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Preface

The reported studies on non-self adjoint operators have been motivated with a model acous-
tical waveguide problem illustrated in Fig 1. We are looking for pressure p satisfying the
Helmbholtz equation, hard boundary condition (BC) at = 0, initial condition at z = 0, nonlocal
Dirichlet-to-Neumann (DtN) BC at z = L, and an impedance BC at x = a with d being the
impedance constant. The nonlocal DtN BC is formulated in terms of decomposition of the solu-

z
non—local DtN condition

d dp .
9P _9 - Ap-0?p=0 §E=10)dp

Figure 1: Model acoustical waveguide problem.

tion into the waveguide modes and it implies the separation of variables as a method of choice.
Assuming p = X (z)Z(z), we arrive at the eigenvalue problem in z,

X" —w?X =X z € (0,a)
X =0 =0
X —iwdX =0 r=a.

The corresponding standard variational formulation looks as follows.
{ X € HY(0,a)
(XY + (X,Y) —iwdX(a)Y (a) =1+ X+w?)(X,Y) Y € HY(0,a).

What makes the problem non-standard is the fact that the operator on the left is not self-adjoint’.
The standard Sturm-Liouville spectral theory does not apply and we even do not know whether
the system of eigenvectors is complete in H'(0, a) (the energy space). However, we can rewrite
the variational formulation in the operator form:

RX+CX =(1+A+w?)MX

I'The adjoint has a flipped sign in front of the impedance term.
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where R is the Riesz operator in H'(0,a), C' is a compact operator representing the boundary
term and M represents the compact embedding of H'(0,a) into L?(0,a). Upon applying the
inverse R~! to both sides, we obtain:

X+R'CX =1+ +HRITMX .

The left-hand side represents a compact perturbation of the identity operator in H'(0, a), and
the operator on the right represents a compact and self-adjoint operator in H'(0,a). As we
will learn, the completeness of the system of eigenvectors (modes) in H' (0, a) follows from the
Second Keldys Theorem 5.5 concluding these notes.

The notes have been extracted from the book of Gohberg and Krein [2] and the book of Levin
[3]. As a starting point, we assume that the reader is familiar with our textbook [4]. Otherwise,
the notes are self-contained and simply represent my reading of the two books. Many thanks to
Peter Monk for making us aware of these results.

Acknowledgment. The work has been supported with AFOSR Grant FA9550-23-1-0103.

Leszek F. Demkowicz
Austin, March 25, 2024



Chapter 1
Preliminaries

Throughout these notes, X will denote a separable Hilbert space and all considered operators A
go from X into itself, and are bounded,

Ae L(X):={Ae L(X,X) : Aisbounded }.

A subspace V' C X is always assumed to be closed.

1.1 = Introduction

Invariant subspaces of an operator. A subspace V' C X is an invariant subpace of A €
L(X)if
veV = AveV.

Lemma 1.1.
Let P € L(X) be a projection, i.e., P> = P, and Q = I — P be the corresponding projection
onto N (P).

(i) PX is invariant with respect to A iff PAP = AP.
(ii) Assume that PX is invariant wrt A. Then QX is invariant wrt A iff PA = AP.
(iii) Let A = A*, and P be an orthogonal projection. Then
PAP=AP < PA=AP.

In other words, PX is invariant wrt A = A* iff P and A commute.

Proof.

@ (=)
ye PX = AyePX = PAy=Ay

so, PAPx = APz, x € X.
(<) Assume
PAPx = APz, ze€X.

Consequently,
ye PX = PAy=Ay = Aye PX.

1
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(ii) (=) By (),
(I-P)A(I-P) =A( - P) implies

A— AP - PA+PAP =A— AP and,so
——

—AP
—PA =-AP.

(<) Reverse the argument.
(i) (=)
PAP=AP = (PAP)*=(AP)* = PAP=PA = AP=PA.

(<)
AP=PA = PAP=PPA=PA.

QED
Lemma 1.2.
V' be an invariant subspace of A € L(X). Then V* is an invariant subspace of A*.

Proof. Let P be the orthogonal projection of X onto V, and () := I — P. We have,
PAP=AP = (I-P)AP=0

——
=Q
= P A*Q=0
I-Q
= QA'Q=AQ,

i.e., QX = V= is invariant subspace of A*. QED

Lemma 1.3.
Let V be an invariant subspace of A € L(X), P : X — V the orthogonal projection, and
Q=I-P

(a) If two of the operators:
A, PAP+Q, P+ QAQ

are invertible, then so is the third, and

(b)
(PAP+Q)™' =PA'P+Q

(QAQ+P)™! =QA 1Q+P.

Proof. QAP = QPAP = 0 implies
A=(P+Q)A(P+ Q)= PAP+ PAQ + QAQ.
Direct computation shows now that

A= (QAQ + P)(I + PAQ)(Q + PAP). (1.1.1)
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Also,
(PAQ)* =PAQP AQ =0
<~
=0
implies that (I +PAQ) ! exists and equals I — PAQ. Consequently, invertibility of two remain-

ing operators in (1.1.1) implies the invertibility of the third. Once all operators are invertible,

A7l =(Q+ PAP) (I — PAQ)(QAQ + P)~* =

A‘l(QAQ +P) =(Q+ PAP)_I(I — PAQ) =
pPA-! (QAQ+ P)P =P(Q+ PAP)_1 (I — PAQ)P .
—— ——
=04P =p
and so,
PA™'P =P(Q+ PAP)"'P.
Similarly,
(Q+PAP)A™! = (I—PAQ)(QAQ+P)"" =
QQ+PAP)AT'Q =Q( - PAQ)(QAQ+P)™'Q =
=Q+0 =Q
QAT'Q =Q(QAQ+P)'Q.
Now,
Q(Q+ PAP) =Q since Q=Q(Q+ PAP)=@Q ,and
(Q+PAP)'1Q=Q since Q= (Q+ PAP)Q=Q.
Therefore,

P(Q+ PAP)™'P = P(Q+ PAP)~' — P(Q+ PAP)"'Q
=Q

—(Q+ PAP' —Q(Q+ PAP)!
—_—

=Q

= (Q+PAP) - Q

which implies
PAT'P=(Q+PAP)™' - Q

and, so,
(Q+ PAP)™' =PAT'P+Q.

Proof of the other identity in b) is fully analogous. QED

Resolvents. Let A € £(X). The inverse (if it exists and is continuous):
RO\) = (A=)t eL(X),

is called the resolvent of operator A at A. The collection of all A’s for which R(\) exists and is
continuous, denote p(A) is called the resolvent set of operator A. Complement of the resolvent
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set is called the spectrum of operator A. The resolvent set p(A) is an open subset of complex
plane C. Indeed, let Ay € p(A). We have:

A=A =A— AT+ (Ao — NI = (A= XI)T + (Ao — NR(Xo))

where, by the Neumann series argument,
(I+ (Mo —N) => (A=) RF(No),
k=0

for all [\g — A| < ||R(Xo)||~t. Consequently, R()\) exists, and

R\ = (I+ (Mo —MNR(MXo)) 'R(N) = f: o) FREFL(N)
k=0

which proves that R(\) is a holomorphic (analytic) operator-valued function.

The Riesz integral. Let I' be a counterclockwise oriented (ccw) contour enclosing a region
Gr and lying in the interior of the resolvent set of operator A € L£(X). We define the Riesz
integral as:

Pri=—— [ R(\)dA. (1.1.2)

Theorem 1.4 (Riesz).
The following properties hold:

(i) Pr is a projection commuting with A and, therefore,
X=YaZ Y =R(Pr)=PrX
Z=N(Pr)=R(I-Pr)=I-P)X,
and Y, Z are invariant subspaces of A;
e spectrum of A|Y is contained in Gr;
e spectrum 0fA| , lies outside of Gr,
* ifGr, NGr, = O then Pr,, Pr, are mutually orthogonal in the sense that:

Pr,Pr, = Pr,Pr, =0.

1.2 = Polar Representation of a Bounded Operator

Lemma 1.5.
Let A € L(X) and A* denote its adjoint. The following orthogonal decompositions hold:

X = R(A) & N(A*) = R(A7) B N(A). (1.2.3)
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Proof. Let C := R(A)L.

C C N(A*). Let z € C. Then
(,A"2) = (Az,2) =0 VeeX = A"z2=0.
N(A*) C C.Letz € N(A*) andy € R(A), i.e.,y = lim,_,o Azy, ¥, € X. Then
0= (xn,A%2) = (Axp,2) = (y,2)

and, therefore, z € C'. The proof of the second decomposition is analogous. QED

Partially isometric operators. Operator B € L(X) is partially isometric if it maps N'(B)* =
R(B*) isometrically onto R(B). This proves that range R(B) is also closed. By the Closed
Range Theorem, range R (B*) must be closed as well (and equal N'(B)1), so

R(B*) 25 R(B)

is an isometry. One can show, comp. Exercise 1.2.1, that if B is partially isometric then so is
adjoint B*. Moreover, B* B is the orthogonal projection of X onto range R(B*), and BB* is
the orthogonal projection of X onto range R(B).

Polar decomposition. Let A be a bounded operator. Then composition A* A is self-adjoint,
and we can use” the Spectral Theorem for Self-Adjoint Operators (see [4], Theorem 6.11.1) to
define the square root of A* A, i.e., a bounded, self-adjoint operator H such that H 2= A*A. We
have,

| Aul|? = (Au, Au) = (A* Au,u) = (H?u,u) = (Hu, Hu) = || Hul?
which shows that operator

U:R(H)—>R(A), Hzx— Ax,

is an isometric isomorphism. Extending U to R(H) by continuity and setting U = 0 on null
space N'(H*) = N'(H), we obtain a partially isometric operator:

U:X—>R(A).

Lemma 1.6.
The following equalities hold:

R(H) = R(H?) = R(A*A) = R(A").

Proof. We need to prove only the last equality. The second one is trivial and the first one follows
from the last with A replaced by H. One inclusion is immediate,

R(A*A) € R(A*) = R(AA) C R(A").

To prove the reverse inclusion, pick an z € R(A*). By Lemma 1.5,

—
x = lim A*y, yn = X = R(A) & N(4AY)

n—oo
yn:kILI&Azﬁ+y2 e X, 90 e N(AY)

A*yn = A” (kh_g)lo Azﬁ) = lim A*Azz

k— o0

215 there a more elementary argument, we could use ?
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and, so,
r= lim lim A*AzF.
n—o00 k— 00
The double limit presents no problem. Let € = % It follows from the definition of the limit that

there exists y,, such that ||z — A*y, || < §. In turn, there exists 2% such that || A*y,, — A* Azk|| <
<. Setz; := z&. Then

1
o — A" At < [l — A"yl + | A"y — A AZE]| < e= 7.

Consequently,

x=lim A"Az; = 1z € R(A*A).
=00
QED
We arrive at the following result.
Theorem 1.7.
For every A € L(X), there exist unique U, H € L(X) such that:
A=UH, H=H"* and

U maps R(A*) = R(H) isometrically onto R(A) .

Corollary 1.8.
Let A = UH be the spectral decomposition of a bounded operator A. The following identities

hold:
(i) U'A=H,

(i) Hy=UHU*, H=U*H\U where H = (AA*)%,
(i) A=HU, H;=AU".

We leave the proof for Exercise 1.2.2.

Rank (dimension) of a bounded operator. We define the rank 3 of a bounded operator A
as:

r(A) :=dimR(A4).

~—

One can show that (Exercise 1.2.3):
r(A) = r((A*A)?) = r((AA*)3) = r(A*). (1.2.4)

Every finite rank operator A can be represented in the form:

n

Au = Z(uv (bj)qz[}]

j=1
where ¢;,j = 1,...,n, is a basis for R(A), and ¢; € X. Indeed, let 5; € R(A) be a cobasis
of ¢; in the range R(A). Then,

Au="Y"(Au, Bj)p; = (u, By

— —
J J =:¢;

3Gohberg calls it the dimension of operator.
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Exercises
1.2.1. Let A € £(X). Show that the following conditions are equivalent to each other.
(i) A is partially isometric.
(i) A* is partially isometric.
(iii) A*A is the orthogonal projection of X onto R(A*).
(iv) AA* is the orthogonal projection of X onto R(A).

(5 points)

1.2.2. Prove Corollary 1.8.
(5 points)

1.2.3. Prove relation (1.2.4).
(5 points)

1.3 = Regular Eigenvalues of a Bounded Operator

Regular eigenvalue of a bounded operator. An eigenvalue of )\ of operator A € £L(X) is
said to be regular* iff, by definition,

(i) the algebraic multiplicity r of A, i.e., the dimension of its generalized eigenspace X, is
finite;

(i) we have the decomposition:
X=X 2o P Y)\o

where Y}, is invariant subspace of A in which A — Ao/ has a bounded inverse.

Note that decomposition above must be unique, i.e., space Y}, is unique. Indeed, let 7 be an

integer for which operator (A — Agl) | x, 1s nilpotent. Then,
0

(A= AI)"X = (A= AI)" X, +(A = NI)"Yy, ,
—_— ——

=0
and invertibility of A — Ao on Y), implies that (A — \oI)"Y,, = Y),. Consequently,
Yy, = (A=) X.

Theorem 1.9.
The following conditions are equivalent to each other.

(i) Ao is a regular eigenvalue of operator A.
(ii) Ao is an isolated point of spectrum of A, and projector

1
Pay i X = Xa  Pryi= g . 5R(>\)d)\
Cagle

has finite rank.

4Gohberg calls them normal.
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If \o is regular then the projector Py, is surjective, i.e., rank of Py, equals the algebraic multi-
plicity of \o.

Proof. (i) = (ii) Define:
A1 = A‘XA()’ A2 = A‘YAO .

Let n be the smallest integer for which (A; — Agl)™ = 0. Set By = Ay — \oI. We have:
—(A=2X)"I = By =(A—2X)"1
0
= (A=A [A=2)" T+ (X=X)" 'B1+...+ B}

Hence,
n—1

—(A = ADT = (A= X) T T D (A= Xo) B

j=1
On the other hand, as Ay — Ao/ is invertible in Y, we know? that for all \ such that

1

P [P L
A= Aol <, =D T

the inverse (As — A\I)~? exists and it can be represented by the convergent series:
(A =AD"V =Ro+ A= X)R2+ ...+ (A= X)"R} "+ ...
We thus obtain the following representation for the resolvent of operator A,
R(\) =A-AD)"!
=—[A=X)""By "+ ..+ (A= Q) 2B+ (A= Ao) | P

+ i(x — M) RETHI - P)
k=0

where P : X — X, is the linear projection in the direction of Y),. The Riesz integral defines

the desired projection:
1
—— R(X\)d\ =: Py,
270 J|x—xo|=6 ’
where § is sufficiently small.
(i1) = (i) Define:
X>\o = P,\OX, Y)\D = (I — PAO)X-
By the Riesz Theorem 1.4,
e X = XAO D Y>\o ,

. A| X Xy, — X, has a unique eigenvalue A = )\ and its algebraic multiplicity is
0
bounded by dim X,

o (A — AoI)isinvertible in Y),.

