
VIBRATION OF A SHAPE MEMORY ALLOY WIRE

K.-H. Hoffmann1 and R.E. Showalter2

1. Introduction.

We shall prove local-in-time existence of the unique solution of an initial-boundary-value
problem for the nonlinear system

vtt �
�
�1vxt + T (�; ux; uxt)vx � Rvxxx

�
x
= f1(x; t)(1.1.a)

utt �
�
 "(�; ux) + �2uxt)x = f2(x; t)(1.1.b)

� �
�
 �(�; ux)

�
t
� k(��xt + �x)x = �1v

2
xt + �2u

2
xt + R(vxxt)

2 + f3(x; t)(1.1.c)

in which �1, �2, �, k and R are positive numbers, T (�; "; �) = T1 +  "(�; ") + �2�, and
the function  (�; ") has the special structure to be speci�ed below. The partial di�erential
equations (1.1) are to hold in a region 0 < x < `, 0 < t < T0, and we require the solution
to satisfy the boundary conditions

v(0; t) = vx(0; t) = 0 ; v(`; t) = vx(`; t) = 0 ;(1.2.a)

u(0; t) = u(`; t) = 0 ;(1.2.b)

� k�x(0; t) + k1
�
�(0; t)� g1(t)

�
= 0 ; k�x(`; t) + k1

�
�(`; t)� g2(t)

�
= 0(1.2.c)

for 0 < t < T0 and the initial conditions

v(x; 0) = v0(x) ; vt(x; 0) = v1(x) ;(1.3.a)

u(x; 0) = u0(x) ; ut(x; 0) = u1(x) ;(1.3.b)

�(x; 0) = �0(x)(1.3.c)

for 0 < x < `.
In Section 2 we shall describe how such a system arises as a thermomechanical model

for a vibrating wire composed of shape memory alloy . There v(x; t) represents the vertical
displacement of the wire, u(x; t) is the horizontal displacement, and �(x; t) is the absolute
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temperature. The major di�culties in the resolution of this system arise from the non-
convex character of the free energy function  (�; ") which de�nes the material. The strictly
positive numbers �1, �2, � permit the estimates which make the problem tractable. These
can be identi�ed as viscosity coe�cients in the model and they distinguish it from a highly
nonlinear system consisting of a beam equation, a wave equation, and a parabolic equation.
All three of these viscosity terms will be used in essential ways below.

The vibration problem considered here arises from the mathematical modeling of the
dynamics of martensitic transformations in a shape memory alloy . These are di�usionless
solid state phase transitions due to a deformation of the crystal lattice and which pro-
duce a substantial macroscopic stain as well as a remarkable shape memory phenomenon.
Nickel-titanium alloys known as nitinol provide examples of such material, exhibiting an
impressive shape memory e�ect by recovering over 8% strain through heating and being
able to deform at 50% of fracture strain. We shall adopt the continuum model for such
phase transitions as developed in [2], [6], [8], [9], [5], and this model is incorporated in
(1.1.b) and (1.1.c). Results from numerical simulations have demonstrated that these two
equations reproduce the experimentally observed phase transitions, and further numerical
experiments on the full system (1.1) have rather dramatically illustrated the exchange of
energy due to the phase transitions in the material induced by the strain vibration and
heat generated by 
exing of the wire.

We shall use the following notation for the function spaces in which we work. The
continuous dual space of a Banach space B is denoted by B

0 ; L(B 1 ; B 2) denotes the Banach
space of (uniformly) bounded operators from B 1 to B 2 . For each p, 1 � p � 1, we
denote by Lp(0; `) the space of pth Lebesgue-integrable (equivalence classes of) real-valued
functions on the interval (0; `) for p < 1 and the essentially bounded functions on (0; `)
for p = 1. If k � 0 is integer, then W k;p(0; `) is the space of those functions which
together with all distributional derivatives through order k belong to Lp(0; `). In particular,
W 0;p(0; `) = Lp(0; `). For the Hilbert space case, p = 2, we also denote W k;2(0; `) by
Hk(0; `), and we let Hk

0 (0; `) be the subspace of those functions in Hk(0; `) for which all
derivatives through order k � 1 vanish at the endpoints, 0 and `. The dual of Hk

0 (0; `) is
traditionally denoted by H�1(0; `), and we shall do so here. We shall often suppress the
mention of the interval (0; `) and write these spaces as Lp = Lp(0; `), W k;p = W k;p(0; `),
Hk = Hk(0; `), Hk

0 = Hk
0 (0; `) and H�1 = H�1(0; `). Finally, if B denotes a Banach

space, we have similar constructions for B -valued functions on the interval (0; T0), and
these spaces of vector-valued functions are denoted by Lp(0; T0; B ), W

1;p(0; T0; B ) and
Hk(0; T0; B ). See [1] or [7] for information on these Sobolev spaces.

