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Maciej Paszýnski(1), David Pardo(2), Carlos Torres-Verd́ın(2),
Leszek Demkowicz(3), Victor Calo(3)

(1) Department of Computer Science,
AGH University of Science and Technology,

e-mail: paszynsk@agh.edu.pl
(2) Department of Petroleum and Geosystems Engineering
(3) Institute for Computational Engineering and Sciences

The University of Texas in Austin

Abstract

The paper presents a new parallel direct solver forhp refined meshes, utilized by a 2D
hp adaptive Finite Element Method (FEM) to solve 3D Direct Current (DC) borehole resis-
tivity measurement problems. The self-adaptivehp FEM generates in a fully automatic mode
a sequence ofhp meshes delivering exponential convergence of the error with respect to the
number of degrees of freedom (d.o.f.) as well as the CPU time.The new parallel solver works
on the three-level elimination tree, distributed into processors: (1) the refinement tree grow-
ing from initial mesh elements, (2) the initial mesh elementtree, and (3) the sub-domain tree
resulting from the domain decomposition. The solver computes Schur complements at every
tree node, by performing partial forward elimination, leaving untouched partially assembled
(or unassembled) d.o.f. The Schur complements are stored attree nodes, and can be re-utilized
when solving subsequenthp meshes (produced by the self-adaptive strategy), when these hp

meshes contain elements that have not been refined, as it typically occurs in real applications.
Execution time and memory usage of the solver are compared against those delivered by the
parallel MUltifrontl Massively Parallel sparse direct Solver (MUMPS) with (1) centralized en-
tries submitted from the host processor, (2) distributed entries submitted from sub-domains,
and (3) the MUMPS based direct sub-structuring method when the parallel MUMPS solver
with distributed entries is utilized to solve the interfaceproblem.

Key words: Parallel direct solvers, Finite Element Method,hp adaptivity, 3D borehole re-
sistivity

1 Introduction

The paper presents a new parallel direct solver designed forthehp Finite Element Method (FEM) [5].

Sequential and parallel 2D and 3Dhp adaptive FE codes [6, 20, 19, 18] generate automatically a
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sequence of optimal FE meshes providing exponential convergence of the numerical error of the so-

lution with respect to the CPU time and the mesh size, expressed in terms of the number of degrees

of freedom (d.o.f.). A sequence of meshes is automatically generated by the computer by perform-

ing h or p refinements. Theh refinement consists of breaking a finite element generating several

new smaller elements;p refinement consists of increasing the polynomial order of approximation

over some finite element edges, faces, and interiors. As we refine the grid, the number of finite

elements increase and the polynomial orders of approximation associated to each edge and interior

change.

The fully automatichp adaptive algorithm [6] delivers a sequence of optimalhp-meshes that

enables accurate approximation of challenging engineering problems. However, the computational

cost needed to solve the problem of interest over this sequence of meshes is large. Thus, there is a

need to utilize efficient parallel direct solvers.

Before describing the idea of our new solver, we begin with a short introduction of existing

direct solution methods. Single processor direct solvers for FE computations are typically frontal

solvers or multi-frontal solvers. Thefrontal solver[11, 7] browses finite elements, one-by-one, to

aggregate d.o.f. Fully assembled d.o.f. are eliminated from the single front matrix. Themulti-frontal

solver[9, 8] constructs the assembly tree based on the analysis of the geometry of the computational

mesh. Finite elements are joint into pairs and fully assembled d.o.f. are eliminated within frontal

matrices associated to multiple branches of the tree. The process is repeated until the root of the

assembly tree is reached. Finally, the common interface problem is solved and partial backward

substitutions are recursively called on the assembly tree.

Parallel direct solvers can be either executed on the computational mesh partitioned into sub-

domains or on a single piece of data. The domain decomposition can be done with either overlapping

or non-overlapping sub-domains [10].

The sub-structuring method[10] utilized over non-overlapping sub-domains consists of elim-

ination of the internal d.o.f. of each sub-domain with respect to the interface d.o.f., followed by

solving the interface problem, and finally solving the internal problems by backward substitution

on each sub-domain.