5 A standard result for resolvents.
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Finally, if the generalized subspace corresponding to Ao were only a proper subspace of X,
then restriction of A to X, would have an eigenvalue different form A, a contradiction. QED

Corollary 1.10. If \g is a regular eigenvalue of operator A then X\g is a regular eigenvalue of
adjoint A* with the same algebraic multiplicity.

1.4 = Compact operators

By L.(X) we denote the space of compact operators forming a closed subspace of £(X). Recall
some fundamental properties of compact operators.

» Composition of a bounded and a compact operator (in any order) is compact,

Kel.(X),AeL(X) = KAAKe L (X).

* A compact operator has at most a countable set of non-zero eigenvalues. If the number is
infinite, they sequence converges to zero, 0 # A,, — 0 ([4], Theorem 6.10.1).

¢ Each eigenvalue A # 0 has a finite algebraic multiplicity defined as the dimension of the
generalized eigenspace Xy,

X)\ = dlmN((A — )\1)7) )

for sufficiently large r. Elements of the generalized eigenspace are called generalized
eigenvectors®. The actual eigenspace is a subspace of the generalized eigenspace. By
v(A) we will denote the sum of the algebraic multiplicities for all non-zero eigenvalues
(may be infinite).

Volterra operator. A compact operator A is a Volterra operator if it does not have non-zero
eigenvalues.

Lemma 1.11.
Let A be a compact operator. Assume that

X 4 := span{generalized eigenvectors of A} # X |

and let
Qa: X — X3

be the orthogonal projection. Then Q 4 AQ 4 is a Volterra operator.

Proof. Let X5, (A*) denote the generalized eigenspace for adjoint A* corresponding to an eigen-

value \;. Let
X=X, (A @Y; Y= XE(4)

be the unique decomposition of X reducing operator A. Define

Y=Y;.
J

5Gohberg calls them root vectors.
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And so,
fey <« fLX)(A) Vj.
In other words,
1
X=Y®X,4.
Each subspace Yj is invariant wrt A* and, therefore, so is subspace Y. Any eigenvector of
A*|y, 1Y — Y corresponding to a non-zero eigenvalue would also have to be an eigenvector for

A* which is impossible. In other words, A*
as well. Indeed,

v is Volterra. But then operator Q) 4 AQ 4 is Volterra

QAAQav =X = AQav = QaAQv = AQav
implies that () qv is an eigenvector for A* ly, a contradiction. Finally,
QaAQa (= (QaA™Q4)")

is Volterra as well. QED



Chapter 2

Weyl’s Results

2.1 = Weyl’'s Lemmas
The first Weyl lemma is purely algebraic.

Lemma 2.1 (First Weyl Lemma). Let A be a compact operator, and s;,j = 1, ... denote its
singular values in the decreasing order. Let ¢1, . .., ¢y, be arbitrary elements of X. Then

det(Agj, Apy) < s7...s2 det(d;,06) 1<j,k<n. (2.1.1)

Proof. Lete;, j =1,2,... be a complete orthonormal system of eigenvectors of A*A. Expand-
ing ¢; into e;’s, we obtain:

o0

¢; = (dj.eiei,

i=1
ATAg; =) si(¢j.e)e
i=1
Consequently,

(Ag;, Adr) = (A" Ag;, dr) ZS (¢j.€i) (ei, Pr) ZS (65, €i) (Drr€) s

=1 =1
=:Aj
or,
o o
o NN *
Ajk = BjiBri = »_ BjiBj,
i=1 i=1
where

Bji = si(¢j,€:) -
~——
:Z¢'ji

By the Binet-Cauchy Theorem (comp. Exercise 2.1.1),

Bir, Bir, ... Bir, Bii Bl .o Bt
det A = Z det . . det : :
1<r;<ro<...,rp<oo Bnrl Bn,'rg o Bn'r" B:jln B;;n o B:nn

11
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By the multilinearity of determinant and the monotonicity of s;,

Bl'rl Bl,rg cee Blrn Srq ¢’17‘1 Sro cI>1,'r2 cee Sr.,Lq>1'rn
det : = det :
Bnrl Bn,rz ce Bnrn Srq q)nm Sro ‘I)n,rg e Sy, q)n'r'n
Cblrl <I>1,'r2 o cblrn
= SpySry - .. Sy, det :
Snry Pnry oo Py,
<D17‘1 <I)1,'r2 ce <I)17‘n
< 8182 ...8, det .
(Dnrl (I’n,rg ce (I’n'rn

Note that, by semipositive definitness of A, and the Sylvester criterion, all involved determi-
nants are non-negative. Consequently, by the Binet-Cauchy Theorem again,

* *
P Py, e Pupy, P P
detA <s?...s2 E det : . det
1<ri<ro<...,rp<oo ’ ’ * ®
" <I)'fl7”1 (bnﬂ'? e q>'fl7"n d‘r)rln q>r2n

oo
=s2...52 det (Z ‘I>j¢<1>fk> .

i=1

QED.

Recall Spectral Theorem for Compact and Normal Operators ([4], Theorems 6.10.2 and
6.10.3). If A\, denote the eigenvalues of a compact and normal operator A (A, — 0 if the
operator is of infinite rank), the corresponding finite-dimensional eigenspaces X, are orthogonal
to each other, and the operator can be represented in the form:

oo
Au = E AnPpu  (convergence in operator norm)
n=1

where P, : X — X, are the orthogonal projections onto the eigenspaces. In other words, one
can always select (unit) eigenvectors e; in such a way that

Au = Z)\i(u,ei)ei .
i=1

If we complement the eigenvectors e; with an an additional orthonormal basis for null space
N (A), we obtain an orthonormal basis for space X (Resolution of Identity). Recall that or-
thogonal projections and self-adjoint operators are examples of normal operators. The spectral
theorem says that every compact and normal operator is in fact a sum of orthogonal projections.
The spectral representation for the adjoint A* shares the same eigenvectors with the correspond-
ing eigenvalues being the complex conjugates of A;,

Afu = in(u, €;)e; -
i=1
It follows immediately that

A% Au = Z il (u, e)es

i=1

*
Tnl

P .

Tn M
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i.e., vectors e; are also the eigenvectors of A* A, and the singular values of A are
si(A) = || = |(Aes, ei)] .

The next lemma establishes the uniqueness of the relation above. If an orthonormal system is
related to the singular values by the relation above then the operator is normal and e;’s must be
its eigenvectors.

Lemma 2.2. Let A be a compact operator, and s; denote its singular values in the decreasing
order. Let r(A) denote the rank of operator A (possibly infinite). Let ¢;,j = 1,...,r(A) be an
arbitrary orthonormal system in X such that

((Adj, ¢5) = 5;(A) j=1,...,r(4).

Then operator A is normal, and ¢; are eigenvectors of A forming a complete system in R(A).

Proof. We first use the min-max properties of eigenvalues of a self-adjoint operator to establish
that ¢;’s are eigenvectors of A*A corresponding to its eigenvalues s? We start with the first
eigenvalue,

s1(A) = [(A¢1,61)” < [|Ad1|* = (A" Agy, ¢1) < ﬁl@l(z‘l*z‘lsﬁﬁ) = si(4).

Consequently, all inequalities are actually equalities which proves that
A" Apy = s1(A)¢r .
Similarly,

s3(4) = [(Ad2, 2)” < [[Ags|? = (A" Ag2,¢2) < m (A*Ag, ¢) = s3(A)

< ax
ll6l=1, (¢,41)=0
which shows that
A" Ay = s5(A)¢a .
By induction,
A*Ag; = s3(A)g; j=1,2,...7(A),

and, by the same argument,
AA*¢; =53 (A)p; j=1,2,...r(A).

Let now
XO:{UEX(U,¢]):O ]:177T(A)}

denote the subspace of vectors orthogonal to all eigenvectors ¢;. Resolution of identity for the
compact self-adjoint operator A* A (see [4], Theorem 6.10.3) implies that X, = N (A*A) and,
therefore, Xo = N(A*A) = N (A) (Exercise 2.1.2). Repeating the argument for adjoint A*, we
learn that also X, = N (A*).

We claim that any f € R(A) can be decomposed into vectors ¢j,i.e.,

m(A)

F=> (f6))¢;-

Jj=1
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Indeed,
r(A) r(A)
(f =D (f.6))¢5.60) = (£:0:) — > (f. ;)85 =0,
j=1 Jj=1
and, at the same time,
r(A)
(f =D (f:0))85,v) = (f,v) =0 Vve Xo=N(A"),
j=1

since R(A) = N(A*)1. As Xo = N(A*A), and (resolution of identity)
X =span{e;} ® N (A*A),

there must be f — ZT(A)( f,¢;)¢; = 0, the claim has been proved. In particular, for f = A¢;,

r(A)
Ad; =Y (Ad;, br)on
k=1
and, consequently,
r(A)
|AG;11° = (Ad;, Ag;) = > |(Ady, é)I.
k=1

But,
(Agj, ;)1 = s3(A) = (Ad;, Ag)
and, therefore,
(Adj 01) =0 Yk #j.
In conclusion,
Ap; = (A, d5)p; j=1,...,7(A4)

and, by the same token,

A*p; = (A";,05)0; j=1,...,7(A).

Consequently,
r(A) r(A)
Au =) (Au,dy)j = D (u, AT;)¢;
i=1 i=1
j(A) ’ r(A)
= > (u (A", 05)8))05 = Y (A, 65)(u, 6)9;

j=1 j=1

r(A)

Z(A¢Jv ¢j)(u, ¢5)9; -

j=1

The operator A is thus normal, and ((A¢;, ¢;), ¢;) are its eigenpairs. QED.
~—

::/\j
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Let A be a compact operator. Recall that ( A) denotes the sum of the algebraic multiplicities
of eigenvalues A; of operator 4, i.e.,

v(A4) = Z dim X

where X; denote the generalized eigenspaces of operator A corresponding to eigenvalues \;,
e, X; = N((A— X)), for some (finite) 7.
Define now’:

X 4 := span{generalized eigenspaces of A}

and let A denote the reduction of operator A to X 4,
AZ:A|XA : XA%XA.
The following very useful result holds.

Lemma 2.3 (Schur’s lemma).
Let A be a compact operator. There exists an orthonormal basis wj, j = 1,...,v(A), for

subspace X 5 in which the reduced operator A has an upper triangular matrix representation,
AOJj = Qj1W1 +O[jQOJ2+...+(lijUj ] = ].72,...,V(A) (212)

where aj; = (Aw;j,w;j) = Aj(A) .

Proof. Let X be an eigenvalue of A with the corresponding generalized eigenspace X . Choose
Jordan chains for a basis for X,

Agr = A
Adr, =App+dp—1 k=2,...

Orthonormalize now the (collective) basis ¢; using the Gram-Schmidt orthonormalization to
obtain system w;. It follows from the Gram-Schmidt procedure that each vector w; is a linear
combination of vectors ¢y, ..., ¢; and, conversely, each vector ¢; is a linear combination of
vectors wy, . . ., Wj,

j—1
¢; = Bjjw; + Zﬂk;’wk Bjj # 0.
k=1
The relation,
Ag; = X9 (+o5-1)
——r
possible extra term

translates into:

Jj—1 j—1 j—1
BijAw; + 3 BrjAwr = AiBjjw;i + A > Brjwr  (+ > Brj—1w) -
k=1

k=1 k=1

As, for each k < j, Awy, is a linear combination of vectors wy, ! < k < j, multiplying both sides
with w; yields,
Bjj(Awj, wj) = A;Bjj (wj, w;)
N——

=1

7Kohberg calls generalized subspaces root subspaces.
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from which the equality (Aw;,w;) = A; follows. QED

As we may have multiple Jordan chains for an eigenvalue, and we do not attempt to order
them, the Schur orthonormal system may not be unique.

Lemma 2.4 (Second Weyl Lemma).
Let A be a compact operator. Then

M (A) A2(A) .. A (A)] < 51(A) s2(A) ... sp0(A) YVn=1,...,v(A). (2.1.3)

If v(A) = r(A)(< o) then inequality in (2.1.3) turns into equality for all n, if and only if
operator A is normal.

Proof. Letw;, j =1,...,v(A) denote an orthornomal Schur system for operator A4, i.e.,
A(Uj = 1w + ajows + ...+ ajjw;  J= 1,...,1/(14)

where
ajj = (Awj,w;) = A;(4).

By the First Weyl Lemma,
det ((Aw; Awp)T) < s3(A)sa(A)...s2(A) n=1,2,...,v(A). (2.1.9)
The Schur representation and the orthonormality of w; imply that
min{j,k}
(Awj, Awp) = Y (Awj,wr)(Awg, wr).
=1

Consequently, by the Cauchy theorem for determinants,
det ((Auwj, Awe)}) = det ((Awy,w)7) det ((Awp,wn)y ) = | det ((Awj,w0)7) 2.
The upper triangular Schur representation implies now that
det ((Aw;, Awg)}) = M (AP .. A (A

which, along with inequality (2.1.4), proves the first assertion of the lemma.
To prove the second assertion, it is sufficient to notice that the equalities in (2.1.3) imply that

s;(A) = [A;(A)] = [(Awj, w;)]

and apply Lemma 2.2. QED.

Exercises

2.1.1. Formulate and prove the Binet Cauchy Theorem. (5 points)
2.1.2. Show that N/(A*A) = N(A). (1 point)
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2.2 = Weyl’s Majorant Theorem

Lemma 2.5 (Weyl, Hardy, Littlewood, Polya).
Let
D :[—00,00) > R, P(—00)=0

be a convex function.

(i) Leta;,b; €R, j=1,...,w(< 00) be two (weakly) decreasing sequences such that

Then,

(ii) If, additionally, ® is strictly convex, then

Y ) =Y d0b) & a=b j=1...,w.