Now we can present our existence results for the system (1.1), (1.2), (1.3) together
with the statement of hypotheses and an indication of the roles played by these various
assumptions. The formal proof will be given in Section 3.

Consider the system (1.1) for which we assume the following:

A1 Each of the constants �1, �2, �, k and R is positive.
A2 The function  belongs to C3(R�R) and there are constants C and �s > 0 for which

 �(�; ") = 0 for � � �s; we have the estimates

� � ��(�; ") � 0 ; j�2 �"(�; ")j � Cj"j ;

j "(�; ")j � Cj"j ; j ""(�; ")j � C for � � �s ;
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and ���
Z 1

�s

�2 ��"(�; ") d�
��� � Cj"j :

A3 The function T is given by

T (�; "; �) = T1 +  "(�; ") + �2�

where T1 is a given constant.
A4 The (input) functions in (1.1) satisfy

f1 2 H
1
�
0; 1;H�1(0; `)

�
;

f2 2 L
2
�
0; 1;L2(0; `)

�
\H1

�
0; 1;H�1(0; `)

�
;

f3 2 L
2
�
0; 1;L2(0; `)

�
+ L1

�
0; 1;L1(0; `)

�
;

and f3 is non-negative.
A5 The data in the boundary conditions (1.2) satis�es k1 > 0 and g1; g2 belong to

H1(0; 1) with g0j(t) � 0 a.e. and gj(t) � �s for t 2 [0; 1], j = 1; 2.
A6 The initial data in (1.3) satis�es

v0 2 H
2
0 (0; `) ; v1 2 H

1
0 (0; `) ;

u0 2 H
2(0; `) \H1

0 (0; `) ; u1 2 H
1
0 (0; `) ;

�0 2 H
2(0; `) ; �0(x) � �s for x 2 [0; `] :

Theorem. From the assumptions A1{A6 it follows that there exists a unique solution of
the system (1:1), (1:2), (1:3) on some time interval (0; T0), where 0 < T0 � 1, and this
solution satis�es

v 2W 1;1(0; T0;H
2
0 ) \W

2;1(0; T0;L
2) \W 2;2(0; T0;H

1
0)(1.4.a)

u 2 H2(0; T0;H
1
0 ) \H

1(0; T0;H
2)(1.4.b)

� 2 H1(0; T0;H
2)(1.4.c)

Remarks. 1. The positivity of the viscosity coe�cients is absolutely crucial for the esti-
mates obtained for this problem.

2. The structural assumptions di�er from those of [8], [6] only for very large and very
small temperature and for very large strain. Thus from the physical viewpoint we have
the same model. It is noteworthy that the non-negativity of the coe�cient of �t in (1.1.c)
is assumed here, and this prevents this parabolic component of the system from becoming
backward-in-time, a rather unrealistic situation that had to be reckoned with in [8].

3. Although the addition of �2 > 0 appears essential for the estimates obtained from
(1.1.b), its appearance in (1.1.a) through the tension T (�; "; �) requires more regularity of
u than was available in previous works.
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2. The Model.

We show that the nonlinear system of partial di�erential equations (1.1) provides a
model for the vibration of a thin wire composed of a shape memory alloy. The material
undergoes structural phase transitions which a�ect the tension and sti�ness of the wire and
which lead to hystereses. The internal heat created by these vibrations in turn modi�es the
temperature dependent stress-strain relationship for the alloy. Our objectives here include
the following:

� Describe the internal dynamics of the material with the general theory of structural
phase transitions due to Landau [5], speci�cally with the Landau-Devonshire potential for
the Helmholtz free energy. This thermodynamic potential is a (non-convex) function of the
temperature � and the order parameter " (= strain) by which the phases are recognized.
The model equations are obtained from foundations of thermodynamics-mechanics and are
not ad-hoc constructions to match observed phenomena.

� Formulate the model to permit external time-dependent sources of heat, stress or
displacement in horizontal or vertical directions. Such inputs will provide various strategies
to control or stabilize the structure and to activate the phase transitions.

