CAM AREA A QUALIFYING EXAM
May 28, 1999, 9:00 a.m.—12:00 noon

Work any 6 of the following 8 problems.

1. Prove that if two norms || - ||; and || - ||2, defined on a common vector space V', are equivalent,
i.e., AC2, % > 0 such that

o[y < Crallvlle, vz < Caullv]ly Yo €V,
then the corresponding topologies are identical.

2. Let D = {(z,y,2) : 224+y*>+2> < a®,z > 0}, for a > 0, be a hemisphere in R®. Let v = (zy,32,0).
Compute the surface integral
/ v X ndsS,
oD

where 0D is the (entire) boundary of D, and n denotes the outward normal unit vector on 9D.

3. Solve the following initial-value problem using the Laplace transform. Use the Residue Theorem

to compute the inverse Laplace transform.

r+z+x=0 t>0,
z(0) =1, (0)=1.

4. Define what it means for a sequence {z,}5° ; in a Banach space B to converge weakly to z. Now
suppose that z,, = z. Prove that z,, — z (strongly) if, and only if, ||z,| — ||z]|.
5. Let H be a Hilbert space and U € B(H, H). Show that the following are equivalent.

(i) U*U = I (identity map on H).

(ii) (Uz,Uy) = (z,y) for all z,y € H.

(iii) |Uz|| = ||=|| for all z € H.

o
6. Let ¢ € D, p(x) >0 for all z € R, / o(z)dz =1, and @ (z) = ¢ tp(z/e) for all € > 0.
—o0
(a) If ¢ € D, showthat¢*¢52>¢ase—>0.
(b) If u € D', showthatu*weguase—>0.

7. Find the form of the curve in the plane (not the curve itself), of minimal length, joining (0, 0)
to (1,0) such that the area bounded by the curve, the z and y axes, and the line z = 1 has area
/8.

8. Let f(y) be continuous and strictly increasing on the interval [a,00). Suppose that f(y) ~ y as
y — oo and z > f(a). Let y = y(z) € (a,00) be the root of the equation f(y) = z. Show that

y(z) ~x as x — oo.



