UNIFORM CONVERGENCE AND SUPERCONVERGENCE OF
MIXED FINITE ELEMENT METHODS ON ANISOTROPICALLY
REFINED GRIDS
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Abstract. The lowest order Raviart-Thomas rectangular element is considered for solving
the singular perturbation problem —div(aVp) + bp = f, where the diagonal tensor a = (2,1)
or a = (£2,¢?). Global uniform convergence rates of O(N~!) for both p and al/2Vp in the L2-
norm are obtained in both cases, where N is the number of intervals in both directions. The
pointwise interior (away from the boundary layers) convergence rates of O(N_l) for p are also
proved. Superconvergence (i.e., O(N72)) at special points and O(N~2) global L? estimate for both
p and all? ¥/ p are obtained by a local postprocessing. Numerical results support our theoretical
analysis. Moreover numerical experiments show that an anisotropic mesh gives more accurate results
than the standard global uniform mesh.
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1. Introduction. Singular perturbation problems (SPP) arise in many appli-
cation areas, such as in chemical kinetics, fluid dynamics and system control etc.
Such problems undergo rapid changes within very thin layers near the boundary or
inside the problem domain. Such sharp transitions require very fine meshes globally
(which is very inefficient) or locally to resolve the boundary layers. The challenging
SPP [23, 25, 27] serve frequently as test models for new algorithms, e.g., in multigrid
methods [12, Ch.10], domain decomposition methods (many papers in the proceed-
ings of Domain Decomposition Methods) and adaptive methods [32, 7, 33, 31]. More
details can be found in the above mentioned papers and references therein.

Though many specially designed algorithms have been developed for solving SPP
over the past three decades (see [23, 22, 28, 14, 1, 15, 30] and references therein),
many unsolved problems remain as described in the survey by Roos [27]. Recently,
anisotropically refined meshes [23, 22, 28] were proved to be uniformly convergent, con-
vergence independent of perturbation parameters, for standard finite element methods
[27, 16, 17, 18, 19]. However, such highly nonuniform anisotropic meshes complicate
the error analysis which frequently assumes quasi-uniformity.

Although there is an extensive literature on mixed finite element methods
(MFEM) for second order elliptic problems [6], to the best of our knowledge, no
uniformly convergent results have been obtained for SPP. For example, the standard
MFEM for solving (3.1)-(3.2) on the lowest order Raviart-Thomas [26] RTp give the
error estimate (5.1), which is not uniformly convergent, and to ensure the global
convergence, the mesh size h must be in the order of o(¢). This is very impractical,
since ¢ can be as small as 107, Because of the low regularity of the SPP only the
(RTy) rectangular elements will be considered, the techniques used here can be applied
to higher order elements.
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In this paper we consider mixed finite element methods based on the anisotropi-
cally refined meshes. For simplicity, we exam only two dimensional problems. However
results can be directly extended to three dimension. Here we focus on the following
reaction-diffusion model:

(1.1) —div(a(z,y)Vp)+b(z,y) p= flz,y) in Q= (0, 1)2,
p=—g(x,y) on I,

where the diagonal tensor a = (¢%,¢?%) or a = (¢, 1), and
(1.3) blz,y) >p*>0 in Q.

Here 0 < ¢ « 1 is a small positive parameter. Extensions to other models are
discussed in our forthcoming paper.

In this paper, we first derive our theoretical results assuming exact quadrature.
Here global uniform convergence rates of O(N~1) for both p and a'/?Vp in the L*-
norm are obtained, where N 1s the number of intervals in both directions. The
pointwise interior (away from the boundary layers) convergence rates of O(N 1) for
p are also proved. Superconvergence (i.e., O(N~?)) at Gaussian points and O(N ~2)
global L? estimate for both p and a'/? 57 p are obtained by a local postprocessing.
Modifications in the theoretical analyses can be extended to treat cell-centered finite
differences, RT, with numerical quadrature [29, 24, 35, 3, 2]. Numerical results in
this case which support our theory are presented and show that the anisotropic mesh
gives more accurate results than the standard uniform mesh.

The organization of this paper is as follows. In §2, a general MFEM with ex-
act quadrature is presented for (1.1). For completeness, general RT projections and
the corresponding approximation properties are provided. Then refined approxima-
tions are proved for RTy. Section 3 devotes to the anisotropic case (¢ = (g2,1)).
The isotropic case (a = (¢?,£?)) is discussed is §4. Numerical results confirming our
theoretical analysis are provided in §5.

Throughout the paper, C (or C;) will denote a generic positive constant, which is
independent of the mesh size and the perturbation parameter e. We use the notation
|| - ||s,7 for the Sobolev space H*(7) norm on 7, and v« for the derivative of v with
respect to (w.r.t.) the variable &.

2. The mixed formulation and the Raviart-Thomas projections. Let
u=—aVp,a =a"!, then the weak formulation suitable for mixed methods of (1.1)-
(1.2) is given by selecting a pair of (u,p) € V. x W such that

(2.1) (au,v) — (divv,p) =< g,v-v > Vv EV,
(diva, w) + (bp,w) = (f,w), weEW,

where V = H(div, Q) = {u € [L?(Q)]? : diva € L*(Q)}, W = L?(Q), v is the outward
normal to 9Q and the inner product in [L%(Q)]* (or L%*()) is indicated by (-,-) and
in L2(02) by < -,- > .

The MFEM for approximating the solution of (1.1)-(1.2) is:
Finding (up,pp) € Vi x Wp, such that

(2.3) (aup,v) — (divv,pp) =< g,v-v >, VvV EVy,
(divug, w) + (bpp, w) = (f,w), w €& Wy,
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where Vj, and W, are the k-th (k > 0) order Raviart-Thomas space (RT}) on any
rectangular partition 7} of €2, 1.e.,

(25) V= {V € H(diV, Q) : V|R € Qk+1,k(R) X Qk,k{-l(R), Re Th},
and
(2.6) W, ={we L*(Q):we€ Qsi(R), RET,}.

Here we denote Q; ;(R) by the space of polynomials of degree less than or equal to i
in the first variable and to j in the second one restricted to R. The special partitions
T3, will be specified later for different cases.

The existence and uniqueness of a solution of (2.3)-(2.4) can be established easily.
Taking v = u; and p = pj in (2.3)-(2.4) and f = g = 0, then adding (2.3) and (2.4)

together, we have

(2.7) (aup,up) + (bpn, pn) = 0,

from which and the assumptions of the coefficients we see that u, = pp, = 0.
The local Raviart-Thomas projection

(2.8) Oy, : [HY(R)]? = Vi(R), Y RET;,

satisfies the following properties [8, 9, 34]

(2.9) (div(v =Txv),w) =0, Yw € Wy,
(2.10) [l[v—TIpv|lo,r < CR||v]|rr, 1<r<k+1,
(211) diVHh = PhdiV,

where Py, is the local L?-projection: L?(R) — W(R). Furthermore, we have [8]:

(2.12) (divvy,p— Ppp) =0, VYvi € Vi(R),
(2.13) lp = Papllo,r < CR7|Ipllrr, 0<7r <k+1.

It follows immediately from (2.1)-(2.4) that

(2.14) (a(u—up),v)— (divw,p—pp) =0, vEVy,
(2.15) (diviu—up),w)+ (b(p —pn),w) =0, w & Wy,

(2.16) (a(Tpu —up),v) — (divv, Pyp — pr) = (e(llyu—u),v), v E Vp,
(217) (div(ITpu —up), w) + (b(Pep — pu), w) = (B(Prp — p),w), w € Wy,

where we used the properties of (2.9) and (2.12). Let v=p =Thu—up, w=7=
Prp —pp in (2.16)(2.17), and adding (2.16) and (2.17) gives us:

(2.18) (v, p) + (b7, 7) = (a(llpu — ), p) + (b(Prp — p), 7).