� Restrict the methods to those which might apply to higher dimensional situations in
which a membrane or solid has been reinforced with �bers of the shape memory alloy. Thus
the results and techniques may be directly applicable to these more general situations.

The state of the system is given by the thermodynamic temperature, �(x; t), the horizon-
tal displacement, u(x; t), and the vertical displacement, v(x; t), where position is denoted
by 0 < x < ` and time by t > 0. The vertical stress at a point on the wire is given by the
classical linear combination

Tvx � (Rvxx)x + �1vxt

where T is the tension in the wire, R > 0 is rigidity, and �1 > 0 is the apparent viscosity
due to vertical strain rate. Since we assume jvxj � 1, the vertical component of tension is
approximated by

T
vxp
1 + v2x

�= Tvx :

The rigidity R results in a di�erence of the bending moments over an interval [x1; x2] which
gives in the limit the upward force

Rvxx(x1)� Rvxx(x2)

x2 � x1
�= (�Rvxx)x

distributed over the interval. The segment [x1; x2] has its length changed due to vertical
displacement by the amount

Z x2

x1

�p
1 + v2x � 1

�
dx �=

Z x2

x1

1

2
(vx)

2 dx

which represents stored energy, and the internal friction generates a force �1vxt due to
this length-rate-of-change. (This term provides a source of internally generated heat; the
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rate-of-change of bending moment is another such source.) Combining the above e�ects
to balance the linear momentum, we obtain

(2.1.a) (�vt)t =
�
Tvx � (Rvxx)x + �1vxt

�
x
+ �f1 :

This equation is linear in v, but T and R are material properties which depend on the
temperature and strain,

T = T (�; "; "t) ; R = R(�; ") ;

in a highly nonlinear fashion to be described below.
The macroscopic behavior of a shape memory alloy is determined by the crystal lattice

structure at the microscopic level. A single lattice particle has either of two equilibrium
con�gurations, a highly symmetric austenitic form or the two twining martenistic forms
obtained as sheared structures. The internal dynamics of the alloy are determined by a
thermodynamic potential  (�; ") which characterizes the material. Equilibrium states of
the system at a given temperature � are determined by the minimum of  (�; �). In order
to describe the shape-memory alloy, this potential should have the following properties:

� at low temperatures, � < �1,  (�; �) has two symmetric minima,
� at somewhat higher temperature, �1 < � < �2,  has two symmetric and one central
minima,

� and at yet higher temperature, �2 < �, only the central minimum remains.
A typical progression of such curves is shown below.

� < �1 �1 < � < �2 �2 < �

The simplest form for  which ful�lls the preceding required conditions is the Landau-
Devonshire potential

(2:2)  (�; ") =  0(�) +  1(�)"
2 +  2(�; ")

in which  0(�) = a0(� � � ln �) represents pure heat conduction,  1(�)"
2 = a1(� � �1)"

2

gives rise to the shape memory, and  2(�; ") = �a2"
4 + a3"

6 accounts for a nonlinear
elasticity. Such a form is the simplest in structure which is capable of reproducing all
of the required shape-memory e�ects. Here we follow [9] and permit the last term to be
temperature dependent and alter the structural assumptions on (2) from those of [8], [6]
only for very large or very small temperatures and for large strain. Thus in the region
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in which shape-memory e�ects are to be found, we have the very same model from the
physical viewpoint.

The free energy functional (2.2) corresponds to the autonomous situation with no load.
The response of the autonomous system to a change of the order parameter " is the
quasiconservative component of stress

(2:3) � � �
@ 

@"
;

and the dissipative part of the stress is given by ��2"t, where � is the density and �2 is the
viscosity arising from an internal dissipation proportional to the rate-of-change of strain.
The strain is assumed linearly related to the horizontal displacement u(x; t) by

" = ux ;

so we consider only the case j"j � 1. Thus the balance of (linear) horizontal momentum
requires that

(2.1.b)
@

@t

�
�
@u

@t

�
= �x + (��2"t)x + �f2 ;

where f2 is the distributed horizontal load.
For the balance of mass we have

d�

dt
+ �"t = 0 :

If, in addition, we assume � is independent of temperature, � = �("), then we obtain

� = �0 exp(�") ;

and for small " we may assume � = �0 is constant. Hereafter we shall set � = 1.
The response of the system to a change of temperature is given by the entropy , � �,

and the corresponding internal energy of the system is

(2:4) e =  � � � :

