
ICES REPORT 14-24

August 2014

Predicting symmetric spherical shell assemblies
by

Muhibur Rasheed and Chandrajit Bajaj

The Institute for Computational Engineering and Sciences
The University of Texas at Austin
Austin, Texas 78712

Reference: Muhibur Rasheed and Chandrajit Bajaj, "Predicting symmetric spherical shell assemblies," ICES
REPORT 14-24, The Institute for Computational Engineering and Sciences, The University of Texas at Austin,
August 2014.



Predicting symmetric spherical shell assemblies

Muhibur Rasheed and Chandrajit Bajaj

Center for Computational Visualization
Institute of Computational Engineering and Sciences

The University of Texas
Austin, Texas 78712

Abstract

We characterize tiled, symmetric shell structures and address the computational problem
of predicting the assembly of 3D spherical shell structures from primitive 3D building blocks
(or primitive tiles). We provide an efficient polynomial time, shell assembly approximation
solution (based on a combinatorial and motion-space search, and complementarity scoring) to
an otherwise NP-hard geometric optimization problem. Our 3D shell assembly prediction, first
uses a small set of tiles to generate either periodic or aperiodic surface tilings, parameterized
by a small set of inter-tile matching rules. To form a 3D shell, we decorate each tile using
appropriate number of copies of the given 3D blocks. The decorations must cover the tile,
and those placed on a single tile must have a favorable and symmetric ‘interface’ with each
other. Furthermore, the interfaces of the decorated tile with its neighboring tiles must follow
the symmetry imposed by the inter-tile matching rules. The problem thereby reduces to a multi-
dimensional search (and maximal scoring) of a consistent set of symmetric interfaces between
each unique pair of neighboring decorations of the chosen tiling. We have successfully applied
this procedure to the prediction of spherical protein shells of biological viruses of different sizes,
all of which exhibit icosahedral symmetry. Our implemented technique has been successful in
predicting the tiling/packing of known and experimentally reconstructed protein shell structures
of a fixed size, amongst several other computed assemblies of various sizes. The success of our
prediction mechanism based on complementarity scoring is specially noteworthy in light of
the complicated biophysical/biochemical interactions between protein structures in nature, and
provides testimony to the stability of such tiled shell structures.

1 Introduction

In general, 3D assembly requires determining the correct arrangement (aka relative positions and
orientations) of a set of building blocks, to yield the final correctly assembled structure. As the
3D analog of 2D jigsaw puzzles, the 3D building blocks (henceforth called primitive tiles or p-tiles)
are the puzzle pieces, and these as well as the target assembled structure may have various free-
form shapes. Assembly prediction with n blocks in 3-dimensions can be cast as a combinatorial
geometric optimization problem with a search space of 6(n − 1) dimensions. The optimization
becomes computationally prohibitive for such high dimensional search spaces, particularly since
typically n >= 100. However, and as we show here, the optimization problem is made tractable by
imposing restrictions on the shape and properties of the building blocks, and assemblies.



Figure 1: Automated prediction of compact symmetric shell assemblies from primitive building
blocks. Figure shows three example shell structures of different sizes and thicknesses assembled
using 240, 60 and 120 copies of the corresponding building blocks.

Prior work has addressed this problem from the perspective of reconstructing or reassembling
historic 3D artifacts or statues from fractured 3D pieces recovered by archaeologists. For example,
[18] and [28] both assume that the neighboring fractured pieces have good shape complementarity
and use shape descriptor based matching to find possible interfaces between each pair of compo-
nents. The remaining challenge is then to select a subset of those interfaces which are consistent,
and optimize a global assembly. The approach is equivalent to computing the best simple spanning
tree from a multi-graph where each graph node represent a p-tile, and k edges between two nodes
represent k possible interface configurations. The number of simple spanning trees is exponential
in the number of components, i.e. O(nn−2kn−1). Furthermore, its quite easy to reduce the known
NP-hard 2D Monkey Puzzle problem to the more difficult 3D assembly problem. One can show
that a polynomial time approximation scheme (PTAS) can be designed if the number of parallel
edges between each pair of nodes is at most 2. However, for all practical cases, PTASs do not exist.
The paper [18] proposed a greedy forward search algorithm and [28] used genetic programming to
solve this combinatorial problem. A simpler greedy algorithm was used by [19] for predicting the
assembly of multiple proteins. The 2D counterpart is a well-studied problem, for both texture or
image driven matching [8, 35] as well as based purely on the shape [15].

Here, we provide an efficient polynomial time solution to the 3D assembly problem for the special
case of symmetric shell structures. We show that the combinatorial search space has only 6 degrees
of freedom, irrespective of the total number of components used in the final assembly. Moreover,
we can predict shell assemblies with different local symmetric arrangements, using periodic and/or
aperiodic tilings, as well as of varying size. These symmetric shell assemblies occurs often and
in many shapes and sizes, i.e. in the shape of bucky balls, fullerene domes, carbon-nano tubes,
quasicrystals and protein shells that house the genome of viruses [6, 16, 36, 37, 11].

The 3D symmetric shell assembly problem can be stated as a problem of predicting the local
arrangement of multiple copies of a single 3D p-tile, to form a closed shell structure, enclosing an
inner void space. See for example, figure 1. Local symmetry indicates that each p-tile has the
same kind of interfaces with its neighbors, and each of the interfaces have d-fold cyclic symmetry
for certain integer ds. In some cases, we allow the pieces to be quasi-symmetric where the number
of interfaces remain the same for every p-tile, but the cyclic symmetric order of each interface
may vary. Global symmetries are also achieved for the 3D assembled shell structures, and provides
shell structure which are invariant under some transformations. For example, given a 3D triangular
prism tile with extremely small thickness, a simple tetrahedron shell can be predicted and assembled
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using four copies of the 3D tile.
Our solution to the 3D shell assembly problem is a combinatorial and geometric search and

optimization, over the space of all symmetric placements of p-tiles on a shell, such that the ar-
rangement maximizes a local (and a global) scoring function. The scoring functions are designed
to reward complementarity at the interfaces of neighboring p-tiles, where an interface is defined
as the portion of one p-tile which is within a distance from any point on the neighboring p-tile.
We show that the symmetric search space is sufficiently characterized by the space of regular and
semi-regular tilings of regular polytopes and their decorations. A tiling or tessellation is a covering
of a given space using a set of non-overlapping tiles, and a decoration is the strategic placement of
components on each tile such the same type of tiles, are decorated the same way.
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Figure 2: Overview of the algorithm. Given a 3D p-tile, we compute possible cyclic symmetric
arrangement (henceforth c-tiles) that can be formed by them and then use many such c-tiles to
decorate precomputed sets of spherical tilings. The c-tile computation requires a geometric search
and optimization over 4 dimensional space. The complexity of selecting appropriate c-tiles for
a specific spherical tiling is polynomial in the number of unique tiles that are used to cover the
tiling. Finally, placing the decorations for optimal global arrangement requires only a 2-dimensional
search.

To the best of our knowledge this 3D symmetric shell assembly problem has not been approached
as a prediction problem before. Previous papers with some similarity include:[24] where they
describe a method to decompose a given surface into polyominos and then transform them by
adding notches and knobs to create a set of 3D tiles which has a unique reassembly solution; and
[31] describe algorithms to compute optimal geodesic patterns on free-form shells. Other related
works analyzing, enumerating or classifying symmetric shells include[26, 6, 29].