In the following, we will present some refined results for the lowest order Raviart-
Thomas space RTj.



LEMMA 2.1. On any rectangular element R with width and length denoted as hy
and hy respectively, the local L?-projection Py to Qo o(R) satisfies that

(@) g = Prgllo,r < Clhelltallo,r + hyllayllor), Ve € H'(R),
(i) g = Paalleo,r < Clheollgzlloo,r + hyllaylleo,r), Vo € C'(R).

~ Proof. (i) The proof can be obtained following the idea of [4, Lemma 3.3]. Let
R =10,1]?, and Pp be the L? projection to Qy o(R), we have

(2.19) |lg — Pugllo,r = (/R |G — Ppdl*hohydidg)'’? = (hohy)'?||G — Ppilly &

(2.20) < C - (hehy) " inf lg+clly g < O (hahy) ld]y 5
9q 94 9 .
2.21 =C' - (hyh 1/2/ — 2 4 | =) dzdy)
(2.21) C - (hzhy) (R(I%IH%I)M)
(2.22) < C - (hgh )1/2(/(|@~hx|2+|@~h %) ! dxdy)t/?
(2.23) < C - (hellgzllo,r + hyllayllo,r),

which finishes the proof of (i).
(i1) Let (¢, yc) be the center of R, we have

1
(2.24)|lg — Prqlloo,r = ll9(z, v) — q(2e, ye) — T / lq(z,y) — q(xc, ye)|dady| oo, r
R
(2.25) <2lg(z,y) — q(ze, ye)lloo, r
(2~26) SC'(hx||‘1x||oo,R+hy”QyHOO,R)a

from which we concludes the proof of (ii). O

LEMMA 2.2. Let R be any rectangular element with width and length denoted as
2hy and 2hy, respectively, and q = (¢',¢*) € [H*(R)]%,v = (v',v?) € Q1.0 x Qo1(R),
then the local R1y projection Iy, has the following properties:

(W) | /R (¢" — g o' | < CR2llgkallo.s - [l o s

| 6 = 1)) < OB el 1o
R
(@) ¢" = Wad®llrr < Clhallggller + hyllagllgr),  k=1,2,r=0,00.
Proof. The proof will use the integral technique we developed in [20, 36]. More
details can be found in [21].
(1) For simplicity, consider a rectangular element R = [z. — hy, ¥ + hy] X [ye —

hy,ye + hy]. Let E(z) = £[(x — z.)* — h2] and y = ¢* — II,¢. By Taylor expansion,
we have

(2.27) Jxet = [ Moo+ (o = ek o)

(2.28) = [ e e + G (E v o)



where we used the facts that K2 =1 and x — z. = %(Ez)xa.
Let [5 = {l‘ = $c+hx} X [yc_hyayc+hy]all = {l‘ = $c_hx} X [yc_hyayc+hy]'
By the property of I, [34, (2.1)] and the fact that E(z) = 0 on l1,ls, we have

(2.29) /XExzv Te,y / /XEU T, y)dy — /XxExvl(xc,y)
R o 1 R

(2.30) - /xxE v (xc,y)—/xszv (£e,9)

23) = [ @) D) + (e = 2k,
R

2:2) < O lgtalo el o

where in the last step, we used the fact that E(z) = O(hZ) and the standard inverse
estimate [5].
Repeating the same arguments as above, we obtain

(2.33) /X~1(E2) avl(xc,y)

(2.34) /l /l va (e, )dy—/Rxxé(Ez)xzvi(ﬂec,y)
(2.35) /xng(Ez) e (% y)

2360 = [ ahgEnd(o0) < CHllakelonle' o

Hence, we have
(2.37) [ a* =) < Rl oo
R

Similarly, by taking the Taylor expansion in y and using F'(y) = %[(y —ye)? — hfj]
instead of F(x), we have

(239 [ = )% < Rl
R

which together with (2.37) completes the proof of (i).
(i1) For r = 0,00, by Lemma 2.1 of [34], we have

lg" = Tng' I r = [1Palg" + (€ = 2)qg] + Paladl(x — xe) — 'l r
< |1Pug" = q'llrr + ||Pal(€ — ) ge )l r + || Palge) (2 — ze)llr m
< Clhollapller + hyllayllr z),

where we used the results of Lemma 2.1 and the fact that ||Pyv||, r < C||v]|, r-
The proof for the second component ¢? is all the same by noting that

(2.39)  |l¢® =g’ r = |I1Pale® + (0 — ve)ai] + Pulac)(y — ve) — ¢°llr 5.

O



3. The anisotropic case. For simplicity, let @ = (¢2,1) and g = 0, i.e., we
consider the following problem:

(3.1) Lep = —(%pez + py2) + bz, y)p=f, in Q=(0,1)7
p=0 on 09.

Hence we have boundary layers at the sides # = 0 and = 1 of Q.

3.1. The anisotropic mesh and the derivative estimates. In this section,
we will present some estimates for the smooth solution p of (3.1)-(3.2), where the
corresponding compatibility conditions are assumed [13].

Considering the behaviour of the analytic solution p of (3.1)-(3.2), we divide
into three matching subdomains ©;,1 <1 < 3, i.e., Q = U Q;, where

Q1= (0,04) x (0,1), Q2 = (00,1 — 0) x (0,1), Q5= (1 — 0, 1) x (0, 1).

Here 0, = 237 '¢|In¢|. Each subdomain €; is then divided quasiuniformly [11, p.28]
into N;, and N;, subintervals in the x- and y-directions, respectively. Hence we obtain
a highly nonuniform rectangular mesh, which is a a prior anisotropically refined mesh
(see Figure 3.1). To avoid lengthy notations, we assume N; ~ N; ~ N. Here
Ny ~ Ny means that C1 Ny < No < CyNy, where C) and C'y are positive constants,
N is the total number of partitions in each direction. Since we are considering the

singularly perturbed case, without loss of generality, we assume that o, < 1/3.

F1G. 3.1. An example of the anisotropic mesh for the problem (3.1)-(5.2)
LEMMA 3.1. For the solution p of (3.1)-(3.2) and 0 < k < 4, we have

(1) |per(z,y)| < C(1+ gk exp(—pfx/e) + gk exp(—pB(1 — z)/e)), on Q=QUIQ,
(i) |pyr(z,9)| < C, on Q.

Proof. The results were proved for k=0,1,2 [16, Lemmas 2.1-2.5]. The proof for
k=3 and 4 is provided in Lemmas 3.2-3.7. 0

Remark 1. From Lemma 3.1, we see that the solution p of (3.1)-(3.2) has sharp
boundary layers at sides x=0 and x=1.

LeEMMA 3.2. [16, Theorem 2.1] For any functions w(z,y) € C*(Q) N C°(Q), if
w >0 on dQ and L.w >0 on Q, then w > 0 on Q.

By using the boundary condition (3.2) in (3.1), we have

(3.3) Przlo=o = =72 f(0,y), Pezle=1 = — 7 f(L,y),
(34) px2|y:0 = px2|y:1 = 0,



or written in one simple form as
px2($ay) :§($aya6) on 89,

where §(z,y,e) = —6_2%13(0,3/) - 6_2%(__%1‘/:))12(1ay)' Here the

compatibility conditions [13] of f(m;) = 0 were used, where m;,1 < ¢ < 4, are
the corners of €.
Denote p(z,y) = pe2(x,y) — §(x,y, ), differentiating (3.1) twice w.r.t. x gives us:
(3.5) Lep= —(2Ppz 4+ py2) +bp=F in Q,
p=0 on 00,

where F = f2 — 2bypy — bpep + £2G,2 + Gy> — bg.
LEMMA 3.3. For the solution p of (3.5)-(3.6), we have

(3.7) e (2, y)| < Ce™, on 0.