The conservation of internal energy leads to

(2:5)
@e

@t
= �qx + (� + �2"t)"t + f3 + �1(vxt)

2 + R(vxxt)
2 ;

where q is the heat 
ux , f3 is a distributed heat source, �"t arises from internal heating
due to rate of increase of  (�; ") at constant temperature, and �2"

2
t accounts for the heat

generated due to the internal motion.
For the heat 
ux we assume the constitutive equation

(2:6) q = �k(� + ��t)x
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in which k is conductivity and � > 0 corresponds to the characteristic delay time of a
short thermal memory. Such constitutive laws arise in the work of Gurtin and Chen [4];
see also [3]. In such a model there is a conductive temperature, ', possibly di�erent from
the thermodynamic temperature, �, and the conservation of energy is given by the pair of
equations

c�t +
1

�
(� � ') = 0 ;

1

�
('� �)� (k'x)x = f

in which c� is the stored energy, q � �k'x is the heat 
ux, and 1
�
(� � ') is the rate of

exchange of heat energy between these two temperature �elds. Thus the thermodynamic
temperature � follows the conductive temperature ' according to its recent history,

�(t) =
1

c�

Z t

�1

e�
t�s

c� '(s) ds :

By eliminating ' one obtains the e�ective 
ux in terms of thermodynamic temperature as
postulated above in (2.6). Also we note this system is equivalent to the pseudoparabolic
�ssured medium equation [11],

c�t � �k�txx � k�xx = f :

An application of the chain rule to (2.4) shows

et =  ��t +  ""t � � �t � �t � ;

from which we cancel the �rst and last terms to obtain

et = ��( �)t +  ""t :

The conservation equation (2.5) then can be written as

(2.1.c) ��( �)t = �qx + �2"
2
t + �1(vxt)

2 +R(vxxt)
2 + f3 :

To complete the system it remains only to specify T (�; ") and R(�; "). Since we consider
only small vibrations with jvxj � 1, the tension in the wire will be approximated by the
horizontal forces

(2.1.d) T (�; "; "t) = T1 +  "(�; ") + �2uxt

obtained as the sum of the applied load T1 and the local stress � + �2"t due to local
expansion (2.3) and to expansion rate. Finally, for the existence-uniqueness theory to be
developed here we shall assume the rigidity is constant, R(�; ") = R.

3. The Proofs.

Our plan is to resolve the system (1.1), (1.2), (1.3) by obtaining the solution as the
�xed point of a mapping which is a contraction on appropriate spaces for a su�ciently
small time interval, [0; T0]. The strategy is to iterate between the single viscoelastic beam
equation (1.1.a) and the system of thermomechanical state equations (1.1.b), (1.1.c) in
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order to exploit the linear structure of the former and the known estimates from [8], [9]
for the latter.

We consider (1.1.a) as an abstract wave equation in the form

(3:1) �v(t) + B _v(t) +A(t)v(t) = f(t)

in a triple of Hilbert spaces V ,! W ,! H. Here each space is dense and continuously
imbedded in the following one, and we identity H = H 0 by the Riesz map, so we also have
H ,!W 0 ,! V 0 by restriction. The operators in (3.1) are given with

B 2 L(W;W 0) ; A(t) 2 L(V; V 0) ; 0 � t � T ;

so B corresponds in examples to a partial di�erential operator of order less than that of
A, and the equation (3.1) holds in V 0.

Lemma 1. Assume A(t) is a regular [10] family of symmetric operators with,

A(t)v(v) � ckvk2V ; v 2 V ;

kA0(t)kL(V;V 0) � g(t) ; a.e. t 2 [0; 1] ;

Bw(w) � "kwk2W ; w 2W

with " > 0, c > 0 and g 2 L1(0; 1). Then for each triple

f 2 L2(0; 1;W 0) ; v0 2 V ; v1 2 H

there exists a unique solution v of (3.1) and v(0) = v0, _v(0) = v, satisfying

v 2 L1(0; 1;V ) ; _v 2 L1(0; 1;H) \ L2(0; 1;W ) :

Proof. The essential estimate for this result is obtained by applying (3.1) to 2v(t) to get

d

dt

�
j _v(t)j2H +Av(t)(v(t))