Our discussion is organized as follows. In Section 2 we provide a brief description of our
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algorithm. We discuss the mathematical principles of symmetric tilings in Section 3 and show that
given a specific p-tile and a desired size for the final shell, only a small finite number of possible
tilings need to be considered for decoration. We also describe how to pre-compute all possible
tilings. In Section 4, we explain the decoration algorithm in greater detail. Finally in Section 5,
we apply this algorithm to predict the shapes of biological virus protein shell structures exhibiting
global icosahedral symmetry (and quasi-symmetry). Symmetric shells made of 3D molecules, and
their corresponding inter-molecular interfaces are much more difficult to score since they do not
have sharp features, or yield exact shape complementarity. Additionally, there our other bio-
physical factors like electrostatics complementarity that often play a much bigger role in stabilizing
the interface between neighboring molecular building blocks. These stabilizing forces cause for
spontaneous self-assembly of the shells to occur, a phenomena that is still not fully characterized
however but truly one of the marvels of nature. So in this application of predicting molecular
assemblies, we construct and optimize a combined multi-term biophysical and bioinformatics based
scoring function. The scoring function include shape and electrostatic complementarity terms,
polarization energy and terms based on knowledge-based potentials defined on the interface. We
however surprisingly found that even though the molecular shell assembly is weakly scored, our
algorithm in many cases produces the native (experimentally observed) assembly configurations as
one of its predictions. Note, that for non-biological applications (architectural or manufacturing
or 3D interlocking puzzles), using only shape complementarity scoring suffices in yielding 3D shell
assemblies.

2 Sketch of the Algorithm

Below, we present the overall algorithm (Figure 2 provides a simple example flow). Separate sections
are dedicated for the exposition of different aspects of the algorithm as well the mathematical
foundation behind it.

1. We pre-compute the possible tilings of spherical shells. The layout of the tiling is uniquely de-
scribed by specifying the details of each tile and unique inter-tile interface. A tile is described
using five parameters (u1,u2, d, l, f).

• u1 is a unit vector pointing from the origin to the center of symmetry of the tile.

• u2 is a unit vector pointing from the center of symmetry of the tile to one representative
corner of the tile.

• d is the distance of the tile from the origin along u1.

• l is the distance from the center of symmetry of the tile to one corner of the tile along
u2.

• f is the order of symmetry of the decoration to be placed inside the tile.

The interfaces are described by simply listing each unique type of interface and the number
of such interfaces in the entire tiling. A pair of tiles have an interface if they are neighbors
on the tiling. Note that all inter-tile interfaces essentially correspond to a cyclic symmetric
configuration. For example, 5 tiles meeting at a vertex with 5-fold symmetry produces 5
interfaces of the same type. Section 3 describes the mathematical principles of enumerating
and generating all possible spherical tilings.
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2. Given a 3D p-tile we compute cyclic symmetric configurations (aka c-tiles) of different orders.
The search for such configurations is carried out by optimizing a local score, based on the
interface of a pair of c-tiles, over a 4D search space. Several configurations of each order are
generated and ranked by their scores. Section 4.1 provides details on the search space, the
sampling and search strategy and the principles of scoring. Each c-tile is represented using
five parameters (v1,v2, c, o, s).

• v1 is a unit vector representing the symmetry axis.

• v2 is a unit vector orthogonal to the symmetry axis pointing to the centroid of one copy
from the center of symmetry.

• c is the center of symmetry.

• o is the order of symmetry.

• s is the score of the c-tile configuration.

3. We compute a graph G where each node represents a c-tile and we add edges between two
nodes if the interface configurations are consistent. Further details about this step can be
found in Section 4.2.

4. For each tiling from the precomputed set, we first identify the set of unique tile types and
their corresponding order f . We search G to find cliques which include exactly one node
corresponding to each required order. For each such clique we perform the following procedure
to find a globally acceptable assembly.

• Align a c-tile of required order onto each tile, by moving c to the origin and aligning v2

and v1 with u2 and u1 and then translating it along u1 by d. This produces a assembly
which has the required kinds of symmetry. However, since we have not adjusted the
scale of the shell to match the scale of the p-tile, this layout is not a proper assembly
yet. Also note that, though the alignment of v1 with u1 is sacred due to symmetry, the
alignment of v2 with u2 is only necessary for ensuring that all c-tiles are decorated the
same way. it does not ensure that this is indeed the correct way to orient the c-tile to
cover the unique spherical tile. Hence we move to the next step.

• We search the space of scaling and rotations. Symmetry preserving scaling is performed
by simply translating each c-tile along the respective u1 vectors by multiples of d. For
each scaling search the space of rotations around the u1 axis. Apply the same rotation
for each spherical tile of the same type to preserve global symmetry. The angles only
need to be sampled within a band [−π/f, π/f ]. The scaling is also performed within a
band such that the scaled l is within [t/2, 2t] where t is the farthest point from c if the
entire c-tile is projected onto the plane perpendicular to v1. If l is outside this band
then there is guaranteed to be no contact or penetrations respectively.

• Report the scale and rotation which produces the best global score. The global score is
computed as weighted sum of the scores for each unique interface, where the weights are
simply the number of interfaces of the corresponding type. See Section 4.3 for further
details about the global optimization step.
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3 Enumerating All Possible Symmetric Tilings of Spherical Shells

The symmetric search space can be adequately characterized using a mathematical framework
dealing with tilings and decorations. In the next few subsections we briefly introduce this framework
and how it characterizes the search space as well as motivates a search strategy. First we describe
the concept of tilings and various kinds of symmetry related to the tiling. Then we describe a
formal way of generating and enumerating all tilings which have specific kinds of global symmetry
using their root systems. Next, we show how an extension of the root system lets us generate denser
tilings, which can be decorated using more puzzle pieces to generate larger shells, such that the
global symmetry is preserved and local symmetry is created. Finally, after elaborating the concept
of decorations we will show how the search space is restricted to only 6 DOFs.

Figure 3: Left A semi-regular aperiodic tiling of a spherical surface using two types of tiles, a kite
and a rhomb. The tiles are decorated with petal-like building blocks at the corners. The cyclic
symmetry relationships between the decorations in each tile are shown by squiggly lines. Right
The set of vertex stars of the tiling.