Proof. Using the barrier function

¢ = Ce™2(1 — exp(—Px/e))(1 — exp(=B(1 — z)/¢)),
and after some simple calculations, we have

2

Le(¢tp)= C;f [exp(—Bx/c) + exp(—B(1 — ) /e)]

+%(1 — exp(—fz/e))(1 — exp(—p(1 — x)/e)) £ F

Ccp ~
> 6—2(1 +exp(=f/c)) £ F
>0, for sufficiently large C,

where we used the fact that b > 3% and |F| < Che=2.
Hence, by Lemma 3.2 and the fact that (¢ £ p)|aq > 0, we obtain

(38) |l <¢=Ce (1 —exp(—pz/e)) (1 —exp(—f(1 — z)/e)), on Q,
from which we have

plz,y) —p0,y)

—2(1 - - 1— —B(1 —
(3.10) < xl_ig{r Ce™#(1 — exp( ﬁx/g))i exp(—G(1 —z)/e)) < Cpe?
In the same way, we can obtain
- . p(l,y) — plz, _
(3.11) el < Jim (PLA PO g

The boundary condition (3.6) implies that py(z,0) = 0 = py(x, 1), which along
with the above inequalities (3.10)(3.11) completes our proof. O
LEMMA 3.4. For the solution p of (3.1)-(3.2), we have

(3.12) |pes(z,y)| < C(1 + e 2 exp(—pfa/e) + e exp(=3(1 — x)/¢)), on Q.



Proof. Consider the barrier function
¢ =C(1+e3exp(—Px/e) + e 3 exp(—6(1 — z)/¢)).
By simple calculations, we have

Le(¢ £ pr) = bC + C(b— 5%)e > (exp(=fz/e) + exp(=B(1 - 2) [2)) £ (Fy — bsp)
>0, for sufficiently large C,

where the fact b > 5% and the estimates p,x,0 < k < 2, were used.
By Lemma 3.3, it is easy to see that (¢ & p,)|sq > 0, which together with Lemma

3.2 gives us
1Pz (2, 9)] < ¢ = C(1 + e 2 exp(—px/c) + e 2 exp(—=p(1 —x)/e)) on Q.
Then by the definition of p, we have

(3.13) Ipoz (2, 9)| = |Pa(2, y) + §o (2, y, )]
(3.14) < C(1+ e 3 exp(—pa/e) + e 3 exp(—p(1 — x)/¢)),

which completes our proof, where we used the fact that 1/(1 —exp(—5/¢)) < 1/(1 —
exp(—f)) for 0 < e < 1.0
LEMMA 3.5. For the solution p of (3.1)-(3.2), we have

(3.15) [pos(z,y)| < C(L+ e exp(=Ba/e) + et exp(—3(1 — 2)/2)), on Q.

Proof. Let ¢ = C(1+e*exp(—pBz/e) + e *exp(—F(1 — x)/e)). By simple calcu-
lations, we have

Le($ % f2) = bC + C (b — %) (exp(—Ba/z) + exp(—p(1 — z)/e))
+(Fpo — byap — 2be ).

Using the estimates of p,i,0 <7< 3, and ¢, we have

|Fo — bg2pp — 2bppo| = | fos — (bp)os + bpos — Le(§22)]
< Cy(1+ 6_4exp(—ﬁx/6) +e74 exp(—5(1 — z)/e)).

Hence for sufficiently large C, we have
(3.16) L:(¢ £ pe2) >0, on Q.
From (3.5) and (3.6), we know that

Pz2 |y:0,1 = Oa

ﬁx2|x:0,1 = _5_2F~1|x:071 < 056_4.

Hence we have (¢ & py2)|an > 0 for sufficiently large C, which along with (3.16)
and Lemma 3.2 we obtain

[Pe2(z,y)] < =C(1+ gt exp(—pu/c) + gt exp(—5(1 — z)/e)).



Hence by the definition of p, we have

pes (2, 9)] < |Pe2(2, 9)] + 1922 (2, y, )|
< C(1+e Yexp(—pa/e) + e Yexp(—p(1 — x)/¢)),

which completes the proof. O
Repeating the above arguments; we can obtain:

(3.17) Lep® = — (%52 + pye) + bp° = F? in Q,
(3.18) p°=0 on 0Q,
where p*(z,y) = py2 — §%(2,y,¢), 3% (z,y,¢) = —[(1 — y) f(2,0) + yf (2, 1)] and
F? = fy2 — 2bypy — byap + 742 + joo — bi”.
LEMMA 3.6. For the solution p of (3.1)-(3.2), we have

lpys(z,y)| < C on Q.

Proof. Consider the barrier function ¢ = C'y(1 — y), we have
L.(¢+p?) =20+ F?>0, for sufficiently large C,
which along with (¢ £ p?)|aq > 0 gives us

[5°(z,y)| < Cy(1 —y), on Q.

Hence, we have

~2 ~2
_ . Pz, y) —p(2,0)
|5, (x,0)] < ygrg+|

< lim C(1—y) =
< fim C(1—y)=C,

and similarly,

_ 52
V=P @Y iy oy =

2 P
po(z, 1) < him
|py( ’ )| T y—1- | 1—y y—1-

Boundary condition (3.18) gives that ]332/(1‘, Y)|e=0,1 = 0, which along the above
two inequalities gives us:
(3.19) el <O, on Q.

Then consider the barrier function ¢ = C', we have

(3.20) Le (¢ £ 5y (x.y) = bC & (F] — byp*)
(3.21) >0, for sufficiently large C,

which together with (3.19) and Lemma 3.2 shows that
(5.22) Pyl<é=C on @
Therefore,

pya(z,9)| = 1B (z,y) + §, (z, )] <C,
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which completes our proof. O
LEMMA 3.7. For the solution p of (3.1)-(3.2), we have

lpys (2, y) < C on Q.

Proof. Let ¢ = C. By simple calculations, we have
Le(d £ By2) = bC & (o = byap” — 2bypy).
Note that
| e = by2p” = 25| = | fys — (BP)ys + bpya| < Cs.
Hence for sufficiently large C, we have
(3.23) Lo(¢£py=) >0, on Q.

From (3.17) and (3.18), we have

Palemo1 =0,

Pozly=01 = —F* < O

Hence for sufficiently large C, we have (¢ + ﬁ§2)|ag > 0, which along with (3.23)
and Lemma 3.2 completes the proof. O

In the following we derive the estimates on the mixed derivatives.

LEMMA 3.8. For the solution p of (3.1)-(3.2), we have
(3.24) (@) lpayllog, < CEH e+ 1), i=13,
(3.25) (1) |lpeyllo,n. < C-

Proof. (1) Integrating by steps and using the facts that pyle=0 = 0 = py2|y=01 =
Pely=0,1, we have

(3.26)  |[peyl2a, = /ﬂ Doy - Poydady

1
(3.27) = / (By - Pey) 2257 dy — /ﬂ Py - Parydady
0 1

(py paﬂ)ﬁjiédl’ +/ pyszzdxdy

Q

(3.28) Z/Ol(pymxy)(ox,y)dy—/o

(3.29) :(pypx)(%l)—(Pypx)(oxao)—/o (pysz)(ox,y)der/ﬂ Py2po2drdy

1
(3.30) :—/ (pysz)(ax,y)dy—l—/ Py2pe2dady.
0 Q

Then by Lemma 3.1 and the fact that ye =1 exp(—v/¢) < 1 for any v > 0, we have

1Peylls 0, < C(L+e7" exp(=fog/e) + e exp™ 1 77%) 4 ipyz|lo,a, pezllo,e,

< C 4 Cllpez|loo g, - (meas(€y))'/?
<C+Ce™ 2 |(elne)t/?|.
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Hence,

Ipeyllo.q, < Ot o]+ 1).