The elimination of the sub-domains internal d.o.f. can be either performed by the frontal

or multi-frontal solver. Multiple fronts solveris the parallel solver working on multiple non-

overlapping sub-domains, performing partial frontal decomposition on each of the local matrices,

summing up the local contributions to the interface problem, and solving the interface problem by

using the frontal solver [21].

The interface problem can be solved either by the sequentialor parallel solver. The sub-

structuring method with a single instance of a parallel direct solver used to solve the interface

problem is called thedirect sub-structuring method[10].
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Following [10], the execution of a massively parallel multiple frontal solver on the complete

system with distributed entries is referred assparse direct method.

An example of a multi-frontal solver that can be executed either on a single processor, or as a

massively parallel solver on multiple processors is the MUMPS solver [1, 2, 3, 14]. A comparison of

a direct sub-structuring solver (where several sequentialinstances of MUMPS are called in parallel

to build local Schur complement matrices, and a single parallel instance of MUMPS is called to

solve the distributed unassembled global Schur complementsystem) with a sparse direct method

(utilizing a single parallel instance of MUMPS to solve the global problem) is presented in [10].

The paper illustrates how the direct sub-structuring is faster than the execution of the massively

parallel multi-frontal MUMPS solver on the complete systemwith distributed entries (called the

sparse direct method by [10]), when applied to a few particular examples.

In this paper we propose a new parallel direct solver. The solver works on the three level

elimination trees: the refinement trees that grow from initial mesh elements each time an element

is h refined; the tree of connectivities of the initial mesh elements; and the tree of connectivities of

sub-domains resulting from the distribution of the computational mesh into multiple sub-domains.

Leaves of the refinement trees are the active finite elements.A root of each refinement tree (that

is, an initial mesh element) is also a leaf of the initial meshelements connectivity tree. A root of

the tree of initial mesh elements connectivities (that is, an entire sub-domain) is also a leaf of the

sub-domains connectivity tree. The solver browses elimination trees starting from the level of active

elements, first through the level of refinements, then through the level of initial mesh elements and

finally through the level of sub-domains. At every tree node,the partial contributions from children

nodes are aggregated, the fully assembled d.o.f. are localized, and the Schur complement of the fully

assembled d.o.f. with respect to the unassembled (or only partially assembled) d.o.f. is computed.

The procedure is recursively repeated until the root of the sub-domains connectivity tree is reached.

Finally, backward substitutions are recursively executedfrom the root node down to the refinement

tree leaves.

The Schur complements computed by the solver are stored at tree nodes. They can be re-utilized

by the solver over the unrefined parts of the mesh, for example, for otherhp meshes generated by

the self-adaptivehp FEM.

The algorithmic differences of the proposed solver with respect to the multi-frontal parallel

solver are the following. First, the proposed solver utilizes the knowledge of the history of initial

mesh element refinements to construct its refinement tree utilized during the elimination. Second,

the solver computes Schur complements at every node of the elimination tree, whilst the multi-

frontal solver performs eliminations within frontal matrices. Finally, the proposed solver is able to

re-utilize partial Schur complements on unrefined parts of the mesh.

The proposed solver has been used on a sequence of automatically generated meshes based on a

new formulation [15] utilized for simulating 3D Direct Current (DC) resistivity borehole measure-
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Figure 1: The logging instrument, borehole, and formation layers with different resistivities. Non-
orthogonal system of coordinates (ζ1, ζ2, ζ3) utilized to reduce 3D resistivity logging measurements
in deviated wells to 2D.

ments [16]. We compare the execution time and memory usage ofour solver against the parallel

MUMPS solver (version4.7.3 with patch obtained from MUMPS Authors [4]) with (1) distributed

or (2) centralized entries executed over the entire problem, and (3) the direct sub-structuring method

with parallel MUMPS solver utilized to solve the interface problem. All tests are performed on three

differenthp meshes, with finite elements of various sizes and different polynomial orders of approx-

imation.

2 Problem of interest

We apply our solver to simulate 3D DC resistivity logging measurements in deviated wells, a chal-

lenging petroleum engineering problem. The problem consists of solving the conductive media

equation

∇ · (σ∇u) = −∇ · J imp (2.1)

in the 3D domain with different formation layers presented in Fig. 1. The resistivity logging tool

with receiver and transmitter electrodes is moving along the borehole. The electromagnetic waves

generated by the transmitter electrode are reflected from formation layers and recorded by the re-

ceiver electrodes. Of particular interest to the oil industry are 3D simulations of resistivity mea-

surements in deviated wells, where the angle between the borehole and the formation layers is not

perpendicular (θ0 6= 90deg).

