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ABSTRACT

Anisotropicdiffusion hasbeenwidely usedin imagepro-
cessindor its ef ciency of smoothinghenoisyimageswhile
preservinghe sharpedges.In this paperwe will explorea
generalersionof anisotropiadiffusionschemegor vector
valuedimagespasednthepolarcoordinataepresentation
of thevectors.As anexample,we will applyour methodto
colorimagesandshaw its ability of edge-preservingmooth-
ing onvectorvaluedimages.

1. INTRODUCTION

Imagesmoothing asa preprocessingtep,playsaveryim-
portantrole in image processingand other image-related
researchareas. Corventional Gaussianlter [11] canbe
viewed as an isotropic diffusion, making the entire image
uniformly smoothedandthusblurring theimageedges.To
remedythis problem,PeronaandMalik [1] proposedanon-
linearanisotropicversionof the heatdiffusionequationsin
whichthe conductioncoefcient is adecreasindunctionof
themagnitudeof theimagegradient:

AN )
Theelegantpropertyof theanisotropidiffusionscheme
isthatit preseresall importantedgefeaturesvhile smooth-
ing outimagenoises.Dueto this reasonthis approachas
drawn alot of attentionsinceit wasproposedseeg[3, 4, 5]
for examples). While lots of researchwork hasbeende-
votedto thetheoreticapropertiesandpracticalapplications
of this techniquejts extensionto vectorvaluedimageshas
alsobeendiscussedby mary authorg6, 7, 8, 9]. Themost
straightforvard way to extendthe anisotropicdiffusion to
vectorvaluedimagesis to simply apply equation(1) sepa-
ratelyto eachcomponenbf the vectorsover theimagedo-
main. However, it wasshawn that this simple schemedid
not work very well whendifferentconductioncoefcients
wereusedfor eachcomponendf the vectors[10]. Hence,
most anisotropicdiffusion schemedor vectorvaluedim-
agesareusinga commondiffusiontensorwhich combines
theinformationfrom all component®f thevectors.

In the presentpaperwe will considera new type of
anisotropiovectordiffusion,in whichwe build thediffusion
equationaisingthepolarcoordinateepresentatiofmagni-
tudeandorientationseparatelydf thevectorsinsteadof the
conventionalCartesian-coordinatepresentatioasseenn
mostanisotropicdiffusionschemesAs we will seein next
sectionthediffusionscheméasedn corventionalCartesian-
coordinaterepresentatiotis actually a specialcaseof our
diffusion methodbasedon polarcoordinaterepresentation
of the vectors. Furthermore for someparticularapplica-
tions, it is morecorvenientto considerthe diffusionssepa-
rately on magnitudeandorientationof the vectors.For ex-
ample,we have successfullyappliedthis techniqueto gra-
dient vectordiffusion for imagesegmentationwhereonly
2D vectordiffusionwerediscussed?]. Otherapplications
includeextractionof medianaxis of gray-scaléemagesand
constructionof Voronoi diagramsbasedon gradientvector
diffusion (see[13] for detailsof gradientvectordiffusion).
However, thosetopicsareout of the scopeof this paperand
in thefollowing we will concentrat®nthe algorithmof 3D
anisotropiovectordiffusionasanextensionof our pastwork
[2]. Butasanexample,we will considerthe applicationof
our methodin the colorimagesmoothingwherethe RGB
valuesareviewedasa 3D vectorat eachimagepixel.

We organizethis paperasfollows. In next sectionwe
will describethe detailsof the anisotropicvectordiffusion
techniqudin 3D case)basedhepolarcoordinateepresen-
tationof vectors.And then,in section3, we will brie y dis-
cusstheapplicationof ouralgorithmin colorimagesmooth-
ing andsomeresultswill alsobe shavn there. Finally we
give our conclusionandfuture work.

2. ANISOTROPIC VECTOR DIFFUSION

2.1. Analysis

Asweknow, equation(1) saysthatthenew valuel™¢% (z, y)
atpoint (z, y) is determinedy theold valueI°*?(z, y) and
the weightedaverageof the image gradientsin the direc-
tionsfrom (z, y) to eachof its neighbors.Hence,to study
the new vectorvaluesat a point, we just needto studyhow
eachof theneighboringvectorsaffectsthevectorbeingcon-



Fig. 1. lllustrationof differentdiffusionschemes

sidered.Withoutlossof generality we will considera vec-
tor 7 at point (z,y) andoneof its neighboringvectorsus,
(asseenn g.1). Thediffusionschemebasedn Cartesian-
coordinaterepresentatiorof the vectors, makes 7; move
alongthedirectionfrom #; to ¥ andthe new vectorOC is
alinearcombinatiornof #; andvs, if we areusingacommon
conductioncoefcient for the diffusion equationson each
componenbdf the vectors.On the otherhand,the diffusion
schemebasedon polarcoordinaterepresentatiomakesd;
move towardsd, within the planedeterminedy ¥; andvs
but theresultingvectoris anonlinearcombinatiorof #; and
U (showvn asOP in g.1). As we will seein the follow-
ing, the diffusion schemebasedon corventionalCartesian-
coordinaterepresentatiocanactuallybe viewed asa spe-
cial caseof our diffusionschemef we carefullychoosethe
coefcients for diffusion equationson magnitudeand ori-
entationof thevectors,suchthattheresultingvectorO_iJ is
exactlythe sameasthevectorOC.