By symmetry, we have

Ipeyllo.q, < Ot e] + 1),

(ii) By repeating the above arguments, we have

(3.31) Pyl 0, = /ﬂ Pry - Peydedy
y
(3.32) :/ (Pypxy)liiif”dy—/ﬂ PyPo2gdrdy
0 ,
1
(3.33) = —/ (pysz)liiijg”dw/ Py2pozdady
0 Qo
(3.34) <c,

where we used Lemma 3.1 and the facts that py|y=0,1 = 0 = pg2|y=0,1. 0
LEMMA 3.9. For the solution p of (3.1)-(3.2), we have

(3.35) (D) pezyllog, < Ce™?2 e, i=1,3,
(3.36) (1) |lpe2yllo,0. < C.

Proof. Differentiating (3.1) twice w.r.t. y and using Lemma 3.1, we have
|pozy2| < 5_2(|fy2| + |(bp)yz] + [pys]) < Ce™?, on Q.
Differentiating (3.1) twice w.r.t. x and using Lemma 3.1, we have

(3.37) |px2y2| < & |pet] + | foz| + [(bp)e2]
(3.38) < C(1+ce 2exp(—pfa/e) + e 2 exp(—B(1 — x)/¢c)).

Note that o, <2 <1—0, on Qs we have
Iprayz| < C(14 e % exp(—Po,/c)) < C, on Q.
By the same arguments, we have

(3.39) IPz2l|oo, < Ce™2, i=1,3,
(3.40) |pe2]leo,0, <O, i =2.

Integrating by steps and using the fact that pyz|y—01 = 0, we have

(3.41) / Po2y - Pozydrdy = —/ Pr2y? - Pe2drdy
i Q;
(3.42) <Ipezy2|loo 0, [Pz oo, 0, meas(€2;).

Therefore, using the fact that meas(;) = O(g|Ine|),7 = 1,3, we have

1Pozyllo o, < Ce™ - e7* el Ine < Ce™?|Ine],
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or, ||pz2yllo,q; < CE—3/2|1H1/25|,
While for i=2, meas(;) < 1, we have

||px2y | |g,ﬂg S Ca

from which completes our proof. O
LEMMA 3.10. For the solution p of (3.1)-(3.2), we have

3.43 D) lpevelloq, < Ce™ 2|0 %e|, i=1,3,
( Y yee
(3.44) (@) lpey2|lon, < C.

Proof. Differentiating (3.1) w.r.t. x and using Lemma 3.1, we obtain
(345)  pay2(z, )| < |fol + 1(bp)o] + &% [pus]
(3.46) < C(1+ e texp(—pfa/e) + et exp(—B(1 — ) /).

Using the fact that ¢, <2 <1— 0, 0n Qs, and the definition of o5, we have

||pxy2||00,ﬂz <.

While ||pxy2||ooyﬂl < 06_1, 1=1,3.

Hence we obtaln
(3'47) ||pxy2||0,ﬂ, < ||pxy2||00,ﬂz(meas(9i))l/2
(3.48) < Ce ' lelnel'? = Ce V2t %e], i=1,3

and ||pyy2|lo,0, < C. 0O

3.2. The error estimates in the anisotropic case. In the following, for any
v € V;, or V, we denote its two components as v = (vl, vz).

Note that in this case, a = (¢72,1), hence u = —aVp = —(2p,, py). The equation
(2.18) becomes

e (uh i) + (%, %) + (b, 7)
(3.49) = (Mput — ot pt) + (Mpu? — u?, 1?) 4+ (b(Pup — p), 7).

LEMMA 3.11. Let u = —(¢?p,,py) and up = —(62pz,p5) be the solutions of
(3.1)-(3.2) and (2.3)-(2.4) respectively, then

(3.50)  elMnpe — Pillo.a+ [Mapy — Phllo.a+ || Pap — pallog < CN 72

Proof. For any 1=1,2,3, by Lemma 2.2, we have

(351) Mg =c? / My — )t < Com2 2 kel oo 1 o,
Q;

(3.52) = CR2||prsllo..) 1t |o,0:

(3.53) < CR|[pas|oorm, (meas(@:) ] o .

(351) Mg = / (Mo — w2 < CB2[[usl ol 1] o0,

z

(3.55) = Chyllpysllo.a. 18 lo.e..
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By Lemma 2.1 and the property of the projection Pp, we have

356)  Man = [ WPw-pr= [ 0= BOP-pr

z

(3.57) < ON"Hhellpellog, + hallpyllo,e)lI7lo0,
(3.58) < ON 7 hollpeloo 0, (meas(Q:) % + hylIpylo.0.]

7{lo,.-

By the construction of T}, we know that h, = O(g|lne|/N) on € and Qg, hy =
O(N~1 on Qy, and hy = O(N~1) on ©;,7=1,2,3.
For i=1,3, by (3.53) and Lemma 3.1, we have

(3.59) Mg, < Clellne|/N)* -2 (el ne)* - ||u"||oq,
(3.60) = N2 0 el -7 o s
while for 1=2,
(3.61) Mg, <CN=2 7|t o,
For i=1,3, from (3.58), we obtain

1
(3.62) Msq, < cn-Enel o1

(elne)'* + N I7loq,
(3.63) < ON7Y2 | 2 e +1))|7] o,
While for i=2, we have
(3.64) Mz, < CN73|7||o.q.

For i=1,2,3, by (3.55) and Lemma 3.1, we have
(3.65) M, < CN7||@?]|o g

Note that

eI %e) < 1.2, &V?|In®/%e| < 4.6, for Vee (0,1],

which along with the above inequalities, (3.49), Cauchy-Schwarz inequality completes
the proof. O

THEOREM 3.12. Under the assumptions of Lemma 3.11, we have
(3.66) ellpe = prllog + llpy = pylloa + o = pallog < CNTH

Furthermore, we have the following interior error estimates:

(3.67) P = phlloon, < CNT

Proof. For i=1,2,3, by Lemma 2.2, we have

(3.68) Mo, = €llpe — Maps|lo,n, < Celha|lpezllo,n, + hyllpeyllo.)
(3.69) < Ce(ha||pazlloo @, - (meas(Q)) 7% + byl |payllo a.),
(3.70) Msq, = |lpy — Mapyllo,0; < Clhallpayllo; + hyllpyzllog,),
(3.71) Ms.a, = |lp = Papllog; < Clhe|lpellon, + hyllpyllog,)

(3.72) < Chellpelloo,a, - (meas(2:)) + hylIpyllo.a,)-



14

Especially, when i=1,3, by Lemmas 3.1 and 3.8, we obtain

1
(3.73) Mg, < 05(6| ;Vld e felne| M2 f NTLL eI It e ¢ N
(3.74) < CONHE2 3 2 e + e It e + 1),
3.75) Mg, <C elinel T3 I e 4 N

: N

(3.76) < CONHeMHm® e + 1),

1
(377) Mag, < C(EREL otz 4 e
(3.78) = CN~H 2 P 2|+ 1).

Note that for any € (0, 1], we have
e el < 2.2, VI3 %e| < 1.2,

which ensures that My, o, <CN~™' k=1,2,3,i=1,3, where C is independent of ¢.
While for i=2, it is easy to see that

ellpr — Wapello, < CeN™' o lpy — apylloa, <CN™Y [lp— Papllog, < CN™!

which combining the above inequalities concludes the proof of the first part.
On the other hand, by Lemma 3.11 and the standard inverse estimate, we have

(3.79) |1Pap = palloo, < CNT1
Then by Lemmas 2.1 and 3.1, we have

1Php = pllec.s < Challpelloo, 0 + hyllpylles 0.) < CONT

which along with (3.79) and the triangular inequality completes the proof of the second
part. O
Remark 2. If ||pey||oo,0. < C, then it is easy to obtain

ellpe — Phllco.qs + Py — Phllco,g, < CNT

This estimate is observed in our numerical experiments (see Tables 5.5-5.8 in §5 ).
However, the rigorous proof of ||peyllec, 0, < C'is open.

