(3.1a) p(t) 2 V : cop(t) + rv(t)+ A p(t) = h(t) in V°

(3.1b) vi) 2 V : v(t)+ D v(t) +"°° )+ Fpt)=g()inVv?e

(3.1c) (1) 2 L Y:) 0 M (t)+L (t) 3 "(v(t)inL¥ Y;) ;

and then we recover displacemen u (t) from u(t) v(t) with u(0) = u, and stress (t)
from (t) = © (t). We intend to reformulate the system(3.1) as an implicit evolution
equation. Indeed, letting w(t) [p(t);v(t); (t)], f(t) [h(t);g(t); 0], it is a standard

matter to che that the systemmay be rewritten in the form (1.6), wherethe operators
A;B:E V V L Y, R™ ! E°=V0 VO L2 V; R™) are given

by 0 1 0 1
G 0 O A rr 0

B= @o 0A ; A=@ p nodA;
0O 0O M 0 "L

Moreover, we nd that the dual of the spaceE with the seminormdeterminedby B is
given by
Ep=c L) L) L Yi R™):
Of course,the initial conditions (1.3) are rewritten asw(0) = wg in Ey, i.e.,
|@¢%m=$%muo; M@FM0=WWmUo;
t o* t o*
(3.2) and (0)= oin L% Y; R™):

We are now in position to state our main result.
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Theorem 3.1. Assumethat we are giventhe sppcesV and V, with . having strictly
positive surface measure, and that the operators of strain ":V ! L?( ;) , divergene
F VD L3() L% ), gradientr :L%() L% ¢)! V2 the maximal monotone
di usion operator A : V ! V¢ andthe maximalmonotonedilation operator D : V !

V © are givenasin Setion 2. In addition, let (Y:P; ) bea nite Borel measure space,
let fMygy,y be a measurable uniformly-boundel family of symmetric positive-de nite

fourth-order tensors, and de ne M on L?(Y; ) pointwise as alove, whee = R™.
Let' :Y ' [0;+1 ] beanormalintegrandwith ' (y;0) = 0, andsetL, = @ (y; ) for
a.e.y 2 Y, theindicated sulgradientson . The correspndingsulgradient @\( ) of (2.6)
on L2(Y; ) isgivenbyL( )(y) = Ly( (y)) for a.e.y 2 Y. Denoteby : ! L2(Y;)

the realization of atensor 2 asa constantfunction[ ;0]2 onY.
Assumethe following:
Al: The coecient functions ¢o() and () are boundal, measurable, and non-
negative on

A2: Thetensorsf Myg,,v are uniformly positive-de nite, i.e., for somemg > 0, we
have

My ;) mgj j?forall 2 ; forae. y2Y:

A3: The operator col + A: V! VPis V-coercive.
A4: The -distributed operator (M + L) ! is L?( ;) -coercive.

In addition to thesestructural assumptions,we assumethe given data satis es

(3.3a) P2V, vo2V: o2L% Y:) suchthat

(3.3b) FVo+ A(po) 2 G °L2() ; D(Vo) + "%+ Fpg2 Y2LY) ;
(3.3c) L(o) "(vo)2L23( Y;) ; andthat

(3.3d) h() 2 WE0; T;°L%()) 5 g() 2 WEY(O; T; 2L () -

Then there existsa triplet of functions
p() ([0 TI! Vi v():[OTI! V; and  ():[0T]! LA Y;);
suchthat
& PO2WH O TL2() i Pv() 2 WH @ TiL*() ;
()2WE O T;L%(C Y;)
the systemof evolution equations (3.1) is satis ed almost everywhee in (0;T), and the

initial conditions (3.2) hold.
AssumeAl, A2, and the following:

A5: The operator gl + A: V! VOis strictly monotone.
A6: The -distributed operator (M + L) ! is strictly monotoneon L?( ;) .
Then there is at most one such solution of the system(3.1) subjest to (3.2).