3.1 Tiling and Symmetry

A tiling or tessellation is a covering of a given space using a set of non-overlapping tiles. Formally,
given a space S, a tiling of S is a set of tiles t1, . . . , tk such that S =

⋃k
i=1 tk and ∀i 6=jti ∩ tj = φ. A

2D tiling is regular if all tiles are congruent regular polygons and have edge-to-edge interfaces, i.e.
each interface spans an of the tile. The definition can easily be extended to higher dimensions. A
tiling is sometimes called semi-regular if the congruency restriction is lifted. Notice that regular and
semi-regular tilings consists of only one and a few unique types of tiles respectively. In edge-to-edge
tilings, the tiles meeting at a vertex are called a vertex star and the collection of all unique vertex
stars is called the vertex atlas. See Figure 3 for an example (both images are from [12]). Again,
regular and semi-regular tilings have very small vertex atlases.
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3.1.1 Symmetries of Tiling

A regular tiling is often expressed using Schäfli notations. If a tiling consists of regular polygons with
p edges and q of them meet at each vertex, then its Schäfli notation is {p, q}. It is easy to see that
for 2D regular planar tiling, the angles of the polygons are 2π/q = (p− 2)π/p or (p− 2)(q− 2) = 4,
which has only three integral solutions producing the tilings by squares, by equilateral triangles and
by hexagons. Regular and semi-regular tilings exhibit various kinds of symmetry. For example, a
regular tiling of an infinite 2D plane using equilateral triangles is invariant under any translation in
the direction of any of the edges by a magnitude equal to an integer-multiple of the edge-lengths. It
is also invariant under rotations by multiples of 60 degrees around any vertex or reflections around
any edge. All of these operations under which a tiling remains invariant forms the set of elements
for symmetry group of the tiling. Any two of these operations can be composed (multiplications
of transformation matrices) and the resulting operation is also member of the set. In other words,
the elements of a symmetry group are closed under the application of the composition operation.
The order of a group is the number of of its elements. Interested readers should consult [10] for
more details on symmetry groups, their representations, classifications and enumerations.

Figure 4: A periodic and an aperiodic tiling.

At this point we would like to point out that it is possible to produce semi-regular tilings which
have rotational and reflection symmetries, but lacks translational symmetries. These tilings are
classified as aperiodic tilings, and tiles which can only be used to produce aperiodic tilings are
called aperiodic tiles. tilings which have translations symmetry as well are called periodic tilings.
See Figure 4 for examples of 2D aperiodic tilings (the images were acquired from wikimedia and
they are licensed for public use under the creative commons).

3.1.2 Tiling of Spherical Shells

We are specifically interested in regular tilings of a shell (tiling a sphere with 2D tiles) and their
symmetries. A sphere can be tiled regularly iff integral solutions exists for (p − 2)(q − 2) < 4,
since polygons mapped to the sphere have larger angles. We can easily find that there are only
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5 non-degenerate solutions. These solids, usually called the Platonic solids, are the tetrahedron
{3, 3}, the cube {4, 3}, the octahedron {3, 4}, the icosahedron {3, 5} and the dodecahedron {5, 3}.
Note that the cube and icosahedron are duals of each other, the icosahedron and the dodecahedron
are duals, and the tetrahedron is self-dual. The tetrahedral symmetry group Td has order 24, the
octahedral (and cubic) symmetry group Oh has order 48 and the icosahedral (and dodecahedral)
symmetry group Ih has order 120.

Hence, given a puzzle piece we would like to make a shell which has any of the above 5 symmetry
groups. However, to make larger shells we need to find a way to subdivide each facet of these
polyhedra into regular tiles and then place puzzle pieces in each of the tiles. This subdivision also
has to follow the global symmetry of the polyhedra. The next two subsections address this.

3.2 Generating all Symmetric Tiling

Here, we identify the minimal representation/parameterization which is sufficient for generating
a tiling with specific global symmetry. We employ two primary techniques in this regard. The
first, uses the unfold-etch-refold scheme to generate families of almost-regular polyhedra. These
polyehdra have congruent regular faces and define regular spherical tilings with the required global
symmetries. The second approach uses minimal representations of the symmetry groups of the
planotic solids and extends them using Kac-Moody algebra to generate denser 3D point groups.
Tilings generated by this approach may be semi-regular. Finally, the tilings generated by both of
these methods can be locally subdivided without violating global symmetries.

3.2.1 Extended Family Based on the Almost-regular Polyhedra and Their Duals

First, we briefly introduce the concepts of symmetry groups, symmetry axes, order etc. Symmetry
groups consists of a set of symmetry operations, i.e. transformations which maps an object to
itself, such that the set is closed under the composition (one transformation followed by another)
operation. The actions of the polyhedral symmetry groups can be expressed as pure rotations
around different axis through the center of the polyhedra, which we assume to be at the origin
without loss of generality. We generally refer to the points of intersection of these axes with the
polyhedra as the locations of symmetry, and refer to the axes as the symmetry axes. For instance,
the octahedron have 6 axes of 4-fold rotational symmetry1 going through the four vertices, 8 axes of
3-fold rotational symmetry going through the centers of the faces, and 12 axes of 2-fold rotational
symmetry going thorugh the centers of the edges.

Interestingly, duals of regular polyhedra are also regular- tetrahedron is self-dual, octahedron
and cube are duals of each other, and icosahedron and dodecahedron are duals of each other.

The Almost-Regular Polyhedra and Their Duals The almost-regular polyhedra has exactly
the same number of rotational symmetry axes with the same symmetry orders as any specific regular
polyhedron, such that there exists a rigid body transformation that perfectly aligns these axes to
those of the regular polyhedron. We refer to these as the global symmetry axes and locations. We
shall refer to these global symmetry axes as gv-symmetry axes, ge-symmetry axes and gf-symmetry
axes respectively for axes of symmetry going through the vertices, edge-centers and face-centers
respectively. Additionally, all vertices, faces and edges of an almost-regular polyhedron must have

1n-fold rotational symmetry, also referred to as the symmetry order n, means that a rotation by 2π/n maps the
polyhedron to itself
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Figure 5: An example reflection group. The image shows a 2D projection of a sphere showing the
fundamental region (yellow triangle) as well the resultant tiling of the sphere by repeated reflections
of the fundamental regions. The three mirror planes (projected here as edges of the yellow triangle)
have dihedral angles of 90, 60 and 36 degrees between them. This Kaleidoscope generates a tiling of
the sphere with 12 locations of 5-fold, 20 locations of 3-fold and 60 locations of 2-fold symmetries.

locations of local symmetry. Local symmetry operations map the vertices, edges, faces immediately
neighboring the location of local symmetry to themselves, but may or may not map the remaining
parts of the polyhedron to itself. These axes will be referred to as lv-, le-, and lf-symmetry axes.

It is clear that the almost-regular polyhedron must be isotoxal, isohedral and have only cyclic
symmetric faces. However, it is not neccessarily isogonal. This class is similar to the Catalan solids,
but an important distinction is that the Catalan solids allow non-symmetric faces (hence, are not
isotoxal), as long as all the faces are congruent (for example, the solid in Figure 6(a) is a Catalan
solid, but is not almost-regular.

Note that, the transivity properties that make regular polyhedra suitable for assembly, is pre-
served in almost-regular polyhedra, but now the class is richer and more importantly can model
structures with more than 20 building blocks.

The duals of almost-regular polyhedron would have regular faces, be isotoxal and isogonal,
may or may not be isohedral, and may or may not be convex. The closest known family is the
semi-regular polyhedra (duals of Catalan solids) which are also isotoxal and isogonal. But the
semi-regular polyhedra, which includes the 13 Archimedean solids and the family of prisms with
regular faces, are always convex.
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Figure 6: Illustration of the criterion for almost-regular polyhedra. The polyhdera shown
in (a) and (d) are not almost-regular. In (a), the global symmetries are preserved, but the local
symmetries are not (for example, it is not locally 2-fold symmetric around the center of DE). In
(d), local symmetries are intact, but the global 3-fold symmetries are not (for example, around the
center of ABD).

Constructing Almost-regular Polyhedra The following theorem and related properties are
proved in detail in [32]. Here we mention it without proof.

