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ABSTRACT

Anisotropicdiffusion hasbeenwidely usedin imagepro-
cessingfor itsef�ciency of smoothingthenoisyimageswhile
preservingthesharpedges.In this paperwe will explorea
generalversionof anisotropicdiffusionschemesfor vector-
valuedimages,basedonthepolar-coordinaterepresentation
of thevectors.As anexample,we will applyour methodto
colorimagesandshow itsability of edge-preservingsmooth-
ing onvector-valuedimages.

1. INTRODUCTION

Imagesmoothing,asa preprocessingstep,playsa very im-
portant role in imageprocessingand other image-related
researchareas. ConventionalGaussian�lter [11] can be
viewed asan isotropicdiffusion, making the entire image
uniformly smoothedandthusblurring theimageedges.To
remedythisproblem,PeronaandMalik [1] proposedanon-
linearanisotropicversionof theheatdiffusionequations,in
which theconductioncoef�cient is adecreasingfunctionof
themagnitudeof theimagegradient:
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Theelegantpropertyof theanisotropicdiffusionscheme
is thatit preservesall importantedgefeatureswhile smooth-
ing out imagenoises.Dueto this reason,this approachhas
drawn a lot of attentionsinceit wasproposed(see[3, 4, 5]
for examples). While lots of researchwork hasbeende-
votedto thetheoreticalpropertiesandpracticalapplications
of this technique,its extensionto vector-valuedimageshas
alsobeendiscussedby many authors[6, 7, 8, 9]. Themost
straightforward way to extendthe anisotropicdiffusion to
vector-valuedimagesis to simply applyequation(1) sepa-
rately to eachcomponentof thevectorsover theimagedo-
main. However, it wasshown that this simpleschemedid
not work very well whendifferentconductioncoef�cients
wereusedfor eachcomponentof thevectors[10]. Hence,
most anisotropicdiffusion schemesfor vector-valuedim-
agesareusinga commondiffusiontensorwhich combines
theinformationfrom all componentsof thevectors.

In the presentpaperwe will considera new type of
anisotropicvectordiffusion,in whichwebuild thediffusion
equationsusingthepolar-coordinaterepresentation(magni-
tudeandorientationseparately)of thevectorsinsteadof the
conventionalCartesian-coordinaterepresentationasseenin
mostanisotropicdiffusionschemes.As we will seein next
section,thediffusionschemebasedonconventionalCartesian-
coordinaterepresentationis actuallya specialcaseof our
diffusion methodbasedon polar-coordinaterepresentation
of the vectors. Furthermore,for someparticularapplica-
tions,it is moreconvenientto considerthediffusionssepa-
ratelyon magnitudeandorientationof thevectors.For ex-
ample,we have successfullyappliedthis techniqueto gra-
dient vectordiffusion for imagesegmentation,whereonly
2D vectordiffusionwerediscussed[2]. Otherapplications
includeextractionof medianaxisof gray-scaleimagesand
constructionof Voronoidiagramsbasedon gradientvector
diffusion(see[13] for detailsof gradientvectordiffusion).
However, thosetopicsareoutof thescopeof thispaperand
in thefollowing wewill concentrateon thealgorithmof 3D
anisotropicvectordiffusionasanextensionof ourpastwork
[2]. But asanexample,we will considertheapplicationof
our methodin the color imagesmoothingwherethe RGB
valuesareviewedasa3D vectorateachimagepixel.

We organizethis paperasfollows. In next sectionwe
will describethe detailsof theanisotropicvectordiffusion
technique(in 3D case),basedthepolar-coordinaterepresen-
tationof vectors.And then,in section3, wewill brie�y dis-
cusstheapplicationof ouralgorithmin colorimagesmooth-
ing andsomeresultswill alsobe shown there. Finally we
giveourconclusionandfuturework.