Jj=1 Jj=1

Proof. Let ®'(x), x € (—o00, 00) denote the left derivative of ®. Recall its standard properties:

* the derivative ®’(z) exists everywhere,
o d'(x) >0,
* the derivative is (weakly) increasing in x.
We claim the following relation between ®(z) and its derivative:
ba) = [ @) = [ (o mdvu).

Let N > 0. Integration by parts,

x N
0< [ @-wd¥ () = [ #Godu— (NP (V)

implies
N
@+ NN < [ @) du= /() - (-N) < B(a)
—-N
and, in turn,
O(x)
P'(—N) <
(=N) < T+ N
Consequently,
lim ®'(-N)=0
N—o00
Similarly,
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implies
limsupy_,  N®'(—N) < ®(z) (< 0).

Passing with z — —o0, we obtain:

limsupy_, oo N®'(—N) <0
—_——
>0

and, therefore,
lim N®'(—N)=0.
N—oo

‘We can conclude that
lim (z + N)®'(-N)=0.

N—o0

Finally, passing with N — oo in

T N
[ @-warw= [ @i+ M@ N
-N —N

—_————

=&(z)—®(—N)

we obtain the desired representation result.
The representation for ®(x) implies :

k o k
ba) = [ (-0 d¥a),

N

J=1

=:Ak(z)
k o k
o) = [ St -a)s d¥).
=1 o0 j=1
J J
=:By(x)

We claim that

Ap(z) < Bg(zr) —oco<z<oo, k=12,....
We proceed by considering three cases.
Case: x < min{ag, by, } follows directly from a; < b;.

Case: by, < x is satisfied trivially, both sides are zero.
Case:

ag+1 <x <ag and bpy <x < by for some p,q < k.

For p > g we have:

j=1 j=1
q
<> by —qr+ (bgp1 — @) + ... + (b — @) = Bi(a)
j:
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whereas for p < ¢,

M=

Ap(x) = a; —qx
j=1
q
<D by —qr— (b1 — ) —... — (by— )
J=1 <0 <0

[
M’E

bj — pTr = Bk(l‘) .

<.
Il
—

We have proved the first part of the lemma. We prove the second part for the more difficult case
w = oco. We have:

Ass(2) =) (aj — )1 < boo(2) =Y (b; — @)+

o0 oo
- =1

[

Jj=

in the sense that, if the right-hand side is finite then so its the left-hand side, and the inequality
holds. Consequently,

o) = [ An@)iv@ < [ B i@ =Y o).

Jj=1 - - Jj=1

If the extreme sides are equal then

implies A, = B and, therefore, a; = b; for all j. QED

We arrive at the main result of this section.
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Theorem 2.6 (Weyl’s Majorant Theorem).
Let A be a compact operator, and \;, s; denote its eigen- and singular values, resp.

(i) Let f(z),x € [0,00), f(0) = 0 be a real-valued function such that
®(t) := f(e'), te€ (—00,00)

is a convex function. Then

k
> A SZ k=1,...,0(A).

Jj=1

(ii) If function ®(t) is strictly convex then equality:
v(A) 0o
DBRICHIEDBFICY
Jj=1 Jj=1

holds if and only if operator A is normal.

Proof. Second Weyl lemma implies that

k k
Zln|)\j\ < Zlnsj
j=1 j=1
Use Lemma 2.5 for a; = In |A;[, b; =Ins;,j =1,...,v(A), to conclude that

k k
OVICYIED SF(Ch

If the inequality above turns into equality then |\;| = s;, and the second Weyl lemma implies
the result. QED

Corollary 2.7. Choosing f(x) = aP,p > 0 in Theorem 2.6, we obtain

k k
Z A (AP < ng%(A) k=1,...,u(A).

Choosing f(x) = In(1 + ra),r > 0 in Theorem 2.6, we obtain

k k
H1+7’|)\ H1+rs] k=1,...,v(4).
7=1

j=1

2.3 = Nuclear Operators

Operator A is called nuclear if A € Cy, i.e., A is compact and

Zsj(A) < o00.

J
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We say that operator A has a finite trace if the series

o0
Z AXJ7 XJ
j=1

converges to a finite value for any orthormal basis x;. Since a permutation of an orthonormal
basis is also an orthonormal basis, the operator has a finite trace if and only if the series above
converges absolutely for any orthonormal basis x ;.

Lemma 2.8. Let H be a bounded linear and nonnegative operator. Then the sum

M2

(Hx;,x5)

j=1

has the same (finite or infinite) value for any orthonormal basis x ; of space X.
The operator H belongs to Cy if and only if the sum above is finite.

Proof. Let ¢, be another orthonormal basis. We have,

> (Hxjix5) Z 12 x5 12 = D03 T 1(H 2 x5, 00) 2
= =

j=1k=1
o0

= ZZ (HE o) = S IH ]2 = S (Hon, ).
k=1j=1 k=1

k=1

Note that the sums above may be finite or infinite.
Assume now that the sum above is finite for an orthonormal basis X ;. We claim first that the
operator must be compact. Indeed, define a series of finite rank operators

n

K,z = Z(vaj)H%Xj .

j=1
Then
1 1 1
[H2z — Kpal = D (@x)Hz2xl < Y 1Hzx]l@, )|
j=n+1 j=n+1
1 1 1
<Y =X P2 el = () (Hxg,xg)Z |l
j=n+1 j=n+1

which proves that K, converge to H 2 in the operator norm. Thus, H 3 and, therefore H as well,
are compact. Choosing for x; the complete system of eigenvectors of H,

00 > Z(HXjo) = Z)\j(H)

we learn that H € Cy. Vice versa, if H € C; then the sum above is finite for the eigensystem.
QED.

We generalize now the result to arbitrary bounded operators.
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Theorem 2.9.
A bounded linear operator A has a finite matrix trace if and only it is nuclear, i.e., A € C1. Then

the sum
o0

> (Axix) (2.3.5)

Jj=1

takes the same value for any orthonormal basis x ;.

Proof. QED.

Matrix trace of an operator. Let A € C;. The sum (2.3.5) is called the matrix trace of
operator A, denoted spA.
The following two properties follow immediately from the definition.

sp(eA+ BB) =aspA+ [spB. (2.3.6)

spA* =spA. 2.3.7)

Hilbert-Schmidt Operators. A bounded linear operator A is a Hilbert-Schmidt operator iff

sp(A*A) < co.
Note that
r(A) o
sp(A*A) = Y M\;(A"A) =D s3(A)
j=1 j=1
and

sp(A*A) = [ Ax; 17 = D (A xi)l
j=1

irk=1

for any ortonormal basis x ;. The number
N
1Al == (sp(A”A))=

is identified as the Hilbert-Schmidt norm of operator A.
Note that

sp((QA)*QA) = sp(A*Q"QA) = sp(A™A),

for any unitary operator (). The composition Q) A of a Hilbert-Schmidt operator A with a unitary
operator () is a Hilbert-Schmidt operator with equal Hilbert-Schmidt norm.



Chapter 3

Elements of Theory of
Entire Functions

In this chapter, we study the Weierstrass infinite product:

oo

(=) = [J 1~ ai)
n=1 n

and its relation with the sequence 0 # a,, — oo of its zeros®. We will study relations between
growth order p of the product:

In1n M
Mu(r) = sup |f(5)]  pi= lim sup, M)

)
|z|=r Inr

convergence exponent ) of the sequence,

1
A=inf{p : Z an ] < oo},
n=1""

and the order p; of its counting function n(r),

. Inn(r
n(r):=#{n : la,| <r}  pr:=lim Sup""”Tsﬂ)

It turns out that A = py, and p equals the two constants in the range (0, 1].
The results in this chapter are reproduced from the book of Levin [3].

3.1 = Jensen’s Formula and the Counting Function
We begin by recalling the Poisson formula for harmonic functions (comp. Exercise 3.1.1),

I O e (S Els
21 Jo ¢ — 2|2

u(z) u(¢) dy (3.1.1)

where ¢ = Re'¥, u is a function harmonic in ball B(0, R) and continuous in B(0, R), and point
z € B(0, R). Direct computation shows that

[ <C+z)
BLZF g .
¢ — 2| (—z

8We will assume once and for ever that |ay, | is (weakly) increasing.

23
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Lemma 3.1 (Schwarz’s formula). -
Let f be an analytic function in a domain D containing B(0, R), and |z| < R. Then

27
IOy

w ) w(¢) dip + iv(0) (3.1.2)

where f = u +iv and ( = Re'?.

Proof. Both sides of the equality are analytic in z. The real parts are equal by the Poisson
formula. If a real part of an analytic function is known then one can integrate the Cauchy-
Riemann equations for the imaginary part which is unique up to a constant. It is sufficient thus
to notice that the imaginary parts of both sides of the formula coincide at z = 0.

Poisson-Jensen formula. Let f be analytic in a domain D containing B(0, R).

Case : f(z) # 0in B(0, R).

Applying the Schwarz formula to analytic function In f(z) (with a predefined branch of In), we
obtain

i) = o [ S mifQ) dvric = Rev,
271’ 0 C - N—_——
=éR1nf<<>
and taking the real part of both sides,
L2 = i
In|f(2)] = 27T/ = In|f(Qldy (= Re™. (3.1.3)

Case : f vanishes at ay,...,a, € B(0,R), f(2) # 0 for |z| = R. Assume
la1| < lag| < ... <lan].

Introduce an auxiliary function

¢0(2) #0in B(0, R) .

H::13
N

| \
o S
EBIES

Check that |¢(¢)| = | f(¢)| and apply formula (3.1.3) to function ¢ to obtain:

2 2 _ 2
In (=) = 1/ KE= 12 1 () + i

2r Jo  IC—z2P
and the final formula expressed in f(z) alone:
12T = 2? 22 —m2z
| )| d | +1:C
ne = g [ Ol 3 g

lam|<R

with properly adjusted brunch cut for the [n function to avoid collision with the roots a,,. Taking
real part of both sides we obtain the Poisson-Jensen formula’:

1 2”ICP—IZIQ
ln|f(z)\—§/0 R |d¢+lz|;R1n

9The formula was derived by the Finnish mathematician Rolf Nevanlinna [1895 — 1980] who named it after Poisson
and Jensen.

— aQm?

(3.1.4)

z—am)
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Jensen’s formula. Case: f(0) # 0.
Setting z = 0 in the Poisson-Jensen formula, we obtain:

2
In |£(0)| = %/O In |f(Re™)| dyp + laéRln‘g'. (3.1.5)
Let a,, € C be now a growing in modulus sequence of complex numbers converging to oo,
|ant1] = lan|,  |an] = o0.
We define the counting function for sequence a,, by:
n(r):=#{n : lay| <7}, r€[0,00).

It is easy to see that n(r) is integer-valued, piece-wise constant, increasing and right-continuous.
The Riemann-Stieljes integral allows us to relate the discrete sum on the right of (3.1.5) to an
integral of the counting function for the sequence of roots a,,,

R R

3 mi:/ 1nEdn(t):n(t)ln§|§+/ ) g

W el Ty / , ¢
=0

Combining the result above with (3.1.5) we obtain the Jensen formula:
R 27
t 1 )
/ ) g 7/ In|f(Re™|dyp —In|f(0)] . (3.1.6)

Case: f(0) = 0 with multiplicity k.
Applying (3.1.6) to f(z)/z*, we obtain a modified version of the Jensen formula,

" n(t) — n(0) _ 1 i M0
/Ofdt—i—n(O)lnR—%/o In|f(Re |d1/)—ln‘ i ‘ (3.1.7)

Recall that the growth of an entire function f is measured with function

M;(r) = max |f(z)| = max[f(z)].

|z|=r |=[<r

Corollary 3.2. Assume additionally | f(0)| = 1. It follows from the Jensen formula that
er t 1 2
/ n®) < L In M;(er) di) = In My (er).
0 0

But,
er er er1
/ @dtZ/ 0 gy zn(r>/ —dt = n(r)Int[;" = n(r).
0 r 0

t

We obtain thus a bound for the counting function for roots of f(z) in terms of its growth function,

n(r) <InM;g(er). (3.1.8)

Exercises

3.1.1. Prove Poisson formula (3.1.1). (5 points)
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3.2 = Convergence Exponent of Sequence of Zeros

Convergence exponent of a sequence. Let 0 # a, — oo be a (weakly) increasing in
modulus sequence converging to infinity. Number

. — 1
A=:tinf{p: Yy < 0o} (3.2.9)
n=1 n

is called the convergence exponent of the sequence a,,. Record a few simple observations:

s If > |a < oo for some 11 > 0, then S < oo for any v > pu. Indeed,

n1|a\”

(oo} (oo} oo
2 T2 <2
ot an‘y ‘an‘” |an|y " =1 an|“

where C is a bound for sequence 1/|a,,|”~* converging to zero.

» The convergence exponent may be infinite. Recall that

as €
a, =Inn<n

for any € > 0. Assume that the series (3.2.9) converges for some ;1 < co. Then

1 < 1
(Inn)* = ner

and, for any finite p, we can find € > 0 such that ex < 1 for which the series on the right
diverges.

¢ The infimum in (3.2.9) may or may not be attained. For instance, for a,, = n, A = 1, but
for 4 = 1 we have the harmonic series which diverges. But for a,, = n In? n, the series
does converge for ;1 = 1 but it does not for any p < 1 (comp. Exercise 3.2.3).

Let n(r) be the counting function of sequence a,,. We define the order p; of n(r) as:

li Inn(r) I Inn(r)
= 11m su — im su .
n Prooo ™ N-oo r>]I\)[ Inr
It follows that, for any € > 0, there exists N such that
Inn(r)

sSup <p1+e

F>N  Inr
and, so,

Inn(r) < (p1 +¢€)lnr r>N = n(r) <rte >N,

i.e.,

as +
n(r) <rP7¢ foranye >0,
At the same time, there exists a sequence 7,, — oo such that

|
lim 2P0m) _
n—oo Inr,
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which implies that, for any € > 0, there exists IV such that forn > N,

Inn(r,) _
p1—6<1n7rn = P < n(ry).
n
We denote this fact as:

pr—c n
r < n(r).