Theorem 3.1. If a face T regular polyhedron is mapped to a 2D regular lattice in the following
ways, then the tiling induced by the lattice on the polyhderon’s faces will satisfy global symmetries
of the polyhedron, have local symmetries and have congruent tiles.

1. If T belongs to either a tetrahedron, a octahedron or a icosahedron and is mapped to triangular
lattice, such that all corners have integer coordinates.

2. If T belongs to either a tetrahedron, a octahedron or a icosahedron and is mapped to a hexag-
onal lattice such that all corners fall on face centers of the lattice (have integer coordinates
(x, y) such that x = 2(y + 1)− 3d where x, y and d are integers).

3. If T belongs to a cube and is mapped to a square lattice, such that either all the corners fall
on vertices of the lattice, or all the corners fall on face-centers of the lattice.

[32] also shows that the above construction is complete, i.e. there is no almost-regular polyhedron
which cannot be generated in this way.

3.2.2 Generating Tilings using Reflection Groups

Let us consider several distinct planes going through the origin. Each plane can be thought of as
a one-way mirror such that the ’front’ sides of the planes cut out a polygonal cone-like region out
of a sphere centered at the origin. If finite number of repeated reflections by the mirrors of the
polygonal region reproduces the complete sphere then the planes define a finite reflection group.
A reflection group is irreducible if they cannot be emulated using (compositions of) a smaller
group. The planes and their reflections form circular intersections with the sphere. The circles also
intersect each other. Interestingly the intersection of the circles are governed by the dihedral angle
between the planes. If there are three planes and the angles are a1, a2 and a3 such that π/ai = ri
is an integer, then the points where the circles intersect will have r1, r2 and r3 fold rotational
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Table 1: List of all finite non-decomposable crystallographic root systems relevant for 3D. We did
not include G2, F4, E6, E7 and E8 since they are only defined for specific dimensions and we are
also not interested in their projections to 3D. In this table, n represents the dimension and ei, ej
are the basis vectors of the coordinate systems of the corresponding dimensions.
Name Order Roots
An n(n+ 1) Project ei − ej (1 ≤ i, j ≤ n+ 1) to n-space
Bn 2n2 {±ei,±ei ± ej} (1 ≤ i, j ≤ n)
Cn 2n2 {±2ei,±ei ± ej} (1 ≤ i, j ≤ n)
Dn 2n(n− 1) {±ei ± ej} (1 ≤ i, j ≤ n)

symmetries. For example, using the H3 reflection group with angles equal to 90, 60 and 36 degrees
we can generate the icosahedral symmetries. Furthermore, the number of copies of the fundamental
region created by reflection is equal to the order of the corresponding symmetry group (see Figure
5). Coxeter [10] enumerated all finite irreducible reflection groups corresponding to the regular 3D
solids as well as for other dimensions.

To generate a denser tiling of a platonic solid than that generated by the corresponding reflection
group, we need to extend it. The extension is easier to model using the concept of root systems
that we discuss now.

Generating Reflection Groups using Root Systems A root system is a set of vectors with
one endpoint at the origin. It defines a basis for generating root lattices. For example, the unit
length vectors along the Cartesian X and Y axis forms a root system which generates a 2D chess-
board lattice. Each reflection group can be mapped to a unique root system (and vice versa) by
defining vectors starting at the origin and perpendicular to the mirror planes. The root vectors
pointing to the inside of the fundamental cone of the reflection group are called the fundamental
roots. The entire root system can be generated by applying the reflections on the fundamental
roots. For example, the root system generated by the H3 root system generates points at the
vertices of an icosahedron.

Root systems have been studied in detail by Crystallographers to describe lattices and quasi-
lattices. There are only a finite number (for a specific dimension) of irreducible crystallographic root
systems which we have listed in Table 1. However, the crystallographic root system allows only 2,3,4
and 6 fold symmetries. However, a non-crystallographic root system can be generated by projection
from higher dimensional a crystallographic root system [37]. In particular, the icosahedral group
can be generated by projecting the D6 root system to 3 dimensions along a specific direction which
maps the 6 roots of the D6 system to 6 non-planar vertices of an icosahedron.

Extending the Root System to Generate Local Symmetries Reflection operations on
the fundamental roots generate the vertices and tiling of the corresponding basic polyhedra. To
generate a denser tiling, we extend the root system by adding another root. Given a root system
with vectors v1, . . . , vk, the additional root can be computed by first computing a Cartan matrix C
such that each entry cij of the matrix defined as 2(vi.vj)/(vj .vj) where . indicates the dot product.
Then this matrix is expanded by adding a new row and new column using the affine extension
method of Kac-Moody algebra. The new row and column describes the additional root and its
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relationship to the others.
For example, for the icosahedral root system H3, the extended root corresponds to a simple

translation operation. Hence, when used in conjunction with the original roots and the corre-
sponding reflection planes, it generates a series of new points at different radial levels. It can also
be shown that the same set of points can also be generated by integer linear combinations of the
original roots [29]. Note that the planes perpendicular to the extended set of points would intersect
the sphere and generate new geodesic intersections which would correspond to local symmetries.
The global symmetries remain unchanged since the original roots are still used, and the local sym-
metries are also distributed in a way that remain invariant under the global symmetry operations
since they are generated by appropriate extension on the root system corresponding to the global
symmetry.

Figure 7: Pipeline of generating all possible regular and semi-regular tiling of spherical shells.

Figure 7 summarizes the process of computing possible tilings.
Note that there are only a few (4) root systems relevant for regular or semi-regular tiling of a

spherical shell. The root systems can be extended to generate local symmetries, thereby increasing
the number and density of tiles on the sphere. The number of unique extensions of each root
system is also limited since many of the roots are colinear and hence does not affect the tiling. For
example, [23] showed that there are exactly 342 possible unique extensions which can be made using
the icosahedral root system, and among them there are only 26 unique outer shell configurations
(the extended system produces vectors of many sizes, the outer shell refers to the distribution of
the longest vectors).

3.3 Subdivisions

There is a fractal like process which divides a group of unique tiles into scaled copies of the same
group (in other words, does not change the number of tile types or the vertex atlas). For example,
in Figure 8 we show a set of tiles their decompositions.

4 Decorating the Tiles

Given a spherical tiling, it is easy to identify the set of unique tiles and unique tile-tile interfaces.
Since the tiling must be edge-to-edge, neighboring tiles meet at their vertices. Each of these vertices
correspond to cyclic symmetric locations. The decoration process deals with placing the 3D c-tiles
onto each tile such that following hold.

1. The same type of tiles are decorated exactly the same way.
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Figure 8: Subdivision of tiles while maintaining symmetry produces scaled versions of the same tile
set

2. If more than one p-tile is needed to decorate a tile, then they must have local cyclic symmetry.

3. All c-tiles must have the same number and types of interfaces (with neighboring c-tiles) after
placed as decorations.

4. The decoration scheme should minimize gaps between the c-tiles and generate as airtight a
shell as possible, note that a perfect airtight shell may not be possible to make using a given
building block (consider the case when a ball is given as a building block).