3.3. Postprocessing and superconvergence at Gaussian points. In this
section we apply Lemma 3.11 to obtain a higher order approximation of u by a simple
local postprocessing procedure of [9] for uy. In the following we will use the operators
I, and K} defined in [9, §4,5]. For completeness, we repeat the definitions of [9] here.

Let P = (#1,y1) be an interior mesh node of the partition 7}, and let zy < 21 <
22,40 < y1 < Y2 besuch that (z;,y;),¢=0,1,2,7=0,1,2, (4, j) # (1, 1) are the nodes
neighbor to P.

Denote Rp = Uper, rer, R. Givenr = (rq, r2) such that point values of its normal
components are well defined, let

Kpp = (Ké,P(rl)aKg,P(rz)) € Q2,1(Rp) x Q1,2(Rp)

be such that, K,;P(rl) interpolates r; at the midpoints of the sides

{$Z} X [yanl] and {$Z} X [ylayZ]a 1= Oa 1a2



15

and K7 p(r2) interpolates ro at the midpoints of the sides
[anxl] X {y]} and [xlaxZ] X {y]}a .7:0’1’2
We define

Kp(r) = Z Ky p(r)(P)ip,

PeNT

here NT denotes the set of nodes of Ty, and {¢p}pcnr denotes the standard basis
of M, ={y € HY(Q) : ¢ € @1,1(R),YR € Ty }. When P is a boundary node or inter-
subdomain node we choose an interior node P neighbor to P and define K, p(r)(P) =
K, p(1)(P).

The operator I : [C°(R)]?* = Q1,0(R) x Qo,1(R) is defined as the interpolation
of the normal components at the midpoints of the sides, i.e., for every side [ of an
element R € Ty, Ipr - ni(my) = v - ny(my) where my is the midpoint of /.

By carrying out the same procedures as [9], we have the following refined results:

LEMMA 3.13. Ifr € [H*(R,)]?, then

(3.80) lr = Kn(Inv)llo,r, < C(hzlIrazllo,r, + hohyllreyllo,r, + hyllryzllor,)-
Proof. By the Bramble-Hilbert lemma, the proof is all the same as [9, Lemma
4.1] except that [9, (4.3)] is changed into
(3.81)  [lr = Kn(¥)llo,r, < C(hzllrazllo,r, + hohylltayllo,r, + hyllryzllo,r,)
and [9, (4.5)] is changed into
(3.82) v = ' llo,r < C(RZIrazllo,r + hahyllreyllo,r + hyllryzllo r),

where ¢! = >_pent T(P)Yp is the bilinear interpolation of r. O
LEMMA 3.14. [9, Lemma 4.2] For any

reE Q% = {I‘ € H(div, Q) T e Qlyo(R) X Qoyl(R),VR S Th},
we have

(3.83) 1 (0) o, < Cllelfo,0.

LEMMA 3.15. [9, Lemma 4.3] If v€ [H?*(R)]? then

(3.84)  [lhr = Tarllo,r < C(AZlIrazllo,r + holyllrayllo.r + hyllry2llo,r).

THEOREM 3.16. Under the assumptions of Lemma 3.11, we have

(3.85) ellpe = Kn(p)llo.a+ llpy = En(py)llog + llp = Kn(pa)llog < CN72

Proof. By triangular inequality, for each subdomain €;,¢7 = 1,2, 3, we have

ellpe = Kn(ph)llo.q
< e(llpe — KnInpa)|lo,. + [1Ka(Inpe — Tape)|lo.q, + [|Kn (Tape — p2)|lo.c.)-
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Using Lemmas 3.9-3.10, 3.13-3.15 and the same techniques used in Theorem 3.12,
it is easy to see that all the terms on the right hand side will be bounded by N 2.

By the same arguments, ||p, — Kp(p})|lo,q and ||[p— Kx(pa)llo,n can be bounded
by N~2, which completes our proof. O

The superconvergence at Gaussian points has been obtained by Nakata et al. [24],
Weiser and Wheeler [35], Ewing et al. [10] and Duran [9] for non-singular perturbation
problems. For any rectangle R = [z5_1, 2x] X [yi—1, wi], and ¢ € W and v = (v!,v?) €
V. Let

m+1 m+1

(3.86)  alllo=1>_ >_ > %AiAj(l’k — zeo) (0 — vi-1)g* (9,951,

ReTy j=1 i=1

m+1 »
1 k
687 MM =12 > 5Ailw —v-) / (v! (w.g))*da] /2,
ReT, j=1 Thk—1
m+1 1 Y1
(3.88) M ll=1>. Y. oA (ex — l‘k—l)/ (v”(g;,)) dy]'?,
ReTy j=1 Yi-1

where A; > 0 and g;,j = 1,---,m 4+ 1, are the coeflicients of the Gauss quadrature
rule and m+1 Gauss points on [—1, 1], respectively. For the lowest order of Raviart-
Thomas space RTy, m is zero in (3.86)-(3.88).

Note that for v € V,, the expressions (3.87) and (3.88) are equal to the L%-norms
of v! and v? respectively [10]. Also for ¢ € W, (3.86) is equal to the L?-norm [10,
Remark 2.3].

THEOREM 3.17. Under the assumptions of Lemma 3.11, we have

(3.89) elllpe — Pl + [y — Py lll2 + [[lp = palllo < CN 72

Proof. The proof follows the idea of [10, Theorem 3.1]. Note that

) elllpe = 2l + ey = pylllz + e = palllo
) <elllpe = Mapelll + ellMape — P2l + [Py — apy ||l
3.92) +|Mapy — Pyl + e = P lo + 112" = Paplllo + [11Pap = palllo
) <elllpe = Mapellh + elMape = pillo.0 + [Py — Mapy ||l
) +[|apy — pillog+ Il =2 lllo + 1" = Paplloa + ||1Pap — pallo
3.95) < CON2+e|llps = Wapellli + [llpy = Mapylll2 + 16" = Prpllos,
where we used the fact that p = p! at the Gauss points (g;, g;) and Lemma 3.11. Here
the interpolant p’ is a polynomial in Qo,0(R), which assumes the value of p at the

lowest order Gaussian point.
By the same arguments as [9, p.296], we have

(3'96) 5|||px - thxml
2
(3.97) < Ce > (hpllpesllo.q, + hohyllpezylloa, + hyllpey2|lo ),
i=0
(3.98) [Py — apy|||2
2
(3.99) < O (W2 lpyarllo.a + hahyllpyzallo.. + hollpysllo.q.).

i=0
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A refined result of [10, Lemma 4.3] gives

(3.100) P’ = Pupllo,n
2
(3.101) < CZ(hiHPﬂHo,ﬂl + hohy|[peyllo,a, + by l1pyzlo.g.).
7=0

which corresponds to the constant coefficient case [10, (4.6)].
By repeating the same techniques used in Theorem 3.12 and using Lemmas 3.1,

3.9 and 3.10, we have
(3.102)  elllpe = Wapelll + Iy = Mapylll2 + [1p" = Papllog < CN 72,

which along with (3.95) completes the proof. O

4. The isotropic case. For simplicity, let @ = (¢?,¢?) and ¢ = 0, i.e., we
consider
(4.1) Lep = —e2(pez +py2) + b(x,y)p=f, in Q=(0,1)%
(4.2) p=0 on 09.

Hence we have boundary layers at four sides of 2.

4.1. Another anisotropic mesh and the derivative estimates. Since the
solution p of (4.1)-(4.2) has boundary layers on four boundaries of Q, we divide Q
into nine matching subdomains €;, 1 < <9, i.e., Q = U;_,Q;, where

Q1 =(0,00) X (0,04), Qo= (0s,1—0g)x(0,0y), Qs=(1l-0s,1)x(0,0y),
Qs=(0,00) X (0y,1 —0y), Q5= (0z,1—04) X (0y,1—0y),
Qs=1—-0,1)x (0y,1—0y), Qr=(0,05) X (1 —0y,1),

Qs = (05,1 —0x) x (1=0y,1), Qo=(1—-0y,1) % (1—0y,1).