Lemma 3.3.
Assume
oo
> o <o
n=1 |(Zn‘>‘
Then
* n(t) . n(t)

Proof. We have:

n=1
At the same time,
"dn(t)  n(t) - " n(t)
/ PO N 0+>‘/ A1 dt.
0 ‘ , 0

As the left-nad side converges to a number as » — oo, both non-negative terms on the right must

remain bounded. Since,
" n(t)
r— /0 A dt

is increasing (and bounded), it must converge to a number, i.e.,

/Omn(t)dt@o

t)\+1
Consequently,
°dt = n(t)
)\/ t/\+1 < /T prwsy dt -0 asr — .
QED
Lemma 3.4.

Convergence exponent \ of a sequence a., is equal to the order py of its counting function n(r).

Proof. Let X be the convergence exponent of a,,. Let 4 > A. Then

o0
3 <
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and, by Lemma 3.3,

@%0 asr — 00,
re

which implies that the order of counting function p; < pu. Passing with 4 — A, we obtain
p1 < A. On the other hand, for € > 0,

n(t) < tr+s

Therefore, for 4 = p1 + €,

* n(t t
/ n()dt<oo and M—>0 ast — 00.
0 tHt1 tH

It follows from the proof of Lemma 3.3 that

and, therefore, A < p = p; + €. Passing with € — 0, we obtain A\ < p;. QED

Theorem 3.5 (Hadamard).
Convergence exponent \ of zeros of an entire function, equal to the order py of its counting
function, is bounded by the growth order p of the function.

Proof. Recall the estimate (3.1.8),
n(r) <InMjy(er).
We have:

' Inn(r ) Inln M, (er

p1 := lim sup,._)ooTEn) < limsup,._, o #()

Inln My (er) I In(er)
ln(er) r—oo Inr

Inln My(r)
In(r)

= limsup,_,

= limsup, _,

Use Lemma 3.4 to finish the proof. QED

Exercises

3.2.1. (Borel lemma.) Let 0 < a,4+1 < a, be a (weakly) decreasing sequence of non-negative
real numbers such that the series -
D

n=1
converges. Prove that

lim na, =0.
n—oo

(5 points)
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3.2.2. Prove that

oo
1 n(t)
Z |a tA+1 dt < oo
n=1
(2 points)
3.2.3. Show that, for the sequence a,, = n In? n,
= 1 = 1
Z—<oo but ZN oo V,u<1.
ap, an
n=1 n=1
Consequently, the sequence convergence exponent A = 1 and the infimum in defini-

tion (3.2.9) is attained. (2 points)

3.3 = Weierstrass Products

Let 0 # a,, € C be a sequence of non-zero complex numbers increasing in modulus, such that

Z Ia |P+1 ’

n=1
for some natural number p = 1,2, .... The Weierstrass canonical product of genus p is defined
as:
it z
= G(= 3.3.10
)=l (33.10)
where G (u, p) are the Weierstrass primary factors:
1—u p=0,
G(u,p) :== ) ) (3.3.11)
(I-wexplu+ % +...+5] p>0.

Expanding In(1 — w) into its Taylor series at u = 0, we learn that

u?

U
InG(u,p) = ln(l—u)—i—u—f—?—i— :z: %

k

This leads to the following estimate for [u| < 3,

o Jult

k=p+1

JulPH ptl1 | pt+l 1
= p+1 [1+p+22 Jrp+322 +..]
+1
< 2o fulp

Consequently,
p+1 ) | 2 ‘p+1 o

= p+1 Z‘a ‘PJrl'

Note that for |z| < R, and sufficiently large n, [ =| < 3 1 and, therefore, the series above con-
verges absolutely and uniformly in any disk {|z| < R< oo} Consequently, the same holds for
the Weierstrass product which represents an entire function'©.

z

2 (oo}
In [TI(z )|<ﬁz

10Uniformly convergent sequence of analytic functions is analytic.
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Lemma 3.6 (Borel estimates).
The following estimates hold:

In|G(u,0)] <In(1+ |ul)

[P+ (33.12)

In|G(u,p)] <A Ay :=3e(2+1np).

T ul
Proof. Case p = (0 is obvious. Let p > 0.
Case: |u| < ;5. We have (see above):
ol JufP* 1
In|G(u,p)| < Z < e < P
R PR Ty
since

1
<7 -
< 1— [u]

<p+1.

Case: [u| > ;t5. We have:

2 P

In|G(u.p)| < [In(1— )| +]ul + =+ 4 1
—_——

%+%1%+...+$M%+M%)

p—1
§\u|p(p 1) (2-1-%—1—...—&—%),

since

etc. Additionally,

Continuing the estimate above,

1+ [ul
1+ |ul
——

=1

|u‘p+1

=e(2+1np) (1 + Iu\) T

(¥) < e(2+Inp)fuf?

< 3e(2 + Inp) ‘“'T‘l (since 1+ L < 14 2EL = 281 < 3)
N , P P

=:A,

QED
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Theorem 3.7.
Let

> e <

1

n=1 Ian|p

Then the Weierstrass product
) z
ne) = [[ 6(—.p)
n=1 n

converges uniformly on every compact set, and the following estimate holds:

In |TI(2)| < KprP {/0 Z)(T’? dt +r/roo ;(—2 dt} (3.3.13)

with K, :== (p + 1)Ap, r = |z| where A, is the constant from Borel estimates.

Proof. We have already discussed the convergence.
Case: p = 0.

MMMSim@HQ>
_ /Ooo In(1 + 7) dn(?)

oo < n(t) Ty 1 ry_ 1
In(1+ —)n(t)|; +7“//0 Y dt (%(IH(H‘;))—Q(_TH—W
=0

g/ @dt—kr/ @dt.
0 t T t2

Case: p > 0. Borel estimate implies

o0 ’[‘p+1
In |IT <A _
n|lI(z)] < p;|a|p(r+|an|)
= A rPtl /OOM
b o tP(t+r)

t) o > P
_ g et A P+1/
e tP(t—H”)‘O A e T e n(t) dt

n(t) — 0= ﬂ — 0 ast — oo since r is fixed
tp+l tP(t +7)

_ aprp+1{/(:+/jo} L] n(t)dt

<(p+1)Aprp{/0 ﬂdt—kr/rooyzdt}

"p ") " n(t)

since
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and

o P * n(t) 1 1
—— nt)dt < dt t >t = — < —
P e [ s <)

< n() > n(t)
Nt < padNos
r/r tp(t—i—r)?dt_r/r tp+2dt

T ) " ()
/0 Pt D) S/o w4

along with

QED
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Theorem 3.8 (Borel).
Let p € N be the smallest natural number such that

Z |a |P+1

The growth order of the Weierstrass product of genus p for sequence a., is equal to the conver-
gence exponent \ of an,.

Proof. 1t follows from the definition of convergence exponent A of a,, that
p<A<p+1.

Case: A < p+ 1. Pick an € > 0 such that A + ¢ < p 4 1. According to our opening discussion
in Section 3.2 and Lemma 3.4,

n(t) < e
Estimate (3.3.13) implies then
M) < Kl 0() + [ et [ orertan
~ 0 r
asymptotics

<K, {0(1) +

,,,A-i—e—p N ,r>\+e—p
Adte—p p+l—-»A—ce
< rAte.

Case: A = p + 1. Lemma 3.3 implies that

* n(t)
/T t+1dt%0 asr — 00.

In turn, it follows from estimate (3.3.13) that

In My (r) < Kpr? {O(l) + /OT tp("rz dt +r /TOO fogdt} .

However,
1 [7 n(t) " n(t) t ()t ° ()
;/0 1 dt = /0 2 dt = /0 wrz Xl dt < /0 tp+2 dt < o
—— ~—~—
<1,—0asr—oo dominating function

so, by the Lebesgue Dominated Convergence Theorem, the term converges to zero as r — o0.

Since
o

) n(t)
71i>120 R 74 tp+2 dt =0,

we arrive at the asymptotic estimate:

as
In My (r) < erPtt = er?

for any € > 0.
Both discussed cases imply that the growth order of function Mi;(r) is bounded by A. For the
reverse inequality, see the Hadamard Theorem 3.5. QED
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3.4 » Phragmén and Lindel6f Result

Theorem 3.9 (Phragmén, Lindelof, 1908).
Let D be an infinite sector of the complex plane,

D={z:a<argz <} ﬂ—az%

and let f be an analytic function in D, continuous on its boundary'! with the growth:
In My(r) 2 P forp < .
Assume function [ is bounded on the sides of sector D,
lf)| <M ze€0D.
Then f must be bounded by M in the whole sector,
lf ()| <M VzeD.

Proof. Without loosing generality assume

D= {re? : || < a} a:%.

Pick p1 € (p, \) and define
0,(2) = f(z)e %", §>0.
Then (see Exercise 3.4.1 for details),
[ps(2)] < |f(2)] e 711" coma el —alel conprer

As
e
p<p1, cospra>0 (pra<da= 5),

we have _
los(Re®)| < M for sufficiently large R > R(5) .

Maximum Principle implies then
los(2)| <M VzeDp:={re? : r<R, |0 <a}.
As f(2) = ps(2)e??P1, this implies that
|7 (2)] < Medlzl" cosOpi < predlz|™ (cosfOp < 1= eoosr < e).
no dependence upon R

Consequently,
1f(2)] < M in D (notjustin Dg).

Pass with 6 — 0 to get |f(z)] < M. QED

Exercises

3.4.1. Fill in the details of the estimate used in proof of Theorem 3.9 (1 point)

"1"The assumption may be replaced with a weaker assumption that lim sup,_¢|f(2)| <M V(e€aD.
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Macaev’s Results

4.1 « Additional Properties of Singular Values

Schmidt representation of a compact operator'?. Let A be a compact operator, and A =
U H be its polar representation. Let ¢r, k = 1,...,r(H) denote the orthonormal system dense
inR(H),ie

Hu = Z i(u, d;)0; (convergence in norm) .
j=1

Applying the unitary operator U to both sides, we obtain

:Z u, ¢;) U¢]
=1 —w7

where 1); form an orthonormal system in R(A). This is the Schmidt representation (sum, series)
of operator A. Direct computation shows:

u="s;(u,1;)e;
j=1

The representations for operators A and A* imply that
A*Agj =s3¢;  and AA™Y; = s3v;
from which, in turn, follows that s,(A) = s;(A*).

Theorem 4.1.
Let A be a compact operator. Then,

snt1(A) = r'}nrl?}?zn [A— K| =[|A- K, (4.1.1)

where the minimizer K,, equals the n-th partial Schmidt sum of operator A,

K, Zsj (u, @)

12For a derivation avoiding the use of polar representation, see [4], p.587.

35



36 Chapter 4. Macaev’s Results

Proof. Recall the min-max variational property for the eigenvalues of a self-adjoint compact

operator,
[ Av]|

mi 1m .
VCX,dimV=n+lueV |0

Sp+1 =

Let K be a compact operator of rank n. The min-max property implies that

L | 4]
n+1 = 1mn
VCN(K)CX,dim V=n+1ueV ||v]|
_ - A=Ky
= X
VCN(K)CX,dim V=n+1 ueV [l

<A~ K].

To claim the equality, it is sufficient to notice that
n r(A)
lAu =3 sk (A) ()l = 1| S sk(A)(w, )l = sns1(A).
k=1 k=n+1

QED

Corollary 4.2. Let A be a compact operator, and let T be an operator of rank r. Then

Snar(A) < sp(A+T) < sp_r(A). 4.1.2)

Proof. Let K, be the partial Schmidt sum for operator A. By Theorem 4.1,
snt1(A) = [(A+T) = (T'+ Kn)|| 2 sntr1(A+T), n=0,1,....
Trading A for A + T, we obtain,
Snt1(A+T) > spyri1(A), n=0,1,....

The two inequalities imply (4.1.2). QED

Corollary 4.3. Let A, B be two compact operators. The following inequalities hold:
5m+n—1(A+B)SSm(A)+5n(B) m,n=1,2,...
5m+n—1(AB) § Sm(A)Sn(B) m,n = 1727---

In particular,

sp(A9) < s‘[%_H](A) n=12,....

Proof. Let K1, K5 be the (m — 1)- and (n — 1)-dimensional operators such that
Sm(A) = |A— K| and s(B) = |[B — K]
Then
Smin—1 < [A+B— (Ki+Kp) || <[[A= K[| +[|B - Kaf| = sm(A) + sn(B).
N

of rank<m+n—2
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Similarly, since
(A—K1)(B— K3) = AB — AK> — K{(B — K3)

and the rank of AK, + K1(B — K>) is bounded by m + n — 2, we obtain
Smin 1(AB) < [|AB — AKs — Ky(B — Ka)|| < 1A — K| |1B — Kall = sm(A)sn(B).

By induction,
Sqn—(q—1) (Aq) < S’gL (A)

from which the last inequality follows. QED

4.2 » Determinant of an Operator

Class C,, of compact operators. We say that a compact operator A belongs to class C,,, for

some p > 0, if
oo
Z sh(A) < o0
n=1

where s,,(A) are the singular values of the operator.
Let A € C;. We define,

det(I — A):= [T (1 = (4)) (4.2.3)
where the right-hand side converges, see below.

Characteristic determinant of operator A is defined as:
Da(z) =det(I — zA). (4.2.4)

We have,

A)])

o
D>
8“::;
ey
+
x
;

H(1 +z2]s;(A)])  ( Corollary 2.7)

j=1
< exp(|z| Zs]

The characteristic determinant D 4(z) is a Weierstrass canonical product of genus zero. Recall
that compact operator A is a Volterra operator if it does not have non-zero eigenvalues. Then
det(I— A)=1and Ds(z) = 1.

4.3 = A Resolvent Estimate

Theorem 4.4.
Let A € Cy. The following estimate holds:

I(T = =A4)7 <

H (14 2] s;(A (4.3.5)

\DA
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Proof. Let ¢, be unit vectors and £ > 0. Consider operator
A=A+ E(L)o.

By Corollary 4.1.2,
sj+1(A1) < s;(A).

Also,

s(A) = min [ Avul] < min ([ Aul + €0 9)0]) < min [ Au] +€ = s1(4) +¢

Consequently,

|Da, (2)] < (1 + [2|(s1(A H 1+ |2]5;(A (4.3.6)

By a generalization of the Cauchy theorem for determmants,

det((I — 2zA1)(I — zA)™1) = %:((5)) .
At the same time,
det((I — zA1)(I — zA)™Y)  =det((I — zA — 2£(-,))(I — zA)™h)
= det( — 2£(- ¥)p(I — zA)71)

=det(I — 2¢((I — zA)~ " )¢
rank 1 operator

=1-2¢((I - 24)""¢, ).