The first condition is trivial to fulfill. The second condition requires us to find favorable cyclic
symmetric arrangements (c-tiles) of different orders using the 3D p-tiles. We accomplish this by
optimizing a local score over a 4D search space (see Section 4.1). According to the third condition,
if there are multiple types of tiles which need to be decorated using c-tiles with different order, then
we also need to ensure that the selected c-tiles are consistent with each other. For example, if a p-
tile is to be involved in both a 3-fold and a 5-fold c-tile, then it has to support both simultaneously.
Hence, the footprint of the 3-fold interface and 5-fold interface must be disjoint. Finally, to fulfill
the third and fourth condition, we define a global score which needs to be optimized by motions
which leave the intra and inter-tile symmetries intact (see Section 4.3).

4.1 Computing Cyclic Symmetric c-tiles

Due to the symmetry, the number of unique tiles and unique tile-tile interfaces are very few for
any given tiling. So, to identify a set of c-tile sufficient for the decoration, we need to search only
a few types of cyclic symmetric configurations. In general, to find a favorable (under a specific
metric/scoring model) arrangement between two 3D objects one needs to search over 6 degrees of
freedom. For example, we can keep one stationary and rotate the other using 3 DOFs and then
translate it using 3 DOFs. However, for the case of cyclic symmetric configurations involving q
copies, 4 DOFs in total is sufficient since one translational DOF is lost because the centroids of
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Figure 9: Top row: 3 best scoring trimers, and bottom row: 3 best scoring pentamers composed
using copies of a single building block.

the pieces would lie on a plane perpendicular to the symmetry axis and one rotational DOF is lost
since two copies are related by a rotation of 2π/q around the symmetry axis.

We define a favorable symmetric arrangement as an arrangement which maximizes a local score.
Following the method of [30], we take one p-tile A and place its centroids at the origin and

then sample the rotations Z and the X axis. For each rotational sample, we make a copy B and
rotate it by 2π/q degrees around the Z axis and finally search for favorable relative positions of B
w.r.t. A by sampling the space of translations on the XY plane. Hence, there are only 4 degrees of
freedom. Once the relative position of the copy with respect to the other is found, the remaining
ones can be computed by repeatedly applying the relative transformation. More specifically, if the
relative transformation between the two is given by M , then we can generate the complete cycle as
and form a macro-tile O(A,M, q) = A ∪M(A) ∪M2(A) ∪ ... ∪M q−1(A). Since the scoring model
is not expected to be perfect, we produce a list of k top scoring relative transformations for each
order. For example, Figure 9 show the best three macro-tiles of order 3 and 5 respectively.

4.2 Finding Consistent Pairs of Cyclic Symmetries

A simple technique to verify the consistency between a pair of c-tiles C1 and C2, is to verify if they
induce disjoint interfaces on their constituent p-tiles, where an interface is defined as part of the
surface of a p-tile which comes into contact with its neighboring p-tile while forming the c-tile. If
the interfaces are not disjoint, then clearly the same p-tile cannot be part of both C1 and C2 at the
same time. However, parts of C1 and C2 may clash/penetrate even if the interfaces are disjoint.
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Figure 10: (a)-(c) A pentamer and two different trimer configurations using a given building block.
(d)-(e) Testing for consistency between two c-tiles by aligning one component of the c-tiles and
then verifying whether the remaining components from different c-tiles are clashing. There are
clashes in (d). But in (e), we find a consistent pair.

So, in this case, we further verify that the arrangement O(A,M1, q) ∪ O(A,M2, r) does not have
severe penetrations/overlaps, wherre M1 is the the relative transformations of order q which forms
C1, and M2 is of order r and forms C2 (see Figure 10 for examples). To compute the penetration
scores, we first align both c-tiles such that the centroid of one p-tile of each lies at the origin and
the principal components of the p-tile aligns with the coordinate axes. Then, we only need to verify
that the remaining parts of the c-tiles are not clashing.

4.3 Global Optimization

As we have already discussed in the algorithm sketch, the decoration and global optimization
phase starts with aligning a tile (u1,u2, d, l, f) with a c-tile (v1,v2, c, o, s). The shell produced
by this alignment step fulfills the first three conditions stated above, but the fourth remains to
be satisfied (see Figure 11 and Figure 12). It is addressed by sampling two degrees of freedom,
a translation along u1 to scale the shell and a rotation around u1 to possibly improve interfaces
across tile-boundaries.

We initially set broad limits for the translations such that the scaled l is within [t/2, 2t] where
t is the farthest point from c if the p-tile is projected onto the plane perpendicular to v1. We
coarsely sample translation steps T between these limits. For each translation, we also coarsely
sample rotations R within a band [−π/f, π/f ] and for each sample in (T,R) we compute two
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Figure 11: Searching for correct scaling of shell. Symmetric assemblies where the c-tiles are trans-
lated, (a) foo far away, (b) at the correct distance, and (c) too close. In (a) the decorations are not
making any interface across tiles and in (c) decorations from different tiles are penetrating.

Figure 12: Searching for correct orientation of the decoration. Two assemblies are shown here, both
are at the same scale. The orientation of the decoration in the left figure is perfect for creating
complementary interface with the decorations on neighboring tiles. However, the orientations of
the decorations on the right figure causes penetrations as well as leaves a lot of empty spaces.

scores. One score is designed to penalize penetration the other is to award proximity. Both can be
computed together using complex valued affinity functions defined on a double-skin representation
of the surfaces (similar approach have been used by others, for example [25, 7]). Note that, because
of the symmetry it is not necessary to score all the interfaces between all the tiles. Rather, it is
sufficient to compute the score for one copy of each unique type of inter-tile interfaces. Since this
list is pre-computed, we simply compute the relative orientation of the corresponding c-tiles which
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decorate those tiles and compute the score. The tilings generated by the almost-regular polyhedron
needs only a single type of tile and tilings based on extended root systems require only a limited
number (2 for icosahedral). The total number of unique local interfaces are also bounded. For
instance, if dihedral angles are ignored (assuming that the tiles are projected to a sphere), then
there are exactly 2 types of neighborhoods for the regular case, and upto 16 types (usually much
smaller) of vertex atlases for the semi-regular case. So, the number of unique interfaces to score is
a small constant only.

The coarse sampling quickly recognizes all scales which are either too big or too small and
retains a very narrow band. Then we perform a more refined sampling within that band.

4.3.1 Heuristics to Bound the Search Space

In most situations some information is known or some design goals are pre-specified which can help
restrict the range of allowed subdivisions and/or the scale parameter m. For example, we consider
the following special cases-

• The expected diameter, or volume (either inner, outer or average) of the shell is known.

• The expected number (or range of numbers) of proteins on the capsid is known.

• The EM density map of the capsid is known, giving both the diameter as well as the thickness
of the shell.

Definition 4.1 (Order of a tiling/layout). We define the order nL of a tiling L as
∑

ti∈L fi, where
fi is the order of internal symmetry of the tile ti.

Lemma 4.1. If the expected number of proteins on the capsid is within [nmin, nmax], then the space
of possible tilings is restricted to all tilings such that nmin ≤ nL ≤ nmax.

We are also able to bound the space of tilings and decoration based on the shape of the p-tiles
(proteins). We define the shape using the principal components, in other words by replacing the
p-tile with a ellipsoid. Let the three main diameters be 2a, 2b, 2c (in decreasing order of magnitude).
The most number of proteins can be used to tile the shell if their smallest cross-section is orthogonal
to the u1 vectors. We estimate the footprint as 2bc (allowing penetrations of the ellipsoids). The
thickness of the shell is estimated to be 2a in this case. On the other hand, the sparsest configuration
is achieved when the thickness is 2c. However, the lower bound would depend on the global and local
symmetry requirements which dictates the number of interfaces a p-tile must have. For example,
if we are using a triangular tiling, then the sparsest case is when a is equal to the in-radius of the
small triangles, and hence each p-tile leaves a

√
3a2 size footprint.