In thefollowing we will considerthe diffusionschemes
separatelyfor magnituder andorientationd and-y, where
the transformatiorfrom polar coordinate(r,6,y) to Carte-
siancoordinate(z, y, z) is givenby:

z =1 -cos(y) - cos(6)
y =r-cos(y) - sin(6)
z=r-sin(y)

forr >0,v € [-7/2,m/2] andf € (—m, .

2.2. Diffusion Equation on r

Thediffusionequatioronmagnitude- is thesameasclassic
anisotropiadiffusionof scalarvalues:

% = V(Cl (171 . UQ)VT‘), (2)
t

whered,; is thevectorbeingconsideredndvs, is theneigh-
boringvectors.The coefcient ¢, (v, 72) canbechoseras
adecreasindunctionof | Vr | or | ||1]| — ||02]| | asseenn
classicanisotropiadiffusionschemeBut usuallyit is better
to chooser; (.) asadecreasindunctionof ||o7 — T2]|.

(a) for Lemma

(b) for Theoem

Fig. 2. lllustrationof LemmaandTheorem

2.3. Diffusion Equationson 6 and «

Similarto thecorventionalCartesian-coordinateasedscheme,

thediffusionequationon # andy cannotbe diffusedsepa-
ratelyto guarante¢hattheresultingvectorshouldbewithin
the planedeterminedy the vectors; andoneof its neigh-
boring vectorsv,. Assumethe anglebetweens; ands, is
a. Thenwe cancomputehow muchd; will moveto thenew
positionz* (or OF asseenin g .2(b)) alongthe direction
from @3 to 7> by usinga similar stratgyy asin equation(2)
but the coefcient ¢(.) may be differentfrom c;(.). Sup-
posethe valuewe gotis Aa. Now the problemwe need
to solve is thathow to representhe new vectors™ in polar
coordinatesusingthe known ¢; andv,. Keepin mind that
herewe areconsideringonly oneof theneighborsThe nal
positionof vectors; shouldbe determinedy the weighted
averageof all sucht™'s affectedby all the neighboringvec-
tors. In thefollowing we rst give a Lemmawithout proof.
Lemma: Considera point O in 3D spacewith threelines
(OA, OB andOC() passinghroughit (asshavnin g .2(a)).
Supposethe planar angle betweentwo planesAOB and
BOC is¢,and/AOB = 3, /BOC = a. Letybe/AOC.
Thenwe have:

cos(y) = cos(a)cos(B) + sin(a)sin(B)cos(d). (3)

Now let's go backto the problemof how to computethe
polarcoordinategf*, v*) of thediffusedvectorv*, givena
vectord; : (61, y1) andoneof its neighborg); : (62, v2) (as
shavn in g.2(b)). Firstof all, we caneasilycomputethe
anglea betweeny; andds:

a = cos (cos(vy1)cos(ya)cos(61 — 02) + sin(y1)sin(y2)).
(4)

ConsidetthethreelinesOE, OT,OF'. Assumethepla-
naranglebetweerplaneOEF andplaneOET is ¢. Then
by Lemmawe have:

cos(§ — ") = cos(§ — m)cos(Da)+

sm(g — m1)sin(Aa)cos(p), (5)



or equialently,

sin(y*) = sin(y1)cos(Aa) + cos(y1)sin(Aa)cos(p).
(6)

Similarly considethethreelinesOFE, OT, OG andwe have:

cos(5 — 72) = cos(§ — y1)cos(a)+

szn(g — 11)sin(a)cos(yp), @)
or equivalently,

sin(y2) = sin(y1)cos(a) + cos(y1)sin(a)cos(p). (8)

By calculatingsin(a) x (6) — sin(Ao) x (8) we have:

sin(y*)sin(a) — sin(y2)sin(Aa) = sin(y1)sin(a — Aa).