The last equality follows form the fact that the rank one operator ((1 — zA)~!- 1))¢ has a single
eigenvector ¢ with the corresponding eigenvalue equal ((I—2A)~1¢, ). Consequently, utilizing
estimate (4.3.6), we obtain,

2(I = 2A) 7', 9)| <

Letting £ — oo, and dividing both sides by |z|, we obtain

oo

(I —z4)~ ¢w|_

Taking supremum with respect ¢ and ¢, we obtain the final estimate. QED

Corollary 4.5. For a Volterra operator A, D 5(z) = 1, and the estimate reduces to

I —2A)7] < H(l +2155(4)) - 4.3.7)



4.4. Macaev’s Result 39

4.4 = Macaev’s Result

The following crucial theorem is stated in [2], p.244.

Theorem 4.6 (Macaev).
Let A be a compact Volterra operator and p > 0 an arbitrary number. If

sn(A) = O(rf%) ( or O(Tf%))

then,
In Ma(r) = O(7'p+[p])l3 (or o(rpﬂp])) .

I have managed to reproduce the proof under the stronger assumption A € C,,, and a technical
assumption that the convergence exponent ) of sequence s,, 1 (A) is strictly less than p. Note that,
by Borel lemma (comp. Exercise 3.2.1),

sP(A) <00 = nsP(A) = 0
n=1

= nrsy(A) =0 = sy(A) =o(nr).

Proof. Case: p < 1. By the Borel Theorem 3.8, the growth order p of Weierstrass canonical
product of genus 0,

H=) = [Ja- ) = [0 -2s(4)  an=s."(4),
n=1 n n=1

equals the convergence exponent A of sequence a,,. Note that

o0

Ma(r) = ] (1 +rsa(4)).

n=1

It follows from the definition of growth order p that
In My (r) a_<S rPte.

Under the additional assumption on p < p, for p + € < p, we obtain:

as

In My (r) < rPte = P ppte P
——

—0

and, so,
In My(r) = o(rP).

It remains to apply estimate (4.3.7).
Case: p > 1. Take integer ¢ = [p] + 1, so that p; = g < 1, and consider Volterra operator
B = A?. We have:

1—29B =T - zA) I+ 2A+ ...+ 20714971
(I —2A)"Y =T +2A+...+2071A7 )1 - 29B)~1

1
13Gohberg has O(r? ), a typo ??
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which implies:
q—1

Ma(r) < Mp(r?) > rk|| A%,
k=0
But (see Corollary 4.3),
sn(B) = s, (A7) < s‘[J%H](A) n=12...

and, therefore,

o0 oo o

Z spH(B) < Z 3@4-1](‘4) < qz sp(A) < oo

n=1 n=1 n=1

By the first case result,

ya
q

InMp(r) =o(r<) = InMpg(r?) =o(r?).

Use estimate (4.4.8) to conclude the final result. QED

(4.4.8)
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Keldys’ Results

5.1 =« Keldy$’ Lemma

Lemma 5.1.
Let H be an injective normal compact operator. Assume that almost all characteristic numbers
of H lie outside the open sector:

F:={zeC: 6 <argz <0},
see Fig. 5.1 for illustration. Let T be another compact operator. Then, for every ¢ > 0,

lim ||T(I+zH) =0

|z|—00
uniformly in closed sector

Fo={z2€C:0+e<argz<0y—¢}.

Proof. Recall that
1

d(A,sp(H))
where d(A, sp (H)) is the distance of A to spectrum of operator H. Therefore,
H

d(3,sp(H))

I(H =D~ =

(= =) =

Notice that, for |z| = ¢,z € F, the smallest distance between 1/z and the exterior of F” (and,
therefore, the spectrum of H as well) is attained on the boundary of F'*. This produces a lower
bound for d(%,sp(H)):

1 1
Zlsine < d(= H)).
< Isine < d(-,sp(H))

Consequently,

| =

H
d(%,spH)

PR
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0,
0,

Figure 5.1: Proof of Lemma 5.1: Sector I’ and its image F’ under z — % transformation. The
shaded set illustrates subsector F, for a small e.

By the density of finite rank operators in the subspace of compact operators, for any § > 0, we
can decompose operator into a finite rank operator K and a remainder M such that

5
T=K+M, HM||<§sine.

Representing K using its Schmidt’s sum,

n

Ku=> (u,4;)¢; lgjll=1,i=1,...,n

Jj=1

and introducing an orthonormal basis e; formed by eigenvectors of operator H, we have:
oo
Hu = Z Ai(u,e;)e;
i=1

(I —zH)u = Z(l —z\i) (u, ) e
i=1
I—zH) " 'w = 1—2X) " (u,e)e = Hi U, €;) €;
( ) ;( )7 (u,e) ; o —, (we)

where p; = 1/)\; are the characteristic values of operator H. Select now a sufficiently large NV
such that

o0 2

dsine
Z (i, e)P | < ™ fork=1,...,n

j=N+1

and then a corresponding, sufficiently large 12 such that

N

D

14 0
Mjiz’ |(Vr,e)|? ] < i for|z| >R, k=1,...,N.
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We have,
K- =iyt =3 3 lee)le)
Jj=1k=1 J
3 1
o 0o 5\ 2 - 1
_ 1
I === <30 )| || 2 I(en)P
k=1 \j=1 Hj =
=[£I
But, 1
’ 20 (R I
Hj— = |Z_1—uj_ | ~ sine
s0, 5
|K(I—zH)"'f|| < 3 £
QED

5.2 = Keldys’ Theorems

Let A be a compact operator. We will use the notation:

oo

p(A) ;= inf{p : Z |s;|P < oo} .
j=1
Theorem 5.2 (First Keldys Theorem).
Let
A=H(I+S5)

where H is a self-adjoint compact operator with p(H) < oo, and S is a compact operator. We
assume that A is injective. Then

(i) The system of generalized eigenvectors of A is complete in X.
(ii) For any € > 0, almost all eigenvalues of A lie in the sectors
—e<argz <e€ T—e<argz <m+e€.

If the operator H has only a finite number of negative (positive) eigenvalues, then A has
at most a finite number of eigenvalues in the second (first) sector.

Proof. Injectivity of A implies that I + S must be injective as well. Fredholm alternative
implies that (1 + S)~! exists and it is continuous. Consequently, H is injective as well, and the
eigenvectors of H form a complete system for X. Consider compact operator T := I —(I+5)~!
(comp. Exercise 5.2.1). Lemma 5.1 implies that Ve > 0 37 > 0 such that

zeF.:={e<|argz|<m—e¢, |2|>7} = |TUI-zH)'<g<l.

By the same lemma, if H has only a finite number of negative eigenvalues, set F, can be enlarged
to:
Foo={e<argz<2m—¢, |z|>7}.
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From now on, we will consider this case only. The reasoning for the other case(s) is fully analo-

gous. We have:

I—2A =I+8)"YI+8)—zH(I+S)

= (

=((I+S)" ' —zH)(I+8S)
=(I-T—zH)(I+5)
=(I—zH-T)(I+5)
=[I-T(I—-zH)"'] (I-2H)(I+5)

Now, operator [I —T(I—-zH)~ ] is invertible in set F by the Neumann series argument, oper-
ator (I — zH) is invertible in set F by definition of F, and we have already shown that operator
(I + S) is invertible as well. Consequently, for z € F,, inverse (I — zA) ™! exists as well and,

> (T - zH)l)”] .

n=q

(I—2zA)'=T4+8)" (I —-zH)!

We have proved thus already the second assertion of the theorem.

By reasoning identical to the one in proof of Lemma 5.1, we can estimate norm || (I —2H)~1|

by ——— which, by the representation above, implies the estimate:
_ I+9)71
I—2A)7Y < ”(7 1— F..
-2 < B2 1-q)  :€F
Denote,

X 4 := span{generalized eigenvectors of A} .

We need to prove now that X 4 = X. Suppose, by contrary, that X4 # X. Let P : X — X4
be the orthogonal projection onto the closed subspace X 4. Lemma 1.11 implies that operator:

A = QAQ, Q:=1—-P,
is a Volterra operator. Consequently, the operator valued function:
2= (I —2A;)7!
is an entire function. By the same Lemma 1.11,
(I —2zA)™' =T —-2QAQ)™"

=(P= Q —2QAQ)!
~—
=Q?=QIQ
=(P+QU - =z4)Q)~"

=QUU—-zA)'Q+P.

Consequently, (I — zA;)~! is bounded in F.. As A; € C, for p > p(H), Theorem 4.6 implies
that
I |(1 = zA1) 7! = of|=[TFT) .

. As ||(I — zA;)~1|| is bounded on the sides of sector F, and we control
il

Choose now € < > +[P]

its growth outside the sector, by the Phragmén-Lindel6f Theorem 3.9, function ||(I — zA;)~
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must be bounded on whole complex plane. But the only bounded entire function is a constant,
and (I —0A4;) ' =1"1'=1s0
(I—zA) ' =1.

This implies that [ = I — zA; and, therefore, A; = 0. But (both PX and QX are invariant wrt
A)’

A =QAQ=QRA=QA

which implies
A Q=0 = A (QX)=0 = QX cCN(4

which contradicts injectivity of A* = (I + S*)H. QED

Jordan chains. Let A be a compact operator, tio an eigenvalue of A with the corresponding
eigenvector vg. Recall that vectors vy, vy, . . . v; form a Jordan chain corresponding to eigenvec-
tor v if

(A—/,L()I)’Uj:’l)j_l jzl,,]f

As the eigenspace X, corresponding to eigenvalue y may be multidimensional, there may be
multiple Jordan chains corresponding to different, linearly independent, eigenvectors vy for the
same eigenvalue p9. Assuming i 7# 0, we may rewrite the definition of the Jordan chain in

terms of the singular value \y = ﬁ

Thus, at the cost of rescaling vectors v;, we may redefine the Jordan chain corresponding to a
singular value \g and eigenvector vy by the relation:

(I—=XAw;=vj_1 j=1,... k.
It follows from the definition that
(I = XA ;=0 j=0,1,...,k.
Conversely, given a vector v such that
(I = XAy =0 and (I —XoA)fv#0
we can reconstruct the corresponding Jordan chain by:
V41 = 0, vj_1 =T —XA)v;, j=k,...,1.

The null space N'((I — \gA)?) is identified as the space of generalized eigenvectors of order
j. The spaces N'((I — M\gA)?) form an increasing sequence. It is known that, if A is com-
pact, this sequence eventually stops growing and becomes constant. The corresponding space
N((I — XoA)7) is identified as the generalized'* eigenspace corresponding to singular value
Ao. Consequently, length k of Jordan chains is limited by the dimension of the generalized
eigenspace.

14Gohberg calls it the root space.
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Keldys chains. In the next theorem we will consider a bundle
L\):=1-T-)\H

where T" and H are compact, and H is injective.
A number \q is a characteristic value of the bundle if there exists a (non-zero) eigenvector
o such that
(I—T—/\()H)JJQ:O < (I—T)JU():/\()H.Z‘Q.

Vectors x1, ...,z form a Keldys chain corresponding to eigenvector xg if

(I—T—AoH)l’j:HZEj_l, ]ZL,]{Z

Case: 7' =0. If H had arange dense in X and the corresponding inverse were bounded'3, we
could apply H ! to both sides of the equation above to obtain:

(Hilonj)Zj:QZj_l, ]:1,,]{3

The Keldys chain would coincide then with the Jordan chain for the inverse H ! corresponding
to eigenvalue A\ and eigenvector x(. But the range of operator H may not be dense in X and/or
its inverse may not be bounded so this simple interpretation of Keldy$ chains, in general, may
not be possible.

Definition of the Keldys chain implies that

(I = X H)* oy = H(I = NH) xpy = ... = H'I = AoH)zo = 0.

Injectivity of H implies thus that vectors zo, . .., zj are also generalized (root) eigenvectors of
operator H. Conversely, let x be a generalized eigenvector of operator H of order k, i.e.,

(I =XoH)* 2z =0 and (I —XH)"z#0.

Setting x;, = x, we define:

k+1
Thp—1 = Z ( . ) (—/\0) H 1l‘k — )\oxk- .

1
=1
We verify that
(I = XoH)xp, — Hrpoy = (I — NoH)* 2 =0

and, consequently,
H(I = XoH)*zp = (I = NH)*Hayy = (I = NoH) 2y, =0.

By injectivity of H this implies that (I — A\gH)*¥zx_1 = 0, i.e., zx_1 is a generalized (root)
eigenvector of order k — 1. Repeating the construction for x = xj_1, we obtain a Keldys chain
of vectors xg, . .., x;. We have proved thus the following lemma.

Lemma 5.3.
Let A be a compact and injective operator. Let \g be a characteristic value of the bundle:
LX) = (I —)\A).

Then the set of all Keldys chain vectors corresponding to \g and linearly independent eigenvec-
tors xo spans the space X of generalized eigenvectors for operator A. In particular, the space
is finite-dimensional.

15 A bounded operator defined on a dense subset admits a unique extension to the whole space.
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Remark 5.4. Notice from the reasoning above that Keldys chains for H do not go into Jordan
chains of H.

Theorem 5.5 (Second Keldys Theorem).
Consider the bundle:
LA):=1-T-\H

where T is an arbitrary compact operator, and H is compact, self-adjoint with p(H) < oo. Then
the system of Keldys chain vectors for the bundle is complete in X.

Proof. We will show that the completeness results stated in the two Keldys theorems are actually
equivalent to each other.
Step 1: We first observe that, without loosing any generality, we can assume that operator I — T’
is injective. Indeed, replacing 7" with T+ a H, a € C, shifts all characteristic values, A = A +a
but does not alter the corresponding generalized eigenspaces. By Lemma 5.1, we can'® find an a
such that

(I —aH)™'T| < 1.

Then
I—(T+aH)=(I—-aH)[I-(I-aH)"'T]

is invertible. Assuming thus that the inverse (I — 7')~! exists and is continuous, we represent it
as
(I-T)'=I1+S8

where S is a compact operator, comp. Exercise 5.2.1. Multiplying bundle L(A\) = I — T — AH
on the left by (I — T')~ !, we get:

(I-T)'L(N)=1-X(I-T)'H.
———
=(I+S)H=:A,

::Ll()\)

Note that the new bundle L;(A) = I — AA; shares with bundle L(X) all eigenvectors and
corresponding Keldy$ chain vectors.