2. ANISOTROPIC VECTOR DIFFUSION

2.1. Analysis

Asweknow, equation(1) saysthatthenew value
������� ������� �

at point ( ���!� ) is determinedby theold value
�#"�$&% ���'��� � and

the weightedaverageof the imagegradientsin the direc-
tions from ( �'��� ) to eachof its neighbors.Hence,to study
thenew vectorvaluesat a point,we just needto studyhow
eachof theneighboringvectorsaffectsthevectorbeingcon-
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Fig. 1. Illustrationof differentdiffusionschemes

sidered.Without lossof generality, we will considera vec-
tor ���� at point ( ���!� ) andoneof its neighboringvectors ����
(asseenin �g .1). Thediffusionscheme,basedonCartesian-
coordinaterepresentationof the vectors,makes ���� move
alongthedirectionfrom ���� to ���� andthenew vector ��	� is
a linearcombinationof ��
� and ���� if weareusingacommon
conductioncoef�cient for the diffusion equationson each
componentof thevectors.On theotherhand,thediffusion
schemebasedon polar-coordinaterepresentationmakes �� �
move towards �� � within theplanedeterminedby �� � and �� �
but theresultingvectoris anonlinearcombinationof �� � and�� � (shown as ���� in �g .1). As we will seein the follow-
ing, thediffusionschemebasedon conventionalCartesian-
coordinaterepresentationcanactuallybe viewed asa spe-
cial caseof our diffusionschemeif we carefullychoosethe
coef�cients for diffusion equationson magnitudeandori-
entationof thevectors,suchthattheresultingvector ���� is
exactly thesameasthevector ��	� .

In thefollowing we will considerthediffusionschemes
separatelyfor magnitude
 andorientation� and � , where
the transformationfrom polar coordinate( 
 ,� ,� ) to Carte-
siancoordinate( ���!� ��� ) is givenby:�� � � � 
 
 �����
� � � 
 ����� � � �

� � 
 
 ����� � � � 
������ � � �� � 
 
������ � � �
for 
 �"! , �$#&%('*),+.- � ),+.-�/ and �0# � '*) � )1/ .
2.2. Diffusion Equation on 

Thediffusionequationonmagnitude
 is thesameasclassic
anisotropicdiffusionof scalarvalues:

� 
��� � � ��� � � ���� � ���� ��� 
 � � (2)

where ���� is thevectorbeingconsideredand ���� is theneigh-
boringvectors.Thecoef�cient � � � ���� � ���� � canbechosenas
adecreasingfunctionof ��� 
 � or �32 ���� 2 ' 2 ���� 2 � asseenin
classicanisotropicdiffusionscheme.But usuallyit is better
to choose� � �54 � asa decreasingfunctionof 2 ��
� '6���� 2 .

A

C

O

b
a

f

B

C

B
g

1v

v2

aDa

T

A
O

x

y

z

*E

F
G

D

(a) for Lemma (b) for Theorem

Fig. 2. Illustrationof LemmaandTheorem

2.3. Diffusion Equations on � and �
Similarto theconventionalCartesian-coordinatebasedscheme,
thediffusionequationson � and � cannotbediffusedsepa-
ratelyto guaranteethattheresultingvectorshouldbewithin
theplanedeterminedby thevector �� � andoneof its neigh-
boringvectors �� � . Assumetheanglebetween�� � and �� � is7 . Thenwecancomputehow much �� � will moveto thenew
position ��38 (or ���9 asseenin �g .2(b)) alongthe direction
from ���� to ���� by usinga similar strategy asin equation(2)
but the coef�cient ���:4 � may be different from � � �54 � . Sup-
posethe valuewe got is ; 7 . Now the problemwe need
to solve is thathow to representthenew vector ��<8 in polar
coordinatesusingtheknown ��
� and ���� . Keepin mind that
hereweareconsideringonly oneof theneighbors.The�nal
positionof vector ���� shouldbedeterminedby theweighted
averageof all such ��<8 'saffectedby all theneighboringvec-
tors. In thefollowing we �rst givea Lemmawithoutproof.
Lemma: Considera point

�
in 3D spacewith threelines

(
��=

,
��>

and
�	�

) passingthroughit (asshown in �g .2(a)).
Supposethe planaranglebetweentwo planes