Here 0, = 0, = 237 '¢|In¢|. Then each subdomain €2; is divided quasiuniformly into
N;, and N;, subintervals in the x- and y-directions, respectively. Also we assume
N;, = N;, ~N.

Here we will provide some estimates for the problem (4.1)-(4.2).

LEMMA 4.1. For the solution p of (4.1)-(4.2) and 0 < k < 4, we have

(i) Ipor(2, )] < C(1+ 27 exp(=fa/e) + =~ exp(—f(1 - 2)/e)), on T,
(i1) Ipy(@,9)] < C(1+ 27 exp(=By/e) + e exp(=B(1 - y)/2), on O

Proof. The results was proved for k=0,1,2 [16, Lemmas 2.1-2.5]. The proof for
k=3,4 follows the same way as for the anisotropic case.

Denote p(x,y) = pe2(x,y) — §(=,y, ), differentiating (4.1) twice with respect to
X gives us:

(4.3) Lep= —e*(Poz 4+ Py2) +0p=F in Q,
p=0 on 00,

where F = f,2 — 2byuy — byau + £2(gy2 + Gy2) — bg and

ol —exp(—=p(1 —x)/e) _o 1 —exp(—px/e)

1 —exp(—p/¢) J(0.9) =< 1 —exp(—f/e)

(1, y).

§($aya6) = —¢
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Note that this L. also satifies the maximum principle [17]. The rest proofs are
similar to the anisotropic case. O

LEMMA 4.2. For the solution p of ({.1)-(4.2), we have

(D) lpayllon, < e ], i=2,4,6,8,
(i) N|peyllon, <C, =5,

(i) ||peylloq, < Ce™??|In*%e|, i=1,3,7,9.

Proof. (i) For i=2, integration by steps and using the boundary condition p = 0,
we have

Oy
/ Pay ~pxydl‘dy=/ (py ~pxy)|§;£;””dy—/ Py - Po2ydrdy
Qs 0 Q2

(1-o0s,0y)

= (20 = T = [ e 2y

l—0,
—/ (Py ~px2)|§;§ydx+/ Pye - Pardady
o Qs

T

Ty
1- T =1—0s
= a7 = [ el

l—0,
—/ (py ~px2)(x,oy)dx+/ﬂ Py - pradady

T

< Ce™? . (e|lne|)/? = Ce73/% It/ % ¢

Hence we have ||pyylloa, < Ce=3/4| Int/*
4,6,8.

(i) For i=5, by simple integration and using the boundary condition, we have

g|]. Same estimates hold true for ¢ =

l—oy

(4.5) /ﬂ Pry  Poydedy = (pype)lvertices of Qs _/ (pysz)gzé:%dy

Yy

l—0,
(4.6) —/ (pypxz)wzé;%dx —/ Py2Pe2drdy < C,

Qs

T

which shows that ||psy]lo.a, < C.

(iii) By the same techniques as above, it is not difficult to obtain
Ty
/ Py 'nydl‘dy = (pypx)|(0'xa Uy) - / (py2px)(0'xa y)dy
Q 0
1 ”
—/ (pyps2) (2, 0y)dz —1—/ Py2Pr2drdy
0 o
< Ce™3| g,
from which we obtain
Ipayllo.0, < Ce3/2[In'/? .

Same estimates hold true for 1=3,7,9. O
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LEMMA 4.3. For the solution p of (4.1)-(4.2), we have

(1) lpezyllon, < Ce™2In'/?e|, i=2,4,6,8,
(i) |pozylloo, < Ce™', =5,
(ii7)  |pazyllo. < Ce™|Ine|, i=1,3,7,9.

Proof. (1) By differentiating (4.1) w.r.t. y, we have

P2y | < 5_2(|fy| + [(bp)yl) + |pysl
< O (14 e exp(~By/e) + e exp(— (1 — 1)/2)),

from which we have

||px2y||00,ﬂz S 06_2, i:4a5a6a
[1Pe2y|]co, 0, < Ce™3, i=1,2,3,7,8,9.

By differentiating (4.1) twice w.r.t. y, we have

Pozyz| < e (1fy2] + 1(bp)y2]) + Ipya]
< Ce™* (147 exp(=fy/e) + e  exp(=f(1 = y)/e)).

Similarly by differentiating (4.1) twice w.r.t. x, we have
|prayz| < Ce™?(1 + e 2 exp(—PBr/e) + e % exp(—B(1 — 2) /).
Hence we obatin

||Przyz||oo, < Ce™2, i=2,5,8,4,6,
||Pr2y2||oo, < Ce™?, i=1,3,7,9.

By the same arguments and definitions of o, and oy, it is not difficult to obtain

[Pz2llco 2, + €llPeslocn, <O, 1=2,5,8,
po2lloo 0+ ellpesllosn, < Ce™2 i=1,4,7,3,6,9
lIPy2lloc, 2 + €llpyslloc, <€ 1=4,5,6
py2llo, i + €llpyslloo, 00 < Ce™2, i=1,2,3,7,8,9.

Integrating by steps and using the fact that pyz|y,—¢ = 0, we have

l—0,
|/ Po2y - Przydrdy| = |/ (Po2y - Po2)(®, 0y)d —/ Pr2y? - Prrdrdyl
1973 fog™ 1973
<Ce™ .04 Ce™?.C-|elne| < Ce™?|Inel.

Hence we obtain

12y |0, < Ce™2 I 2 e].

In the same way, we can obtain

pezyllo.as < Ce™3# 2.
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On the other hand, we have

(4'7) ||px2y||0,ﬂ4 < ||px2y||00,ﬂ4 ) (meaS(Q‘l))l/z

(4.8) =Ce 2 Jelne|Y? = €732 It/ % ¢
Similarly, we have
1Pr2yl10,.06 < 1Pr2ylloo s - (meas(Q6))'/? < Ce=/2|In'/? ],
(ii)  Note that

/ pry px2ydl‘dy

5

l—0,
:/ (px 2y - Pe? )|y . Uydx / Pz2y2 - pradrdy
o Qs

T

< e

from which we have

[IPazyllon, < Ce™

(iii)  While for i=1,3,7,9, (meas(;))'/? = O(¢|In¢|), we have

(4.9) ||px2y||0,ﬂ, < ||px2y||00,ﬂ, (meas(£2; ))1/2
(4.10) =Ce? |elne| = Ce™?|Inel.
O

By symmetry, we can obtain:
LEMMA 4.4. For the solution p of ({.1)-(4.2), we have

(i) poyellog, < Ce™®2In'?e|, i=2,4,6,8,
(”) ||pxy2||0,ﬂz < 06_1, 1 =25,
(#11)  ||psy2llon, < Ce™?|Ing|, i=1,3,7,9.

4.2. The error estimates in the isotropic case. Note that in this case,
a = (¢7%,e7%), hence u = —aVp = —£?(p;, py). The equation (2.18) becomes

(4.11) e ((uh 1) + (7, 1)) + (b7, 7)
(4.12) =72 ((Mput — ul, gy 4+ (Mpu? — w?, 1?)) + (6(Pup — p), 7)
LEMMA 4.5. Let u = —(e?p,,e?py) and uy = —(62pz,p2) be the solutions of

(4.1)-(4.2) and (2.3)-(2.4) respectively, then
(4.13)  e(|pps — phlloo + [Mapy — pllloa) + |[Pap — pallon < CN72

Proof. Since the proof 1s almost the same as the anisotropic case, we just sketch
some key steps. For any 1, by Lemma 2.2, we have

(14) My, =27 [ (It =)t < CRZ s Cmes(€20) 7 .

(@.15) Mo, =7 [ ([T =) < ORIl meast @) 42 .-
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By Lemma 2.1 and the property of the projection Pp, we have

Ms,n,E/ b(Php—p)TZ/ (b — Pub)(Pap — p)7

i Qi

< ON"hllpolloo @, + hyllpylls 2] (meas(€2:) |17 lo,..