Three non-orthogonal systems of coordinates presented in Fig. 1 are introduced [15]. The

variational formulation with respect to the electric potential u in the new system of coordinates can

4



be expressed in the following way

Find u ∈ uD + H1
D (Ω) :

<
∂u

∂ξ
, σ̂

∂v

∂ξ
>=< v, f̂ > ∀v ∈ H1

D (Ω) . (2.2)

Here the electric conductivity of mediâσ := J−1σJ−1T , the right-hand-sidêf = f‖J‖ with

f = ∇J imp being gradient of the impressed current, are defined by using

J =
∂ (x1, x2, x3)

∂ (ζ1, ζ2, ζ3)
(2.3)

the Jacobian matrix of the change of variables from the Cartesian reference system of coordinates

(x1, x2, x3) to the non-orthogonal system of coordinates(ζ1, ζ2, ζ3). The Fourier series expansion

in terms of the quasi-azimuthalζ2 direction is taken with respect to the potential field, material data,

and source term

u (ζ1, ζ2, ζ3) =

+∞
∑

l=−∞

ul (ζ1, ζ3) ejlζ2 , (2.4)

σ (ζ1, ζ2, ζ3) =

+∞
∑

m=−∞

σm (ζ1, ζ3) ejmζ2 , (2.5)

f (ζ1, ζ2, ζ3) =
+∞
∑

n=−∞

fn (ζ1, ζ3) ejnζ2 . (2.6)

The final variational formulation can be expressed in the following way [15]

Find u ∈ uD + H1
D (Ω) :

k+2
∑

n=k−2

<

(

∂u

∂ξ

)

k

, σ̂k−n

(

∂v

∂ξ

)

n

>L2(Ω2D)=< vk, f̂n >L2(Ω2D) ∀vk. (2.7)

We use 2Dhp-adaptive grids over the meridian components (ζ1, ζ3) of the solution, and a uniform

grid over the quasi-azimuthal component (ζ2) of the solution, with a fixed number of basis functions.

These basis functions for the quasi-azimuthal component (ζ2) correspond to the basis functions of a

Fourier series expansion in a non-orthogonal system of coordinates. See [15] for details.

3 hp finite element meshes and the elimination tree

As mentioned before, the solver presented in this paper is applied to optimal 2Dhp-meshes with a

fixed number of basis functions in the third (quasi-azimuthal) spatial dimension. The rectangular

2D hp finite elementconsists of four vertices, four edges and one interior. The polynomial orders

of approximation on the four edges of an elementK are denoted bypK
i i = 1, ..., 4. The interior
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Figure 2: An example of the rectangularhp finite element. Four vertices, two horizontal edges with
polynomial order of approximationp = 3, two vertical edges withp = 2 and the interior with
ph = 2 andpv = 2.

of an element has two polynomial orders of approximation, inthe horizontal and vertical direc-

tions, denoted as
(

pK
h , pK

v

)

, respectively. An example ofhp finite element with horizontal orders of

approximation equal to2 and vertical orders equal to3 is presented in Fig. 2.

The parallel solver introduced in this paper is applied tohp meshestypically containing many

hp finite elements. Thehp mesh is decomposed into multiple sub-domains. The load balancing is

performed based on the computational cost estimation over each finite element, related to the cost

of integration and the cost of elimination of interior d.o.f. [17] which can be expressed by

cK =
(

pK
h + 1

)3 (

pK
v + 1

)3
. (3.8)

The presented computations are performed on regular rectangular geometries, thus, we simply order

all finite elements row-wise, and compute a sum of load estimations (3.8) over all finite elements

K ∈ Th.

ctotal =
∑

K

(

pK
h + 1

)3 (

pK
v + 1

)3
. (3.9)

The total cost (3.9) is divided by the number of processorsNRPROC in order to obtain the average

load per processor.

cave =
ctotal

NRPROC
; (3.10)

All elements are browsed row-wise, assigned to processors,and the element loads are summed up.