	
+ 2B _v(t)( _v(t)) = 2f(t) _v(t) +A0(t)v(t)(v(t))

from which we obtain the inequality

�0(t) + "k _v(t)k2W �
1

"
kf(t)k2W 0 +

1

c
g(t)�(t)

in which �(t) = j _v(t)j2H + A(t)v(t)(v(t)). This Gronwall inequality yields the estimate
which leads by standard techniques to the desired result [7].
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Lemma 2. Assume in addition that

kA0(t)kL(V;W 0) � G(t) ; a.e. t 2 [0; 1]

with G 2 L2(0; 1). Then if

f 2 H1(0; 1;W 0) ; v1 2 V ; Bv1 +A(0)v0 � f(0) 2 H

it follows that the solution v satis�es

_v 2 L1(0; 1;V ) ; �v 2 L1(0; 1;H) \ L2(0; 1;W ) :

Proof. Proceeding formally, di�erentiate (3.1) to see that w � _v satis�es

�w + B _w +A(t)w = _f �A0(t)v :

Just as in Lemma 1 we obtain

�0(t) + "k _w(t)k2W �
1

c
g(t)�(t) +

1

"

�
k _fk2W 0 +G(t)kvkL1(V )

�2
;

and this leads by the Gronwall inequality to the desired estimates on _v(t). This provides
the basis for the desired result by standard arguments as before.

Consider two solutions, v1; v2 of (3.1) corresponding to A1(t), A2(t) in the situation of
Lemma 2. Then their di�erence v � v1 � v2 and its derivative w � _v satisfy

�v + B _v +A1(t)v =
�
A2(t)�A1(t)

�
v2 ;

�w + B _w +A1w =
�
A02(t)�A

0

1(t)
�
v2 +

�
A2(t)�A1(t)

�
_v2 �A

0

1(t)(v) ;

so we obtain estimates as above which show the following.

Lemma 3. In the situation of Lemma 2, the mapping A 7! w : H1(0; 1;L(V;W 0)) !
L1(0; 1;V ) is Lipschitz.

Remark. Suppose that B is symmetric. By making the change-of-variable v 7! e��tv,
f 7! e��tf in (3.1), it follows that the preceding results all hold if we replace B by B+2�I
and A by A+ �B + �2I in the hypotheses.

Next we turn to the pair of equations (1.1.b), (1.1.c) with their corresponding boundary
and initial data in (1.2) and (1.3). The local existence of solutions to this pair of equations
was proved in [8] by the construction of a very special Galerkin approximation, and the
uniqueness was established in [6]. Alternatively, one can consider a linearization of this
pair in the form

utt � �2uxxt =  "(��; �ux)x + f2(x; t) ;(3.2.a)

� �� ��(��; �ux)�t � k(��xt + �x)x = �2�u
2
xt +

�� �"(��; �ux)�uxt + f3(x; t)(3.2.b)

where ��(x; t); �u(x; t) are given. It can be shown by standard but tedious arguments that the
mapping �u; �� 7! u; � is a contraction on the spaces determined by the a-priori estimates of
[8], but only for a short time interval, [0; T0]. Moreover, in the situation of our assumptions
A1{A6, global-in-time a-priori estimates were obtained in [9] for the solution of (3.2) with
�� = �, �u = u, (see (3.3) below) and these yield from above the existence of a unique global
solution of this pair. We summarize the essential results from [9] with some modi�cations
necessary for our purposes here.
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Lemma 4. Assume A1, A2, A4{A6. Then there exists a unique solution

u 2 H2(0; 1;H1
0) \H

1(0; 1;H2) ; � 2 H1(0; 1;H2)

of the system

utt � �2uxxt =  "(�; ux)x + f2(x; t)(3.3.a)

� �
�
 �(�; ux)

�
t
� k(��xt + �x)x = �2u

2
xt + f3(x; t)(3.3.b)

satisfying (1:2) and (1:3).

Proof. According to the main result of [9] we obtain a solution u 2 H1(0; 1;H1
0 \ H

2) \
C1(0; 1;H1). The additional estimates needed to get u 2 H2(0; 1;H1

0) then follow as in
Lemma 2 above. The assumption in [9] was that f3 2 L

2(0; 1;L2). However, by modifying
the procedure there to treat f3 similar to the way the term �2u

2
xt was handled there, it

follows that we may obtain the same estimates if f3 2 L
1(0; 1;L1).

Corollary. There is a function K : R+ ! R+ and a number T0, 0 < T0 � 1, such that
the solution u; � of (3:3) with initial and boundary data from (1:2) and (1:3) satis�es

kukX + k�kY � K(kf3kZ0
)

and the mapping f3 7! u; � of Z0 � L1(0; T0;L
1) + L2(0; T0;L

2) into X � Y with

X � H2(0; T0;H
1
0 ) \H

1(0; T0;H
2) ; Y � H1(0; T0;H

2)

is a strict contraction.