By the construction of T,, we know that h, = O(¢|lne|/N) on
Qii=1,3,4,6,7,9,hy, = O(N~1) on Qi = 2,5,8,hy = O(N=1) on Qi = 4, 5,6,
hy = O(ellne|/N) on €;,1=1,2,3,7,8,9.

For 1=1,3,7,9, by Lemma 4.1, we have

(4.16) My, < Clellnel/N)? &7 - (e]Ine]) - [l [loq,
(4.17) = CN72-e[ln’e|- 7|00,
(4.18) Msg, <ON=2 e[’ e| -7 |p?]|o i,

gllne
(4.19) Ms g, < CN‘l% e7h (el el o,
(4.20) < CON72-elln’e| - ||7|]o.-

For 1i=2,8, we have

Mg, < ON2 7 (eI V2 -l o,
= ON72 e o,

gllne _
Mg, < (T2 =2 ey o,

= ONT2- 2|0 e 7|0 lo,a,

gllne
Al ) e o,

= CN72(1+ |Ine]) - 22| - ||7]|o.co.-

Msq, <CN"HNT!+

For 1i=4,6, we have

ellne
(@21) Mg, <O el 2 o,
(4.28) =CN~2 W 2 e| - et o,
(4.29) My, <CN=2- ™t (e|Ine])? - [|4||o,q,
(4.30) =CN=2 2 2 e] - e |p?] o,

1

(4.31) Mz, <ONTHNT 4 % <71 (el )2 Il o,q,
(4.32)

= CN2(1+ |Ine]) - 2| " 2] - ||7]]0.0..

For i=5, we have

(4.33) My, <CN2 -7 |u' o0,
(4.34) Ms o, <CN72 -7 |i?[lo,a,,
(4.35) Msa, <CN7?||7[lo,q,.

The proof completes by combining the above estimates along with the fact that
e2 2| < 4.6, for 0 << 1.0
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THEOREM 4.6. Under the assumptions of Lemma 4.5, we have

(4.36) e(llpe = prlloa+ [lpy = pyllo.) + llp = palloo < CNTL

Furthermore, we have the following interior error estimates:

(4.37) P = pallos0, <CNTE

Proof. By Lemma 2.2, we can obtain

Q1.0, = ¢llpe — Wpellon, < Cc(he||poz]loo o, - (meas(Q))? + hy|payllo.0.),
Q2.0. = €llpy — Thpyllo,a, < Celhallpyellon, + hyllpyz|lo o, (meas())/?),

Q3.0, = |lp = Tapllog, < Chellpellos 0 + hyllpyllos 0.) - (meas(9:))M/2.
For 1=1,3,7,9, by Lemmas 4.1-4.2, we have
6|1n6| 6|1n6| =372 |1/
Qi < Ol 7 fetne] 4 05 =2 /2 ]

= CON~'e|ln?e| 4+ /2 2 <.
Similarly, Q2.0, < CN~'[e|In?¢| + &1/2|In*?¢|], and

|ln6|

Qs0, < C2EL =1 gjlne| = ON~ - ¢|In’e].

For 1=2,8, we have

(4.38) Qra, < Ce[N~1 - (e|Ine)/? + % ce73/4 It e

(4.39) = CN~(? I % e + /4| In* 4 ),

(4.40) Qa0, < Ce[N~- (734 In*¢]) + ellne] -2, (e|lne|)/?
(4.41) = CON~ (4 I e] 4+ /2 /2 ¢)),

(4.42) Qs.0, < C[N"' + 6%6' e7 - (ene]) 2

(4.43) =CN~' 2 %e] - (14 |Inel).

Note that for any € (0, 1], we have

e ?e) <12, elln’e[ <0.6, /' "e| <08,

| In
which ensures that for any ¢ € (0, 1], we have
Qro, <ONTLk=1,2,3i=1,---,9.

By symmetry, similar estimates hold true for ¢ = 4, 6.
For 1=5, it is easy to obtain that

Qia, <CeN7' Qoq, <CeN™' Qs, <CNTL

This along the above inequalities completes the proof. O
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4.3. Postprocessing and superconvergence at Gaussian points. By using
Lemmas 4.1, 4.3, 4.4, and going through the similar proofs as for the anisotropic case,
we can obtain:

THEOREM 4.7. Under the assumptions of Lemma 4.5, we have

(4.44) e(llpe = Kn (@)l + [lpy = Kn(py)llo,n) + llp = Kn(pa)llon < ON72

THEOREM 4.8. Under the assumptions of Lemma 4.5, we have

(4.45) e(llpe = PpII + Ny — Polll2) + lllp — palllo < CN 72

5. Numerical results. In this section we present some numerical tests on the
cell-centered finite difference method [29, 24, 35, 3, 2], since the cell-centered finite
difference scheme is equivalent to the rectangular R7Ty MFEM with special numerical
quadrature formulae [29]. Similar theoretical analysis can be obtained by proper
modifications of the proofs in [24, 35, 3, 2].

To check our theoretical analysis, we tested an example problem (3.1)-(3.2) where
b = 2 and f is chosen properly such that we have a known analytic solution

exp(—u/e) + exp(—(1 — z)/e)
1+ exp(—1/¢)

plz,y) = (1- + (1 —x))y(l —y).

This solution contains typical boundary layers at sides x=0 and x=1 plus a regular
part. A piecewise uniform anisotropic mesh is constructed as § 3.1. In our test, we
take N/3 subintervals on each subdomain, where 8 = 1, N = 12,24, 48, 96. We tested
two different meshes, i.e., the global uniform mesh (denoted as U-mesh) and the
anisotropic mesh (denoted as A-mesh).

First we run the problem for ¢ = 1 (i.e., non-singular perturbation problem) on
the U-mesh. The standard convergence rates [26, 8, 6] are observed in Tables 5.1-5.8,
i.e., O(N~1) for p and a'/? <7 p in the L?-norm and L°°-norm, and superconvergence

rates O(N~?) for p in the norm [[|-|||o and 7p in the norm [[|-[]| = (|- [[[F+11I-[15)"/*.
N
€ 12 24 18 96
1.0 | 0.905301E-02 0.451916E-02 0.225864E-02 0.112920E-02
1072 | 0.608737E-01 0.366082E-01 0.200071E-01 0.102777E-01
U-mesh | 1073 | 0.616223E-01  0.405709E-01  0.275444E-01  0.189503E-01
10 | 0.616232E-01  0.405734E-01  0.275524E-01  0.190640E-01
10-° | 0.616232E-01  0.405735E-01  0.275525E-01  0.190642E-01
1077 0.318419E-01 0.159143E-01 0.795931E-02 0.398109E-02
1073 | 0.313440E-01  0.156468E-01  0.782003E-02  0.390955E-02
A-mesh | 107* | 0.311878E-01 0.155621E-01 0.777714E-02  0.388803E-02
10-° | 0.311548E-01 0.155434E-01 0.776749E-02  0.388331E-02

TABLE 5.1

Global errors for p in the L?-norm
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N