Each time the summed load is greater than the average load (3.10), the load counter is re-initialized

and further elements are assigned to the next available processor.

The solver constructs thethree levels elimination treewith the level of sub-domains resulting

from the domain decomposition, the level of initial mesh elements and the level of mesh refinements.

An example of the three-level elimination tree is describedin Fig. 3. In this example, the initial mesh

with four elements has been distributed into two sub-domains. Each finite element has been broken

into four element sons. Different processors are assigned to the leaves of the sub-domain tree. The

parent nodes inherit all processors assigned to child nodes. The lists of processors assigned to tree

nodes are then utilized in the parallel solver algorithm.
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Figure 3: Tree of sub-domains, tree of initial mesh elements, and the refinements tree.

4 Multi level direct sub-structuring multi-frontal parall el solver

Our new parallel solver is described by the following algorithm. The input for the algorithm is the

elimination tree with assigned processors, built on every sub-domain. The procedure is called on

every processor with the root of the elimination tree on the level of sub-domains.

matrix function recursive solver(tree node,level)

select caselevel

case level of sub-domains tree

if only one processor is assigned to tree node then

get root node of tree of initial mesh elements assigned

to current processor

new level = initial mesh elements tree

return recursive solver(root node,new level)

else

reset new matrix

do for each son node of tree node

if son node is assigned to current processor then

matrix contribution = recursive solver(son node,level)

merge matrix contribution into new matrix

if current processor k is the first processor assigned

to tree node then

merge matrix contribution into new matrix

receive matrix contribution from processor 2k + 1

merge matrix contribution into new matrix

else if current processor is the n
2 + 1 processor in the group
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of n processors assigned to tree node then

send matrix contribution to the first processor in the group

endif

endif

enddo

if current processor k is the first processor assigned

to tree node then

decide which d.o.f. can be eliminated from new matrix

compute Schur complement and store at tree node

return Schur complement sub-matrix

endif

case level of initial mesh elements connectivity tree

if only one initial mesh element is assigned to tree node then

get root node of tree of refinements tree assigned to

current initial mesh element

new level = refinements tree

return recursive solver(root node,new level)

else

do for each son node of tree node

matrix contribution = recursive solver(son node,level)

merge matrix contribution into new matrix

enddo

decide which d.o.f. can be eliminated from new matrix

compute Schur complement and store at tree node

return Schur complement sub-matrix

endif

case level of refinements tree

if this is an active element, a leaf of refinement tree then

compute active element local stiffness matrix

decide which d.o.f. can be eliminated from new matrix

compute Schur complement and store at tree node

return Schur complement sub-matrix

else

do for each son node of tree node

matrix contribution = recursive solver(son node,level)

merge matrix contribution into new matrix

enddo

decide which d.o.f. can be eliminated from matrix
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return Schur complement sub-matrix

endif

The algorithm stores partial Schur complements at elimination tree nodes. It is possible to re-

utilize these partial Schur complements on subsequent meshes generated by the self-adaptivehp

FEM. Specifically, each time thehp mesh is refined, the partial Schur complements can be re-

utilized on unrefined parts of the mesh. In other words, it is not necessary to recompute Schur

complements within branches of the elimination tree associated with unrefined parts of the mesh.

We utilize the sequential MUMPS solver [1, 2, 3, 14] to compute Schur complements at tree

nodes. In the current version, the right-hand-side is stored as an additional column of the matrix,

to enforce inclusion of the right-hand-side into the Schur complement procedure, so the matrix

is assumed to be non-symmetric. The Schur complement procedure can be understood as partial

forward elimination that is stopped before processing unassembled d.o.f.





A11 A12 b1

A21 A22 b2

0 0 1



 7→





U11 U12 b̂1

0 Â22 b̂2

0 0 1



 . (4.11)

The MUMPS solver returns to the user thêA22 and b̂2 parts of (4.11), together with the last row

of the matrix. The backward substitution can be executed after replacing the Schur complement

sub-matrix by the identity matrixI and placing the known solution̂x2 coming from the parent tree

node into the right-hand-side:

[

U11 U12

0 I

] [

x1

x2

]

=

[

b̂1

x̂2

]

. (4.12)

Each time we get the Schur complement at any tree node, we turnoff the current sequential instance

of the MUMPS solver to reduce the memory usage. Since MUMPS does not returnU11 andU12 [4],

we recomputeU11 andU12 during backward substitution, by performing full forward elimination

on the tree node sub-matrix. Note that this full forward elimination is much faster than obtaining a

Schur complement, since the MUMPS has much more freedom to select optimal ordering of d.o.f.