Remark 3.1. The assumptionAl permits important special degenente cases. Syecif-

ically, if co() = 0, the uid and solid are incompressible If () = 0, the momentum

equation is quasi-static Also, the operators D and fL,g,,y may be degeneate, and if
= Othe uid ow equationis decouplaed from the deformation system.
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Remark 3.2. The assumption A2 implies that M + L is strongly monotone hene

coercive. Since M + L is maximal monotoneon L2(Y; ) , it is necessarilyonto L2(Y; ) ,

and (M + L) ! is Lipschitz continuous. The same holds for the correspnding pair of
-distributed operatorson L2( Y;) .

For the combined kinematic and isotropic hardeningmodel, the assumptionA4 means
the yield surfacein R™ is not perpendicular to the -axis. In this case,this basic
plasticity examplealso satis es the safe load condition of Johnson[20, 21] and that of
Han-Reddy[17]. A direct comparisonof their assumptionswith A4 is not obviousin the
generalsituation. Howewer, in the special caseof a single elemei in one spatial dimen-
sion, A4 requireslessthan the condition of Han-Reddy In particular, we do not require
that the stressoperator be strongly monotone. A corveniert condition su cient for A4
is givenin the following Proposition, and it shows that the more generalassumptionA4
is ful lled in the situation of [39]. This last assumptionmeansthat there is a non-trivial
stresscomponert which is either viscousor elastic.

Prop osition 3.2. Assumethat there is a subsetY, Y with (Yy) > 0 on which the
operators f Lyg,,v, are uniformly linearly bounded i.e., they satisfy
Z Z

Kl; Ik mmd Co K[ ; K gred ; [; 12L(; D:
Yo Yo

Then the assumptionA4 holds, i.e., the -distributed operator M + L) ! is coercive
onL?( ;).

Proof. To seethis, let(M+ L)( ; )3 ; 2 . SinceL is monotone,we have

(0[’]’):[’]’()L2(Y’ Rm)
[ EMA 5 D oy mey MoKD 5 IkEzpy,, gmy:

Let[; ]= M@ ; D2L(; ]), sowehave
Z

(Yoi i*= kM({T; DY+ ¢); DK gnd

Yo

(M0+ CO)Zk[ , ]kEZ(Yo; Rm);
whereMy 1 is the uniform bound on the M, and consequetly

mo (Yo) .

2.
Mo+ Co)2 |

(A5 D) mokl; Ik 2y, mmy

This shovsthat (M + L) ! is coercive.

By the samecalculationson di erences, we obtain the following result, which provides
a useful condition for uniqueness.

Prop osition 3.3. Assumethat there is a subsetYy Y with  (Yp) > 0 on which
the operators fL,0y-»y, are singlevalued Then the assumptionA6 holds, i.e., the -
distributed operator (M + L) ! is strictly monotoneon L?( ;) .
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3.2. Pro of of Theorem 3.1.

Proof. In order to prove the existenceclaim of Theorem 3.1, it suces to show that
the abstract Caudy problem for (1.6) has a solution w : [0;T] ! E with Bw() 2
WL (0; T; ED) for any given f 2 W1(0; T; ED), wherethe operatorsand spacesare given
asin Section3.1. For this, we apply Theorem 1.1 to the semilinearCaucy problem for
the system(3.1). Of courseit is straightforward to ched that B is linear symmetric
and monotoneand that A is monotone. In orderto establishthe existenceof a solution,
it suces to prove that Rg(B + A) = EQ. This range condition requiresthat, for eat
f 2 E?, there existsa solution w = [p;v; ]2 E to the resolventequation

(3.4) (B+ A)w3f:

That is, we want to solve the stationary system

(3.5a) p2V: cop+ A(p)+ v = hyin Ve

(3.5b) v2V: v+ D)+ "% + Fp= g inVve
(3.5¢) 2L%  Y;) : M +L() "(v)3 oinL?*( YY)

with hg 2 L?(), g,2 L?%() and ¢2 L?( ;) given. Let usnow exploit Remark3.2
and write the last line (3.5¢) as

=(M+L) }("(v)+ o)
Substitute this into (3.5b) to obtain the equivalert system
(36a) p2V: cp+ Ap+ v =chyinV®
(36b) v2V: v+Dv+"'qM+L) (" (v)+ o+ Fp= Tg,inVve

Now from assumptionA4 we seethat the operatorv 7! "OqM+ L) (" (V)+ o) S(v)
is monotone,coercive and Lipschitz cortinuousfrom V to V ° andsothesum +D+ S
is maximal monotone and coercive. The sameholds for the system(3.6) by A3. The
existenceof a solution of the stationary system (3.5) now follows by solving (3.6) for
p2V;v2YV,andthendening asaboveto getthe requiredsolution of (3.5).