=?��>
and> �	�

is @ , and A =?��> �CB , A >0�	� � 7 . Let � be A =?�	� .
Thenwehave:

����� � � � �	����� � 7 ������� �DB �FEG����� � 7 �H����� �IB ������� � @ ��4 (3)

Now let's go backto the problemof how to computethe
polarcoordinates� � 8 � � 8 � of thediffusedvector �� 8 , givena
vector �� �KJ � � � � � � � andoneof its neighbors�� ��J � � � � � � � (as
shown in �g.2(b)). First of all, we caneasilycomputethe
angle 7 between��
� and ���� :7 �	�����.L � ������� � � � ������� � � � ������� � � � 'M� � �,EN����� � � � �O����� � � � ����4

(4)

Considerthethreelines
��P � �RQ � ��9 . Assumethepla-

naranglebetweenplane
��PS9

andplane
��PSQ

is T . Then
by Lemmawe have:

����� ��U � 'V� 8 � � �����
��U � 'M� � ������� � ; 7 �OE
����� � ) - 'V� � �H����� � ; 7 �������
� T � � (5)



or equivalently,

����� � � 8 � � ����� � � � ������� � ; 7 � E �����
� � � �H����� � ; 7 ������� � T � 4
(6)

Similarlyconsiderthethreelines
��P � �RQ � ���

andwehave:

�����
� U � 'M� � � �	����� � U � 'V� � �������
� 7 � E
��� � � ) - 'V� � �H����� � 7 �������
� T � � (7)

or equivalently,

����� � � � � �6��� � � � � ������� � 7 � E ����� � � � �H����� � 7 ������� � T � 4 (8)

By calculating��� � � 7 ��� ���
� ' ����� � ; 7 ��� ��� � wehave:

��� � � � 8 �H����� � 7 � ' ����� � � � �H����� � ; 7 � � ����� � � � �H����� � 7 ' ; 7 ��4
(9)

And thus,

����� � � 8 � � ����� � � � �H����� � ; 7 � EN����� � � � �O����� � 7 ' ; 7 ������ � 7 � 4
(10)

Noticethatequation(10) is trueonly if 7
	� ! and 7�	� ) ,
or in otherwords,vectors ���� and ���� shouldbeindependent
oneachother.

Now let's considerthe threelines
��P � ��9 � �RQ again.

Obviously theplanaranglebetweenplane
��P	Q

andplane��9�Q
is ; � , where; � � � � � 'R� 8 � (Rememberthat A �	���

is sometimesnotequalto � � � ' � 8 � because� is periodically
de�nedon � '*) � )1/ . But for simplicity wewill ignorethis in
thefollowing). By Lemmawe have:

�����
� ; 7 � �	����� � U � 'V� � �������
� U � 'M� 8 � E
����� � ) - 'V� � �H����� � ) - 'V� 8 ������� � ; � � � (11)

or equivalently,

����� � ; 7 � � ����� � � � �O��� � � � 8 � E ����� � � � ������� � � 8 ������� � ; � � 4
(12)

Sowe get:

�����
� ; � � � �����
� ; 7 � ' ����� � � � �O����� � � 8 �
����� � � � ������� � � 8 � 4 (13)

Notice that equation(13) is true only if � �
	��� U � and� 8�	��� U � whichmeans��
� and �� 8 cannotbeparallelto axis� . After we know ; � , we caneasily�nd out � 8 by either� � E ; � or � � ' ; � (dependingonwhichsidevector ���� lies
on,with respectto vector ��
� ).

From(10) and(13) we have the following theoremfor
determiningthenew positionof a vector“attracted”by one

of its neighbors:
Theorem: Givenavector ��
� J � � � � � � � andoneof its neigh-
bors �� ��J � � � � � � � , thepolarcoordinateof thediffusedvector��38 J � � 8 � � 8 � canbedescribedby:��� �� � 8 � ����� L

� ����� ��������� ��� ��� ��!"�$# �%� ���&�('%� �%� ���)! L ��!*�
��� �+�,!*� �

� 8 � � � � ����� L � ��- " � � ��!"� L ��� �����('%� ��� �����*.��
- " � ���('%� - " � ��� . � �

(14)

where7 is theanglebetween���� and ���� , and ; 7 is theangle
differenceby which ��
� movestowards ���� .