(this time non-assembled d.o.f. are also eliminated).

5 Numerical experiments

5.1 Measurements for our new parallel solver

The proposed solver has been tested on the followinghp meshes on the LONESTAR [13] cluster

from the Texas Advanced Computing Center (TACC).

1. The first mesh has2304 active finite elements and uniformp = 3 throughout the entire mesh.
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Figure 4: Execution times of our new parallel solver, measured on the first mesh.

Figure 5: Maximum memory usage of our new parallel solver, measured on the first mesh.

Figure 6: Execution times of our new parallel solver, measured on the second mesh.
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Figure 7: Maximum memory usage of our new parallel solver, measured on the second mesh.

Figure 8: Execution times of our new parallel solver, measured on the third mesh.

Figure 9: Maximum memory usage of our new parallel solver, measured on the third mesh.
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Table 1: Number of degrees of freedomN and number of non-zero entriesNZ

Mesh First, uniformp = 3 Second, uniformp = 4 Third, non-uniform
N 315,555 1,482,570 51,290

NZ 10,745,846 68,826,475 1,666,190

2. The second mesh has9216 active finite elements and uniformp = 4.

3. The third mesh is the optimal mesh obtained by performing10 iterations of the self-adaptive

hp FEM. The mesh is highly non-uniform with polynomial order ofapproximation varying

from p = 1, ..., 8.

We employ10 basis functions in the azimuthal direction on every mesh. The angle between the

borehole and the formation layers isθ0 = 60 deg.

There are576 initial mesh elements on every mesh. The first mesh has been obtained by per-

forming oneglobal hp refinement, i.e. each initial mesh element has been broken into4 element

sons, and the polynomial order of approximation has been uniformly raised by one (fromp = 2 to

p = 3). It implies the depth of the refinement trees to be equal to2 on the first mesh (see Fig. 3).

The second mesh has been obtained by performing two globalhp refinements, thus the depth of the

refinement tree is equal to4. The third non-uniform mesh presented in Fig. 10 has been obtained by

performing multipleh, p or hp refinements (selected by the self-adaptivehp FEM algorithm). The

number of d.o.f. as well as the number of non-zero entries arepresented in Tab. 1.

The measurements presented in Figures 4, 6, and 8 describe the maximum (over processors) time

spent for sequential elimination over refinement trees and over sub-domains, as well as the total

time spent on backward substitutions, including regeneration of LU factorizations by performing

full forward eliminations. The logarithmic scale is utilized for time in these figures. Figures 5,

7, and 9 display the maximum memory usage, where the maximum is taken over all nodes of the

distributed elimination tree.

From presented measurements it follows that our new parallel solver scales very well up to

maximum number of utilized processors, both in terms of the execution time and memory usage.

5.2 Comparison with different versions of parallel MUMPS solver

Our new solver has been compared with three versions of parallel MUMPS solver:

1. The parallel MUMPS solver with distributed entries (the input matrix stored in distributed

manner, submitted from all processors in assembled format).

2. The parallel MUMPS solver with centralized entries (the input matrix submitted from the host

processor in assembled format).
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Figure 10: The non-uniform optimal mesh. Different colors denote different polynomial orders of
approximation.

3. The direct sub-structuring method with sequential MUMPSsolver utilized to compute the

Schur complements over sub-domains and parallel MUMPS solver with distributed entries

utilized to solve the interface problem.

The ”Preparation” in Figures 11, 13, 17 and 21 stands for integration of local matrices overhp

finite elements. In the case of MUMPS-based direct sub-structuring method presented in Figures

15, 19 and 23 the “Preparation on sub-domains” stands for theintegration, and the ”Preparation of

interface problem” stands for transferring Schur complement outputs into lists of non-zero entries

for the MUMPS parallel solver with distributed entries.

We draw the following conclusions from presented measurements.