Step 2: It is now sufficient to apply Lemma 5.3 to operator A; and check that operator
A satisfies assumptions of Theorem 5.2. As Keldys chain vectors for A; span the generalized
eigenspace X, the completeness of Keldys chain vectors for A; implies the completeness result
stated in Theorem 5.2. QED

Exercises

5.2.1. Let K be a compact operator. Prove that the inverse of the compact perturbation of identity
I + K (if it exists), is a compact perturbation of identity as well. (1 point)

16Note that || A|| = ||A*]|.
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Chapter 6
Non-orthogonal Bases

6.1 = Introduction to Non-orthogonal Bases
Schauder basis. Let X be a separable Banach space. A sequence ¢; € X,j =1,2,...isa
Schauder basis for space X iff
VeeX dla;,j=12,... : x:sz(bj.
j=1

Numbers x; are the components of x wrt the basis. By assumption, they exist and they are
unique. We will examine now what these assumptions imply about the basis ¢;.
First of all, each component x; defines a linear functional of z,

Y; 1 X = CR), z— ;.

Indeed, if
SU:Z zj ¢; and yzz yi b5,
j=1 ~ j=
=43 (a) =3 (y)
then, for any «, 3,
ar+ By = (ow;+ By; )d; -
=1

=5 (az+pYy)

Define now the partial sum projections:

P,z := ijqﬁj = Zzﬁj(az)qﬁj .
j=1 j=1

The assumed convergence of the series Z;’il x;¢; implies that P,z are bounded uniformly in
n. The Uniform Boundedness Theorem ([4], Theorem 5.8.1) implies that the projections are
bounded uniformly in the operator norm,

P <C j=1,2....
This implies that ¢} are not only linear but also bounded. Indeed,

vjp; = Pie—Piz = |zl o] < (B I+l = [¢7 ()] < 2C]¢5lI 7 1]l -

49
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We also have a lower bound:

i@ 1

>
el llesll

We will change thus the notation from ¢} to 1/1;-. Moving on from the Banach space to a Hilbert
space X, we can introduce now the Riesz representations 1); of P,

by(x) = (z,4;).

Note that by the dual space we mean the space of linear and not anti-linear functionals. We have:

I3 ] = sup (= ¢;).

6117 < [l Il < 2CI 517" - (6.1.1)
We can rewrite the condition defining the basis in the form:
j=1

Vectors ; form thus a biorthogonal sequence to sequence ¢;. The existence of the unique
biorthogonal system /; implies two properties of the Schauder basis (Exercise 6.1.1):

(1) “Linear independence” of vectors ¢;:

¢; & span{¢y, : k # i},

(i) Sequence ¢; is complete in X, i.e.,
(xv(bz):O,ZZl,Q, = x=0.

Theorem 6.1 (Banach).
Vectors 1); form a Schauder basis as well.

Proof. Expansion:

n

(f;45)0; = lim Y (fe;  feX,

Jj=1 Jj=1

M

implies that, for any y € X,

n

(fa X) = HIL}H;O(Z(fv wj)d)jaX)

j=1
= Jim Y (£95)(05.0) = Lim (£, ) (% @5)5) -
j=1 Jj=1
=:QnX

In other words, @, x converges weakly to x, @, x — x. But every weakly convergent sequence
is bounded ([4], Prop. 5.14.2), i.e. [|@nx| < C(x)n = 1,2,.... By the Uniform Boundedness
Theorem, operators (Q,, must be uniformly bounded,

[Qull <C n=1,2,....
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On the other side, representation (6.1.2) implies that vectors »; are complete in X,

(f,))=0 j=1,2,... = f=0.

The completeness condition is equivalent to the density of span of ; in X, i.e.,

N
¥X Ve>0 AN j=1 0 Netx =D el <e.
j=1

Consequently,
J\/’6 Ne
1Qn(x = > Ul = 1Qux — Y 7wy < Ce  ¥n > N..
j=1 j=1

By triangle inequality,

Ne N.
1Qnx = X1l < 1Qux = > Pull 11> el — x| < (C+1e  n> N,

j=1 j=1

which proves the strong convergence Q,x — . Finally, the biorthogonality condition and
completeness of 1); imply that the components in the expansions:

X=> ¢y, ¢ =00,
j=1

are unique (comp. Exercise 6.1.1). QED

Almost normalized sequence. We say that a sequence ¢; € X is almost normalized, if

inf || @]l >0 and  sup ||¢5]| < oo
J

Estimates (6.1.1) imply immediately that, if a basis ¢; is almost normalized then the correspond-
ing biorthogonal basis is almost normalized as well.

Exercises

6.1.1. Biorthogonal sequences. Let X be a Hilbert space. Sequences ¢;,1); are biorthogonal if
(¢i,10j) = 0i5. Let ¢; € X be given. Show that:

(i) A biorthogonal sequence v; exists iff

¢; & span{dp : k#j} .

=:X;

(ii) If it exists, biorthogonal sequence 1); is unique iff ¢; is complete in X, i.e.,
(z,0;) =0, j=12,... = 1=0.

(5 points)
6.1.2. Generalize Theorem 6.1 to Banach spaces. (5 points)
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6.2 = Riesz Bases

A Riesz basis. Let A € £(X) be a linear bounded operator with a bounded inverse, and let
X; be an orthonormal basis in X. For every x € X, we have the unique expansion:

ATl =) (A e g = (@ (A7) ) -

Jj=1 Jj=1

Applying operator A to both sides, we obtain:

.'{ |
e

where ¢; := Ay, and ¢; := (A*)~!x; are now biorthogonal bases. Any basis ¢, that can be
obtained from an orthonormal basis x; by means of such a transformation, is called a Riesz basis.
Note that the biorthogonal basis ¢; being the image of x ; under operator (A*) ™! is automatically
a Riesz basis as well. As

sup |45l <[4 and inf|j¢;]| = HA R
J

every Riesz basis is also automatically almost normalized. If we normalize a Riesz basis to
define:
~ 10} i

%= g0

we obtain a new Riesz basis. Indeed, a map B setting the original orthonormal basis ; into
vectors x; /|| ¢;l:

ji=12,...,

B:X—X, Byx; = i=12,...,

X
151l
obviously represents a bounded invertible operator, and

€Z7j = ABy;

where operator AB is invertible.

Gelfand’s Lemma. Let X be a vector space. Recall that a function p : X — R is a semi-norm
on X, if p is homogeneous and it satisfies the triangle inequality,

plaz) = |a| p(x) acC,zeX (homogeneity)
p(z+y) <p(x) +py) r,y€ X (triangle inequality).

The homogeneity implies that p(0) = 0, and the two conditions imply now that p is non-negative,
p(z) > 0, z € X. Indeed, we have for any z € X,

0=p(0) = p(z —z) < p(z) + p(—2z) = 2p(x).
Every seminorm is also convex,
plaz + (1 —a)y) <ploax) +p((1 - a)y) = ap(z) + (L —a)p(y)  ac[0,1], z,ye X.

We will need the following fundamental result of Gelfand.
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Lemma 6.2 (Gelfand). Let X be a Banach space, and p : X — [0,00), a seminorm on X.
Assume p is lower semicontinuous on X, i.e., for each xy € X and for each € > 0, there exists
6 > 0 such that

p(x) — p(wo) > —€ |l — ol <96

Then there exists C > 0 such that

p(x) < C|l=|| reX. (6.2.3)

Proof. Condition (6.2.3) is equivalent to the boundedness of p on the unit ball. Indeed, if
p(y) < C for ||y|| < 1 then, taking y = x/||z||, we have,

1 T

mp(x) =p(i—p)=ply) <C = p) <C|z.

]

Secondly, we observe that if p were not bounded on the unit ball B(0, 1), then p would not be
bounded on any ball B(zg,d). Indeed, assume to the contrary that

ply) <C  fory € B(xo,0),
Let ||z|| < 1. Then y = x¢ + dx € B(xy, ), and

)

(o) = (50— 20)) = 50y~ 20) < 50(0) + plao)) < 55

a contradiction.

Assume now to the contrary that p is not bounded on the unit ball. Consequently, p is not
bounded on any ball. Choose a point z; € B(0, 1) such that p(z1) > 1. Lower semicontinuity
of p at 1 implies that there exists a sufficiently small p; such that (choose € = p(x1) — 1)

p(z) —p(x1) > 1—p(x1) € B(x1,p1) = p(z) >1 x € B(z1,p1).

We can always assume additionally that B(z1, p1) C B(0,1) and p; < 1. But p is not bounded
on B(z1, p1) either, so there exists xo € B(x1, p1) such that p(z2) > 2. Lower semicontinuity
at zo implies again that there exists po such that B(z2, p2) C B(x1,p1), p2 < %pl , and

p(z) —p(x2) > 2 —p(x2) € Bz, p2) = p(x) >2 x € B(xz,p2),
and so on. We obtain a sequence of balls
B(1,0) oD B(x1,p1) DD B(za,p2) DD ... DD B(xp,pn) DD ...

such that
p(z) >n x € B(zp, pn) -

It follows from the construction that

lla]l <1

[

z2 —z1] < p1 <
z3 — @2]] < p2 < 5p1 < 55
and, by induction,

Hanrl - an < on
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In turn, for & > 0,

|Tnir — Tl < |Tnir — Tpgr—all + oo F |Zngs — 20|
<ottt o = o (s + ...+ 1)
< 1

-1

which implies that x,, is Cauchy and, th_erefore, z, — x, for some x € X. It follows from
the construction that, for every n, © € B(x,, p,) and, therefore, x € B(xy, p,) as well and,
therefore, p(x) > n for every n which is impossible. QED.

Remark 6.3. Note the boundedness of the seminorm is equivalent to its continuity ”. Indeed, if
p is continuous at 0 then there exists § > 0 such that

p(z) =p(x)—p(0) <1 |zl =|z—0] <4.

Consequently, for any x # 0,

é”p(x) :p( oz ) <1 = pc< % ]l -

[l
Conversely, assuming that p is bounded, we have,
p(z) — p(x0) = p(0 + T — T0) — p(20) < P(T0) + P(T — T0) — P(2T0) < C|T — 20|
and, interchanging = with z,
p(xo) — p(z) < Cllzg — zf| = Cf|z — 20|

Consequently, the Gelfand Lemma may be reformulated by stating that any lower semicontinu-
ous seminorm is automatically continuous.

Corollary 6.4. Let p,, (x) be a sequence of continuous seminorms defined on a Banach space X.
Assume that, for every x, p,,(x) is uniformly bounded in n, i.e., there exists C,, > 0 such that

po(z) <Cp Vn. (6.2.4)

Then the pointwise supremum,
p(x) := sup py(z)
n

is a bounded seminorm as well.
Proof. Condition (6.2.4) implies that p(x) is well-defined (it is a real number). Passing to the
supremum in the homogeneity and triangle inequality conditions, we verify immediately that p is

a seminorm. In view of Gelfand’s result, it is sufficient to show that p is lower semi-continuous.
Let ¢ € X and € > 0. It follows from the definition of supremum that there exists /N such that

p(wo) — pn(x0) < g :

In turn, continuity of py at xo implies that there exists 6 > 0 such that

PN (x) = pr (20)] < [l — ol < 0.

DN ™

17The reasoning is identical with that for linear operators.
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Consequently, for ||z — x| < 6,
€ €
p(x) = p(zo) > sup pn(z) — pn(20) — 5 > pn(2) — pnv(@o) — 5 > —€.

QED.

Theorem 6.5 (Bari).
The following five conditions are equivalent to each other.

(i) Sequence ¢; is a Riesz basis.

(ii) Sequence ¢; represents an orthonormal basis in a new inner product norm equivalent to
the original inner product in X.

(iii) Sequence ¢; is complete in X, and there exist positive constants o1, aa such that

n n n
a1 laiP < 1Y zidlF < an) ] layl? (6.2.5)
Jj=1 j=1 j=1
for any n > 0, and any sequence of complex numbers x;, j =1,...,n.

(iv) Sequence ¢; is complete in X, and its Gram matrix:

(fj,dx) Jik=1,... (6.2.6)
represents a bounded invertible operator in (2.

(v) Sequence ¢; is complete in X and it has a complete biorthogonal sequence 1);, and

Z\(m,¢j)|2<oo and Z|(m,wj)\2<oo VeeX.
j=1

Jj=1

Proof. (i) = (ii). Let ¢; = Ax; where x; is an orthonormal basis, and A a bounded linear
operator with a bounded inverse. Define the new inner product as

(($7y)) = (A_lva_ly)'
Then
((B1:05)) = (A7 i, A1) = (xi» x5) = 0ij -

(#3) = (¢4). Let ((-,-)) be the inner product in which basis ¢; is orthonormal. By the equiva-
lence of norms, there exist positive constants (1, 32 such that

Bl Y wids? < (O widin y _widg) = D | < Ball Y w5
j=1 =1 Jj=1 Jj=1 Jj=1

from which the required inequality follows. At the same time, by the equivalence of norms, the
density of span{¢;, 7 = 1,...} in X in norm ((z, x))? implies the density in the original norm.
Consequently, ¢; is complete in X.
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(131) = (@). Let x; be an arbitrary orthonormal basis for X. We define operators A and A,
defined on the spans of x;’s, and ¢;’s by setting x; into ¢; and vice versa,

ZGJXJ Zaﬁﬁj and Zay b;) : ZG’JXJ
By (6.2.5),
A S aix)l> = 11D aigil® < aa Y lail* = 1Y ajx;|?
J J J J

and.