As asummaryof thissection,let'ssupposewearegoing
to determinethe new position of the vector �� J � � � � � at
( ����� ). First we needto �nd out all theneighborsof ( ����� )
using4-neighborscheme(or otherschemes).Eachof the
neighboringvectors(denotedby �� � , � �0/�� - ��1���2 ) makes
the vector �� rotatealong a speci�c direction and thus we
get: ; � � � ; � � , � ��/�� - ��1���2 . ; � � � ; � � arecalculatedusing; � � � � 8� 'G� and ; � � � � 8� 'C� , where � 8� and � 8� are
obtainedby equation(14). Thenthenew positionof vector�� afterdiffusion(for eachiteration)canbedeterminedby:�� � � ����� � � "�$&% E436587�)9 � ; � �� ����� � � "�$&% E:3;5 7�)9 � ; � �

(15)

where !=< 3 < �
7 for the solutionsto be stable[1]. And
 ����� is separatelydeterminedby equation(2).

3. EXAMPLE: COLOR IMAGE SMOOTHING

In previoussectionwedescribedageneralversionof anisotropic
vectordiffusion basedon the polar-coordinaterepresenta-
tion of a vector. This algorithmcanbe appliedto various
typesof vector-valuedimagesfor smoothing.In thissection
we will considerthecolor imagesandshow somesmooth-
ing resultsusingour method.

We will take thesimpleRGBcolor modelin our imple-
mentation.ThatmeanstheRGBvaluesateachpixel will be
viewedasa vectorfor thatpixel. Someotherauthorscon-
sideredothermorecomplicatedcolormodels.For example,
Luccheseand Mitra [12] consideredanisotropicdiffusion
on thecomplex chromaticityandlightnessof thecolor im-
ages.This idea,in somesense,is very similar to our polar-
coordinaterepresentationof a vector if we think the mag-
nitudeasthelightnessandtheorientationasthechromatic-
ity. However, their approachwasdesignedin particularfor
color imagesmoothing,while our vectordiffusionmethod
can be usednot only for color imagesmoothingbut also
for otherpurposessuchasimagesegmentationandskeleton
extraction.

Fig.3 shows two noisycolor imagesfor testing.Oneis
anarti�cial imageandtheotheris arealimage.Bothimages



(a) (b)

Fig. 3. Testing images addedwith randomlygenerated
noises:(a) is anarti�cial imageand(b) is a real image.

(a) (b)

Fig. 4. Resultsbyusingisotropicdiffusion

aredegradedwith randomlygeneratednoises.Theresultsof
isotropicdiffusiononbothimagesareshown in �g .4(a)and
(b), respectively. It is veryobviousthattheedgesareblurred
althoughtheimagesaresmoothedquitewell elsewhere.As
comparedto the isotropicdiffusion,our anisotropicvector
diffusionschemesmoothesout thenoisesquite well while
sharpedgesarepreserved(see�g .5(a)and(b)).

4. CONCLUSION

In this paperwe presenteda generalversionof anisotropic
diffusionfor vector-valuedimages.Ourschemeis basedon

(a) (b)

Fig. 5. Resultsbyusingour anisotropicvectordiffusion

thepolar-coordinaterepresentationof vectors.As anexam-
ple we testedour algorithmoncolor imagefor its ability of
smoothingoutnoises.Experimentsshowedthatourscheme
hadthe sameelegantpropertyof conventionalanisotropic
diffusionof scalarimages.Wehavealreadysuccessfullyap-
pliedourmethodtogradientvectordiffusionfor thepurpose
of imagesegmentation. Our future work will concentrate
on therelationshipbetweenouranisotropicvectordiffusion
andconstructionof Voronoidiagramsaswell asextraction
of medianaxis.
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