1. Our solver is slower than parallel MUMPS solvers in a low number of processors because of

the following reasons:

• Our algorithms generating local numbering of matrices at tree nodes and making deci-

sions about d.o.f. that can be eliminated are not optimized.

• All matrices are assumed to be non-symmetric, to be able to perform the trick described

in Section 4 with the right-hand-side as an additional column, whilst the tested MUMPS

parallel solvers work on symmetric matrices.
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Figure 11: Execution time of the parallel MUMPS solver with distributed entries, measured on the
first mesh.

Figure 12: Minimum and maximum memory usage of the parallel MUMPS solver with distributed
entries, measured on the first mesh.

Figure 13: Execution time of the parallel MUMPS solver with centralized entries, measured on the
first mesh.
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Figure 14: Minimum and maximum memory usage of the parallel MUMPS solver with centralized
entries, measured on the first mesh.

Figure 15: Execution times of particular parts of the MUMPS-based direct sub-structuring method,
measured on the first mesh.
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Figure 16: Minimum and maximum memory usage of the MUMPS-based direct sub-structuring
method, measured on the first mesh.

Figure 17: Execution time of the parallel MUMPS solver with distributed entries, measured on the
second mesh.

Figure 18: Minimum and maximum memory usage of the parallel MUMPS solver with distributed
entries, measured on the second mesh.
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Figure 19: Execution times of particular parts of the MUMPS-based direct sub-structuring method,
measured on the second mesh.

Figure 20: Minimum and maximum memory usage of the MUMPS-based direct sub-structuring
method, measured on the second mesh.

Figure 21: Execution time of the parallel MUMPS solver with distributed entries, measured on the
third mesh.
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Figure 22: Minimum and maximum memory usage of the parallel MUMPS solver with distributed
entries, measured on the third mesh.

Figure 23: Execution times of particular parts of the MUMPS-based direct sub-structuring method,
measured on the third mesh.

Figure 24: Minimum and maximum memory usage of the MUMPS-based direct sub-structuring
method, measured on the third mesh.
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• The backward substitution is accompanied by additional full forward elimination, nec-

essary to regenerate the structure of the LU factorization.

• The sub-domains tree as well as initial mesh elements trees in the current version of the

solver are constructed by a simple algorithm that builds binary trees based on the natural

order of elements. In other words, the order of elimination of d.o.f. within these trees

may be not optimal.

On the other hand, our solver scales very well up to maximum number of utilized processors,

and becomes up to two times faster than the MUMPS solver for a large number of processors

(57 seconds for our solver on the second mesh versus112 seconds of the parallel MUMPS

with distributed entries).

2. The MUMPS parallel solver with distributed entries scales in a very similar way to the

MUMPS parallel solver with centralized entries.

3. The MUMPS-based direct sub-structuring method usually runs out of memory for large num-

ber of processors (it requires more than8096 MB of memory per processor).

4. All presented problems are relatively sparse, and all MUMPS-based parallel solvers reach the

minimum execution time on8 or 16 processors. However, the memory usage for all three

types of MUMPS-based solvers is large. The memory usage usually stabilizes for the parallel

MUMPS with distributed or centralized entries, but the execution time increases. On the other

hand, the memory usage of our new solver is usually lower thanfor any MUMPS solver.

6 Conclusions and future work

• We proposed a new parallel direct solver forhp FEM, based on the three level elimination

trees: sub-domains, initial mesh elements, and refinement trees. The solver utilizes the knowl-

edge of the history of refinements to construct the third level elimination tree. Future work

involves interfacing of the solver with graph partitioningalgorithms (like METIS [12]) to

optimize the structure of initial mesh elements and sub-domains elimination trees.

• The solver computes partial Schur complements that could bestored at elimination tree nodes

to be re-utilized on unrefined parts of the mesh.

• The solver scales well up to the maximum number of available processors (256), reached

MUMPS execution time and even became twice as fast for the largest considered mesh.

• The solver allowed to minimize the memory usage, and actually utilized less memory than

MUMPS solver. This is crucial in real applications, since wevery often run out of memory

when computing real-life 3D DC borehole resistivity measurement simulations.
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• The new solver could be very easily implemented out-of-core, just by storing partial Schur

complements on disk instead of within elimination tree nodes.
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