1AL Q- asd)IP = 1) apGl® =D laiP <oty aje5l°,
j j j j

As both sequences x; and ¢; are complete, maps A and A; admit unique continuous extensions
to whole X. Using the continuity argument, we have AA; = A; A = I. Consequently, ¢; is a
Riesz basis.
(z) = (4v). Let A be a bounded invertible operator which carries an orthonormal basis x; into
¢j~ As

(A" Axj. xk) = (Axj, Axk) = (95, bx)
Gram matrix (6.2.6) is the matrix representation of operator A* A in the orthonormal basis ;

and, therefore, it represents a bounded invertible operator in the coefficients space £2.
(tv) = (4it). Let x; be an arbitrary orthonormal basis in X. Define an operator H by:

H(Z a;x;) = <Z(¢k7¢j)ak> Xi D la? < oo

J o \k=1 J

By the isomorphism of bounded invertible operators in X with bounded invertible operators in
the coefficient space 2, the operator H is a bounded, positive and invertible operator in X. We

have,
10505l = Z%X; Zajxj Z%Xa H"‘Z%Xa
i
< ||H2|| | ZCLJXJHQ = | H|| ZMJIQ

By the same token,
Do lagP < HETID S azesll®.
J J

(i) = (v). This was proved in the beginning of this section.
(v) = (4). By Corollary 6.4, the seminorm

1 1
00 2 2

ple) = | Y l@ el | =sup | |

=1

=:pn(z)
must be bounded, i.e., there exists C; > 0 such that

Nl

Dol el <Gl
j=1
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By the same argument, there exists C; > 0 such that

Nl=

Sl )] < Callall,
=1

Let x; be an arbitrary orthonormal basis in X. Define linear operators A; and A by setting
vectors ¢; and 1; into x;. Let z := Zj a;¢;. Then a; = (x,7;) and the inequality above

implies
141> aidi)lI> = lagl* < G510 a1
i j j

Similarly,

14203 ao)l® =D la [ < CFI D gl
J i J

By completeness of ¢; and ;, the operators A, and A3 can be extended to continuous operators
defined on the whole X. We have,

(AL(D - a;05), As(D_bthn)) = D azhy = (D ajds, » briy)
J ; j j k

and, by completeness,
(A1x7A2y):(l’,y) ‘T>ya€X~

Consequently, A5A; = I and, in particular, A>x; = ¢;. By the same argument, A;x; = v;.
We thus have,

(A5 aing), AT bexw) = O aidg, > b)) = > aiby = O ajxs, Y bexr)
i k J K J j k

and, by completeness again,
(A2, Aly) = (z,y)  x,y,€ X.

Consequently, A; A5 = I which proves that A, is invertible and has a bounded inverse A7' =
Aj. QED.

Permutable bases. A Schauder basis ¢; of X is permutable (unconditional) if every permu-
tation of the basis is a Schauder basis as well. Every orthonormal basis is permutable and every
Riesz basis is permutable as well. It turns out that the permutability is unique for the Riesz bases.

Lemma 6.6 (Orlicz). Let x,, n = 1,..., be a sequence of vectors in a Banach space X. Let
n(k), k = 1,... be an arbitrary permutation of the indices. Assume that, for each such a
permutations, the corresponding partial sums are uniformly bounded,

1Y zamll < C.
k=1

Then

n
sup |3 el < oo
n,le;|<1 j=1
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Proof. Let f € X’ and n(k) be an arbitrary permutation of the indices. Then

m

I F @)l = 1FO ) S NI zayll < CUE-
k=1 k=1

k=1

Consequently, the number series above is absolutely convergent (comp. Exercise 6.2.1). By
Corollary 6.4, the convex functional

p(f)=>_If(zj)l, feX',
j=1

is continuous, i.e., there exists ¢ > 0 such that

(Al < cll fII-

Consequently, for any |e;| < 1,

FOQ el =1 e f(a)) < Z|€j| [F@)l <D 1)l < el fll
j=1 j=1 j=1 j=1

as well. By Exercise 6.2.2,

n n
|F (O =1 €525)]
Y ezl = sup —————— < c.
2 oml = ==y

QED.

Corollary 6.7 (Orlicz). Let x,,n = 1,... be a sequence of vectors in a Hilbert space X,
satisfying the assumptions of Lemma 6.6. Then

o0

> llajl? < oo

Jj=1
Proof. For any two vectors x,y € X, we can always choose a number ¢, |¢| = 1, such that
[ + 1y l1* < |z + ey]]?.
Indeed, expanding,

lz+ eyll* = llel® + Iy + 2R(E(x, ) = ll=[* + Iyl* + 2l(2, »)| > 2] + [yl

(z.y)

fore = oo

. For three vectors 1, x2, 3, we have then:

@1 [|” + lz2ll® + l2sl? < [loy + e2ma|® + @3] < [|lz1 + eawa + esms]|?

and, by induction,

n n
S sl < 1 el
j=1 j=1
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where e; = 1, |¢;| = 1, j = 1, .. .. The final result follows now from Lemma 6.6. QED.

Theorem 6.8 (Lorch).
A Schauder basis ¢p; € X, j = 1,...in a Hilbert space X is a Riesz basis iff it is permutable
and almost normalized.

Proof. We need to prove only the sufficiency. For an arbitrary x € X,
T = Z(xa V;)0;

Jj=1

where 1); is the biorthogonal basis to ¢;. By assumption, the series converges for an arbitrary
permutation of indices. By Corollary 6.7 then

> )P i) < oo
=1

and, since ¢; is almost normalized,
oo
D (=, 4h)I? < o0

=1

<

As a basis biorthogonal to a permutable and almost normalized basis is also permutable and
almost normalized, we also have
oo
2
> @ o)) < oo

<
—

The conclusion follows now from Theorem 6.5 (v). QED.

Quadratically close sequences of vectors. Sequences of vectors x; and ¢; are said to be
quadratically close if

oo
> g — il < 0.
j=1

w-linear independence. A sequence of vectors ¢; is w-linearly independent if the condition

Zl‘j(bj =0
j=1

is not possible for components x; such that
o0
2 2
0< Y |z;* ;] < o0
j=1
This is equivalent to say (comp. Exercise 6.2.3) that

ijqﬁj:O and Z|xj|2||¢j||2<oo = z;=0,7=1,2,....
j=1 j=1
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If sequence ¢; is almost normalized then the condition above is equivalent to

oo
0<Z|x]’|2 < o0,
j=1

i.e., the sequence of components z; is a non-zero element of ¢2.

Theorem 6.9 (Bari).
Let ¢; € X be a Riesz basis. Let 1; be a w-linearly independent sequence of vectors which is
quadratically close to basis ¢;. Then 1); is a Riesz basis as well.

Proof. Let A be a bounded linear invertible operator mapping an orthonormal basis ) ; onto basis
7
AXj:¢j ‘]:1,27

Define an operator 7' by setting T'x; = ¢; — ;. Equivalently,

T ijxj :ij(qﬁjfwj) where Z|xj|2<oo.
j=1 j=1

j=1
Operator 7' is bounded, and
1717 <> gy — vl
j=1

i.e., T' € Cs and, in particular, it is compact.
The w-linear independence of 1); implies that equation (A — T)a = 0 has only a trivial
solution. Indeed, let

(A-—Tx = Zl“ﬂ/’j =0, z= ijxj, Z lz;|? < 0.
j=1 j=1

j=1
As
1
511 < Ml — &3l + 6511 < O llbi — ¢ill*)= + (Al
=1
YolwP<oo = Y faPeyl® < oo
j=1 j=1

and, consequently, z; =0, j =1,....
By the Fredholm Alternative, operator A — T" has thus a bounded inverse, and it sets the
orthonormal basis ; into basis ;. QED.

Exercises

6.2.1. Unconditional and absolute convergence. Let z,, € R, n = 1,2,..., be an arbitrary
sequence.



6.3. Bari Bases 61

(i) Letx, > 0and ) >~ z, < occ. Prove that the series

Z Ln(k)
k=1

converges for any bijection: N > k — n(k) € N (permutation of indices) to the
same number.

(ii) Let x,, be absolutely convergent, i.e., > - |z, < co. Prove that the permuted

series
oo
k=1

converges (to a number), for any permutation n (k).

(iii) Assume now that the series
o0
> Tntk)
k=1

converges (to a number), for every permutation of indices n(k). Prove that the series
must be absolutely convergent.

(iv) Argue why the equivalence of the unconditional and absolute convergence general-
izes to any finite dimensional vector space including C.

(5 points)
6.2.2. Duality pairing. Let X be a Banach space. Consider the duality pairing:

X'x X 3 (f,z) = (f,z) = f(x) e R(C).

By definition,
£l 2= sup o2
vex |lzflx
Prove that, in turn,
|(f, @)
]lx = sup
1£llx

(2 points)
6.2.3. Prove the tautologys;

(pANg)=~1) & (=(~vpV~q) < ((rAp)=~q)

(1 point)

6.3 = Bari Bases

Baribases. By Theorem 6.9, any w-linearly independent system of vectors quadratically close
to an orthonormal basis is a Riesz basis. Such bases will be called a Bari bases after Russian
mathematician Nina Bari.

Any permutation of a Bari basis is also a Bari basis. Moreover, if ¢, j = 1,... is a Bari
basis then so is the basis of the normalized vectors w] =1y / llell, 5 = 1,.... Indeed, let gb]
be an orthormal basis quadratically close to ; and let €; = (1/)], ®;i)/| (%a ®; )| Then,
and

[; — €07 11% = 2(1 — |(d3,0)]) < 2(1 — |(3hy,95)[*) = 2 min 165 — 2511 < 2llp; — 517,
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i.e., the rescaled basis ij is quadratically close to rescaled (and still orthonormal) basis €;¢;.

Lemma 6.10. The following conditions are equivalent to each other.
(i) v; is a Riesz basis quadratically close to an orthonormal basis x ;.

(ii) There exists an operator T' € Cqy such that

(a) Tx;=v; —x5,5J=1,..., and
(b) I+ T is invertible with a bounded inverse.

Proof. (a) = (). Let A be a bounded operator that takes basis ; into basis ¢;. For T := A—1,

TXj = w]‘ — Xj’ and
DTGP =D Iy = x501* < o0,
J J

ie. T € Cs.
b) = (a). It follows that 1), is a Riesz basis quadratically close to ;. QED.
j q y J

Corollary 6.11. If a basis v; is quadratically close to an orthonormal basis x; , then its
bioorthogonal basis ¢; is also quadratically close to basis x ;. Consequently the bioorthogo-
nal bases 1, ¢; are also quadratically close to each other.

Proof. Let
([ =+ T)Xj = wj where T € Co.

Then
(ks (L +T7)p5) = (L + T)xr, 65) = Wk, 05) =0 Gk =1,2,...
implies that x; = (I + T*)¢; which, in turn, implies (see Exercise 6.3.2) that
¢;j=I+Ti)x; where Th=I+T*)'-1€C.

Finally,
95 = &5l < 2 (5 — x50 + lIxs — 511%)
implies that ¢;, ¢; are quadratically close as well. QED.

Let);, j = 1,... be asequence of linearly independent vectors. It follows from the positive
definitness of the inner product and the Sylvester criterion that

D(1, ..., %y,) = det (¢, ¥r)7) > 0.

If the sequence is normalized then (see Exercise 6.3.3),

D(wh"'awn)

_ 2 n2e — R T
m = dj < ||"/JJH =1, dg = dlSt(¢n75pan{¢la ce 7/(/)77,71})7

SO
D1, . n) < DWn1,...,¥p-1).

The sequence is thus (weakly) decreasing and, therefore, convergent and,

A= lim D(¢,...,1%,) >0.
n—oo
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The limit A can be interpreted as the square of the volume of the (infinite dimensional) paral-
lelpiped spanned by the unit vectors ;.

Theorem 6.12. Let vp; € X, j = 1,... be a complete sequence of unit vectors. The following
conditions are equivalent to each other,

(i) The sequence is a basis quadratically close to an orthonormal basis, i.e., it is a Bari basis.
(ii) A > 0.

(iii) There exists a sequence ¢; biorthogonal to 1);, and the two sequences are quadratically
close.

Proof. (i) = (ii). Let ¢; be a normalized basis quadratically close to an orthonormal basis, and
let ¢; be the biorthogonal basis. We have already learned that

D s — ¢l? < .

j=1

The unit vector e; = ¢;/||¢;|| is orthogonal to

X, =span{yy;, j=1,..., j#i}
and, therefore, the distance ¢; from the unit vector ¢; to X; equal to:

5J:(¢j7€j)=\\¢jl\‘1 0<é;<1, j=1,2,....

Since [[1; — ¢;]| = [|¢;]|> — 1 = — 1, it follows that
oo o0 oo
2 —2
(1- 5]‘) < = Z(‘S -
j=1 j=1 =1

Obviously,
6]‘ < dj = dist(wj, span{wl, cen ,1/)j_1}) .

=:Y;

But d? = D,;/D,;_; (see Exercise 6.3.3), so

Z;( Dj71 < 0.

But the inequality above is a sufficient and necessary condition for the existence of a positive
limit of the product

= lim D, (Do = 1 by definition) .
n—o0o e} i1 n—00
(#4) = (7). It follows from the lines above that

o0
(1-67) <
j=1
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It follows from

1—67
(1—6j):1+5j and O§6]§1
that the series above converges iff the series
> (1=6;) < oo
j=1

Applying the Gram-Schmidt orthonormalization to +;, we obtain an orthormal sequence x;,
Xj = ¢ +cjetpa + .. .c50; ¢ >0, j=1,2,....
Consequently, x; L Y;_; and d; = (x;,%;) = ¢;j, s0
o0 o0 o0
ol —willP =2 (10— () =2 (1 —dj) < 0.
j=1 j=1 j=1

It remains to show that vectors v); are w-linearly independent. Suppose, to the contrary, that there
exists 0 # {c;} € £% such that 3277 | ¢;4); = 0. We can always rescale the sequence ¢; to have
c1 = 1. We have then,

€n = |1 + cotha + ... Fcpthn]|* =0 asn — co.

But (comp. Exercise 6.3.3),

. D(1, 2, - - )
n = nn2: . : . >D 3 sy Pn
€ —HlElnle +€2’l/)2+ +£ 1/} H D(w%;wn) = (ﬂ}l 112)2 d} )
since, by the Hadamard inequality, D(tg,...,%,) < |[t2|...||¢n]] = 1. Consequently,

lim,, o0 D(1,...,1%,) = 0, a contradiction.
(i) < (i%i). The proof is already contained in the reasoning above. QED.

Lemma 6.13.
Let A be a bounded linear operator with a bounded inverse. If A*A — I belongs to Cy then so
does the operator (A*A)% — I and, for any unitary operator U, the following inequality holds:

[(A*A)7 =12 < |[A=Ull2.

In the relation above, the equality holds iff U is the unitary operator from the polar decomposi-
tion of A, i.e., U = A(A*A)’%.