Definition 4.2 (Footprint of a p-tile). If a p-tile is approximated as a ellipsoid of diameters
(2a, 2b, 2c), then for a triangular tiling the maximum and minimum footprint of the p-tile on the
surface of a shell is respectively approximated as F pmin = 2bc and F pmax =

√
3a2.

Similar bounds can be derived for other types of symmetric tiles as well.

Definition 4.3 (Footprint ratio of tile). We define the footprint ratio F t of a tile as at/(aS × f)
where at is the surface area of the tile and aS is the surface area of the entire shell.
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Definition 4.4 (Footprint ratio of a tiling/layout). We define the footprint ratio FL of a layout
L as the average footprint ratio of all its tiles.

Depending on the amount of prior information the search space can be restricted in the following
ways-

• Given a p-tile and an expected surface area AS of the shell (as either expected radius, area or
volume), the space of possible tilings is restricted to all tilings whose footprint ratio satisfies
F pmin/AS ≤ F ≤ F pmax/AS . Also, the scale of the shell has to be within the range defined as
R− 2a ≤ m ≤ R+ 2a, where R is the expected radius of the shell.

• Given a p-tile, the expected surface area AS of the shell and a range [nmin, nmax] for the
number of proteins, the space of tilings is restricted to all tilings such that nmin ≤ nL ≤ nmax,
and the possible orientations of the p-tiles on the surface is also restricted such that the
footprint of the p-tile F p ≈ F t the footprint ratio of the chosen tiling.

• If both the expected surface area AS as well as thickness of the shell is known (e.g. from
the EM density map), then the possible orientations of the p-tiles on the surface is also
restricted such that the average thickness of the p-tile in a direction orthogonal to the surface
is approximately equal to the expected thickness. Moreover, if F p∗min and F p∗max define the
range of footprints for the allowed set of orientations of the p-tile, then space of possible
tilings is restricted to all tilings whose footprint ratio satisfies F p∗min/AS ≤ F ≤ F p∗max/AS .
Also, the scale of the shell has to be within the range defined as R− 2a ≤ m ≤ R+ 2a, where
R is the expected radius of the shell.

4.4 Scoring

The design objective of both the local and global scoring functions is to distinguish between accept-
able and non-acceptable solutions as well to rank the acceptable solutions. Our search procedure
can be used in conjunction with any scoring function as long as it conforms to this principle.

We speed up the scoring by using FFT based fast summation techniques which defines affinity
functions on the two components such that the convolution of the affinities is the score and then
computes the score for all translational samples (or rotational samples if spherical FFT is used [34])
by two forward and one inverse FFT computations. Further details on FFT based fast summation
can be found in [22].

Some scoring terms are however not easy to decompose and express as convolutions. So, as a
rule of thumb, we use such terms only as filters and for refinement steps. We have also developed
fast multipole implementations for several scoring terms which only depends on pairwise summa-
tions over neighboring surface points at the interface of two components. The complexity of the
algorithms are linear to the size of the interface.

Since scoring terms need to be custom-made based on the application and nature of the building
blocks, we defer the description of different terms until Section 5 where we introduce them in the
context of protein-protein interfaces.

5 Application in Molecular Biology

Viruses are an amazing example of symmetry and economy of design. Viruses usually have some
generic material (DNA/RNA) packed inside at least one layer of a membrane or shell. This shell,
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usually called the capsid, protects the genetic material as well as acts as a delivery vehicle. The
shell is formed by multiple copies of a protein assembled together. The shell disassembles when the
virus reaches the host (victim) cell’s nucleus to release the genetic material. The genetic material
encodes a blueprint for making new copies of the protein which forms the shell. Many copies of
the DNA/RNA as well as the proteins are manufactured by piggybacking the molecular machinery
of the host cell and in the process depleting all its resources. Then the newly created proteins
automatically assembles themselves into the same shell structure. For us, the most relevant aspect
of this process is that the shells are generally icosahedral and the number of proteins in each shell
often exceed the global symmetry order, and hence produces local symmetries. So, their shells falls
within the categories of the shell structures our algorithm can produce. Hence, we chose several
viruses to verify whether the shells generated by our algorithm matches the experimentally observed
shells and their symmetries.

In this section we first briefly discuss the current knowledge on the structures of viral capsids.
Then we describe the properties of the proteins (puzzle pieces) and explain how the properties
dictate the design of scoring functions. Finally we describe the results of applying our algorithm
and contrast it with real data acquired by cryo-electron microscopy and x-ray crystallography.

5.1 An Overview of the Symmetry of Viral Capsids

Though there are some viruses whose capsids are shaped like tubes, filaments or sometimes without
a fixed shape, the shape found most predominantly is the spherical one. It was observed long ago
that all spherical viruses have icosahedral symmetry. We have already seen that the icosahedral
or dodecahedral symmetry provides the highest symmetry order among all regular polytopes and
hence allows the construction of larger shells using the same p-tile. Recent studies have also shown
that icosahedral shells are also the most stable both in terms of biochemical interactions as well as
against external pressure [40]. However, the presence of capsids of different sizes suggested that the
number of copies of proteins used in each are different and it a general characterization to address
this issue was first put forward by Caspar and Klug in their seminal work in [6].

The widely celebrated Caspar-Klug model introduced the concept of local symmetries and quasi-
equivalence. They showed that the triangular faces of an icosahedron can be unraveled and placed
on a regular hexagonal grid such that the corners of the icosahedra have integer coordinates. If we
imagine that one corner lies at the origin, then the smallest such triangle we can lay out on this
grid would have the other endpoints at (1, 0) and (0, 1). Caspar and Klug proposed that this small
triangle is composed of three copies of the protein placed at each corner resulting in a capsid with
60 proteins. However, if the size of the triangle is increased such that the corners still have integer
coordinates, then these large triangles would contain many smaller (unit sized) triangles. If a large
triangle has two corners at (0, 0) and (h, k) coordinates, then the number of small triangles in it is
exactly h2 + k2 + hk. This number is called the T -number. According to the Caspar-Klug theory,
a capsid has exactly 60T triangles, 12 vertices with 5-fold symmetry corresponding to corners of
large triangles, and 10(T − 1) locations of 6-fold symmetry where small triangles meet each other
(see Figure 13).

According to our formulation, the Caspar-Klug model produces tilings of the icosahedron with
only a single type of tile, a triangle. Different T number changes the density of the tiling, but the
types of symmetry requirement at the vertices remain the same.

However, Caspar-Klug theory fails to explain the capsid structure of some viruses in the Pa-
pilloma, Papova and Polyoma families. For example, the Simian Virus 40 (of Papova family) is
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Figure 13: (a) The Caspar-Klug model lays out the icosahedral faces on a hexagonal grid. Larger
triangles on the grid contain smaller triangles. With one corner of the large triangle fixed at (0, 0)
and another at (h, k), it would contain T = h2 +k2 +hk small triangles. The model decorates each
small triangle with 3 proteins. Icosahedrons made by larger triangles hence contains 60T proteins.
(b) An example capsid (Nudeaurelia Carpensis Virus) with T = 4.