9)
And thus,

sin(yz)sin(Aa) + sin(y1)sin(a — Aa)
sin(a) )

sin(y*) =
(10)

Noticethatequation(10)is trueonly if a # 0 anda # «,
or in otherwords,vectorsy; andv, shouldbeindependent
on eachother

Now let's considerthe threelines OE, OF, OT again.
Olviously the planaranglebetweerplaneOET andplane
OFT is A9, whereAd = |6, —0*| (RemembethatZ/COD
is sometimesotequalto |¢; — 6*| becausd is periodically
de nedon (—m,7]. Butfor simplicity we will ignorethisin
thefollowing). By Lemmawe have:

cos(Aa) = cos(§ —y1)cos(5 —v*)+

sm(g - 'yl)sin(g — *)cos(A0), (11)
or equialently,
cos(Aa) = sin(y1)sin(y*) + cos(y1)cos(y*)cos(AF).
(12)
Soweget:
cos(g) — 0LB0) —sin(n)sin(y) (o

cos(y1)cos(v*)

Notice thatequation(13) is true only if 7y, # +7 and
v* # £% whichmeansy; andv* cannotbeparallelto axis
z. After we know Af, we caneasily nd out8* by either
0, + AB or 6, — A6 (dependingpnwhich sidevectord; lies
on, with respecto vectoray ).

From (10) and(13) we have the following theoremfor
determiningthe new positionof avector“attracted”by one

of its neighbors:

Theorem: Givenavectord; : (61, v1) andoneof its neigh-
borsus : (02, 72), thepolarcoordinateof thediffusedvector
o* : (0*,v*) canbedescribedy:

sin(yz2)sin(Aa)+sin(y1)sin(a—Aa) )
sin(a)

v* = sin"1(
(14)

* _ —1/cos(Aa)—sin(y1)sin(y™)
0 — 01 :*: Ccos ( COS(’Yl)COSt"/*) )

whereq istheanglebetweeny; andds, andAa istheangle
differenceby which #; movestowards#,. |}

As asummaryof thissection)et's supposeve aregoing
to determinethe new position of the vectorv : (6,) at
(z,y). Firstwe needto nd outall the neighborsof (z, y)
using 4-neighborscheme(or other schemes).Eachof the
neighboringvectors(denotedby 7;, i = 1,2,3,4) makes
the vector ¥ rotatealong a speci ¢ directionand thuswe
get: Av;, Ab;, i = 1,2,3,4. Avy;, Af; arecalculatedising
Ay = o7 —y andAd; = 67 — 0, wherey; andd; are
obtainedby equation(14). Thenthe new positionof vector
¥ afterdiffusion (for eachiteration)canbe determinedy:

{ ,Ynew — ,Yold + )\E;}:]- A’Yz

grev =gl £ XYL | AG;

(15)

where0 < X < i for the solutionsto be stable[1]. And
€% is separatelygeterminedy equation(2).

3. EXAMPLE: COLOR IMAGE SMOOTHING

In previoussectionwe described generalersionof anisotropic

vector diffusion basedon the polarcoordinaterepresenta-
tion of a vector This algorithmcanbe appliedto various
typesof vectorvaluedimagesor smoothing.In thissection
we will considerthe colorimagesandshov somesmooth-
ing resultsusingour method.

We will takethesimpleRGB color modelin ourimple-
mentation.Thatmeanghe RGB valuesateachpixel will be
viewed asa vectorfor thatpixel. Someotherauthorscon-
sideredothermorecomplicatedccolor models.For example,
Luccheseand Mitra [12] consideredanisotropicdiffusion
on the complex chromaticityandlightnessof the color im-
ages.Thisidea,in somesensejs very similar to our polar
coordinaterepresentatiof a vectorif we think the mag-
nitudeasthelightnessandthe orientationasthe chromatic-
ity. However, their approactwasdesignedn particularfor
color imagesmoothing,while our vectordiffusion method
can be usednot only for color image smoothingbut also
for otherpurposesuchasimagesegmentatiorandskeleton
extraction.

Fig.3 shavs two noisy color imagesfor testing. Oneis
anarti cial imageandtheotheris arealimage.Bothimages



@ (b)

Fig. 3. Testingimages addedwith randomly geneiated
noises:(a) is anarti cial imageand(b) is arealimage.

@) (b)
Fig. 4. Resultdy usingisotropic diffusion

aredegradedvith randomlygeneratedioises.Theresultsof
isotropicdiffusiononbothimagesareshavnin g.4(a)and
(b), respectiely. It is veryobviousthattheedgesareblurred
althoughtheimagesaresmoothedjuitewell elsaevhere.As
comparedo the isotropicdiffusion, our anisotropicvector
diffusion schemesmoothesut the noisesquite well while
sharpedgesarepresered(see g .5(a) and(b)).

4. CONCLUSION

In this paperwe presentedh generalversionof anisotropic
diffusionfor vectorvaluedimages.Our schemes basedn

(@) (b)

Fig. 5. Resultshy usingour anisotiopic vectordiffusion

thepolarcoordinateepresentationf vectors.As anexam-
ple we testedour algorithmon colorimagefor its ability of
smoothingoutnoises Experimentshavedthatour scheme
had the sameelegantpropertyof corventionalanisotropic
diffusionof scalaimages.We have alreadysuccessfullyap-
plied ourmethodto gradientvectordiffusionfor thepurpose
of image segmentation. Our future work will concentrate
ontherelationshipbetweerour anisotropicvectordiffusion
andconstructiorof Voronoidiagramsaswell asextraction
of medianaxis.
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