Finally we set up the mapping whose �xed-point will yield the desired solution of (1.1),
(1.2), (1.3). De�ne the space Z � W 1;1(0; T0;V ) with 0 < T0 � 1. Note that in the
situation of Lemma 2, the solution of (3.1) belongs to Z. Now choose V = H2

0 (0; `) and
consider the mapping of Z =W 1;1(0; T0;H

2
0 ) into L

1(0; T0;L
1) given by

w 7! �2w
2
xt + Rw2

xxt + f3 :

This mapping is Lipschitz continuous on bounded sets. Thus, for each w 2 Z we can by
Lemma 4 uniquely solve (3.3) with \f3" replaced by \�2w

2
xt + Rw2

xxt + f3" as suggested
by (1.1.c), and the mapping

w 7! u; � : Z ! X � Y

is Lipschitz on bounded sets. Moreover, it is a contraction for T0 > 0 chosen su�ciently
small, and we denote this mapping by S : Z ! X � Y , i.e., S(w) = [u; �].

Consider the mapping T : X � Y ! H1(0; T0;L
2) suggested by the tension-coe�cient

in (1.1.a): T (u; �) = a, where

(3:4) a(x; t) � T (�; ux; uxt) = T1 +  "(�; ux) + �2uxt :

It is straightforward to check that this mapping is Lipschitz on bounded sets.
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In order to recover the equation (1.1.a) with boundary conditions (1.2.a) from the
abstract evolution equation (3.1), we choose W � H1

0 (0; `) and de�ne

Bv( ) = �1

Z `

0

vx x dx ; v;  2W(3.5.a)

A(t)v( ) =

Z `

0

�
a(x; t)vx x + Rvxx xx

	
dx ; v;  2 V ; 0 � t � T0 ;(3.5.b)

where the coe�cient a(x; t) is chosen according to (3.4) inH1(0; T0;L
2). Then the inclusion

B 2 L(W;W 0) is clear and the W -coerciveness follows by Poincar�e's inequality. The
corresponding results are not quite so easy for the operators A(t).

Lemma 5. There is a � > 0 for which A(t) + �B is V -coercive, uniformly in t.

Proof. The di�culty is that a(x; t) as given by (3.4) is not uniformly lower-bounded; the
pivotal term is uxt 2 H

1(0; T0;L
2) \ L2(0; T0;H

1). From (3.5.b) we have

A(t)v(v) � Rkvxxk
2
L2 � ka(�; t)kL2kv2xkL2

= Rkvxxk
2
L2 � ka(�; t)kL2kvxk

2
L4

and we know that ka(�; tk � a1 < 1. The space H2
0 is compactly imbedded in W

1;4
0 ,

which in turn is continuously imbedded in H1
0 . Thus, there is a constant C(R; a1) for

which

a1kvxk
2
L4 �

R

2
kvxxk

2
L2 + C(R; a1)kvxk

2
L2 ; v 2 V ;

so we obtain

A(t)v(v) + C(R; a1)Bv(v) �
R

2
kvxxk

2
L2 ; v 2 V ;

as desired.
Note that C(R; a1) depends on the norm of a(�; �) in L1(0; T0;L

2), and this is bounded
for a(�; �) chosen by (3.4) with u; � bounded in X � Y . In order to apply Lemma 2, we
compute

A0(t)v( ) =

Z `

0

at(x; t)vx x dx

and note that
at =  "��t +  """t + �2uxxt 2 L

2(0; T0;L
2) :

Again, the last term is pivotal, and the indicated norm of at is bounded by that of u; � in
X � Y . Using the estimate

kvxkL1 � kvkH2

0

; v 2 V ;

we obtain kA0(t)kL(V;W 0) � kat(�; t)kL2 and hence Lemma 2 applies. Thus, we have shown

that the function W : H1(0; T0;L
2)! Z de�ned by W (a) = v, where v is the solution of

(3.1) with operators chosen by (3.5), maps bounded sets into bounded sets. It follows from
Lemma 3 that it is Lipschitz on bounded sets, and one can check that it is a contraction
for T0 su�ciently small. In summary the composition W � T � S : Z ! Z has a unique
�xed point for T0 su�ciently small, and this is the desired solution of (1.1), (1.2), (1.3).
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