Figure 14: (a) Simian Virus, pseudo T = 6. (b) The inner shell of the Rice Dwarf Virus which is
pseudo T = 2. Both of these only allows aperiodic tiling. We show one such tiling in (a). In (b)
we show a failed attempt tile using Caspar-Klug like triangles.

predicted to have T=7 capsid, i.e 420 proteins with 12 locations with 5-fold symmetry and 60
locations with 6-fold symmetry, but in reality it has only 360 proteins and 72 locations with 5-fold
symmetry. Another example is the inner layer of the capsid of the Blue-tongue virus which has 120
proteins or T=2, a fact considered impossible under the Caspar-Klug model. See Figure 14.
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These viruses must be tiled using aperiodic tiles. It has been shown that all such capsids can
be tiled using either rhombus tiles, or a rhombus and kite tiles. The rhomb has two angles each of
π/5 and 4π/5. The kite has three angles of 2π/5 and one angle of 4π/5. Notice that the extended
root system is able to produce such tilings as well. The decoration of these tiles is done by placing
two proteins on the rhomb tiles and placing three proteins on the kite tile, leaving the corner with
the largest angle empty.

We have studied several viruses with differing sizes and requiring different kinds of tilings and
present the results after describing the scoring model.

5.2 Scoring Function Design based on Physico-chemical Properties of Protein-
Protein Interfaces

Proteins are polypeptides, or a sequence of amino acids (peptides). There are 20 naturally produced
amino acids for proteins. Each amino acid has different number and arrangements of atoms and
hence different chemical properties. They have different polarities, different affinity towards the
solvent (cellular environment) surrounding the protein. The interactions with the solvent, other
amino acids on the same protein as well as other proteins makes the polypeptide chain to fold and
coil and finally produce a more compact 3D shape. This final shape is often referred as the tertiary
structure of a protein. For our purposes, we assume that the tertiary structures are given to us.
When proteins form complexes, they undergo further changes and forms quaternary structures.
Here, we consider the tertiary and quaternary structures to be the same (i.e. assume rigidity).

Proteins form complexes to minimize their free energy. If the net change in free energy due
to the binding of the proteins A and B is δE = E(A + B) − E(A) − E(B), then the stability of
the complex is proportional to e−δE . Hence, we would like to design our scoring function F → R
such that it is positively correlated with δE and hence its minimization leads to favorable complex
structures.

There are several ways to model the free energy. From the most comprehensive quantum
mechanical models to purely empirical statistical potentials. We choose to use a a collection of
terms including a semi-empirical model called the Gibbs free energy model which is based on
statistical thermodynamics, and several empirical potentials. We have found that after training [33]
based on large set of positive and negative examples, a combination of these terms can successfully
distinguish between correct and incorrect configurations/interfaces [9].

5.2.1 Scoring Terms Based on Statistical Thermodynamics

Under this model, the free energy E of a molecule of a molecule (or a complex) is given by

E = EMM +Gsol − TS (5.1)

EMM is called the molecular mechanical energy. It represents energy due to the atom-atom
interactions among atoms of the molecule(s). Gsol is the solvation energy representing the interac-
tion of the molecule(s) with the solvent. T is the temperature and S in the entropy. The change
of TS is too time-consuming to compute accurately and in most cases, the change is negligible.

The molecular mechanical energy is decomposed into bonded and non-bonded interaction terms
(see Equation 5.2). The bonded energy terms measure the energy required to deviate from an
optimal bonded position (for example, changing the length of a bond). These terms are considered
constant when it is assumed that the proteins are rigid.
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EMM = Ed + Etheta + Ephi︸ ︷︷ ︸
bonded interactions

+ Evdw + Ecoul︸ ︷︷ ︸
nonbonded interactions

(5.2)

Evdw =
∑
i

∑
j>i

(
aij
r12
ij

− bij
r6ij

)
and Ecoul =

∑
i

∑
j>i

qiqj
ε(rij)rij

, (5.3)

However, the change of the non-bonded interactions (Equation 5.3) are very relevant to the
scoring. The first term is called the VDW interaction which represents short range attraction (of
electron of one atom to the proton of the other) and a very high repulsion if the distance rij gets
too close (representing the positive nuclei of the atoms coming too close). The aij and bij are two
weights which have been determined based on quantum mechanics for different types of atom-atom
pairs. This energy encourages two molecules to come close to each other such that their shapes
complement each other, but does not allow penetration. This term can also be approximated using
simple geometric complementarity. The second term of the non-bonded interaction is the long
range electrostatic interaction between two molecules. This term is dependent on the charges q as
well the distance dependent dielectric ε(rij) of the solvent.

Several models for the solvation energy Gsol have been proposed. Here, we present an implicit
solvation energy model called the GBSA model [14].

Gsol = Gcav +Gvdw︸ ︷︷ ︸
nonploar

+Gpol︸︷︷︸
polar

(5.4)

Gcav depends on the volume of the protein and the exposed surface area and Gvdw is the Van
der Waals interaction between exposed atoms and solvent atoms. The polar part Epol, can be
approximated using Generalized Born (GB) theory [38] as-

Epol = −τ
2

∑
i,j

qiqj/

√
r2ij +RiRje

−
r2
ij

4RiRj , (5.5)

where τ = 1− 1
ε , and Ri is the effective Born radius of atom i. There are other models for Epol as

well, e.g. [39].

5.2.2 Knowledge-based Scoring Terms

We have also designed and used several light-weight scoring models based on observed properties
of the interfaces of protein-protein complexes. These models have the advantage of being compu-
tationally cheap and they can also be trained for specific types of interactions separately. Below
we list the terms we have used.

• Interface Propensity: The relative probability of a residue (amino acid) appearing on the
interface, given that it appears somewhere in the protein is defined as the interface propensity
of the residue. Per-residue interface propensity values were computed in [20] which are based
on the relative frequencies of different residues in the interfaces of a set of 63 protein-protein
complexes. For each candidate assembly, we compute the residues which are on the interface
and sum up their interface propensities.
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• Steric Clash: Due to extremely high repulsion forces between the nuclei of two atoms, they
cannot come too close to one another. We penalize all arrangements where the center of atom
gets too close to the center of another atom.

• Interface Area: Larger interface area reduces the interactions with the solvent and also
reduces the DOF of more atoms and reducing the entropy. So, we score assemblies with
larger interface areas higher.

All of these terms can be computed as simple linear sums over the atoms which are on the
interface of a complex. We have developed efficient data structures [4, 2] for computing such sums
in time linear to the size of the interface.

5.3 Results

Below we present the results of applying our algorithm to some biological viruses with the aim of
reproducing the capsid structures seen in nature as well to predict new compact shells of different
sizes using the same p-tile. In the results below we have also mentioned the global scores of the
assemblies which is defined in terms of the three knowledge-based terms introduced above. If the
interface propensity score is IP , the number of clashing atoms is NC and the interface are is IA,
then the score is defined as wIP ∗ IP + wNC ∗ n − NC + wIA ∗ IA. NC scores can range from 0
to n2 where n is the number of atoms, IP usually ranges between 0 and 25, and IA usually ranges
between 0 and 0.3 (it is a ratio of the interface area and the total area).