Proof. Let H := (A*A)z — I. We have,

H((A*A)2 + 1) = A*A—1.
Operator (A*A) 1] ) is bounded below and self-adjoint and, therefore, invertible with a bounded
inverse. Hence, by Exercise 6.3.5, H is a Hilbert-Schmidt operator. Let U; be the unitary opera-

tor from the polar decomposition of A,

A=U (A*A)? =U (I + H).
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From
A-U=U,(I+H)-U=U,(I+H-U;'U)
N——

=V
follows that
[A-Ulz=I+H-VI|; =sp[(H+I-V*)(H+I-V)]
=sp[(H+1—-V)(H+1-V*)]=spH?+spC

where
C=2I+2H-V -V*—-—HV*-VH

is a self-adjoint operator from C, . Let x; be a complete eigensystem for I with the correspond-
ing eigenvalues A;. Then,

(Cxjsxg) = 2+2X = 2R(Vixy, x5) — 2AR(Vxg, x5) = 20 + D(1 = R(Vixy, x;5)) -

Since
1-R(Vxj,x;) >0 j=12,...

we have sp(C) > 0 and so the relation
|A-Ul3 > spH?

holds true. The equality holds if R(V x;, x;) = 1, forall j. In view of the fact that |(V x;, x;)| =
1, this implies that actually (V' x;, x;) = 1. Hence V' = I which implies U; = U. QED.

Theorem 6.14.
Lety; € X, j =1,..., be a sequence of vectors complete in X. The following conditions are
equivalent to each other.

(i) The sequence 1); is a Bari basis in X.

(ii) The sequence 1); is w-linearly independent, and matrix (1, ¢¥r)—0;y, is of Hilbert-Schmidt
class, i.e.

Z (1, 9k) — Gjk]* < o0 (6.3.7)

k=1

Proof. (i) = (it). If ¢; is (any Schauder) basis, and Z;’;l ¢jv; = 0 (for any sequence c;) then,
by uniqueness of the components with respect to a basis, all ¢; must be equal zero. The w-linear
independence condition is thus satisfied trivially. Let x; be an orthonormal basis such that

o0
> s = xll* < o0,
j=1

and let A be the operator taking x; into 1;. By Theorem 6.9, A is a bounded linear operator with
a bounded inverse, and T := A — I € C5. We have then,

(¥, Y%) — 05k = (Ax;, Axk) — (x5, xx) = ((A"A = 1) xj, xx)
=:B
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and B=(T+I1)*(T+1I1)—1=T+T*+T*T € Cy. Consequently,

o0

Z (¥, 98) — 7k|2=ZIij|2<oo.

jk=1 j=1

(#4) = (7). Let x; be an arbitrary othonormal basis in X. Define a linear self-adjoint operator
I + G such that

(I +G)xj,xk) = (5, 0%) Jok=1,....

It follows from condition 6.3.7 that G € C,. Next, define an operator A taking x; into ¢; and
extend it by linearity to the span of ;. Then, for any x = Z?Zl TjX;j

1Az]* = Zwﬂk b k) = (L + Gla,z) < L+ (|GDz]?,

J,k=1

i.e., the operator A is continuous and, by continuity, it can be extended to a continuous operator
with the same norm to the whole X. We will denote the extension with the same symbol A. The
w-linear independence implies now that I + G is injective. Indeed, if

(I+G)x=0 wherex = ijxj, {z;} € ¢?
j=1
then
o0
|Az||=0 = Aa:zZa:jwj =0 = z;,=0, j=1,....
j=1
Compactness of GG implies then that I + G is invertible with a bounded inverse, i.e., there exists

6 > 0 such that
8llz)* < ((I+ G)z,z) = || Az|*.

The density of span of ¢; in X (and, therefore, the range of A) implies then that A is invertible

on X with a bounded inverse. Since G = A*A — I € Cy, by Lemma 6.13, (A*A)2 — [ € Cy as
well, and
1A= U2, = (A°A)2 = I|]2, < oo,

with the unitary operator U = A(A*A)~ 7, Finally, introducing an orthonormal basis w; = U,
we have,

Dol = will?+ D IA = U)xgllP < oo
j=1 j=1

QED.

Exercises
6.3.1. Letu,v € X be any two elements of a Hilbert space X. Define a function:
f(z) =|lv—zul|® = (v — zu,v — zu).
Show that

min f(2) = f(z0)

zeC
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where
(v.0)
zZ0 —
Jul?
and
(v A
o) = ol = Ll — ol = 0,2

with 4 = u/||u]]. (1 point)
6.3.2. LetT € Cy,and T := (I +T)~* — I. Prove that T} € C as well. (5 points)
6.3.3. Prove that

D(w17¢27"’7¢n)
D(¢17"'a¢n—1) .

ngn ||£11/)1+52¢2+ . +1/JnH2 - diStQ(wnv Span{wlv e 7¢n71}) =

(5 points)
6.3.4. Letv;,j = 1,... be a sequence of linearly independent vectors in a Hilbert space X.
Define

D@1, ... n) = det ((¥i,15)7) -

Prove the Hadamard inequality:

D(¢1>-~»¢n+m) SD(wla"'awn)D(wnﬂLl,"'ad)ner)'

Hint: Proceed in the following steps.

Step 1: Let S be a subspace of X and Ps denote the orthogonal projection onto S. Use the
induction in n (Exercise 6.3.3 may be useful) to prove that

D(PS¢1;---7PS1/)n) SD(,(/)hv,(/)n)

Step 2: Let M = span{ty,...,%,} and let M+ be the orthogonal complement of M in
Y :=span{®1,...,Vn,Yni1,-- s Vnim}. Let P : Y — M+ denote the orthogo-
nal projection. Prove that

D(d)h"'7wn7wn+17"'7wn+m) = D(¢17~~~,1/1mP1/)n+17~~~7P1/1n+m) .
Step 3: Show that

D("/}17~-~71/)n7pwn+17---aP'(/}ner) :D(wly-~-awn)D(P¢n+la--~7P¢n+m)

and conclude the proof by using Step 1 result.

(10 points)

6.3.5. Let X be a Hilbert space, and A : X — X a Hilbert-Schmidt operator. Let B : X — X
be a continuous operator with a bounded inverse. Prove that the composition AB is a
Hilbert-Schmidt operator as well. (5 points)

6.3.6. (5 points)
6.3.7. (5 points)
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6.4 = Glazman’s Criterion for Eigenvectors of a Dissipative
Operator to Form a Basis

Dissipative operators. A linear operator
XDODA) sz —Aze X

is called dissipative if
S(Az,z) >0 =z € D(A).

If A is bounded (and, therefore, defined on the whole X)), then

Az o) = (&~

S(Az,2) = - [(Az, 2) — (Az, 2)] = (5

1
= A— A"

- (A= A%)z,),
so the condition is equivalent to the semi-positive definitness of %(A — A*).

Theorem 6.15 (Glazman).
Let v;, j = 1,2, ..., be a system of unit eigenvectors corresponding to distinct eigenvalues \;
of a dissipative operator such that

i SN Sk

LN
|Aj — Axl?

dok=1
J#k

Then the system 1); forms a Riesz basis for the closure of its span,

span{v;, 7 =1,2,...}.

Note that the theorem does not provide results on the completeness of the basis for X, we still
need Keldysh’s results for this. The criterion is expressed only in terms of the eigenvalues so, in
principle, we do not need to check any conditions for the eigenvectors. Finally, the eigenvalues
are not assumed to be simple.

In what follows, we will prove a more general result that will cover the Glazman’s Theo-
rem as a special case. Let \; be the system of non-real eigenvalues of a continuous operator
A with a compact imaginary component, with corresponding generalized eigenspaces X ;. By
Theorem ??, the numbers \; are isolated and spaces X; are finite-dimensional. Recall the Riesz

projectors,
Pk:—i, (A=X)"tdx k=1,2...
278 Jr—Ael=ri
where radius 7y is sufficiently small so the circle does not contain any of the other eigenvalues.
We have:
P, X=X, and P,X; =0 forj#k.

Lemma 6.16. A sequence 1); made up of bases of spaces X}, is w-linearly independent.

Proof. Let
D et =0, {g}T el
J

Then

M1

P | Y i | = D ey
j

j=mi+1



6.4. Glazman’s Criterion for Eigenvectors of a Dissipative Operator to Form a Basis 69

where {¢); : j =my +1,...,mpy1} is a basis for X;. Consequently, c¢; = 0. QED.

Lemma 6.17. Let v);, j = 1,... be a sequence of w-linearly independent vectors in a Hilbert
space. Then, for any N > 0,

span{y;}1 @ span{y;}%,, = span{v;}7°.

=XnN =:Yn =X

Proof.
Step 1: (Xn + Yy C X). Indeed,

rEXN, Un EYN, Yn =y = a24+yn X, 24y, —oz+yeX.

Step 2: The algebraic sum on the left is indeed a direct sum. Suppose to the contrary that we have

N
O#mzzxﬂ/fjem'

j=1

Assume xj # 0 for some 1 < k < N. By Step 1 result,

zrphy € span{y, 1 < j < N, j # k} +span{y;}%,, Cspan{yy;,j € Nk #1}.
But this contradicts the w-linear independence of v;’s.

Step 3: (XN & Yn O X). Once we have established that the algebraic sum of the two closed
subspaces on the left is a direct sum, we can introduce a linear (skewed) projection P
projecting the space on the left-hand side onto X (in the direction of Yy). Let now z €
X. There exists thus a sequence z,, € X, z, — z. Trivially, z, € Xy ®Yxy C Xy B Yy.
From the uniqueness of the direct sum decomposition,

My N Moy
_ § Jafy, — E J )y E Jaly
Zn = Zn¢] - anJ + an.'l )
j=1 j=1 j=N+1
—_— Y——
=iZn =Yn

follows that x,, = Pz,. As z, is Cauchy, so must be x,, (P is continuous) and, therefore,
r, — x € Xy, for some x. Consequently,

THYp =T —Tpn +Tp +Yn — 2
N— N —

—0 =2Zn—2

which proves that z € Xy + Yy.

QED

Theorem 6.18.
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(i) Let A be a linear, continuous and dissipative operator with a compact imaginary compo-
nent. Let \;, j = 1,2 ... be the eigenvalues of the operator with corresponding eigenspaces

X]‘, ’Ilj = diIan. If

18

oo

X)Lk
min{n; nk}M < 0ot (6.4.8)
> ) !
Jok=1 | J k‘
J#k

then a sequence made up of orthonormal basis for X ; forms a Bari basis for the closure
of its linear span.

(ii) If a weaker condition holds:

o0

S Jﬂi‘l’g«m (6.4.9)
PresiR YRV
j#k

then the sequence is a Riesz basis for the closure of its span.

Proof. The strategy in the first case is to show that the Gram matrix is a Hilbert-Schmidt matrix,
i.e., it satisfies (6.3.7), and invoke Theorem 6.14. The strategy for the second case is to show that
the Gram matrix represents a bounded invertible operator in £2, and utilize Theorem 6.5.

Part (i). Let A := J-(A+A*) be the imaginary part of operator A. By the Cauchy-Schwarz
inequality,

(SA, )[* < (A9, ¢) (SAY, ).

Pick unit vectors ¢ € X, ¢ € X},. We have,

(346, 9) = 2:1(A46,4) — (6, 40)] = :(% — )6, )

and
(SAp,¢0) =X, (SAY,¥) =Sy
Consequently,
SN SA
, 2< 4J]7f =:!Cjk -
(6P <42 =i
Letg,, r=1,...,n4,and vy, ¢ = 1,...,ny be orthonormal bases for X; and X, respectively.

Then for vectors ¢ = > (¢r, ¥q)q € Xy, we have:

C]k>|w¢?“ Z|¢qa¢r ) T:172a"'7nj

and, therefore,
njg ng

Z Z |(1hg, o) < mjcjp .

r=1q9=1

18 Not generalized eigenspaces.
19We assume that, if %)\j S\ = 0, the corresponding contribution vanishes, even in the case when min{nj7 ng} =
0.
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Interchanging the roles of X; and X}, we obtain an analogous inequality with n; and ny
switched. Consequently,

nj ng

. ISP VIR
DD (g, 60)? < minfny,ny} —2==".
== |A; — Akl
r=1q=1 J

Let A;; = (¢i,1;) be the Gram matrix for the sequence of vectors ;. It follows from the
assumption (6.4.8) that matrix A — I is of Hilbert-Schmidt class. Consequently, by Lemma 6.16
and Theorem 6.14, the first part of the theorem is proved.

Part (i3). Let ¢p, p = 1,...,n;, and ¢4, ¢ = 1,..., ny be again orthonormal bases for X;
and X}, respectively. Consider the orthogonal projection Pj;, from X; into X},. Equivalently,

ng

ij’¢P :Z(%a%)?ﬁq p= 1,...,’[7,j.

q=1

Thus, the Gram matrix

(Dpy¥g) P=1,..0,mj,q=1,...,n
is the matrix representation of the orthogonal projection map in bases ¢, and 1),. We have,
[Pjk]* = max [Pl

llgll=1
= max max |(Pjro,¢)|?
llgll=1 ||w||:1|( ’ )

RV

VP VILE

By Exercise 6.4.1, the Gram matrix A;; = (1;,;) corresponding to the union of eigenvectors
1); generates a discrete operator A : £2 — ¢2 such that

o0
2
[A-TP< Y ei<oo.

gl=1

i#l
In order to apply Theorem 6.5(iv), we need operator A to have a bounded inverse as well. To
apply the Neumann series argument, we need the sum above to be strictly bounded by one. This
may not be true for the whole series but it is certainly true for its remainder,

o0

Z le<1,

G l=N41
J#l

for sufficiently large N. However, by Lemma 6.17,

span{v;,j =1,2,...} =span{¢1,...,¢¥n} ®span{ey;,j =N +1,...} (6.4.10)

and, therefore, it is sufficient to show that +;,j = IV + 1,... provide a Riesz basis for the the
closure of its span, for sufficiently large N. QED.
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Exercises

6.4.1. Let z = {;}$° where 7; = {z;;};”, and y = {y}$* where yp = {yrm}*. Define
discrete /2 norms:

oo My [e’e)

o] oo Nk
212 =D Ml =YD leals Ml =D ol =3 D lywml®-
j=1

j=11=1 k=1 k=1m=1
Prove the inequality:

oo Mj oo ng

sup sup |ZZZ Z Akmit®1Gkm| < ZZ 1Ak

lzl=1llyll=1 ;=5 1=1 k=1 m=1 j=1k=1
where Ay; : C" — C"* is the map generated by matrix Ay.;., i.e.

ng Ny

Aggry = Ag({z}) = Y O Akmjwji)em

m=1 [=1
with e,,, denoting the canonical basis in C™*.
(5 points)
6.4.2. (5 points)
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