12

24

48

96

U-mesh

0.287658E-01
0.171838
0.174426
0.174429
0.174429

0.143102E-01
0.107187
0.120538
0.120546
0.120546

0.714587E-02
0.593422E-01
0.842534E-01
0.842791E-01
0.842793E-01

0.357177E-02
0.305915E-01
0.588929E-01
0.592583E-01
0.592589E-01

A-mesh

0.483468E-01
0.429943E-01
0.416191E-01
0.413478E-01

0.243909E-01
0.216831E-01
0.209666E-01
0.208171E-01

0.122418E-01
0.108622E-01
0.105025E-01
0.104260E-01

0.613499E-02
0.543325E-02
0.525326E-02
0.521584E-02

TABLE 5.2

Global errors for a1/2Vp in the L?-norm

12

24

48

96

U-mesh

0.410306E-03
0.139205E-02
0.141093E-02
0.141132E-02
0.141132E-02

0.103474E-03
0.380036E-03
0.353743E-03
0.354492E-03
0.354499E-03

0.259267E-04
0.304127E-03
0.878537E-04
0.887148E-04
0.887299E-04

0.648534E-05
0.284128E-03
0.291362E-04
0.221607E-04
0.221888E-04

A-mesh

0.143765E-02
0.141930E-02
0.141644E-02
0.141617E-02

0.397305E-03
0.364079E-03
0.356064E-03
0.354938E-03

0.114788E-03
0.980868E-04
0.906718E-04
0.890296E-04

0.319861E-04
0.264123E-04
0.233904E-04
0.224977E-04

TABLE 5.3

Global super-errors for p in the norm ||| - |||o
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€ 12 24 48 96
1.0 | 0.891844E-03 0.230327E-03 0.580601E-04 0.145453E-04
1072 | 0.226417E-02 0.585426E-03 0.893942E-03  0.887309E-03
U-mesh | 1073 | 0.219491E-02 0.553963E-03 0.147541E-03 0.787511E-04
10=% | 0.219340E-02  0.550885E-03 0.137930E-03  0.346084E-04
107% | 0.219339E-02 0.550856E-03 0.137871E-03  0.344788E-04
1072 | 0.232789E-02 0.789512E-03 0.271153E-03  0.818078E-04
1073 | 0.221200E-02 0.604019E-03  0.189522E-03  0.566224E-04
A-mesh | 107* | 0.220142E-02 0.558471E-03 0.149493E-03 0.415304E-04
1075 | 0.220089E-02 0.552080E-03 0.139633E-03  0.363830E-04
TABLE 5.4
Global super-errors for a*/2Vp in the norm ||| - |||
Boundary blocks Center block
172 172
€ P a’"vp P a’"vp
U-mesh 1.0 0.01505  0.10982E+00 | 0.01496  0.43016E-01
U-mesh 0.25509  0.93522E+00 | 0.05183 0.10970E400
A-mesh | 1072 | 0.11316  0.41374E400 | 0.05136 0.11988E-+00
U-mesh 0.25915  0.94997E+00 | 0.05183  0.10970E400
A-mesh | 107® | 0.14657 0.53621E400 | 0.05127  0.12200E+00
U-mesh 0.25916  0.94998E+00 | 0.05183  0.10970E400
A-mesh | 107" | 0.17215 0.63019E400 | 0.05125 0.12234E+00
U-mesh 0.25916  0.94999E+00 | 0.05183  0.10970E400
A-mesh | 107° | 0.19136 0.70084E+00 | 0.05125 0.12238E400
TABLE 5.5
Local errors for p and a1/2Vp in the L™ -norm with N = 12
Boundary blocks Center block
172 172
€ P a " "vp P a " "vp
U-mesh 1.0 0.00759  0.58082E-01 | 0.00754 0.22655E-01
U-mesh 0.22428 0.85942E400 | 0.02601  0.53550E-01
A-mesh | 1072 | 0.06557 0.25011E400 | 0.02595 0.56218E-01
U-mesh 0.25488  0.97697E400 | 0.02601  0.53550E-01
A-mesh | 107% | 0.09042  0.34494E400 | 0.02594 0.56772E-01
U-mesh 0.25490  0.97702E400 | 0.02601  0.53550E-01
A-mesh | 107" | 0.11204 0.42780E400 | 0.02594 0.56861E-01
U-mesh 0.25490  0.97702E400 | 0.02601  0.53550E-01
A-mesh | 107° | 0.13067 0.49933E400 | 0.02594 0.56873E-01

TABLE 5.6

Local errors for p and a'/2Vp in the L -norm with N = 24

Then we tested the singular perturbation problem for ¢ = 1072,1073,10~* and
10~°. Convergence rates O(N 1) for p and a'/?<7 p in the L?-norm are clearly shown
in Tables 5.1-5.2 on the A-mesh, which agrees with Theorem 3.12. Global supercon-
vergence rates O(N~2) for p and a*/? 7 p in the norm ||| - ||| are obtained in Tables
5.3-5.4 on the A-mesh, which is consistent with Theorem 3.17. Note that the errors

in Tables 5.1-5.4 on the A-mesh decrease a little as ¢ decreases.

The reason is that
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Boundary blocks Center block
B P a'?gp P a'?yp
U-mesh 1.0 0.00380 0.29778E-01 0.00378  0.11557E-01
U-mesh 0.16627 0.64992E400 | 0.01302 0.26419E-01
A-mesh | 1072 | 0.03515 0.13700E+00 | 0.01301 0.32710E-01
U-mesh 0.25245 0.98877E400 | 0.01302 0.26419E-01
A-mesh | 10™° | 0.05054 0.19672E+00 | 0.01301 0.28956E-01
U-mesh 0.25253  0.98904E400 | 0.01302 0.26419E-01
A-mesh | 107 | 0.06491 0.25267E+00 | 0.01301 0.28784E-01
U-mesh 0.25253  0.98904E400 | 0.01302 0.26419E-01
A-mesh | 107° | 0.07816 0.30435E+00 | 0.01301 0.28792E-01

TABLE 5.7

Local errors for p and a1/2Vp in the L™ -norm with N = 48

Boundary blocks Center block
B P a'?gp P a'?yp
U-mesh 1.0 0.00190 0.15064E-01 0.00189  0.58291E-02
U-mesh 0.10553  0.41578E400 | 0.00651 0.13116E-01
A-mesh | 1072 | 0.01800 0.71092E-01 0.00651  0.19810E-01
U-mesh 0.24971 0.98857E400 | 0.00651 0.13116E-01
A-mesh | 107° | 0.02648 0.10433E+00 | 0.00651 0.15571E-01
U-mesh 0.25128 0.99465E400 | 0.00651 0.13116E-01
A-mesh | 107 | 0.03480 0.13694E+00 | 0.00651 0.15048E-01
U-mesh 0.25128  0.99466E400 | 0.00651 0.13116E-01
A-mesh | 107° | 0.04281 0.16838E+00 | 0.00651 0.15009E-01

TABLE 5.8

Local errors for p and a1/2Vp in the L™ -norm with N = 96

those e-related terms, which controls the coefficients in the convergence rates, becomes
smaller as £ decreases. From (3.49), the interpolation properties and the derivative
estimates of the solution, we have the follow error estimate
(5.1) la—unllog+1lp = pallog < Chellpllz,a + llpllia) < Che™,
for RT}, on a generic quasi-uniform mesh. Hence the convergence rates will degenerate
as ¢ becomes smaller for fixed h, this phenomenon is observed in Tables 5.1-5.8 for
the U-mesh.

The explanation for the nice behaviours on the U-mesh obtained in Tables 5.3-
5.4 is that the boundary layers are so thin that all the interior nodes are far away
from the boundary layers. Hence the obtained estimates are actually interior es-
timates. To further compare the behaviours between the U-mesh and A-mesh, we
presented the blockwise L™ errors on both meshes in Tables 5.5-5.8 where we denote
the ”Boundary blocks” for Qi, Q3 and ”Center block” for €25. Tables 5.5-5.8 show
that our anisotropically mesh performs much better than the uniform mesh inside the
boundary blocks, though they have almost the same behaviours away from the bound-
ary layers. O(N~1) convergence rates for p and a'/?<7p in the L°°-norm are observed
in Tables 5.5-5.8 on subdomains away from the boundary layers, which 1s proved for p
in Theorem 3.12. However, the rigorous proof for a'/? <7 p is still open. Furthermore,
global pointwise convergence rates O(N~11%) ¢ € (0,1) for p and a*/? 7 p on the
A-mesh are observed in Tables 5.5-5.8, while the theoretical justification is unavailable
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at this moment.
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