5.4 Reproducing Known Shell Structures

Assembling a T=1 Shell We took one protein out of the 60 which makes a T = 1 shell for the
Tobacco Necrosis Virus (TNV). The capsid structure, reconstructed from microscopic images by
[21], is available as a atomic resolution in the protein data bank [1].

Figure 15: (a)-(b): Top 2 predicted models for the Tobacco Necrosis Virus. (c): The experimen-
tally observed capsid. Our second prediction reproduces the original structure.

A T = 1 configuration is the simplest instance of icosahedral packing and we can either use a
layout based on dodecahedral point set or a layout based on icosahedral point set. In either case,
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only one type of cyclic symmetric oligomers are needed. Figure 15 shows the top two predictions
produced by our algorithm with scores 447.5756 and 355.7908 respectively.

Assembling a T=4 Shell The capsid of the Nudaurelia Carpensis Virus (NCV) [17] is formed
by 240 copies of a single protein. Hence, it is modeled as a T = 4 capsid. We use a tiling with only
triangular tiles generated from the icosahedral system via decomposition. Figure 16 shows the top
two predictions whose scores are 163.9997 and 91.2074 respectively.

Figure 16: (a)-(b): Top 2 predicted models for the Nudeaurelia Carpensis Virus. (c): The
experimentally observed capsid. Our first prediction reproduces the original structure.

Assembling a T=2 Shell The inner shell of the Rice Dwarf Virus (RDV) [27] is composed of
120 proteins. We mentioned before that this cannot be tiled using periodic tiles. The tiling which
matches it best is an extension of the dodecahedral roots which produces a tiling with rhombs.
There are 60 rhombs in total such that five such rhomb meets a the vertex on the axis along one
the dodecahedral root vectors.

Our algorithm handles this by composing consistent sets of 5 fold and 2 fold symmetric config-
urations and then decorating using these (Figure 17). The score of the first pose shown in Figure
17 is 591.6053 and the score is 71.2835 for the other one. The other result is included to highlight
that even with consistent macro-tile, sometimes it is not possible to get a compact shell. However,
the interface based affinity functions do have the ability to rank such cases lower.

Assembling a T=13 Shell The outer shell of the Rice Dwarf Virus (RDV) [27] is composed of
780 proteins. This corresponds to the T=13 tiling. T can be 13 for h=1, k 3 or h=3, k=1, giving
rise to two different chirality of the tiling- one of them matches the correct chirality (Figure 18
(top-right)), and the other do not (Figure 18 (bottom-right))

This is a particularly difficult problem for an automated search and ranking procedure to handle,
since for geometrically and energetically there is very little difference, if at all, between the interfaces
between the proteins in the two different models.
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Figure 17: (a)-(b): 2 predicted models for the Rice Dwarf Virus (inner shell). (c): The exper-
imentally observed capsid. Our first prediction reproduces the original structure. We show the
second figure as an example case where the macro-tiles used for decoration cannot be transformed
in anyway to produce tighter interfaces without causing penetrations.

5.5 Modeling Virus Shells that Match EM-maps

This is one application where our technique really shows its practicability. In many cases, it is
possible to get a coarse representation of the virs capsid using Electron-microscopy imaging, but
the resolution is sufficient to identify individual atoms of even groups of atoms with certainty. The
sequence of the protein is also easy to get. However, it is extremely difficult to crystallize the
protein and get an atomic resolution model.

In this type of scenarios, the current approaches like [13] segment the EM-map based on prior
knowledge about the symmetry, generate homology models (computationally predicted template
based models) for the protein using the sequence, and then fit copies of the protein into the segments
to produce the whole shell (See Figure 19). However, this process is error-prone due to unreliability
of the segmentation, and often result in poor interfaces between the assembled proteins. On the
other hand, using our approach, we assemble the wntire capsid based on the interface quality, and
by decorating a tiling of the known symmetry and size while ensuring that the assembled shell fits
to the density. This approach results in better interfaces.

For example, we applied both of the techiques to model the Helminthosporium victoriae virus
190S whose EM map and sequence were available. For the first method, VolumeRover [41] was
used to segment the EM-map and then homology models produced by swiss-model were fit into the
segments using PF2Fit [3, 5]. The results are shown in the top row of Figure 20. The middle and
bottom row of the figure shows the results obtained by applying our docking based approach. Our
approach not only results in more symmetric interfaces, it also produces more compact interfaces
at 2-, 3-, and 5-fold locations.

5.5.1 Assembling Multiple Sized Shells Using the Same Protein

In the above sections, we focused our search based on prior knowledge of the target. In figure 21 we
show that our algorithm can easily produce shells of different sizes using the p-tiles. Here we used
the same protein, and the same c-tile but decorated tilings of different complexities and reported
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Native structure of Rice Dwarf Virus
780 proteins

Predicted structure of Rice Dwarf Virus

Another predicted structure of Rice Dwarf Virus
Wrong decoration. Right tiling

Another predicted structure of Rice Dwarf Virus
Wrong tiling (chirality), right decoration

Figure 18: The top row shows the correct and a predicted structure for the rice dwarf virus outer
shell. The bottom row shows two predictions which are incorrect due to wrong geometry (left),
and wrong topology/tiling (right).

the highest scoring models for each size.

5.6 Running Times

Computing lists of possible c-tiles is the most time consuming part of the algorithm. Given a
tiling and lists of c-tiles, decorating the tiles usually finishes within one minute even for really large
p-tiles. As expected, the decoration time does not depend on the total number of tiles, rather on
the number of unique interfaces and of course the size of the 3D tile. Table 2 presents the running
times as well as provides a glimpse of the size of each dataset. The experiments were performed on
a machine with 12GB memory.

6 Conclusion

Our polynomial time, 3D shell assembly prediction solution has several novel features. By char-
acterizing our search space to symmetric decorations of 2D periodic and non-periodic tesselations,
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Figure 19: EM-based prediction of viral shells
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Figure 20: Comparison of segmentation-based methods with ours

we are able to reduce the otherwise potentially huge combinatorial search space to only 6 motion
parameter dimensions, and independent of the number of 3D tiles used to create the assembly.
Furthermore, the use of finite symmetry groups of polyhedra, and their root systems and their
extensions, yields a generalized procedure of subdividing such spherical tilings to have increased
complexity while preserving local symmetries. This allows us to predict 3D shell structures of vary-
ing sizes, typically relevant for tiled domed architectures. We have also successfully applied this
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Predicted capsid 
with T=4

Predicted capsid 
with T=1

Predicted capsid 
with T=39

Figure 21: Shells of different sizes using the same protein

procedure to the prediction of spherical protein shells of biological viruses of different sizes, all of
which exhibit icosahedral symmetry. Our implemented technique has been successful in predicting
the tiling/packing of known and experimentally reconstructed protein shell structures of a fixed
size, and moreover predicts possibilities of different sized shells. In this sense our method provides
emergent solutions for biological discovery. Our shell assembly predictive solution based on mixed
biophysical and knowledge based models, is specially noteworthy in light of the complicated bio-
physical/biochemical interactions between protein structures in nature, and provides testimony to
the stability of such tiled shell structures. Our 3D assembly method is also generalizable to flexible
3D assemblies, wherein the p-tiles are deformable and of parameterized flexibility. Our search space
only increases from 6D with the additive deformation dimensions of a single p-tile.
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