As for the uniquenessfor the Caudy problem, it su ces to showv that (B + A) !is
single-\alued. But this can be shovn from the equivalenceof (3.5) and (3.6) and the
strict monotonicity conditions A5 and A6. This nishes the proof of Theorem 3.1.

Remark 3.3. For the existene, it is clearly su cient for thesum + D+ S to be coercive,
hene, surjective. This correspnds to a combination of visoous or plastic hardening
assumptionsin the madel.

Example. We now aim to give an easyexampleof a model in this class. To this end,

let Y bethe semi-line (0;+1 ) andtake d " dy where dy is the standard Lebesgue
measureon Y and ' 2 L1(Y). For the sake of simplicity let us set M 1 (that is
Mi = (i ji+ i jk)=2 where isthe Kronedker symbol) and Ky, =f 2 : ( :

) y?g. Then, it is straightforward to computethat the coercivity of the stressoperator
is indeedequivalent to the conditi%n

y' (y)dy=+1":

Y
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4. Concluding Remarks

We have showvn existenceand uniquenessof a strong solution of the system(3.1) on
(0; T) subject to the initial conditions(3.2). Consequetly, we have eat term of (3.1a)is
inL2() L?( ) ata.e.t 2 [0;T], and this implies in particular that Aq(p(t)) 2 L?(),
sothe di usion operator can be decoupledinto its formal and boundary parts. That is,
the equation (3.1a) is equivalert to the pair

Gop(t) + 1 V() + Ag(p(t)) = G ho(t) in L2() ;
v(t) n+ @(p(t) = 0in L?( 1):
Similarly, the left side of the momerium equation (3.1b) isin L?()  L?( ;) at a.e.
t 2 [0; T], but this implies only that the sum of the dilation and stressterms belongsto
L?() L? ;) ata.e.t 2 [0;T]. Thus, we needconsiderthe decouplingof this sum
into formal and boundary parts. Proceedingasin Section2, supposethat we have a pair

2 L% ;):v2V sothat D(v)+ "% 2 V% Assumefurthermore, that the formal

part, namely, the restriction of the sum
(D(V) + "0 )J(C& () 3 =T (r V) r

belongsto L?(). Then the abstiact Greerls theorem [35, Proposition 11.5.3] shows that
there is a functional b2 B ®on the spaceof boundary valuesfor which

v+ wi= (r (r v) r ;w)z, +h; (wW)i; w2V:

Whenr v and aresuciently smooth, the Stokes'theoremshows that this boundary
functional is given by

b= (r v)n+ (n):
Thus, for our strong solution we have
D v(t) +"°°(@®)2L%() L2 )

and the abstract Green'stheorem shows that we can write this as

[r (r v@®) + (t); (r v)+ nl2L%) L2 );
where( );j = j isthe unit tensor. The solution of (3.1) satis es the system
4la)p()2V: copt)+ r v(t) @A ;rp(t) = ho(t) in L%() ;
(4.1b)v(t) 2V :  v(t) r (r v(t) + (1) + rpt)= 2ggt) in L3() ;

(4.1c) = H(C"(v)) in L%( ;) ;

and the boundary conditions

(4.2a) p(t) =0 in B L% g);
(4.2b) @ (p(1)) vi) n =0 in L% ) B
(4.2¢) v(t) =0 in B L% o);
(4.2d) k(t) 1 )p(t)n =0 in L?( ;) BY

where the boundary operators @ (p(t)) and b(t) are extensionsof A; ;r p(t) n; and
(r v(t) + (t) n taking valuesin B%and B ° respectively.
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